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Time and Money: A New Look at the 
Mathematical Foundation of the Ars Nova

The transition from the Ars Antiqua to the Ars Nova and Ars Subtilior can be interpreted as 
a shift from rhythm and meter as ‘governed’ by arithmetical proportionality to rhythm and 
meter as ‘measured’ by geometric proportionality. To explain this transition, I will consider 
the impact of the experience of monetized economy as well as the conceptualization of 
theories of economy in late-medieval scholastic thought. Various modes of modification 
between the ideal natural/theological law and the relative and multi-centered economic law 
will be compared with the mediation between arithmetical and geometrical proportionality in 
musical thought of the fourteenth century.

In his Notitia artis musicae of 1321, Johannes de Muris writes: ‘Everything that is uttered 
singing with a normal, whole, and regular voice, the knowledgeable musician must write 
by appropriate notes.’1 Muris’s visionary quest for the limits of rhythmic variability set the 
stage for a process of deconstruction. It involved the quest for redrawing boundaries, in 
search for the secret hidden underneath the surface of thirteenth-century music. Muris 
discovered that music was limited by only two mundane conditions: ‘performability’ and 
‘legibility’, namely, the singer’s ability to perform a new rhythmic idea and the composer’s 
ability to notate it without contradictions. This fundamental secret was silently repressed 
during the thirteenth century in order to impose a univocal musical meaning, by forcing 
music into the matrix of the Christian faith. 
 In the thirteenth century musical time was contained within the embraces of two 
distinct metaphysics. There was the ‘beyond’ of divine Trinitarian perfection and there was 
the ‘beneath’ of arithmetical perfection. Divine Trinitarian perfection dictated that music 
reified the perfection of the Trinity through triple meters and triple divisions of rhythmic 
values. Arithmetical perfection dictated a rhythmic scale of perfection, extending from 
the absolute end point of the triple long of the Ars Antiqua to the shortest and indivisible 
value coined the semibreve. This rhythmic scale mirrored the Christian scale or chain 
of beings. It was centered on a single unidirectional axis, and conceived as a ladder of 
discrete perfections, wherein each rhythmic component occupied a fixed place, according 
to a pre-ordained and fixed hierarchy of rhythmic essences.2 

 The goal of this article is to show how Johannes de Muris, in his Notitia artis musicae, 
fashioned his discourse on musical time in a way that betrays a sense of simultaneous 
affirmation and rejection of Christian/Pythagorean arithmetical metaphysics. Consciously 
championing geometry as the foundation of his Musica Practica, Muris was holding to 
the belief that music mirrors the Christian ladder of fixed perfections. The fourteenth 
century was the age of the crisis of unity and the emergence of a new fascination with 

1 Johannes de Muris, Notitia artis musicae. Compendium Musicae Practicae, with the treatise of Petrus de Sancto 

Dionysio, ed. Ulrich Michels, Rome: American Institute of Musicology, 1972 (Corpus Scriptorum de Musica, 

17), 94: ‘Omne quod a voce recta, integra et regulari cantando profertur, debet sapiens musicus per notulas 

debitas figurare.’

2 For the conceptualization of rhythmic value within the frame of the Aristotelian qualitative discourse, see Dorit 

Tanay, Noting Music, Marking Culture: The Intellectual Context of Rhythmic Notation 1250-1400, Holzgerlingen: 

The American Institute of Musicology, 1999, 17-47.
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fragmentation, division, and measurement on the one hand, and with the exhaustion of 
variability on the other. The quantification of ever-changing natural phenomena replaced 
the definition of essences and perfections. The static and unidirectional ontological 
hierarchy, terminating with God as its cause and ultimate meaning, was challenged by 
an alternative dynamic conceptualization of nature.3 Muris opens the second book of his 
Notitia, titled Musica Practica, by declaring music’s association with motion and time. He 
writes: 

As was shown in Book One, sound is generated by motion, because it belongs to the class 
of successive things. ... Time inseparably unites motion. Therefore, it follows necessarily 
that it is the measure of sound. Time is also the measure of motion. But for us time is the 
measure of sound prolonged in one continuous motion, and we apply this same definition 
of time to the single tempus.4

Yet, if Muris is shown here as advocating the nascent geometrical image du monde wherein 
natural phenomena were conceived as quantifiable, wherein qualities were conceived as 
continuous magnitudes in expansion and diminution, in the following paragraph he 
seems to step back and embrace the traditional Christian view of the world as Imago 
Dei:

That all perfection lies in the ternary number follows from many likely reflections. In God, 
who is most perfect, there is one substance, yet three persons; he is threefold yet one, one 
yet threefold. Very great, therefore, is the correspondence of unity to trinity. In knowledge, 
one finds (after God) in a ternary series: being, essence, and their composite. In the first 
of corporeal entities, the heavens, there are the thing that moves, the thing that is moved, 
and time. There are three attributes in the stars and the sun: heat, light, and splendor; in 
the elements: action, passion, and matter; in individuals: generation, corruption, and dis-
solution.5

To illuminate Muris’s conceptual dualism, and above all, his hesitant yet clear geometrical 
and dynamic approach to musical temporality, I will read his theory through the prism 
of Joel Kaye’s thesis on the impact of medieval economy in action and in thought, on 
the transition from a static to a dynamic worldview.6 Contextualizing medieval rhythmic 
thought within the contemporaneous economy, I follow Anna Maria Busse Busse Berger’s 
correlation between the musical system of measuring time and the Roman system of 

3 The dynamic worldview comes to the fore in writings of the Oxford Calculators and of Nicole Oresme. See 

Anneliese Maier, ‘The Achievements of Late Scholastic Natural Philosophy’, in: Steven Sargent (ed. and 

transl.), On the Threshold of Exact Science: Selected Writings of Anneliese Maier on Late Medieval Natural 

Philosophy, Philadelphia: University of Pennsylvania Press, 1982, 143-170.

4 Muris, Notitia, 65-66. The translations here and hereafter are quoted from Oliver Strunk and James McKinnon 

in: Oliver Strunk, Source Readings in Music History, vol. 1, rev. ed. Leo Treitler, New York: Norton, 1998, 262-

269.

5 Muris, Notitia, 67. 

6 See, Joel Kaye, Economy and Nature in the Fourteenth Century: Money, Market Exchange, and the Emergence of 

Scientific Thought, Cambridge: Cambridge University Press, 1998. As shown in my book Noting Music, Johannes 

de Muris’s Notitia and the mathematical physics of the Mertonian Calculators that flourished throughout 

the fourteenth century shared common terminology, philosophical conceptions, and operative principles. 

Thanks to Joel Kaye’s studies this nexus can now be reinforced and supplemented by the consideration of 

the scholastic writings on economy, which either preceded or paralleled the musical innovations of the early 

fourteenth century.
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measuring length, weight, currency, and time.7 Busse Berger has shown that these 
systems applied a similar hierarchy of fractions (based on the duodecimal system), a 
similar terminology, and similar notational signs. Moreover, they shared the concept of 
a fundamental measuring unit. Busse Berger focused on the analogy between the Italian 
rhythmic Brevis and the Unica as centers of measurement, and argued that both were 
divided and multiplied, but remained constant. Adopting Busse Berger’s idea, I will 
shift the focus from the Italian system to the French, and propose a tentative correlation 
between economic and rhythmic thought in the late Middle Ages.

The monetization of European society in the twelfth and thirteenth centuries, the ever-
increasing number of coinage in use, the fluctuating coinage values, the need to calculate 
proportional equivalence between old and new coins, and the complexity involved in 
such continuous reproportioning, caused monetary mentality to infiltrate into all areas 
of intellectual and social life.8 Already in the thirteenth century it was clear that money, in 
spite of its negative connotations,9 could challenge Christian values: 

Why shouldn’t silver be well thought of? After all, with it one buys ermine clothes, abbacies, 
and church benefices, cities, castles, great land, and pretty women. ... It turns a peasant into 
a gentleman, makes a happy man of a melancholic, a wise man out of a fool…It is silver 
that ends wars, leads armies, makes ignoble family illustrious. In short, it commands the 
whole world.10 

Schoolmen, including those writing about music, not only lived in urban settings, but 
were also involved in the financial administration of their university, and were therefore 
experienced in the monetized way of thinking and acting. As a rule, students and faculty 
were deeply involved in the complex financial administration of their colleges, working as 
treasurers, collecting fees, keeping accounts, etc. Their mind was trained to think in terms 
of standardization, gradation, calculation, relation, and quantification. It also taught them 
to appreciate the advantage of these administrative economical devises in organizing the 
world around them.11 Moving back and forth from their religious/intellectual universe 
to their administrative obligations and to the monetized marketplace, schoolmen were 
constantly facing the gap between the ordo rerum of inner eternal values, mapped on the 
longitude of perfection, and the order of market values shifting along the ever-changing 
ranges of actual prices. To use Kaye’s words, the Christian order took the form of a 
unidirectional scale, extending from the absolute end point of God down to the most 

7 Anna Maria Busse Berger, Mensuration and Proportion Signs: Origins and Evolution, Oxford: Oxford University 

Press, 1993, 33-50.

8 See Marc Shell, Money, Language, and Thought: Literary and Philosophic Economies from the Medieval to the 

Modern Era, Berkeley: University of California Press, 1982. For late medieval literary reflections of monetary 

consciousness, see J. Kaye, ‘Monetary and Market Consciousness in Thirteenth and Fourteenth Century 

Europe’, in: S. Todd Lowry and Barry Gordon (eds), Ancient and Medieval Economic Ideas and Concepts of 

Social Justice, Leiden: E. J. Brill, 1998, 385-404.

9 The Christian negative attitude toward money was reinforced by Aristotle’s discussion of the corruptive and 

destructive potential of money in his Politics, I.8-11 1257b22-24.

10 Fabliaux ou contes, fables, et romans du XIIe et XIIIe siècles, ed. Pierre Jean Baptiste Legrand d’Aussy, Paris: 

Jules Renouard, 1829, vol. 3, 216. Quoted in Kaye, Economy, 18.

11 Johannes de Muris is no exception. He was a baccalaureate student in the Faculty of Arts in the university 

of Paris since around 1317, becoming a Magister in 1321, the year around which he wrote his Notitia artis 

musicae. Muris may have written his Notitia for his inaugural lecture in 1321. For more details on Johannes 

de Muris’s works and life see, Lawrence Gushee et al., ‘Muris, Johannes de’, Grove Music Online, ed. L. Macy 

(Accessed 25 May 2009), http://www.oxfordmusiconline.com/subscriber/article/grove/music/14237
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inferior creature.12 On this scale, each element had its unique essence, coined perfection, 
and each such perfection occupied a fixed place in the hierarchy, as ordained by God from 
and to all eternity.13

 In mathematical terms, the Christian scale is an arithmetical scale composed of 
fixed and absolute numbers, added arithmetically one above the other. It imposed on 
the world an a priori representational system projecting the ideal on the real. But in the 
marketplace there is no absolute hierarchy of values. A product highly priced today may 
become valueless tomorrow, and vice versa. In the marketplace inner values reflected in 
the location of entities on the sacral chain of being had no bearing on prices. The dynamic 
and self-regulating marketplace had its own operative principle of reaching balance, which 
opposed the Christian scale of eternal order. Pervading life with its endless ramifications, 
the economic order had come to swamp the Christian scale of values – a threat discussed 
everywhere in the literature of the period, from the popular venality satire to the French 
fabliaux to the most profound secular and sacred literature of the period.14 The readiness 
to acknowledge the complexity of reality in the second half of the thirteenth century 
led to the use of geometry as the proper model of order and equilibrium. Geometry 
made it possible to map and measure the dynamics involved in the constant fluctuation 
and estimation of values, by lines that are continuous and indefinitely expandable and 
divisible. 
 Kaye sees in the bureaucratic experience of university masters a key to the link between 
the economic experience and the forward-looking academic writings on both economy 
and natural philosophy, above all Nicole Oresme’s dynamic astronomy.15 He notes that 
the transformation from a static to a dynamic worldview was fostered also from within 
the intellectual culture of the late thirteenth century, when schoolmen became familiar 
with Aristotle’s mathematical/geometrical analysis of economic exchange, in Book V of 
his Nicomachean Ethics. Aristotle conceived justice as grounded in proportion: ‘The just, 
then, is a species of the proportionate (proportion being not a property only of the kind 
of number which consists of abstract units, but of number in general).’16 Contrary to 
the injunction against the quantification of physical processes in his Physics, Aristotle’s 
Ethics locates a door between abstract numbers and numbers as applied to worldly 
phenomena.17 Furthermore, Aristotle distinguished between geometrical and arithmetical 
proportionality as regulative principles of justice – the former aiming at a balance between 
performance and payment (iustitia distributiva), the latter at equality (iustitia directiva). 
Aristotle reduced all problems of justice to problems of equalizing unequal lines, positing 
the establishment of equality as the end of all economic transactions. 

12 Joel Kaye, ‘The Marketplace and Medieval Galenism’, presented at the conference on Medieval Relativism 

and its Heritage, University of Paris I, Sorbonne, 2008, publication forthcoming. 

13 Ibid. 

14 Ibid. 

15 Kaye acknowledges that no direct evidence can be shown to support this claim, yet argues that ‘despite the 

fact that philosophers often remark on money’s extraordinary success as an instrument of gradation and 

commensuration, they never acknowledge it as a model for the conceptual instruments they themselves 

devised to perform similar functions within philosophical discourse’ (Economy, 8). For the conceptual 

similarity between economic and the new mathematical physics of the fourteenth century, see Chapters 6 

and 7 in Kaye’s book.

16 Aristotle, Ethics V, 2 [1131a30-32]. The English translation is by W. D. Ross, in: Richard McKeon (ed.), The Basic 

Works of Aristotle, New York: Random House, 1941, 1006-1007. 

17 For Aristotle’s qualitative physics and its impact on music theory in the Middle Ages see, J. Yudkin, ‘The 

Influence of Aristotle on University Music Texts’, in: André Barbera (ed.), Music Theory and its Sources: 

Antiquity and the Middle Ages, Notre Dame: Notre Dame University Press, 1990, 173-189; Tanay, Noting Music, 

17-47.

TvM_15_#1_januari_2010_12.indd   21 09-02-2010   11:21:29



time and money: a new look at the mathematical foundation of the ars nova

22

Most illuminating is Aristotle’s elaboration on his figure of proportionality (figura 
proportionalitatis) as the model of just economic exchange between two unequal and 
different producers and their unequal and different products: 

Now proportionate return is secured by cross-conjunction. Let A be a builder, B a shoe-
maker, G a house, D a shoe. The builder, then, must get from the shoemaker the latter’s 
work, and must himself give him in return his own.18 

Aristotle introduced the notion of money as the measure of all things, acknowledging 
its power to serve as a common denominator and to equate between incommensurable 
products: 

All things are measured by money. Let A be a house, B ten minae, C a bed. A is half of B, if 
the house is worth five minae or equal to them; the bed, C, is tenth of B; it is plain then, how 
many beds are equal to a house, viz. five.19 

Aristotle’s awareness of the need to reduce incommensurability to commensurability is 
clear. As he writes: 

All things that are exchanged must be somehow comparable. It is for this end that money 
has been introduced, and it becomes in a sense an intermediate; for it measures all things, 
and therefore the excess and the defect – how many shoes are equal to a house or to a given 
amount of food.20 

It is important to note that for Aristotle money neither mediates between distinct essences, 
nor measures them; it measures the need for the given goods: 

All goods must therefore be measured by some one thing, as we said before. Now this unit is 
in truth human need which holds all things together….but money has become by conven-
tion a sort of representation of human need.21 

Aristotle’s numerous direct and indirect references to geometrical lines, and above all, 
his figura proportionalitatis – rendered in numerous Latin versions and commentaries on 
the Ethics as a rectangular figure with crossed diagonals – makes clear his association of 
the geometric line with a continuum, and of money with a line. Money is hence capable 
of performing its task as an intermediate connector, reducing incommensurability to 
commensurability, inequality to equality – the very end of economic exchange.22 

 As Joel Kaye argues, many topics of Aristotle’s Ethics are conceptualized in terms of the 
mathematics of the continuum,23 including the measurement and comparison of virtues, 
for the sake of establishing equivalences. This culminates in Aristotle’s ‘geometry of 
social forces’, the extrapolation of his dynamic principle of proportional reciprocity (i.e. 
economic exchange of unequal products made by unequal artisans) to the mechanism of 
social order at large: 

18 Aristotle, Ethics, 1133a6-11.

19 Ibid., 1133b23-26.

20 Ibid., 1133a20-22.

21 Ibid., 1133a26-30.

22 Kaye, Economy, 40-45.

23 Ibid., 49-52.
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Money, then, acting as a measure, makes goods commensurate and equates them; for nei-
ther would there have been association if there were not exchange, nor exchange if there 
were not equality, nor equality if there were not commensurability.24 

Aristotle’s geometrical analysis of economic exchange, together with his notion of money 
as an instrument of equalizing incommensurate commodities, supplied philosophers 
and theologians with a model of order that could cope with flux, diminution, and 
augmentation, while representing and accounting for equalization and equilibrium. 
The habit of analyzing money in terms of the mathematics of the continuum infiltrated 
all the other textures of late medieval society, becoming a defining characteristic of the 
intellectual culture of the fourteenth century at large.25 Joel Kaye describes the interchange 
between economy and science, between the ways schoolmen understood the workings of 
the monetized marketplace and the way they conceptualized the workings of nature.26 
Kaye argues that the quantification of qualities, beginning already in the early fourteenth 
century with the mathematical works of the ‘Oxford Calculators’ and culminating with 
Nicole Oresme’s revolutionary dynamic astronomy (which was grounded in a mixture of 
rational and irrational proportions among celestial motions), was inspired by the field of 
economy as practice and concept.27 I contend that the evolving monetary consciousness 
and the experiences of scholars in the marketplace both left their marks on the way 
musical time was conceptualized and articulated. As a matter of fact, the quantification of 
musical time and its rationalization, organization, and representation by symbolic figures, 
coincided with the monetization of European society already in the late twelfth century, 
developing rapidly during the thirteenth and fourteenth centuries. 
 For France, accelerated monetization took place between 1180-1320.28 Much has been 
written on the late medieval ‘revolution of attitudes toward money’,29 on the adoption 
of a commercial mode of thinking within cultural fields far removed from commerce, 
and on the growing understanding that money was the measure of all things and the 
power that made the world go round. Every Parisian schoolman had to pass through 
the Pont au change and hear the merchants’ announcements of ever changing currency 
values. The complexity of the French monetary situation is reflected in a series of royal 
Ordonnances discussing economic changes that caused the continuous debasement of 
the French coinage, beginning with the reign of Philip IV (1285-1314). The resulting 
rapid issuance of newly debased coins, enforced continuous calculations of proportional 
relations between the old and the new coins and a continuous repricing of everything: 
rent, debt, goods, etc.30 
 It may be more than a mere coincidence that composers and theorists of the fourteenth 
century were all preoccupied with ‘rhythmic exchange’, searching for equalizations 

24 Aristotle, Ethics, 1133b16-19.

25 The fourteenth century is known for its ‘mensura mania’, to use John Murdoch’s description of the period’s 

obsessive fascination with measuring everything imaginable: love, hate, beauty, skills, gifts, etc. See John 

Murdoch, ‘From Social into Intellectual Factors: An Aspect of the Unitary Character of Late Medieval 

Learning’, in: John Murdoch and Edith Sylla (eds), The Cultural Context of Medieval Learning, Dordrecht: 

Reidel, 1975, 287. 

26 Ibid., 200-246. 

27 See Kaye, Economy, 2-9.

28 See Raymond Cazelles, Nouvelle histoire de Paris de la fin du règne de Philippe Auguste à la mort de Charles V 

1223-1380, Paris: Hachette, 1972, 80-115.

29 See Peter Spufford, Money and its Use in Medieval Europe, Cambridge: Cambridge University Press, 1988, 245, 

and his ‘Le rôle de la monnaie dans la révolution commerciale du XIIIe siècle’, in: John Day (ed.), Etudes 

d’histoire monétaire, Lille: Presses Universitaires de Lille, 1984, 355-395.

30 Etienne Fournial, Histoire monétaire de l’occident medieval, Paris: F. Nathan, 1970, 98.
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of unequal and incommensurable rhythms and meters, and experimenting with the 
diminution, augmentation, and reproportioning of note-values. As is well known, the 
boldest rhythmic developments of the second half of the fourteenth century, the so-
called ‘pathological’ rhythmic complexities of the Ars Subtilior, paralleled the period 
of economic upheavals and continuous debasements of the French coin. The wholesale 
replacement of standard values and continuous reproportioning of rhythmic durations 
are the salient feature of Ars Subtilior compositions. 
 This is to say that rhythmic theories, like economic ones, evolved around the notion 
of equality and equalization. In both fields, music and economy, the ideal of equality 
remained constant over the thirteenth and fourteenth centuries, yet the idea of what 
actually constituted equality changed dramatically from the equation modeled on the 
fixed point of arithmetical perfection to the equalization modeled on values conceived 
as continua of constant diminution and augmentation. It was Johannes de Muris who 
redefined rhythmic equality, asserting that arithmetical equality was neither required 
nor in fact practiced. Mediating between the geometrical and arithmetical approaches 
to musical time, Muris’s theory resonates with the prevailing refrain of the period: the 
fear and fascination with disorder, indefiniteness, and infinity as grounding not only the 
marketplace but also the world as a whole. 

Before going deeper into the musical thought of Johannes de Muris, let me turn to the 
Ars Antiqua of the thirteenth century and recall the reflection of the religious system 
of valuation and grading in the rhythmic system of Franco of Cologne, dated around 
1370. Constructed top to bottom it conceptualized the Trinitarian longa perfecta as its 
fundamental measuring unit. Divine Trinitarian perfection dictated that music ought to 
reify the perfection of the Trinity through triple meters and triple divisions of rhythmic 
values. Arithmetical perfection dictated a rhythmic scale of perfection, extending from 
the absolute end point of the triple long of the Ars Antiqua, to its shortest value – the 
absolute semibreve. The semibreve corresponded to the shortest value on the ontological 
scale of gradation, being defined as ‘minimum in plenitudo vocis’.
 In short, Franco’s rhythmic scale mirrored the Christian great chain of being. It 
was centered on a single, unidirectional axis, and conceived as a ladder of discrete 
perfections, wherein each rhythmic component occupied a fixed place, according to a 
pre-ordained and fixed hierarchy. In the thirteenth century, musical time was divided 
into uniform cycles or periods. Each cycle was conceived of as a perfect rhythmic whole 
(totus perfectus). This basic whole was articulated and varied by substituting it with its 
parts. The fundamental measuring unit, the longa perfecta, spanned three time units, and 
was partitioned into either three equal parts or two unequal parts: one longer, the other 
shorter, in the proportion of 2:1.31 The three equal parts that resulted from this division 
could be further subdivided, each into either three equal parts or two unequal parts, again 
in the proportion of 2:1. 
 In the light of the Scholastic-Thomistic propensity for symbolic presentation, the longa 
perfecta was conceived as a hypostatization of divine perfection: it is a Trinity that forms 
a unity. The system was based on three figures: long, breve, and semibreve, each standing 
for more than just one rhythmic value: The long of only two time units was called longa 
imperfecta. It is important to note that the binary imperfect long never appeared alone; as a 
rule it was always followed by a single unit to round off the cycle of Trinitarian perfection. 
In other words, composers turned musical time into a mirror of divine timelessness, and 
music was all about the symbolization of the Trinity in concrete musical works. To read the 
music one had to invoke the meta-category of perfection to make sure that the Trinity was 
reified constantly, and that no duple value would exist per se. 

31 See Franco of Cologne, ‘Ars cantus mensurabilis’, in: Strunk, Source Readings, 226-245.
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 From a mathematical point of view, the system was confined to the most rudimentary 
addition or subtraction of parts, conceived as arithmetical units. Hence, for example, the 
perfect long of three time units could be shortened by the subtraction of one of its parts. 
This procedure was known as the imperfection of a perfect value by its immediate part. 
However, the breve (composed of three semibreves) could not be shortened, that is, it 
could not suffer imperfection. It was possible to replace it by either three equal parts or 
two unequal parts, in the proportion of 2:1.
 The fact that each rhythmic level had its own singular ‘character’ betrays the association 
between this system and the Christian scale of distinct and mutually exclusive ‘essences’. 
The denial of mathematical proportionality between the level of the long (relative to the 
breve) and the level of the breve (relative to the semibreve) underscores the existence of 
different species, located on mutually exclusive hierarchical positions. In short, thirteenth-
century music was grounded in the notion of divine perfection as the interpretative center 
and ultimate principle of rhythmic intelligibility. Therefore, the ultimate meaning of 
thirteenth-century music transcended the concrete musical/temporal events referred to 
by the notation. Music, as written, was merely an introduction to a higher truth, pointing 
at and leading to the Trinity. 
 Yet around 1300 the practice of music-making became tumultuous, experimental, and 
somewhat fluid. Composers broke the unity of the system and divided the breve into 
either 2, 3, 4, 5, 6, 7, 8, or 9 equal or unequal smaller parts.32 The unity of the traditional 
system was undermined in two senses, qua theory as grounded in Trinitarian perfection, 
and qua practice, since the relatively rapid performance of so many semibreves, taking 
the place of a short breve, could not guarantee a precise measurement of each single 
semibreve. A series of semibreves could be realized in performance in more than one 
way. Equal duration for each of the semibreves was only one option: inequality of various 
sorts and mere estimations were also possible. Such fragmentations and fluctuations 
provided a ferment of crisis: composers loosened the ties between musical time and divine 
timelessness. Playing with so many new options of articulating musical time through 
the indefinite semibreves, they challenged the absolute and fixed arithmetical Trinitarian 
hierarchy of part to part within the rhythmic whole. 
 It was this dynamic and unstable practice that induced Johannes de Muris to revise the 
principle of Musica Practica and to formulate a theoretical model that was consistent with 
the old theological frame, yet sensitive to the new mode of music-making. Already in 1321, 
Muris envisioned a musical world in which continuous fragmentation and imperfection 
coexists with wholeness and perfection. Muris discarded the Aristotelian classification of 
rhythmic durations according to mutually exclusive essences or species, and subsumed all 
the durations under one and the same rhythmic whole. He wrote: 

According to one account, there are two sorts of time: greater and lesser, greater time hav-
ing longer motion, lesser time shorter. These do not, however, differ in species, for greater 
and lesser quantities do not alter species.33 

Muris, then, translated the duration of note values into qualities conceived as divisible and 
capable of increase or decrease. He visualized the quality of duration as a numbered scale 
limited by the rhythmic minima (of one time unit) on the one end, and the longissima (of 
81 units or minims) on the other. Any number representing a note-value is the arithmetical 

32 For a recent discussion of the Petronian phase of rhythmic notation, see H. Ristory, Denkmodelle zur 

französischen Mensuraltheorie des 14. Jahrhunderts, Ottawa: Institute of Medieval Music, 2004, and also H. 

Ristory, Post-franconische Theorie und Früh-Trecento: Die Petrus de Cruce-Neuerungen und ihre Bedeutung für die 

italienische Mensuralnotenschrift zu Beginn des 14. Jahrhunderts, Frankfurt: Peter Lang, 1988. 

33 Muris, Notitia, 66.
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sum of its constituent parts, and measured by the minim, the common denominator of 
all the longer values. This range of durations is divided into four grades of perfection, 
each further subdivided into three parts in the relation of 3:2:1. Muris’s quantification of 
the quality of rhythmic perfection is striking. Which tradition was he following?

The idea that a quality is not absolutely indivisible but has a certain range within which 
it retains its unity and identity was already discussed in the second half of the thirteenth 
century.34 Thomas Aquinas, following Aristotle, defined virtue not as an absolute quality 
or property but rather as a certain range of behavior within which action was considered 
as virtuous. With respect to economics, Thomas wrote: 

The just price of things sometimes is not precisely determined, but rather consists in a 
certain estimate. Therefore a small addition or subtraction does not seem to destroy the 
equality of justice.35 

Mediating between the economic reality, in which deceptions were common, and the 
ideal Christian demand of an absolute, just price (aequalitas iustitiae), Aquinas allowed 
the latter to slide over a small range, determined by estimation.
 Most relevant for contextualizing Muris’s integration of rhythmic instability into the 
old system of rhythmic perfection are the economic theories of Godfrey of Fontaines 
(1250-1309), Peter John Olivi (1248-1298), Duns Scotus (1266-1308), and Jean Buridan 
(1295-1358). Each in his own way subsumed the dynamic and fluctuating price agreements 
of the marketplace under the church’s demand of absolute arithmetical equality. Godfrey 
converted the dichotomy between the ideal standards of Christianity and the practice 
of negotiating prices in the marketplace into a continuum. He argued that agreements 
on price, grounded in estimation and accordance in opinion between buyers and sellers 
are different from the church’s absolute equality (sum lent equals sum returned), but are 
nonetheless logical, rational, just and natural. In other words, Godfrey broadened the 
concept of just price to include the logic and mechanism of the marketplace. Curiously, 
Johannes de Muris dealt with rhythmic disorder, associated with imperfect binary values, 
taking a position that was not very different from Godfrey’s mediation between order 
and disorder. Unlike his predecessors, who insisted on the categorical distinction between 
triple/perfect and duple/imperfect values, Muris expanded his concept of perfection to 
include binary values that are at the same time multiples of 3, such as 6, 18, 54: 

Now, since the ternary number is everywhere present in some form or another, it may no 
longer be doubted that it is perfect. And by the contrary of this proposition, the binary 
number, since it falls short of the ternary, and is of lesser repute, remains imperfect. But any 
composite number formed from these may properly be considered perfect because of its 
similarity and correspondence to the ternary.36 

Both Godfrey and Muris translated disorder into terms of order, thus abandoning a 
disturbing cultural dichotomy, and providing a link between theory and practice.
 Like Godfrey of Fontaines, Peter Olivi recognized that economical transactions 
were based on estimation, probability, the calculation of risk and profit, and on prices 
fluctuating according to demand and supply. In his writings on economy he focused on 

34 The following survey is based on Kaye, Economy, 99-116.

35 Thomas Aquinas, Summa Theologica, 2, 2, 77, I ad 2: ‘Quod ideo dico, quia justum pretium rerum quandoque 

non est punctualiter determinatum, sed majus in quadam aestimatione consistit; ita quod modica additio 

vel minutio non videtur tollere aequalitatem justitiae.’ 

36 Muris, Notitia, 68-69.   
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the notion of capitale and legitimated the indemnification for loss of probable profit when 
one lent money instead of investing it in commerce. In opposition to Christian law ‘Olivi 
found it possible to bring his dynamic and seemingly open-ended concept of capitale, 
with its base in probability and its acceptance of superadded value, into a scholastic 
scheme still preoccupied with the ideal of equality (not profit) as the governing principle 
of exchange.’37 No schoolman was as attentive as Olivi to all the nuances of the art of 
trade, with its calculation and estimation of varying degrees of risk and profit. For him 
the voluntary mutual agreement between lenders and borrowers was the sole guarantee 
of just equalization: 

The judgment of the value of a thing in exchange seldom or never can be made except 
through conjecture or probable opinion, and so not precisely, or as if understood and meas-
ured by one indivisible point, but rather, as a fitting latitude within which the diverse judg-
ments of men will differ in estimation. And such a latitude will therefore contain various 
degrees [gradus] and little certainty, and much ambiguity attached to the estimates, with 
some greater and some less.38 

Compared with Olivi’s notion of latitude of prices, Muris’s latitude of durations seems 
to imply a much simpler gradation, yet it shares with Olivi’s latitude not only the idea of 
quantifiable quality, but also the acknowledgement that the practice is governed by a self-
regulating principle (and not by anything beyond it). Muris’s insistence on legibility and 
‘performability’ as the sole condition of good and rational music implies a principle of 
self-regulation that is as open-ended and dynamic as Olivi’s concept of the ‘art of trade’.
 From a practical point of view Muris’s scheme implies not only the commensurability 
of various rhythmic values, but also previews a multitude of possible rhythmic 
combinations between wholes and parts. Binary, and therefore imperfect, values appear 
in each of the four grades of perfection, and enrich the vocabulary of rhythmic values. 
Imperfect binary values express contraction of duration: a perfect Trinitarian value is 
shortened or diminished by one third of its value. Sorting out the various possible inner 
compositions of the long, Muris exhausted the four logically possible combinations of 
duple and triple divisions of the rhythmic whole vis à vis its parts. Rhythmic imperfection, 
so well concealed and restricted in the rhythmic theoretical model of the thirteenth 
century, comes now to the fore and challenges the all-pervasive presence of rhythmic 
perfection; music soaked with so many imperfections is no longer a direct reflection of 
Divine perfection. 
 Elsewhere, I have discussed the affinity between the musical analysis of the distribution 
of shorter rhythmic values throughout a given segment of time and the mathematical 
analysis of the distribution of qualities (such as heat or velocity) throughout a given segment 
of time or space, and I have shown a relationship between the musical and mathematical 
analyses of augmentation and diminution.39 Here, I would like to stress the mathematical 
import of Muris’s quantification of rhythmic duration. Muris envisioned the possibility 
of diminishing a long not only by its immediate third part, the breve, but also by its 
remote third part, namely the semibreve. Such a long, coined longa imperfecte perfecta, 
is imperfected or diminished by the third part of its third part. Muris also recognized 
the possibility of a longa imperfecte imperfecta, a long diminished by one breve plus one 

37 Kaye, Economy, 119-120.

38 Peter Olivi, Tractatus de emptionibus, et venditionibus, de usuris, de restitutionibus, in: Giacomo Todeschini (ed.), 

Un trattato di economia politica francescana: il ‘De emptionibus et venditionibus, de usuries, de restitutionibus’ 

di Pietro di Giovanni Olivi, fasc. 125-126, Rome: Istituto storico italiano per il Medio Evo, 1980. The English 

translation is quoted from Kaye, Economy, 124.  

39 Tanay, Noting Music, 79-101.
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semibreve. The procedure of imperfecting perfect values was now possible not only within 
each of the four grades of perfection, but also by crossing boundaries between the grades. 
In other words, Muris’s willingness to tolerate the presence of imperfection in the realm 
of music implies the use of compound proportions, or proportions of proportions, such 
as the proportion between a long and a semibreve. Composite proportions, then, serve to 
relate the whole and the part of its part. 
 According to the Pythagorean-Boethian tradition, proportions that depart from 
simplicity and singleness (all proportions other than multiple or superparticular ones) 
are excluded from consonance and harmony and have no place in a well-ordered musical 
system. Muris, however, seems to have gone against the grain of this fundamental tenet, 
operating with cumbersome or composite proportions. Hence, music is both mathematized 
yet demathematized, using more complex mathematics, while emancipating itself from 
the tyranny of Pythagorean mathematics, which dictated for generations which type of 
proportion ought to be used in music. Here lies one among several neglected keys to the 
innovative dimension of Muris’s Ars Nova. It marks the beginning of a paradigm shift: the 
relation between music and mathematics is turned upside down. Instead of being told by 
mathematics which proportion should be used, music now turned to mathematics with a 
concrete, feasible rhythmic combination that had to find its mathematical expression in 
order to be notated properly. As Muris declared: ‘Everything that is uttered singing, with a 
normal whole and regular voice, the knowledgeable musician must write by appropriate 
notes.’ In other words, a concrete and particular temporal sensation challenges the 
theorist to find its adequate semiotic field. Practice informs theory and not the other way 
around.
 The new emphasis on practical observations, and the resulting transition from 
arithmetical to geometrical models to account for natural processes is reflected in the 
economic and scientific writings of Jean Buridan, a contemporary of Muris, and a colleague 
at the university of Paris. In his commentary on Aristotle’s Ethics, Book V, Buridan focused 
on the subjective and relative values of goods, services, and prices in general (that which 
is cheap for one is expensive for another), and enhanced the understanding that even 
the most subjective qualities can be quantified. Furthermore, he transformed Aristotle’s 
simple arithmetical model of iustitia directiva into a complex geometrical proportion 
between two lines, each standing for the differing potential of the two participants in the 
transaction to gain or loss money.40 For him, Aristotle’s approach to rectification of unjust 
exchange in case of iustitia directiva – by simple arithmetical addition and subtraction 
– was too simple in comparison with the economic reality. He, like Muris, called for 
an in-depth analysis of the whole web of relationships involved in a given measuring 
problem. Muris expanded rhythmic relations through his sweeping imperfections of every 
triple value and by all possible parts of parts. Buridan posited a complicated picture of 
relationships between individuals and their goods, and emphasized the need to measure 
everything related to human needs proportionally and geometrically.41 

 Muris’s system is generally described as a system grounded in an indivisible and absolute 
minima, which gives all the durations their value, and, through accentual groupings, the 
music’s meter. Moreover, he perpetuated the principle of rhythmic perfection held by 
his predecessors. His predilection for ternary numbers tied him to a long pedigree of 

40 See Kaye, Economy, 142-146. For Aristotle the correction of unjust transaction involved a redivision of a 

single line that was unjustly divided into unequal parts: it presupposed an absolutely determined just price, 

which was conceived arithmetically. Buridan approximated the concrete economical situation more closely, 

taking into account the complex relationship between buyers and sellers, and their individual ability to gain 

or lose.

41 Ibid., 146. For the broader infiltration of the language of proportion into late-medieval culture, see M. 

Henninger, Relations: Medieval Theories 1250-1325, Oxford: Oxford University Press, 1989.
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Christian belief in the symbolic omnipresence of the Trinity. Seen thus, Muris’s system 
reflects adherence to the Christian unidirectional and fixed hierarchy of perfections 
grounded in a fixed and absolute measuring unit, and organized as a mutual reference 
structure. But a closer look at his theories reveals a different picture. Muris listed his 
innovative rhythmic rules in a table consisting of nine conclusions: 

1. The long may be imperfected by a breve.
2. The breve may be imperfected by a semibreve.
3. The semibreve may be imperfected by a minim.
4. The long may be imperfected by a semibreve.
5. The breve may be imperfected by a minim.
6. The minim may not be imperfected.
7. The altered breve may be imperfected by a semibreve.
8. The altered semibreve may be imperfected by a minim.
9. Time can be divided into as many equal parts as one wishes.42

As noted above, rhythmic imperfection means the diminution of a triple rhythmic value 
by its third part. The list of conclusions, then, exhausted the possibility of constructing 
rhythmic proportions among the various rhythmic values. Yet it manifests a philosophically 
laden duality. According to the sixth conclusion, the minim is a discrete and indivisible 
unit. According to the ninth conclusion, the breve, coined tempus, or time in general, 
is an infinitely divisible continuum. How can these two contradictory conclusions be 
reconciled? 
 The complexity of Muris’s thought may be construed as a fine expression of the 
simultaneity of two conflicting worldviews: one grounded in absolute perfection, the 
other dominated by money, its power, and the dynamic ordo that it sets in motion 
through economic transactions. Muris acknowledged the potential, indefinite, and 
theoretically unlimited expansion and contraction of any rhythmic value conceived as a 
continuum, but wanted music to comply with the Christian order and its fixed hierarchy 
of perfection. He understood that there was no ontological necessity to bind rhythm to 
the fixed arithmetical hierarchy that grounds his four grades of perfection. For Muris, 
the established musical practice governed by the idea of Trinitarian perfection and the 
absolute indivisible rhythmic minim is contingent and not necessary; it manifests a given 
choice, one among many others. For him the contextual dependence between rhythmic 
perfection and imperfection did not imply any logical or physical necessity. Time and 
again, he expressed his predilection for ternary numbers, while encouraging the rhythmic 
freedom grounded in the mathematics of the continuum. 
 While Muris had good theological reasons to choose the system based on the Trinity, 
he had no esthetical, physical, or logical reason to do so. On the contrary, he was fascinated 
by the possible implementation of his ninth conclusion, and praised singers who were 
capable of shifting between various divisions of the same segment of time: ‘Laudable 
and masterful will be a musician who would make music by dividing the same segment 
of time, now into two equal parts, now into three and into all the other possible equal 
parts.’43 Thus, Muris endowed a certain degree of bravura to singers who could cope with 
rhythmic complexity and legitimized the idea of rhythmic equality defined according 
to a range whose parts can be extended or diminished, depending on the composer’s 
ingenuity and the singer’s individual gift and ability to perform intricate divisions. 

42 Muris, Notitia, 87.

43 Muris, Notitia, 104-105: ‘Laudabilis autem esset musicus et peritus, qui super idem tempus aequale ipsum 

dividendo nunc per duas, nunc per tres et ceteras partes integre discantaret.’

TvM_15_#1_januari_2010_12.indd   29 09-02-2010   11:21:29



time and money: a new look at the mathematical foundation of the ars nova

30

Most fascinating is Muris’s notion of a unified system of rhythmic progressions as made of 
independent and non-cohesive parts. In other words, Muris’s nine conclusions represent a 
combination of two opposing measuring scales, a kingdom within a kingdom: a kingdom 
ruled by rhythmic perfection and by simple arithmetical equations, coordinated with 
a broader kingdom of theoretically infinite other rhythmic possibilities, grounded in 
geometrical equations. 
 It is important to note that some of Muris’s conclusions had nothing to do with 
concrete compositions of the first half of the fourteenth century. They were theoretical 
options, implied by the quantification of rhythmic duration and devised as legitimate 
rhythmic possibilities per se. As a matter of fact, Muris conceived his theory as dynamic 
and open-ended. ‘Certain things’, he wrote, ‘are included in this Ars musicae of ours that 
are somewhat obscured by being left implicit.’44 In other words, Muris revealed one 
of the secrets of the craft of music-making, announcing that mensural equalization is 
maintained by the open-ended possibility of substituting any given mensural whole by 
all the virtual combinations of its constituent parts. All possible temporal relations even 
if as yet undefined, were now considered as constitutive components of a rational theory 
of music. Muris writes: ‘In these nine stated conclusions there are implicit many other 
special ones that will be made clear to the student by their application.’45 Performability 
and legibility are the sole controlling principles of music-making: ‘For whatever can be 
sung can be written down so long that the notes are whole and proper.’46

It is interesting to compare Muris’s consideration of theoretical possibilities with late-
medieval debates on the status of probable economic profit. In both fields, music and 
economy, there emerged the problem of considering options not yet realized within the 
scheme of equalization. Both the practice of charging for productive capital, and the 
practice of compensating lenders for a probable loss of profit (had they not lent their 
money but instead invested it in trade) raised the problem of calculating and introducing 
into the scheme of equalization something that does not exist. Thomas Aquinas refused to 
consider a hypothetical profit since it was against natural and divine law to sell something 
that did not exist.47 Peter Olivi, however, counted with what were mere possibilities, 
and calculated the hypothetical loss and prospect of profit. He added these probable 
yet indefinite and speculative sums to the sum lent, as an integral part of the economic 
contract – that is, as a constitutive part of a legitimate conceptual scheme of economic 
equality and equalization.48 Joel Kaye notes that Olivi’s theory of economy 

grew out of his recognition that bringing the world of commerce within the bounds of 
philosophical rationality required the intellectual imagination of a new form of equaliza-
tion, one based on multiplication, estimation and probability. Such a form existed in the 
marketplaces of the towns of southern France and Italy (where Olivi lived most of his life) 
before it found expression in scholastic economic thought. Olivi makes this clear when he 
notes that the concept of productive capital was in common use (cumuniter capitale voca-
mus) before his decision to provide it with a philosophical rationale.49

44 Muris, Notitia, 85.

45 Ibid., 106.

46 Ibid., 84.

47 Kaye, Economy, 119. For a history of medieval approaches to usury, see John Noonan, The Scholastic Analysis 

of Usury, Cambridge: Harvard University Press, 1957.

48 See Julius Kirshner and Kimberly Lo Prete, ‘Peter Olivi’s Treatises on Contracts of Sale, Usury, and Restitution: 

Minorite Economics or Minor Works?’, Quaderni fiorentini 13 (1984), 233-286.

49 Kaye, Economy, 122.
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Olivi, and other thinkers, internalized the dynamic economic model and constructed a 
theory that encompassed both the Christian requirements of ratio and equitas, and the 
economic practice of calculating probabilities, and regulating constant flux. 
 I contend that Olivi’s approach finds its echo in Muris’s Notitia artis musicae. Muris 
recognized the new fashion of dividing and singing semibreves in ways that contradicted 
the orthodox Trinitarian divisions and formulated a theory that framed the changing 
and unstable practice within the constraints of rhythmic perfection. Varying degrees of 
unknown options became part of the musical and the economic system of equalization, 
and both were transformed from a static into a dynamic system – from systems governed 
by a transcendental principle into self-regulating systems modeled on geometry rather 
than arithmetic. 
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