
 The confi dence interval for the difference in the percentages is:

 8 ± 6.5%  adding and subtracting the margin of error 

 So, 1.5% < difference between population percentages < 14.5%

  Since both ends of the interval are positive (zero does not lie in the interval), the claim can be 
made with 95% confi dence that there has been an increase between 2014 and 2016 in the 
population percentage of residents who want the traffi c light installed. The 2016 percentage of 
residents wanting the traffi c lights installed is between 1.5% and 14.5% higher than the 2014 
percentage wanting the traffi c lights installed.

 Statistical inference
Statistical inference is the drawing of conclusions about a population from the collection of statistical data. 
Care must be taken to interpret sample proportions correctly, using margins of error.

Example
A poll of 750 voters concerning the resumption of military exercises with the USA found that 
47.6% approved, 44% disapproved and 8.4% abstained.

As a result of this poll, a writer on an 
internet site said a majority of people 
in New Zealand approved of the 
resumption of New Zealand exercises 
with the USA.

1. Comment on this writer’s statement.

2.  What percentage of the 
group polled would have 
had to disapprove to be 95% 
confi dent that the majority of 
New Zealanders disapproved of 
the resumption of New Zealand 
exercises with the USA?

A . 1.  The percentage of people polled who approved of the resumption of New Zealand 
exercises with the USA was 47.6%, which is not a majority.

  Using the rule of thumb, the margin of error is 1
750

 = 3.7%  using = 1
n

   This means that we are 95% confi dent that the true proportion of all New Zealanders who 
approved of the resumption of New Zealand exercises with the USA lies between
47.6 – 3.7 = 43.9% and 47.6 + 3.7 = 51.3%

   Since values below 50% lie in this interval, it is possible that the 
proportion of people in New Zealand who approve of the resumption 
of exercises with the USA is below a half. However, since values above 
50% lie between these limits the writer’s statement is not completely 
invalidated by the results of the poll.

 2. Let the minimum required poll percentage be k.

   To be 95% confi dent that the majority of 
New Zealanders disapproved of the resumption of 
New Zealand exercises with the USA, the lower limit of 
the confi dence interval would have to be 50%.

  So k – 3.7% = 50% and k = 53.7%

  The required poll percentage is at least 53.7%.

e values above 
ot completely 
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 Questions: Margins of error and statistical inference
1. Refer to the report below to answer the following questions.

Plastic Bags Survey – the results 
937 people took part in a council’s survey gauging attitudes to plastic bags and their use. 
Marlborough District Council wanted to know whether a charge would discourage the use of plastic 
bags, why some people choose not to use them at all, and whether people’s attitudes to plastic bags 
are changing. The survey was conducted by a mixture of online returns and posting of forms in pre-
paid envelopes that were delivered to all households in the Marlborough District Council area.

The Marlborough District Council says the survey suggests the majority would not be unhappy about 
a small charge for plastic bags, but more than half the respondents also said a small charge wouldn’t 
necessarily deter them from using the bags. The council said the results suggest that there could 
be unintended consequences if the bags were removed overnight: ‘Charging for bags would likely 
change people’s behaviour eventually, but how much change we’d see would depend how much was 
being charged for the bags.’

Three quarters of respondents considered that plastic bags litter the environment, and more than 
90% would like the opportunity to recycle their plastic bags. About half of those who took the time to 
fi ll out the survey already take their own re-usable bags to the supermarket when they go shopping.

The fi rst question asked shoppers whether they are currently using plastic bags when getting their 
shopping. 35.1% of respondents said they regularly do, whilst 47.9% of respondents said they only 
occasionally do. The council says this may indicate views on plastic bags have already shifted more 
than previously thought.

About half of the respondents think a reward scheme would encourage people to use re-usable bags, 
while almost as many believe that introducing a charge for plastic bags would be the incentive that 
would get them using re-usable bags.

Overall, 80% of respondents would be happy to support a small charge per plastic bag – say 
10 cents. However, 63% would still use them, whether they’re paying a small fee or not. 

Figure 1

Attitudes to bag charges

Attitude to supermarket levy on plastic bags

Base: All respondents (n = 1 007)

Q.:  Using the scale below, to what extent are you in favour or against supermarkets charging for plastic 
bags?

22% 18% 21% 19% 20%

Strongly against Slightly against Neither for nor against Slightly in favour Strongly in favour

Adapted from www.scoop.co.nz/stories/AK1708/S00385/plastic-bags-survey-the-results.htm

 Year 2019 
Ans. p. 106
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 a. The Report states that 937 people took part in the council’s survey.

   Calculate the margin of error for this survey, and explain why a margin of error should be included 
in reports on statistical surveys.

 b.  Discuss the statistical reasoning for why, as part of their sampling method, the council used a 
mixture of online and paper copy forms for respondents to complete the survey.

   As part of your answer, describe at least ONE issue that needs to be considered with the sampling 
method used in this survey.
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Independent events
Two events, A and B, are said to be independent if the occurrence (or not) of one event in no way affects 
the occurrence (or not) of the other event. 

If A and B are independent then P(A  B) = P(A).P(B)

Example
If a coin is fl ipped twice then the following two events are independent.
A:  fi rst fl ip is heads
B:  second fl ip is tails
The result of the fi rst fl ip has no effect on the result of the second fl ip.

To show that two events A and B are independent, it must be shown that P(A).P(B) = P(A  B).

Example
Q.  A and B are two events such that P(A) = 0.3, P(B) = 0.4, P(A  B) = 0.1.

Are A and B independent?

A. P(A).P(B) = 0.3 × 0.4

 = 0.12  P(A  B)    since P(A  B) is given as 0.1 

 Since P(A  B)  P(A).P(B), events A and B are not independent.

Conditional probability
Conditional probabilities are calculated using a reduced sample space, i.e. after other events have taken place.

If A and B are two events, then P(A|B) denotes the probability of event A, given that event B has occurred.

Example
If A is the event ‘person lives in Auckland’ and B is the event ‘person works in a bank’ then: 

P(A|B) denotes the probability that a person lives in Auckland given that they work in a bank. 

P(B|A) denotes the probability a person works in a bank, given that they live in Auckland.

In general, if X and Y are two events, then the probability of X given Y is:

P(X|Y ) = 
P X Y

P Y
( )

( )

By rearranging this formula, a general formula for P(X  Y) can be found

P(X  Y ) = P(Y).P(X|Y )     or     P(X  Y ) = P(X).P(Y|X)

Note: When X and Y are independent, P(X|Y ) = P(X) and P(Y|X) = P(Y) so the formula becomes 
P(X  Y ) = P(X).P(Y ) as defi ned previously.

Probability tree diagrams
Many probability problems can be simplifi ed by using a tree diagram, since the events making up the 
sample space and their associated probabilities can be clearly seen. Tree diagrams particularly lend 
themselves to problems involving conditional probabilities.
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 Example
Q.  In a certain town, 60% of all residents have milk delivered to their house. Of those households 

with delivered milk, 80% also have a daily newspaper delivered. In households which don’t 
have milk delivered, only 30% have a newspaper delivered.           

1. Draw a tree diagram showing this information. 

A household is chosen at random from the town. 
 What is the probability that in this household:

 2. both milk and a newspaper are delivered?

3. milk or a newspaper are delivered (but not both)?

4. a newspaper is not delivered, given that milk is delivered?

5. milk is delivered, given that a newspaper is not delivered?

6. Are the events ‘getting milk delivered’ and ‘getting a newspaper delivered’ independent?

A. 1. M is the event ‘milk is delivered’.

  N is the event ‘a newspaper is delivered’.

  The given information is applied to the tree diagram. 

  P(M) = 0.6, P(N|M) = 0.8, P(N|M’) = 0.3

  Since the total probability for any set of branches is 1, 
the remaining probabilities can be applied:
P(M’) = 1 – P(M) = 1 – 0.6 = 0.4
P(N’|M) = 1 – P(N|M) = 1 – 0.8 = 0.2

  P(N’|M’) = 1 – P(N|M’) = 1 – 0.3 = 0.7

 The sample space and associated probabilities are listed 
  on the RHS of tree (MN denotes M  N etc.).

  (M  N )   where P(M  N)  = 0.6  0.8 = 0.48

  (M  N’)   where P(M  N’)  = 0.6 × 0.2 = 0.12

  (M’  N)   where P(M’  N)  = 0.4 × 0.3 = 0.12

  (M’  N’)   where P(M’  N’)  = 0.4 × 0.7 = 0.28
  Note that the sum of these probabilities is 1 (since no other outcomes are possible).

 2. P(M  N) = 0.6 × 0.8 = 0.48

3.  (Milk or Newspaper)  = P(M  N’ or M’  N)   
outcomes MN’ and M’N 
correspond to event described

             = 0.12 + 0.12
              = 0.24

4. P(N’|M)  = 0.2        from the tree diagram 

5. P(M|N’)  = 
P(M N’)

P(N’)
     using formula 

      = 0.12
0.12 + 0.28

   P(N’) = P(M  N’) + P(M’  N’) 

      = 0.3

6.  Since P(N|M) = 0.8 and P(N) = 0.4 (from part 5.) P(N|M)  P(N) so N and M are not 
independent.

  Alternatively, P(M  N) = 0.48, P(M) = 0.6, P(N) = 0.6 × 0.8 + 0.4 × 0.3 = 0.6

   Since P(M) × P(N) = 0.6 × 0.6 = 0.36  P(M  N), it follows that M and N are not 
independent.
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 Questions: Basic probability theory
1. The school roll data for a provincial New Zealand primary school (Years 0 to 8) by year and gender (as 

at 1 July 2018) is summarised below.

 • There are 343 students.

 •  Of the 149 female students, 31 are in the Junior School (Years 0, 1, and 2), 65 are in the Middle 
School (Years 3, 4, and 5), and 53 are in the Senior School (Years 6, 7, and 8).

 •  Of the male students, 49 are in the Junior School (Years 0, 1, and 2), 73 are in the Middle School 
(Years 3, 4, and 5), and the remainder are in the Senior School (Years 6, 7, and 8).

 Suppose one of these students is chosen at random.

 a. i. Given that the student is in the Middle School, calculate the probability that they are male.

  ii.  Is it more likely for the student to be male if they are in the Junior School or if they are in the 
Senior School?

   Support your answer with calculations.

  iii.  The principal has used this data to predict that a new student enrolling at the school will be 
male.

   Calculate a proportion using this data that supports the principal’s prediction.

 Year 2019 
Ans. p. 110
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The binomial distribution
The binomial distribution is a discrete probability distribution which results from a fi nite number of 
Bernouilli trials. A Bernouilli trial is one in which there are only two possible outcomes – ‘success’ or 
‘failure’.

A variable which has a binomial distribution has the following properties:

• There is a fi xed number of trials (individual repetitions).

• Each trial is independent of the others.

• Each trial has a constant probability of success.

• There are only two possible outcomes, usually referred to as ‘success’ and ‘failure’.

Let the binomial random variable X be the number of successes in n binomial trials, where there is a 
probability p of success on each trial. The probability of exactly k successes is

P(X = k) = 
n

k
pk(1 – p)n – k

Note: Alternative notation for 
n

k
 is nCk

Example
Q. What is the probability of exactly 3 heads in 6 fl ips of an unbiased coin?

A.  All four conditions for a binomial distribution are met. There is a fi xed number of trials. Each 
trial is independent. There is a constant probability of success and there are only two possible 
outcomes of any trial, namely ‘Heads’ or ‘Tails’.

  Let H be the number of heads in 6 fl ips, where the number of trials is n = 6, and the probability 
of a ‘Head’ is
p = 1

2
.

  H is a binomial random variable because all four binomial distribution conditions are satisfi ed. 
Hence:

P(H = 3) = 6
3

1
2

1 –
1
2

3 6 –3

    using the formula 

   = 5
16

   or 0.3125     by calculator 

Mean and variance of the binomial distribution
If X is the number of successes in n binomial trials, where the probability of success in each trial is p, then 
the general formulae for the mean and variance of the number of successes are:

E[X] = np      Var[X] = np(1 – p)

Note:  is often used for E[X] and 2 for Var[X].

Example
Q.  A machine produces goods, each of which has a 2% chance of being faulty. Find the mean 

number of faulty goods per batch of 1 000, and the standard deviation in the number of faulty 
goods per 1 000.
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A. The number of faulty goods per 1 000 satisfi es all four criteria for a binomial distribution, so:

  The mean number of faulty goods per 1 000 = 1 000 × 0.02   E[X] = np

 = 20

 and the standard deviation  = variance

          = 1 000 0.02 0.98    since Var[X] = np(1 – p)

          = 4.43 (2 d.p.)

Use of tables
It is possible to fi nd some common binomial probabilities by using binomial distribution tables which are 
found in most books of mathematical tables (and in the appendix of this book).

Parameters
For a binomial distribution, n and p are called the parameters of the distribution, since any particular 
binomial distribution is completely defi ned by the values of n and p.

Note: The Greek letter  is often used instead of p to represent the probability of a success on each trial 
(there is no connection between  used in this context and  = 3.14159... used in other contexts). 

57.38
2 Most problems involving the binomial distribution are easily done using a graphics calculator.

Using a Casio CFX-9750, switch the calculator on and select STAT (from the main menu) then the 
option DIST followed by the option BINM. Use Bpd for P(X = x) and Bcd for P(X  x).

 Questions: The binomial distribution
1.  Last year, 45% of the zucchini seeds planted in a suburban garden successfully germinated and grew 

into zucchini plants.

  This year, in this garden, it is planned to grow at least 6 zucchini plants. There is space for a maximum 
of 10 zucchini plants. 10 zucchini seeds are planted from a new packet of seeds.

 a.  Using an appropriate probability distribution model, calculate an estimate for the probability that at 
least 6 zucchini plants will grow from this year’s seed planting.

 b. To apply the distribution used in part a., at least one assumption needs to be made.

  Identify ONE such assumption that may be invalid and discuss why this is the case.

  Discuss the impact that making this assumption may have on your calculation in part a.

 Year 2019 
Ans. p. 117
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2. It is estimated that 13% of the cars driven on New Zealand roads are red.

 Suppose that the colours of the next seven cars that pass in an opposite lane to a driver are observed.

 a.  Using an appropriate probability distribution model, calculate the probability that at least two of 
the seven cars are red.

 b. Justify your selection of a probability distribution model.

 c.  For n number of cars that pass in an opposite lane to a driver, the probability that at least one of 
the cars is red is 0.965 (rounded to 3 decimal places).

  Determine the value of n.

  Support your answer with appropriate statistical statements and calculations.

 Year 2015 
Ans. p. 117
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Answers and explanations 103

 Answers and explanations

 Achievement Standard 91584 
(Mathematics and Statistics 3.12): 
Evaluate statistically based reports

 3.12 Reading reports
 1 . a. The owner of the nceax website. (A)

 b.  Contents, summary, introduction, aim, methods, 
conclusions, appendices. (A)

 c.  The report was prepared regularly for the owner using 
automatic computer methods. The graphs would be 
considered to ‘speak’ for themselves and extra reporting 
would be unnecessary for the owner, and add costs. (M)

 d. i.  Usage was quite low until June when the usage 
increased very rapidly reaching a peak in September. 
It fell back in October but greatly increased in 
November. It was very low in December. (A)

  ii.  Students were not revising until June when they 
would be having school exams. However, after that 
the exam season would have been in full swing. 
The MCAT exam for Year 11 students took place 
in September and many schools would be also be 
having exams then. The site caters for CIE students 
who have their examinations before NCEA students 
in October then in November the site would have 
been massively used by NCEA students. These 
reasons seem plausible; however, they may not be 
true. (M)

 e.  Bar graphs showing important monthly information, tables 
showing this information as averages and totals. (A)

 f. Answers will vary; an example is given.

  It is assumed that this information is for the owner of the site 
who will want to see the monthly usage and the year-long 
profi le of usage. It is assumed that the owner commissioned 
the report, so it contains all details necessary for his/her use.

  The graphs provide an excellent summary of a lot of 
information, affording easy comparisons from month to 
month, although a clear vertical scale is not provided (to 
ensure scale starts at zero, etc.), so that it is not clear whether 
the graphs show daily averages or monthly totals. The table 
is clearly set out, with colour coding adding to the ease of 
reading.

  All useful information appears easily accessible and attractively 
presented, so I would tend to agree with the comment. (M/E)

 2 . a. The Best Wine Company. (A)

 b.  This information was not given (although possibly by 
MarkRes who will be engaged to do further research). (A)

 c. The Export61 site. (A)

p.   1

 d.  Tables attractively set out and showing important 
information comparing this quarter’s statistics with 
the previous quarters; bar graphs allowing quarterly 
comparisons in visitor numbers for the two sites (these 
could be misleading as the scales on each bar graph will 
be different). (A/M)

 e.  Quarter spelt ‘quater’. Spelling errors give an 
unprofessional look to a report as it appears that the report 
has not been thoroughly checked. (Alternatively this could 
be a 6-character limitation in the software.) (A/M)

 f.  Visitor numbers from some countries fell, e.g. Indonesia, 
Great Britain and Russia. There was a fall in sales of 
Tawny port and there was fall in the number of people 
who jumped to the Best Wine site from the Export61 site 
(although this could be due to people accessing the site 
directly). (A/M)

 3.12 Statistical questions
1 .  ‘Are pigs in the Waikato kept in humane conditions ?’; pigs in 

the Waikato. (A)

2 .  ‘At what age of starting the consumption of marijuana to 
the point that a user is addicted is there a permanent loss in 
intelligence?’; marijuana users who started before 18 years 
and were addicted by the age of 38. (A)

3 . ‘ Should expelled list MPs have to resign?’; New Zealanders 
(above a set age, i.e. not young children). (A)

4 .  a.  There is no stated statistical question but one is implied 
by the objective: ‘Does chocolate eating have an effect on 
the risk of developing cardiometabolic disorders?’

 b. Adult human chocolate consumers. (A)

5 .  ‘Are dog owners more likely than cat owners to be single?’; 
New Zealand cat and dog owners. (A)

  An initial reading suggests that the report is only concerned 
with cat and dog owners; however, reading the above extract 
shows that people had to identify themselves as a cat or dog 
owner so there were other questions in the study as well 
as the above such as: ‘What percentage of New Zealanders 
own a cat?’ and ‘What percentage of New Zealanders own 
a dog?’ If this is true then the target population would be all 
New Zealanders. (A/M)

 3.12 Planning and data
1  . a. Yes, as there is variability in the results of the 

investigation. (A)

 b.  Answers will vary, for example ‘What are the literacy levels 
of the incoming Year 9 students at this school?’ (A)

 c. The incoming Year 9 pupils at the school. (A)

 d.  Since the literacy levels of all Year 9 pupils will be 
determined this is a census. (A)

p.   5
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 Formulae and tables

Continuous uniform 
distribution

The probability density 
function, f(x) for a continuous 
uniform distribution is 
defi ned as: 

b a

1

0 elsewhere

f(x) =
for a x b

f (x)

xa b

1
b – a

Triangular distribution

The probability density 
function, f(x) for a triangular 
distribution is defi ned as:

0

0

f(x) =

x a

a x c

c x b

x b

(b a)(b c)

2(b x)

(b a)(c a)
2(x a)

f (x)

xa c b

2
b – a

Area of triangle = 
1
2

 base × height

Permutations and combinations
nPr = n

n r
!

( )!
n
r

 = nCr = 
n

n r r
!

( )! !

Expectation algebra
E[aX + b] = aE[X] + b

Var[aX + b] = a2 Var[X]

E[aX + bY] = aE[X] + bE[Y]

Var[aX + bY] = a2 Var[X] + b2 Var[Y],
                    if X, Y are independent

Probability
P(A  B) = P(A) + P(B) – P(A  B)

P(A|B) = 
P( )

P( )
A B

B
Mean and variance of a discrete 
random variable
µ = E(X) 2 = Var(X)
 = x.P(X = x)  = SD(X)

   = x X x( – µ) ( ).P2

   = E(X2) – [E(X)]2

 Statistics – useful formulae
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