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Basic probability
An event is an outcome or set of outcomes in a 
probability experiment.

The probability of an event is a measure of the 
likelihood of that event occurring. Probabilities lie 
between 0 and 1.
• An impossible event has probability zero
• The more unlikely an event is, the closer its 

probability is to 0
• A certain event has probability 1
• The more likely an event is, the closer its 

probability is to 1

For equally likely outcomes, the probability of an 
event is equal to the number of outcomes in the event 
divided by the total number of outcomes.

Example
When a fair die is rolled, the sample space has six 
equally likely outcomes {1, 2, 3, 4, 5, 6}.
1. Each of the six numbers has a probability of

 1
6

 of occurring.

2. There are two numbers which are greater 
than 4  (i.e. 5 and 6) so the probability of a

 number greater than 4 is 2
6

 or 1
3

 .

Relative frequency
If a selection is made ‘at random’ from a group, then 
each member of the group is equally likely to be chosen.

The probability of a particular event, A, is written P(A). 
This probably is worked out using relative frequency 
(the number of occurrences of the event is divided by 
the total number of possible occurrences). A relative 
frequency is also called a proportion.

Two-way tables
A two-way table has rows which represent one 
category variable (such as male/female), and 
columns which represent another category variable 
(such as sports choices).

Example
On an activities day, 670 students signed up for 
one of three summer sports.

The 2-way (contingency) table shows their choices.

Tennis Swimming Cricket Totals
Boys 120 90 140 350
Girls 150 80 90 320
Totals 270 170 230 670

A student is chosen at random. Find the 
probability that the student
1. is a boy who plays tennis
2. chose tennis or cricket
3. is a girl
4. is not a cricketer.

Solution
1. P(student is a boy who plays tennis) = 120

670
  [120 boys play tennis]

2. P(student chose tennis or cricket) = 500
670

  [270 + 230 = 500 chose tennis or cricket]

3. P(student is a girl) = 320
670

  [320 students are girls]

4. P(student is not a cricketer) = 440
670

  [670 – 230 = 440 did not choose cricket]
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Conditional probability problems involve a restriction 
on the group from which selections are being made, 
so that the number of possible outcomes is reduced.

Example
Customers in a shop buy items for themselves or 
as a gift. A record is kept for a week.

Self Gift Total
Male 23 72 95
Female 78 143 221
Total 101 215 316

1. A male customer is chosen at random 

 P(male buys gift) = 72
95

2. A gift-buying customer is chosen

 P(gift-buyer is female) = 143
215

A two-way table may be drawn up with probabilities 
given, rather than frequencies, given in each category. 
Take care with these probabilities as they are 
effectively conditional probabilities.

In order to work out an overall probability, when 
a selection is made from the entire group, you will 
need to work out the actual numbers (rather than 
proportions) in each category.

Example
Q. There are 200 females and 100 males 

working in a factory. The body mass index 
(BMI) was worked out for each person in the 
factory. Each person was then classified as 
underweight (BMI below 19), normal weight 
(BMI 19–25) or overweight (BMI over 25).

 The table shows the proportions of people in 
each category by gender.

Underweight Normal 
weight Overweight

Male 0.04 0.35 0.61
Female 0.06 0.41 0.53

 Find:
1.  the percentage of male workers who are 

overweight
2.  the percentage of female workers in a 

normal weight range
3.  P(a worker is underweight if worker is 

female)
4. P(a worker is underweight)
5.  the percentage of workers in the factory 

who are overweight

A. Reading directly from the table:
1.  61% (0.61) of male workers are 

overweight
2.  41% (0.41) of female workers are in a 

normal weight range.
3.  P(worker is underweight if worker is 

female) = 0.06
4.  There are 100 male workers, so there 

are 0.04 × 100 = 4 underweight 
males, and there are 200 female 
workers so there are 0.06 × 200 = 12 
underweight females, making a total of 
16 underweight workers in the factory.

  There are 100 + 200 = 300 workers in the 
factory, so if a worker is selected at random,

 P(worker is underweight) = 16
300

  = 4
75

 or 0.0533

5.  The percentage of workers in the factory 
who are overweight is 

 P(worker is overweight)

 = 0.61 × 100 + 0.53 × 200
300

 = 167
300

 × 100%

 = 55.7% (1 d.p.)
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Probability trees
Tree diagrams are useful for displaying sequences of 
events and their associated probabilities.
• Each individual set of branches in a tree diagram 

has a total probability of 1.
• Multiply along the branches to get the probability 

of intersections of events (one event AND 
another).

• Add between branches to get the probability of 
unions of events (one event OR another).

Example
In an amusement park, 70% of the customers are 
children. 60% of adults and 80% of children 
coming to the park buy a drink. (Assume that no 
visitor buys more than one drink.)
1. Find the probability that a randomly selected 

visitor to the park is a child who buys a drink.
2. Find the probability that a randomly selected 

visitor to the park does not buy a drink.
3. Find the probability that a 

randomly selected visitor is not 
an adult who buys a drink.

4. Find the expected number of 
the next 500 visitors to the park 
who buy a drink.

Solution

The tree for this situation is drawn below.

0.7

0.3
A

C

0.8

0.2 D’

D

0.6

0.4 D’

D

CD

CD’

AD

AD’

Outcome

Key: C (child), A (adult), D (buys at least one drink),  
D’ (does not buy a drink)

1. The probability a randomly selected visitor is 
a child and buys a drink is

 P(C and D) = 0.7 × 0.8  [AND so multiply 
along branches]

  = 0.56

2. The probability a randomly selected visitor 
does not buy a drink is

 P(not buying a drink) = P(CD’ or AD’)
  = P(CD’) + P(AD’)
   [OR so add 

between branches]

  = 0.7 × 0.2 + 0.3 × 0.4
  = 0.14 + 0.12
  = 0.26
3. P(not adult who buys drink) = P(CD or CD’ or AD’)
 = 0.7 × 0.8 + 0.7 × 0.2 + 0.3 × 0.4
 = 0.56 + 0.14 + 0.12
 = 0.82
 Note:  It would be simpler to use the 

complementary event:
  P(adult who buys a drink) = 0.3 × 0.6
   = 0.18
  So
  P(not adult who buys drink) = 1 – 0.18
   = 0.82,
  as before.
4. The expected number of children in a group 

of 500 is 0.7 × 500 = 350, so the expected 
number of adults is 150.

 Expected number of drinks for 350 children is 
350 × 0.8 = 280

 Expected number of drinks for 150 adults is 
150 × 0.6 = 90

 In total the expected number of drinks is 370.
 Alternatively, in order to find the expected 

value, multiply the total number of visitors by 
the probability that a visitor has a drink.

 P(visitor buys a drink) = 0.7 × 0.8 + 0.3 × 0.6
[adding between branches]

  = 0.74
 Hence the expected number of visitors in a 

group of 500 who would buy a drink is 
500 × 0.74 = 370.
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Exercise D: Probability trees
1. In a school 40% of senior students are male. 

20% of senior male students have a part-time job 
which they do during the school week, and 30% 
of senior female students have a part-time job 
which they do during the school week.
a.  Complete the tree diagram for this information.

female

male
no job

job

0.4

no job

job

0.2

0.3

b.  A senior student is selected at random. What 
is the probability it is:

 i. a male without a weekday part-time job?

  ii. a female with a weekday part-time job?

  iii. a person without a weekday part-time job?

  iv. not a male with a weekday part-time job?

c.  In a school of 300 senior students, how many 
would you expect to have a weekday part-
time job?

Ans. p. 52

2. A motorist goes through two sets of traffic lights 

on her way to work. The probability the first set of

 lights is red is 1
4

 and the probability the second set

 of lights is red is 2
3

 .

a.  Complete the tree diagram for this 
information.

Green

Red
Green

Red

Green

Red

1
4

2
3

2
3

b. Find the probability
 i. both lights are red

 ii. at least 1 set of lights is green.

c.  A new set of lights is added to her route. These 
are red 50% of the time. Find the probability 
that when the motorist drives to work

 i. two of the three lights are red

 ii. all three lights are green.

d.  The motorist drives to work 21 times in one 
month. On how many days would she expect 
to get three red lights?
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3. Hamish plays a game of singles tennis, followed 
by a game of doubles. He has a 60% chance of 
winning at singles and a 72% chance of winning 
at doubles.

 

a.  Complete the tree diagram to show this 
information.

Lose

Win

Doubles

0.6

Lose

Win

0.72

0.72
Lose

Win

Singles

b. What is the probability
 i. Hamish loses both games?

 ii. Hamish wins at least one game?

c.  Hamish decides to play a third game. If the 
third game is singles, what is the probability 
Hamish wins two out of his three games?

4. In a shop, 30% of customers use Eftpos, 50% use 
credit cards and the rest use cash to purchase goods.
a.  Complete the tree diagram for two customers 

in a row.

Credit 
card

Eftpos
0.3

0.5

Cash

b. Find the probability that
 i. the next two customers both use cash

 ii.  the next two customers use the same 
method of payment.

 iii.  at least one of the next two customers 
uses a credit card.

c.  A third customer enters the shop. What is the 
probability that all three customers used the 
same method of payment?
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5. In a school 55% of the senior students are girls 
and 40% of these girls have their driving licence. 
48% of the senior boys have their driving licence.

Boy

Girl
No licence

Licence

0.55

No licence

Licence

a.  Find the probability that a randomly selected 
senior student:

 i.  is a boy who does not have his driving 
licence

 ii. is not a girl who has her driving licence

 iii. has their driving licence.

b.  26% of the girls who have their licence drive 
to school each day. Find the probability that a 
randomly selected girl does not drive to school.

c.  12.2% of senior students drive to school each 
day. Find the percentage of senior boys with 
driving licences who drive to school each day.

6. At a school fair a game is played with two 4-sided 
dice, each with faces labelled 1 to 4. At each 
turn the player rolls the dice together, and adds 
together the two numbers that land face down.

   

 If a player gets a score of 4, 5 or 6 then they win 
the chance to spin a spinner which has two sectors, 
one labelled WIN and the other labelled LOSE.
a.  Show that the probability of getting a total of

 4 from the two dice is 3
16

  .

b.  What is the probability of  getting the chance 
to spin the spinner, i.e. getting a 4, 5 or 6 
when the two numbers that land face down 
are added?
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The normal distribution
Many data sets have a distribution which is bell-
shaped when graphed.

Example
Some examples of data sets with bell-shaped 
distributions are:
1. The heights of students in secondary school.
2. Weights of adult male German Shepherd dogs.
3.  Fuel consumption per 100 L of a particular 

model of car.
4.  The length of each advertisement break on 

television.

Data sets with symmetrical bell-shaped graphs are 
said to have a normal distribution. A typical normal 
curve graph is shown below

– + 

Each normal distribution is described by two measures: 
the mean,  (the middle value) and the standard 
deviation,  (a measure of spread).

Two other important features of the normal curve are:
• the graph of the  normal curve is symmetrical 

about 
• the total area under the normal curve is 1.

Areas under the normal curve
Each event corresponds to an interval of values on 
the horizontal axis. The probability of an event is 
given by the area under the normal curve over this 
interval.

Note:  The probability is the same whether or not the 
end points of the interval are included.

Example
The heights of students in Year 12 are normally 
distributed with mean 165 cm and standard 
deviation 10 cm.

The probability that the height of a Year 12 student 
chosen at random is between 155 cm and 180 cm 
is shown shaded in the diagram below.

155 165 180

The shaded area represents the probability that 
a Year 12 student chosen at random measures 
between 155 cm and 180 cm.

The standard normal distribution
The shape of a normal curve depends on the values of 
the mean  and standard deviation .

Normal curves with different  and 

To avoid having to calculate probabilities for each 
different combination of  and , each normal curve 
is standardised so that the mean becomes 0 (  = 0) 
and the standard deviation becomes 1 (  = 1).

The normal distribution which has  = 0 and  = 1 is 
called the standard normal distribution.

Special tables exist which give the probabilities 
between two values for a standard normal curve.

Standard normal tables
Before solving problems involving the normal 
distribution, it is important to know how to find 
probabilities using the standardised normal table.

The table gives the area under the standard normal 
curve between 0 and a value z. This area is equal to 
the  probability of a value lying between 0 and z.



AS 91267

24  Achievement Standard 91267 (Mathematics and Statistics 2.12)

© ESA Publications (NZ) Ltd, ISBN 978-0-908315-47-5  –  Copying or scanning from ESA workbooks is limited to 3% under the NZ Copyright Act.

Using standard normal tables
The symmetries of the normal distribution are used to 
work out other standard normal probabilities.

Example
Find P(–1.33  Z  0)

Solution

0–1.33 1.33

The standard normal table lists only positive z-values.

The symmetry of the curve allows probabilities 
involving negative z-values to be calculated.

Using the table, find the row corresponding to 1.3

Next, find 3 along the top row.

z 0 1 2 3 4
1.3 0.4032 0.4049 0.4066 0.4082 0.4099

By symmetry:
P(–1.33  Z  0) = P(0  Z  1.33)
 = 0.4082

You may need to combine probabilities from two 
intervals of values.

Example
Find P(–0.6  Z  1.5)

Solution

0–0.6 1.5
This can be rewritten as:
P(–0.6  Z  0) + P(0  Z  1.5)

Finding the probabilities in the table:

z 0 1 2 3 4
0.6 0.2257 0.2291 0.2324 0.2357 0.2389
1.5 0.4332 0.4345 0.4357 0.4370 0.4382

P(–0.6  Z  1.5) = 0.2257 + 0.4332
 = 0.6589

Example
Find P(Z  0.6)

Solution
This means find the probability that Z is greater 
than 0.6.

0 0.6
Looking up 0.6 in the table gives the area under 
the curve over the interval 0 to 0.6 as 0.2258.

This area is shown using stripes on the diagram.

The area under the curve to the right of the mean is 
0.5 [by symmetry since total area under curve is 1]

Therefore, the shaded area is
0.5 – 0.2258 = 0.2742
Thus P(Z > 0.6) = 0.2742

Example
Find P(Z  –0.6)

Solution
This means find the probability that Z is less than 
or equal to –0.6

0–0.6 0.6

By symmetry, P(Z  –0.6) = P(Z  0.6)
 = 0.2742

[using result from example above]

Example
Find P(Z > –0.6)

Solution
From the above example
P(Z > –0.6) = 1 – P(Z  –0.6)
 = 1 – 0.2742
 = 0.7258
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• be approximately bell-shaped
• be unimodal (one peak)
• have a small percentage of values in the tail-ends 

of the range of values
• be symmetrical about the central value which is 

the mean/median (equal values).
Based on these features it can be seen that the 
experimental distribution of race times for the 25 m 
freestyle swimming event (in the above example) 
is approximately normal. So the claim that the 
population distribution of all race times for the 25 m 
freestyle swimming event is normal can be justified.

Example
A factory has a machine which produces muesli 
bars with a mean weight of 38 grams and a 
standard deviation of 0.7 grams.
The manager thinks that the machine is no longer 
working properly, so he selects a random sample 
of 240 bars and weighs them, with the results as 
shown in the graph below.

35 36 37 38 39 40 41

50

40

30

20

10

0

Weights of muesli bars

Grams

N
um

be
r o

f b
ar

s

Compare the distribution of the weights of the 
muesli bars in the manager’s sample with the 
expected distribution of weights of muesli bars if 
the machine is working properly.

Solution
The distribution of weights of the muesli bars 
in the manager’s sample does not appear to be 
normal, with a mean of 38 g. The sample mean 
appears to be at least 38.5 g.

Note:  By reading off frequencies from the bar 
graph and using the formula for the mean of 
grouped data (or using the mean function on a 
graphics calculator), the sample mean weight 
can be estimated more accurately as 38.8 g.

The sample distribution is not bell-shaped or 
symmetrical, but is negatively skewed with two 
peaks (one in the interval 38.5–39 g and one in 
the interval 39.5–40 g)

Weights in the right tail are quite common (a 
weight of 39.5–40 g is more likely than a weight 
of 39–39.5 g).

Also, for a normal distribution with mean 38 g 
and standard deviation 0.7 g, 95% of weights 
of muesli bars should be within 2 standard 
deviations of the mean (38 ± 2 × 0.7), 
i.e. between 36.6 g and 39.4 g. This is clearly not 
the case for this sample, in which around 30% of 
muesli bars weigh more than 39.5 g.

Sample distributions do vary from sample to 
sample, but this is a large random sample (with 
240 bars) so the sample distribution should be 
similar to the population distribution of weights 
of all muesli bars from this machine.

So we can be confident in concluding that the 
machine does not appear to be working properly.

You may be required to compare the features of two 
sample distributions. You should compare:
• centres – similar/different? Give estimated values 

for means (or medians) for each sample, and 
estimate any difference between them, using the 
correct units from the practical context of the data 
(e.g. weights of bars in grams in the example 
above).

• shape of distribution – symmetrical/skewed? 
Is either sample likely to be from a normal 
population?

• spread – similar/different? Discuss relative sizes 
of spread (the more spread out the data is, the 
greater the variability in data values and the larger 
the standard deviation).
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Practice assessment task
1. Chocco bars are produced by a machine in a 

factory. The weights of the bars are normally 
distributed with a mean of 46 grams and a 
standard deviation of 0.7 grams.

a.  What is the probability that a Chocco bar 
weighs between 45 and 47.3 grams?

b.  What percentage of Chocco bars weigh more 
than 46.5 grams?

c.  In one production run, 24 000 Chocco bars 
are produced. What is the expected number of 
Chocco bars in this production run that weigh 
less than 45 grams? Give your answer to 2 s.f.

d. i.  5% of the Chocco bars weigh more than 
what weight (to 3 s.f.)?

Ans. p. 55

 ii.  Between what weights will the middle 
90% of Chocco bars lie?

e.  Jamie, the production control manager, 
wonders if the machine is working properly 
and producing Chocco bars whose weights 
are normally distributed with mean 46 kg 
and standard deviation 0.7 g. Jamie takes 
a random sample of 200 bars from the 
production line, weighs each bar and draws 
a graph of the results.
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  Compare the distribution of the weights 
of Jamie’s sample of Chocco bars with the 
expected distribution of the weights if the 
machine is working properly.

 Use statistical terms to explain your answer.
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ANSWERS

Exercise A: Basic probability (page 3)

1. a. 1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12

 b. i. 5
36

 ii. 0 iii. 1
2

 iv. 1
6

  v. 5
12

 vi. 1 vii. 1
3

 c. The other number is 10

2. a. 115
304

 or 0.3783   b. 189
304

 or 0.6217

 c.  The probability is an estimate as it is a relative frequency based 
on the data from a single week of customers. It is unlikely to 
be a good estimate of the probability that the next customer 
is female, as it is based on only one week of data, and there is 
no guarantee that the week was in any way a ‘typical’ one (nor 
is it known if the current week (when the probability is being 
calculated) is in any way ‘typical’). There will be considerable 
variability expected from week to week.

3. a. 28
245

 or 4
35

 b. 96
245

 c. 135
245

 or 27
49

 d. 87
245

 or 0.3551 e. 28
64

 or 0.4375 f. 84
135

 or 0.6222

4. a. 140
350

 or 2
5

 b. 150
270

 or 5
9

 c. 230
500

 or 23
50

5. a. 3
8

 b. 66
106

 or 33
53

 c. 80
184

 or 10
23

 d. 50
174

 or 25
87

6. a. i. 746
5 536

 or 0.1348 ii. 2 700
5 536

 or 0.4877

  iii. 1 080
5 536

 or 0.1951

 b. i. 191
2 700

 or 0.0707 ii. 542
2 700

 or 0.2007

  iii. 1 374
2 700

 or 0.5089

 c. i. 193
2 836

 or 0.0681 ii. 593
2 836

 or 0.2091

  iii. 1 442
2 836

 or 0.5085

 d. 162
321

 or 0.5047 e. 906
1 881

 or 48.2% (1 d.p.)

7. a. i. 26
80

 or 0.325 ii. 25
80

 or 0.3125

  iii. 12
80

 or 0.15

 b. i. 9
26

 or 0.3462 ii. 14
37

 or 0.3784

  iii. 39
54

 or 0.7222

8. a. 0.62 b. 0.97

 c. 92
900

 or 0.0356 d. 170
338

 or 0.5030

9. a. Factory Office Totals
Male 144 30 174
Female 96 90 186

240 120 360

 b. i. 30
360

 or 1
12

 ii. 96
360

 or 4
15

  iii. 174
360

 or 29
60

 iv. 120
360

 or 1
3

10. 11
60

Exercise B: Expected numbers (page 7)
1. 640 2. 326 or 327 3. 29 or 30

4. 52 approx. 5. 9 6. 48%

7. Expected number is 2
3

 × 80 = 531
3

 (or 53 goals)

 Amy’s claim may be true, and this difference in success rates may be due 
to the variation that arises from a smallish sample of 80 throws. More 
trials would be needed before deciding that Amy’s claim is incorrect.

8. 60 9. 0.15 (2 d.p.)

10. a. 155 b. 267 or 268

 c. Answers will vary, an example follows

   Reasonably confident since the survey was of a large sample 
which was randomly selected, so the sample proportions are 
likely to be good estimates of the population probabilities. 
However, the sample may be unrepresentative depending on the 
day of the week or the time of the day in which the sample was 
taken, when people of different viewpoints to those selected may 
not have been available for sampling. Also it is difficult to know 
how the 9 abstainers would have affected sample proportions.

11. a. 19 or 20 games

 b.  It is likely that Paul has been improving as he continues to train, 
so his success rate at first may have been lower. If so it is likely 
that it took more than 20 games to reach his 10th strike.

12. Mn
N

Exercise C: Risk and relative risk (page 10)

1. a. 389
484

 or 0.8037 b. 51
95

 or 0.5368 c. 44
295

 or 0.1492

 d. Risk is 95
484

 = 0.196 or 0.2 (1 d.p.) which is 1
5

 e.  Approximately 600 (using 1
5

) or 588 f. 0.5527 
(using 0.196)

2. a. 0.2961 b. 0.2834 c. 0.3188 d. 1.1251

 e.  The pass rate for students who attend lectures at the college is 
12.5% higher than the pass rate for students who study remotely.

3. a. 0.0567 b. 0.0387 c. 0.0695 d. 0.5565

 e.  The risk of a traveller to Europe making an insurance claim is 
55.7% of the risk of a traveller to Asia making an insurance claim.


