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PROBABILITIES WITH PERMUTATIONS AND COMBINATIONS

Relating to page 36 of Level 3 Probability Learning Workbook

If p is the probability that an arrangement with a given restriction occurs, then

p = Number of arrangements with restriction
Number of arrangements without restriction

Example
Q.  If 4 girls and 1 boy are arranged randomly in a line, fi nd the probability that

1. the boy is at one end of the line
2. the boy is in the middle.

A.  1. P(boy is at one end) = Number of arrangements with boy at one end
Number of arrangements without restriction

  There are 2 ways of placing the boy at one end of the line (at the front or at the back).
  For each placement of the boy, there are 4! ways of arranging the girls.
  So the number of arrangements with boy at one end = 2 × 4! = 48  multiplication principle 
  Number of arrangements without restriction is 5! = 120
 P(boy is at one end) = 48

120 = 25

2. P(boy in middle) = 4 × 3 × 1 × 2 × 1
120

  = 0.2
1. 4 boys and 3 girls are arranged randomly in a line. Find the probability that:

a. there are alternate boys and girls

b. the three girls are next to each other.

2. The numbers 1, 2, 3, 4, 5 are arranged to make 5-digit numbers. Find the probability that:
a. the number is even

b. no odd digit is next to another odd digit.

3. The fi rst six letters of the alphabet are arranged randomly in a line to make ‘words’.
a. What is the probability that the ‘word’ starts with a consonant (B, C, D or F)?

b. What is the probability that the two vowels (A and E) are next to each other?
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4. a.  How many different ‘words’ can be made from the word LOANED?

b.  Find the probability that a ‘word’ begins and ends with a vowel.

5. a.  How many different ‘words’ can be made from the word SKATEBOARD?

b.  Find the probability that a ‘word’ begins and ends with an A.

6. a.  How many different ‘words’ can be made from the word PROBABILITY?

b.  Find the probability that a ‘word’ has the two B’s together and the two I’s together.

7. The letters of the word TEAMS are arranged to make ‘words’. Find the probability that the ‘word’:
a. has alternating consonants and vowels

b. has the two vowels together.

8. The letters of the word MATHEMATICS are arranged randomly to make ‘words’
a. How many ‘words’ are possible?

b. What is the probability a ‘word’ starts and ends with M?

c. What is the probability a ‘word’ starts and ends with the same letter?
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Permutations
A permutation is an arrangement in which order matters.

For example, if two letters are selected from the word THE and put in order, then there are 6 permutations possible:
TH, HT, TE, ET, HE, EH

Note: The number of arrangements can be worked out using the multiplication principle: there are 3 ways of choosing the fi rst 
letter and 2 ways of choosing the second letter, so altogether there are 3 × 2 = 6 ways of arranging two letters from three.

The number of permutations (ordered arrangements) of 2 objects from 3 available objects is written 3P2

So 3P2 = 6

The number of permutations of r objects selected 
from a group of n different objects is written nPr

Example
Q.  How many ways can 4 letters of the word iPhone be arranged so that no letter is used more than once in each 

arrangement?
A.  There are 6 letters from which to choose 4, so the number of permutations is 6P4

  There are 6 ways of choosing the fi rst letter, 5 ways of choosing the second letter (the fi rst letter cannot be used 
again), 4 ways of choosing the third letter (the fi rst two letters cannot be used again) and 3 ways of choosing 
the fourth letter (the fi rst three letters cannot be used again), so

 6P4 = 6 × 5 × 4 × 3

 = 360

 Note: 6P4  = 6 × 5 × 4 × 3 

  = 6 × 5 × 4 × 3 × 2 × 1
2 × 1

  = 6!
2!

 which is 6!
(6 – 4)!

The formula for the number of permutations of r objects from n objects is:

nPr = n!
(n – r)!

Scientifi c calculators have a  key which can be used for calculating permutations.

Example
Q.  There are 220 Year 13 students eligible to be the chairperson, treasurer and secretary of the ball committee. How 

many possible ways can these offi ces be fi lled?
A.  220P3 = 10 503 240 possible ways   from 220 students, select and arrange 3 students 

Note: By the formula this is 220!
(220 – 3)! which is too large to be calculated directly on a calculator.

Simplifying gives: 
220!

(220 – 3)! = 220 × 219 × 218 × 217!
217!

 = 220 × 219 × 218 

 = 10 503 240
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1. Students in a secondary school are asked to fi ll out a questionnaire ranking the fi ve things they are most satisfi ed with 
about their school. The choices they have are: teachers, working environment, facilities, computer access, fellow students, 
uniform, discipline, buildings, sports facilities, activities and canteen. The ranking is to be shown by the numbers 1, 2, 3, 4, 
5 where 1 is the thing they are most satisfi ed with and 2 the next most satisfi ed. How many different ways can a student 
complete the questionnaire?

2. A combination lock has 10 different digits (0, 1, 2, … , 9) and in order to open the lock a ‘combination’ of three different 
digits must be selected in the correct order. How many different ‘combinations’ could be selected for this lock?

3. A school has 224 Year 13 students. The principal of the school wants to select a group of three Year 13 students to work 
together on a committee to fundraise for World Vision. One student will be the leader of the group, another will take charge of 
the money and the third will be the publicist. In how many ways could the principal select this committee:
a. without restriction?

b.  if the leader of the group must be Bethany, the Head Girl?

4. How many 5-letter ‘words’ can be made from the letters of the alphabet? No repeats of letters are allowed.

5. The letters of the alphabet are used to make 15 600 different ‘codes’ of length n, where n is a whole number. Find the 
minimum possible value of n. Each letter in the ‘code’ is different.

6. There are 15 applicants for 10 jobs. A list of unsuccessful applicants is prepared. How many possible lists are there?

7. Wiremu is giving out fi rst, second, third and fourth prizes in a pottery competition, and he wonders in how many ways this 
can be done. To work this out, he (correctly) writes down the calculation 155!

151!
a. How many people entered the competition?

b. How many ways can this be done?
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Probability with permutations
Probability problems may deal with restrictions on the permutations of objects.

Example

5-letter ‘words’ are being formed using the letters in the word COMPUTER (each letter can be used only once in a 
‘word’). Find the probability that a ‘word’ begins with C and ends with M.

Solution:

P(word begins with C and ends with M) = 
Number of ‘words’ beginning with C and ending with M

Number of 4-letter ‘words’ without restriction
The ‘word’ is of the form C _ _ _ M

The number of ways of placing the C and the M is 1    C must be fi rst and M last 

This leaves 6 letters from which to choose and arrange the remaining 3 letters.

This can be done in 6P3 = 120 ways.

So the number of ‘words’ beginning with C and ending with M is 1 × 120 = 120

The number of 5-letter words (without restriction) is 8P5 = 6 720

P(word begins with C and ends with M) is 120
6 720

 = 1
56

1. a.  How many different 4-letter ‘words’ can be made from the word TRIUMPH?

b.  What is the probability that a 4-letter ‘word’ made from the word TRIUMPH starts with a P?

2. a. How many 5-letter ‘words’ can be made from the word PROBLEMS?

b.  Find the probability that a 5-letter ‘word’ made from the word PROBLEMS has fi rst letter P and last letter S.

3. Find the probability that a 3-letter ‘word’ made from the word BUYERS has a B in the middle.

4. A bag contains ten marbles, labelled with the digits 0 to 9. Five marbles are selected from the bag, one at a time, and their 
numbers noted. Find the probability that the fi rst and last marbles are 0 and 9 respectively.
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Combinations
A combination is a selection in which order doesn’t matter.

For example, if two letters are to be selected from the four letters A, B, C, D, without order of selection mattering (‘A then B’ is 
the same selection as ‘B then A’), then there are six combinations possible:

A,B A,C A,D B,C B,D C,D

The number of combinations (unordered selections) of 2 objects from 4 available objects is written 4C2

So 4C2 = 6

Example
Q.  A school selects 3 girls from a group of 8 girls to play tennis against another school. How many combinations of 

team members are possible?
A.  The number of permutations would be 8P3 = 336

 But … since the order doesn’t matter there will be fewer combinations
 If the three girls chosen are called Aroha (A), Beatrice (B) and Carissa (C) then there would be 3! = 6 
permutations possible for this selection (ABC, ACB, BAC, BCA, CAB, CBA). All six permutations correspond to a 
single combination {A, B, C}.
 So there are 6 times as many permutations as there would be combinations, so the number of permutations 
needs to be divided by 6:
Number of possible tennis teams is:
8P3

3!
 = 336

6
= 56

The formula for the number of combinations of r objects from n objects is:

nCr = 
nPr
r!

 = n!
r!(n – r)!

nCr can also be written as n
r

Scientifi c calculators have a  key which can be used for calculating combinations.

Read the the problem carefully to determine if permutations or combinations are required.

Example
Q.  From a club of 12 members, how many ways are there of selecting:

1.  a president, vice-president and a treasurer?
2. a committee of 3 people?

A. 1.  The order matters so there are 
12P3= 1 320 ways

2.  Order doesn’t matter so there are 
12C3 = 220 ways
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1. A catering student wants to make a fruit salad with 8 fruits so he goes to the supermarket and fi nds there are 23 different 
fruits to choose from. How many different possible varieties of fruit salad could he make?

2. At the local ice-cream parlour there are 8 different fl avours to choose from. If Maree wants to buy a sundae with one scoop 
of each of three different fl avours of ice-cream, how many possible sundaes could she choose?

3. A school has 140 Year 13 students. The principal of the school wants to select a group of 6 students to work together on a 
committee to fundraise for World Vision. In how many ways could the Principal select this committee?

4.  There are 12 girls and 13 boys in a maths class. How many ways can the teacher select a group of three students to 
represent the class?

5. An offi ce has 15 people working in it.
a.  If one person is to be the supervisor and another person is to be the deputy, in how many different ways could these 

two people be appointed?

b.  If three people are to be transferred to another offi ce (and the other twelve people remain in this offi ce), in how many 
ways can this split be done?

6. There are 30 people in a class of physical education students.
a. During one lesson, 10 people are selected to play tennis. In how many ways can this be done?

b. During another lesson, 20 people are selected to play basketball. In how many ways can this be done?

c.  One day the class is split into 10 tennis players and 20 basketball players. In how many ways can this be done? Explain 
your answer.



Relating to page 36 — Probabilities with permutations and combinations 8

Achievement Standard 91585 (Mathematics and Statistics 3.13) Online resource
© ESA Publications (NZ) Ltd, ISBN 978-1-990015-34-2 – Copying or scanning from ESA books is subject to the provisions of the Copyright Act 1994.

Probabilities with combinations
Remember to multiply for AND and add for OR.

Example
Q. 1.  In how many ways can a committee of 5 be chosen from 3 women and 7 men if the committee must contain 

at least 2 women?
2.  If a committee of 5 is chosen randomly from 3 women and 7 men, what is the probability the committee has:

a. at least 2 women?
b. no women?

A. 1.  The committee must have either 2 women (and 3 men) OR 3 women (and 2 men)
  The number of ways of forming a committee with 2 women AND 3 men is:
  3C2 × 7C3 = 105   multiplication principle 
  The number of ways of forming a committee with 3 women AND 2 men is:
  3C3 × 7C2 = 21   multiplication principle 
  So the total number of committees possible with at least 2 women is 

105 + 21 = 126
2. a.  P(committee has at least 2 women) = Number of committees with at least 2 women

Number of committees without restriction

  There are 7 + 3 = 10 people available from which to select a committee of size 5.
  The number of committees that can be formed without restriction is 

10C5 = 252
 P(committee has at least 2 women) is 

 126
252

 = 1
2

b. P(no women) = 
3C0 × 7C5

10C5

  = 1
12

1. There are 15 girls and 13 boys in 13Pmm. The school want to send four students from the class to represent the school at 
the Anzac Day service.
a.  How many different ways are there to select the four representatives?

b. i.  If the class decides it wants to send 2 girls and 2 boys, in how many different ways can the four representatives be 
chosen?

 ii.  If the class decides to send at least 1 girl, in how many different ways can the four representatives be chosen?

c.  Calculate the the probability that a randomly selected group of four students from 13Pmm is made up of:

i. 2 girls and 2 boys  ii. at least 1 girl.
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2. One of the teachers at school likes to give students Fruitbursts sweets if they have been working very hard. Misbah always 
works hard so the teacher decided to give her two Fruitbursts. The teacher held one of each colour in his hand (purple, red, 
green, yellow and orange) and asked her to choose two.
a.  How many different combinations of colour could Misbah choose?

b.  What is the probability her selection does not include a purple Fruitburst?

3. A class of 20 students includes a pair of twins.
a.  A group of 4 students is selected from the class. What is the probability that the group comprises:
 i. both twins?

 ii. neither twin?

 iii.  exactly one of the twins?

b.  Let the random variable X = the number of twins in a selection of 4 students from this class of 20 students. Draw up a 
probability distribution table for X.

4. A coach has a squad of 15 football players, of whom 9 are boys and 6 are girls. The coach decides to interview a random 
group of 6 of these players, to fi nd out their opinion on training schedules.
a.  In how many ways could the coach select this group to interview?

  The coach makes a selection and the group is made up completely of boys.
b.  Do you consider it likely that this group of six was randomly selected? Justify your answer with suitable probability 

calculations.
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5. A group of 5 Year 13 mathematics students is studying simple random 
sampling.
Each student chooses a sample of 4 jelly snakes from a population of 12 
differently coloured jelly snakes. The students notice that all 5 samples are 
different and they wonder what the chances are of two students choosing 
exactly the same colours in their sample of 4 snakes.
They also wonder how the situation would change if the group of 
students was a different size, e.g. a whole class of 30 students performing 
this sampling process.
Discuss this situation. Include some appropriate probability calculations with your answer.
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Answers
Probabilities with factorials
1. a. 1

35
 or 0.0286 b. 1

7
 or 0.1429

2. a. 0.4  b. 0.1

3. a. 2
3
  b. 1

3

4. a. 720  b. 144
720 = 0.2

5. a. 1 814 400 b. 40 320
1 814 400 = 1

45

6. a. 9 979 200 b. 
362 880

9 979 200 = 2
55

7. a. 12
120

 = 0.1 b. 48
120

 = 0.4

8. a. 4 989 600 b. 1
55

 or 0.0182

c. 3
55

 or 0.0545 

Permutations
1. 55 440 

2. 720

3. a. 11 089 344 b. 49 506

4. 7 893 600

5. n = 3

6. 360 360

7. a. 155  b. 555 120 720

Probability with permutations
1. a. 840  b. 120

840 = 17

2. a. 6 720 b. 120
6 720 = 1

56

3. 1
6 or 0.1667

4. 1
90

 or 0.0111

Combinations
1. 490 314

2. 56

3. 9 381 724 380

4. 2 300

5. a. 210  b. 455

6. a. 30 045 015 b.  30 045 015

c. 30 045 015 (selecting a group of 10 tennis players from a group of 30 people 
automatically creates a group of 20 ‘unselected’ basketball players).

Probabilities with combinations
1. a. 20 475

 b. i. 8 190 ii. 19 760

 c. i. 8 190
20 475

 = 0.4 ii. 19 760
20 475 = 304

315 or 0.965 (3 d.p.)

2. a. 10  b. 0.6

3. a. i. 153
4 845  = 3

95 ii. 3 060
4 845

 = 12
19

  iii. 1 632
4 845 = 32

95

b. Number of twins 0 1 2

Probability 60
95

32
95

3
95

4. a. 5 005

 b. P(all boys) = 
84

5 005  = 0.017

  Since there is less than a 2% chance of randomly selecting an all-boy group, it 
would seem to be unlikely that the group of boys was randomly selected.

5. The number of possible selections is 12C4 = 495

 In a class of 5:

 P(5 different selections) = 495 × 494 × 493 × 492 × 491
495 × 495 × 495 × 495 × 495

   = 0.97994

 So P(at least two the same) = 1 – 0.97994 

  = 0.0201 ( 4 d.p.)

 So there is around a 2% chance of getting two samples the same in a class of 5

 In a class of 30:

 P(30 different selections) = 495 × 494 ×…× 466
495 × 495 ×…× 495    30 factors in each product 

   = 0.4079

 P(at least 2 same out of 30) = 1 – 0.4079 

   = 0.5921  (4 d.p.)

  So the likelihood of at least two selections being the same in a class of 30 is 
nearly 60%


