
Basic probability theory

Events
An event is an outcome (or set of outcomes) of interest. The probability of an event occurring is a measure 
of how likely it is that the event will occur. The true probability of an event is unknown, but can be 
approximated using an experimental estimate or a model estimate (theoretical probability).

To estimate the probability of an event using an experimental estimate, an experiment is carried out and 
the number of times the event occurs is recorded. The proportion of times the event occurs (its relative 
frequency) is calculated by dividing the number of occurrences of the event by the number of trials 
(repetitions of the experiment). Simulations are also used to estimate probabilities.

Example
Ron performs an experiment in order to work out the probability of an event, E, occurring. After 
each batch of 50 trials, Ron calculates the proportion of times E has occurred using the formula 

proportion = 
number of occurrences of E

number of trials

For example, after 250 trials, E has occurred 79 times, so the proportion is 
79
250

 or 0.316. 

After many trials, Ron records his results on the graph as shown.
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The proportion of times E occurs gets closer and closer to 0.3, as the number of trials increases. 

The estimated probability of E is therefore 0.3.

P(E) is the symbol for the probability that an event E occurs. If E is any event, then

0 ≤ P(E) ≤ 1

Finding probabilities when all outcomes are equiprobable
A sample space is a set whose elements describe every possible outcome of a trial. When all possible 
outcomes of a trial are considered to have an equal chance of occurring, they are called equally likely or 
equiprobable. For this model, the probability of an event can be calculated from the formula: 

P(E) = 
number of elements in E
number of elements in S

n E
n S

=
( )
( )

where S is the sample space
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Example
Q. A six-sided die is rolled. Find the probability that the result is: 

 1.  a multiple of 3   2. less than or equal to 3

A. Let S be the sample space of possible numbers resulting from rolling a die. S = {1, 2, 3, 4, 5, 6}

 1. Let E be the event ’result is a multiple of 3’  
 2. Let F be the event ‘result is less than or equal to 3’

       E = {3, 6}         F = {1, 2, 3}

 Each number is equiprobable, so:

  P(E) = n E
n S

2
6

=
1
3

( )
( )

=      P(F ) = n F
n S

3
6

=
1
2

( )
( )

=

A probability distribution table may be used to display probabilities (see page 73).

Venn diagrams
Venn diagrams are used to show events in a probability situation. The sample 
space S is represented by a rectangle and events by circles or ovals. The diagram 
alongside illustrates events E and F from the previous example on a Venn diagram.

Intersection and union of events 
AND and OR have very precise meanings in probability.

1 2 3

4 5 6

F E S

The event ‘E AND F ’ is written E ∩ F (E intersection F ). 
It is the set of outcomes in both E and F.

In the above example, E ∩ F is the event ‘number is both a multiple of 3 and ≤ 3’. 
Thus, E ∩ F = {3}. On the Venn diagram, E ∩ F is the region shown shaded. 

Outcomes are equiprobable, so P(E ∩ F) = 
n E F

n S
( )

( )
∩

 = 
1
6
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The event ‘E OR F ’ is written E ∪ F (E union F ). 
It is the set of outcomes in E or F or both.

In the above example, E ∪ F is the event ‘number is a multiple of 3 or ≤ 3 
or both’. Thus, E ∪ F = {1, 2, 3, 6} (shown shaded), 

and P(E ∪ F ) = n E F
n S
( )

( )
∪  = 4

6
 = 

2
3
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In general, if A and B are two events, the probability of A or B is:

P(A ∪ B) = P(A) + P(B) – P(A ∩ B)

Complementary events

The event ‘NOT E ’ is written E’ (E complement) 
and is the set of outcomes outside E

In the above example E’ is the event ‘number is not a multiple of 3’.

E’ = {1, 2, 4, 5} (shown shaded) and P(E’) = n(E’)
n(S)

 = 4
6
 = 

2
3

.
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In general, the probability of A complement is:

P(A’) = 1 – P(A)

Two events A and B, are said to be complementary if A ∪ B = S and A ∩ B = φ (the empty set). 

In this case B is called the complement of A (i.e. B = A’).
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The use of Venn diagrams in probability problems is very similar to assembling a jigsaw. Information from 
the problem is systematically inserted on the diagram until a solution is found. 

Venn diagrams can also be used to display probabilities of events.

Example

Q.  The Bentwood High School Senior Netball team has made it 
through to the regional final. The Principal has decided she 
will go to the final only if the weather is fine and not windy. 
The probability of a fine day is 0.6, a windy day 0.3, and a 
windy day that is not fine 0.2.

  What is the probability that the Principal attends the regional 
final for the Senior Netball team?

A. Let W represent the event ‘weather is windy’.
 Let F represent the event ‘weather is fine’.
 ∴      P(W) = 0.3
 P(F) = 0.6

 P(F’ ∩ W) = 0.2        from information given 

F(0.6)            W(0.3)

    

F ∩ W’ F ∩ W F‘ ∩ W
(fine and 

not windy)
(fine and windy) (not fine 

and windy)

The initial Venn diagram 
is shown on the left. 

After filling in with the 
information it looks as 

shown on right.

      0.5      0.1     0.2

F(0.6) W(0.3)

P(F’ ∩ W) = 0.2  so  P(F ∩ W) = 0.1 
since P(W) = 0.3, etc.

 The probability the Principal attends is the probability the weather is fine and not windy.
 = P(F ∩ W’ )
 = 0.5      using information in the diagrams 

Mutually exclusive events
Two events, A and B, are mutually exclusive if it is impossible for them to                  A

Boccur together, i.e. A ∩ B = φ (there are no outcomes in both A and B). 
On a Venn diagram, the ovals representing events A and B have no overlap.

Consequently:

If A and B are mutually exclusive then

P(A ∩ B) = 0       and       P(A ∪ B) = P(A) + P(B)

Example
A marble is drawn from a bag containing some red and some green marbles, among other single-
colour marbles.

A is the event ‘marble is green’. B is the event ‘marble is red’.

A ∩ B is the event ‘marble is green and red’ which is impossible, i.e. P(A ∩ B) = 0.

Thus A ∩ B = φ and A and B are mutually exclusive.
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Independent events
Two events, A and B, are said to be independent if the occurrence (or not) of one event in no way affects 
the occurrence (or not) of the other event. 

If A and B are independent then P(A ∩ B) = P(A).P(B)

Example
If a coin is flipped twice then the following two events are independent.
A:  first flip is heads
B:  second flip is tails
The result of the first flip has no effect on the result of the second flip.

To show that two events A and B are independent, it must be shown that P(A).P(B) = P(A ∩ B).

Example
Q.  A and B are two events such that P(A) = 0.3, P(B) = 0.4, P(A ∩ B) = 0.1. 

Are A and B independent?

A. P(A).P(B) = 0.3 × 0.4

 = 0.12 ≠ P(A ∩ B)    since P(A ∩ B) is given as 0.1 

 Since P(A ∩ B) ≠ P(A).P(B), events A and B are not independent.

Conditional probability
Conditional probabilities are calculated using a reduced sample space, i.e. after other events have taken place.

If A and B are two events, then P(A|B) denotes the probability of event A, given that event B has occurred.

Example
If A is the event ‘person lives in Auckland’ and B is the event ‘person works in a bank’ then: 

P(A|B) denotes the probability that a person lives in Auckland given that they work in a bank. 

P(B|A) denotes the probability a person works in a bank, given that they live in Auckland.

In general, if X and Y are two events, then the probability of X given Y is:

P(X|Y ) = 
P X Y

P Y
( )

( )
∩

By rearranging this formula, a general formula for P(X ∩ Y) can be found

P(X ∩ Y ) = P(Y).P(X|Y )     or     P(X ∩ Y ) = P(X).P(Y|X)

Note: When X and Y are independent, P(X|Y ) = P(X) and P(Y|X) = P(Y) so the formula becomes 
P(X ∩ Y ) = P(X).P(Y ) as defined previously.

Probability tree diagrams
Many probability problems can be simplified by using a tree diagram, since the events making up the 
sample space and their associated probabilities can be clearly seen. Tree diagrams particularly lend 
themselves to problems involving conditional probabilities.
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Example
Q.  In a certain town, 60% of all residents have milk delivered to their house. Of those households 

with delivered milk, 80% also have a daily newspaper delivered. In households which don’t 
have milk delivered, only 30% have a newspaper delivered.           

 1. Draw a tree diagram showing this information. 

 A household is chosen at random from the town.  
 What is the probability that in this household:

 2. both milk and a newspaper are delivered?

 3. milk or a newspaper are delivered (but not both)?

 4. a newspaper is not delivered, given that milk is delivered?

 5. milk is delivered, given that a newspaper is not delivered?

 6. Are the events ‘getting milk delivered’ and ‘getting a newspaper delivered’ independent?

A. 1. M is the event ‘milk is delivered’.

  N is the event ‘a newspaper is delivered’.

  The given information is applied to the tree diagram. 

  P(M) = 0.6, P(N|M) = 0.8, P(N|M’) = 0.3

  Since the total probability for any set of branches is 1,  
the remaining probabilities can be applied:

 P(M’) = 1 – P(M) = 1 – 0.6 = 0.4
 P(N’|M) = 1 – P(N|M) = 1 – 0.8 = 0.2

  P(N’|M’) = 1 – P(N|M’) = 1 – 0.3 = 0.7

 The sample space and associated probabilities are listed 
  on the RHS of tree (MN denotes M ∩ N etc.).

  (M ∩ N )   where P(M ∩ N)  = 0.6 × 0.8 = 0.48

  (M ∩ N’)   where P(M ∩ N’)  = 0.6 × 0.2 = 0.12

  (M’ ∩ N)   where P(M’ ∩ N)  = 0.4 × 0.3 = 0.12

  (M’ ∩ N’)   where P(M’ ∩ N’)  = 0.4 × 0.7 = 0.28
  Note that the sum of these probabilities is 1 (since no other outcomes are possible).

 2. P(M ∩ N) = 0.6 × 0.8 = 0.48

 3.  (Milk or Newspaper)  = P(M ∩ N’ or M’ ∩ N)   
outcomes MN’ and M’N 
correspond to event described

             = 0.12 + 0.12
              = 0.24

 4. P(N’|M)  = 0.2        from the tree diagram 

 5. P(M|N’)  = 
P(M N’)

P(N’)
∩

     using formula 

      = 0.12
0.12 + 0.28

    P(N’) = P(M ∩ N’) + P(M’ ∩ N’) 

      = 0.3

 6.  Since P(N|M) = 0.8 and P(N) = 0.4 (from part 5.) P(N|M) ≠ P(N) so N and M are not 
independent.

  Alternatively, P(M ∩ N) = 0.48, P(M) = 0.6, P(N) = 0.6 × 0.8 + 0.4 × 0.3 = 0.6

   Since P(M) × P(N) = 0.6 × 0.6 = 0.36 ≠ P(M ∩ N), it follows that M and N are not 
independent.
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Questions: Basic probability theory
1. Strep throat is an infection of the back of the throat and the tonsils. Rapid antigen detection tests 

(RADTs) give either a positive or negative result for strep throat, but are not 100% accurate. A study 
was conducted with 298 primary school children who had sore throats. After the RADT was used, 
another test was used to confirm whether each child had strep throat or not. Data from this study is 
shown in the table below.

Had strep throat
Did not have 
strep throat

Positive RADT 
result

0.074 0.124

Negative RADT 
result

0.131 0.671

 a.  A website offering health advice for New Zealand parents states that ‘… most sore throats for 
children are not strep throat’. 

  Does the data from this study support this statement? 

 b.  Use the information provided to calculate the necessary probabilities to complete the probability 
tree shown below, rounding probabilities to 3 decimal places.

Had strep 
throat

Did not 
have strep 
throat

Positive
RADT result

Negative
RADT result

Positive
RADT result

Negative
RADT result

 Year 2017 
Ans. p. 110
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2.  A 2017 food marketing study from New Zealand examined 70 websites belonging to the most popular 
food and drink brands. 24 of these websites were targeted at teenagers, while the others were targeted 
at the general population. 21 of the websites made a positive health claim, and of these websites, eight 
were targeted at teenagers. 

 One of the websites is chosen at random. 

 a.  Explain why the events ‘a website makes a positive health claim’ and ‘a website is targeted at the 
general population’ are not mutually exclusive. 

  Support your answer with at least one calculation. 

 b.  Does the data from this study support the claim that it is more than twice as likely that a website 
makes a positive health claim if the website is targeted at teenagers rather than at the general 
population? 

  Support your answer with calculations. 

 Year 2018 
Ans. p. 110
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3. There were 349 secondary schools in New Zealand at the start of 2018. All secondary schools in 
New Zealand were designated as being in the North Island or being in the South Island.

 • 12.9% of these schools are boys’ schools

 • 71.1% of the boys’ schools are in the North Island

 • 23.0% of the girls’ or co-educational schools are in the South Island

 One of these secondary schools is selected at random.

 a. Calculate the probability that the secondary school is in the North Island.

 b. Let B be the event ‘a boys’ school’ and let N be the event ‘a North Island school’. 

  Calculate and use P(N | B) and P(N) to explain whether events B and N are independent. 

 c. Further analysis of the 349 schools provides the following information: 

  •  All secondary schools in New Zealand were designated as either private or state (which includes 
partnership schools). 

  • 16 are private co-educational schools. 

  • Of the boys’ schools, only one is private. 

  • 331 are state schools. 

  • 71.0% of state schools are co-educational. 

  Calculate the probability that a secondary school selected at random is a state girls’ school.

 Year 2018 
Ans. p. 110
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4. People take their cars to testing centres for a Warrant of Fitness (WOF).

 Three testing centres were recently reviewed over a one-month period: testing centre A, testing centre 
B, and testing centre C. During this time, all results for tests completed by each of the testing centres 
were recorded.

 40% of the tests reviewed were completed by testing centre A, and 25% of the tests reviewed were 
completed by testing centre B.

 Of the tests completed by testing centre A, 82% were successful (the car passed the WOF).

 Of the tests completed by testing centre B, 96% were successful.

 Of the tests completed by testing centre C, 94% were successful.

 a. What percentage of tests completed during the review were successful?

 b. Of the tests that were unsuccessful, what proportion were completed at testing centre C?

   You may wish to assume that there were 10 000 tests completed during the review of the three 
testing centres.

 Year 2015 
Ans. p. 111
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 c.  Based on the results of the review, a car owner has decided that they should take their car to testing 
centre B to increase their chances of having a successful WOF test.

  Is this decision justified?

 d.  Information about the ages of cars and motorcycles registered with the New Zealand Transport 
Agency (NZTA) at the end of 2013 is presented in the table below. This table shows information 
about only cars or motorcycles less than 5 years old at the end of 2013.

Age of vehicles registered with NZTA at the end of 2013

0 years old 1 year old  2 years old 3 years old 4 years old

Proportion of cars 0.238 0.223 0.188 0.186 0.165

Proportion of 
motorcycles

0.215 0.181 0.177 0.183 0.244

   One car and one motorcycle are chosen at random from vehicles registered with NZTA at the end 
of 2013.

   Given that both vehicles are less than five years old, estimate the probability that the motorcycle is 
at least two years older than the car.

  Support your answer with appropriate statistical statements and calculations.
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Answers and explanations

Achievement Standard 91584 
(Mathematics and Statistics 3.12): 
Evaluate statistically based reports

3.12 Reading reports
1. a. The owner of the nceax website. (A)

 b.  Contents, summary, introduction, aim, methods, 
conclusions, appendices. (A)

 c.  The report was prepared regularly for the owner using 
automatic computer methods. The graphs would be 
considered to ‘speak’ for themselves and extra reporting 
would be unnecessary for the owner, and add costs. (M)

 d. i.  Usage was quite low until June when the usage 
increased very rapidly reaching a peak in September. 
It fell back in October but greatly increased in 
November. It was very low in December. (A)

  ii.  Students were not revising until June when they 
would be having school exams. However, after that 
the exam season would have been in full swing. 
The MCAT exam for Year 11 students took place 
in September and many schools would be also be 
having exams then. The site caters for CIE students 
who have their examinations before NCEA students 
in October then in November the site would have 
been massively used by NCEA students. These 
reasons seem plausible; however, they may not be 
true. (M)

 e.  Bar graphs showing important monthly information, tables 
showing this information as averages and totals. (A)

 f. Answers will vary; an example is given.

  It is assumed that this information is for the owner of the site 
who will want to see the monthly usage and the year-long 
profile of usage. It is assumed that the owner commissioned 
the report, so it contains all details necessary for his/her use.

  The graphs provide an excellent summary of a lot of 
information, affording easy comparisons from month to 
month, although a clear vertical scale is not provided (to 
ensure scale starts at zero, etc.), so that it is not clear whether 
the graphs show daily averages or monthly totals. The table 
is clearly set out, with colour coding adding to the ease of 
reading.

  All useful information appears easily accessible and attractively 
presented, so I would tend to agree with the comment. (M/E)

2. a. The Best Wine Company. (A)

 b.  This information was not given (although possibly by 
MarkRes who will be engaged to do further research). (A)

 c. The Export61 site. (A)

p.   1

 d.  Tables attractively set out and showing important 
information comparing this quarter’s statistics with 
the previous quarters; bar graphs allowing quarterly 
comparisons in visitor numbers for the two sites (these 
could be misleading as the scales on each bar graph will 
be different). (A/M)

 e.  Quarter spelt ‘quater’. Spelling errors give an 
unprofessional look to a report as it appears that the report 
has not been thoroughly checked. (Alternatively this could 
be a 6-character limitation in the software.) (A/M)

 f.  Visitor numbers from some countries fell, e.g. Indonesia, 
Great Britain and Russia. There was a fall in sales of 
Tawny port and there was fall in the number of people 
who jumped to the Best Wine site from the Export61 site 
(although this could be due to people accessing the site 
directly). (A/M)

3.12 Statistical questions
1.  ‘Are pigs in the Waikato kept in humane conditions ?’; pigs in 

the Waikato. (A)

2.  ‘At what age of starting the consumption of marijuana to 
the point that a user is addicted is there a permanent loss in 
intelligence?’; marijuana users who started before 18 years 
and were addicted by the age of 38. (A)

3. ‘ Should expelled list MPs have to resign?’; New Zealanders 
(above a set age, i.e. not young children). (A)

4.  a.  There is no stated statistical question but one is implied 
by the objective: ‘Does chocolate eating have an effect on 
the risk of developing cardiometabolic disorders?’

 b. Adult human chocolate consumers. (A)

5.  ‘Are dog owners more likely than cat owners to be single?’; 
New Zealand cat and dog owners. (A)

  An initial reading suggests that the report is only concerned 
with cat and dog owners; however, reading the above extract 
shows that people had to identify themselves as a cat or dog 
owner so there were other questions in the study as well 
as the above such as: ‘What percentage of New Zealanders 
own a cat?’ and ‘What percentage of New Zealanders own 
a dog?’ If this is true then the target population would be all 
New Zealanders. (A/M)

3.12 Planning and data
1. a.  Yes, as there is variability in the results of the 

investigation. (A)

 b.  Answers will vary, for example ‘What are the literacy levels 
of the incoming Year 9 students at this school?’ (A)

 c. The incoming Year 9 pupils at the school. (A)

 d.  Since the literacy levels of all Year 9 pupils will be 
determined this is a census. (A)

p.   5

p.   9
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 e.  The independent variables are the questions on the PAT 
tests, the response variables are the student answers. (A)

 f.  Independent data are the questions on the PAT 
tests. These are nominal and are not measured. The 
measurement of the responses is done by the marking of 
the PAT tests. The marks create a set of discrete data. (A)

 g.  If the difficulty level of the tests was able to be 
manipulated then this would be an experiment; however, 
if no manipulation of the tests was possible then it would 
be an observation. (A/M)

 h. Primary. (A)

2. a.  Explanatory variable: whether the dog was played 
classical music into its kennel – there are two values this 
category variable can take: played or not-played.

   Response variable: the stress level of the dog – 
determined by a combination of measures (saliva 
samples, heart rates and observation of behaviour). (A)

 b.  Each dog had its stress levels measured twice: once 
with no classical music, the second time with classical 
music. This was done so each dog could be tested, with 
and without classical music, and the difference in stress 
levels could be measured. For example, a calm dog may 
have low stress levels independently of whether classical 
music is played or not. If this dog was only measured 
once when music was played, the low stress level may be 
incorrectly attributed solely to the effect of the music. (A)

 c. i.  In order to be able to make a causal claim, you need 
to know whether random allocation was used to 
create the two groups of dogs in the study. You also 
need to know if the order in which the dogs received 
the treatments (silence or the playing of classical 
music) was randomly assigned.

    This information is needed so that any change in the 
stress levels of the dogs (the response variable) can 
be attributed to the treatment (silence or the playing 
of classical music) and not to some other lurking or 
confounding variable. (E)

  ii. 1.  As the study was confined to only one Scottish 
SPCA animal rescue and rehoming centre, it may 
be that any calming effects dogs experienced 
when listening to classical music can be 
attributed to the behaviour of the staff, the 
general management of the dogs or other factors 
in that particular centre.

   2.  The sample size was small and had more than 
40% of one breed and more males than females; 
there is a large number of dog breeds and there 
may be breeds that will behave in a very different 
way when listening to classical music. Males and 
females may have different responses, too.

    So a study would require a greater sample size of 
dogs (sub-set by breed and gender) from a variety 
of centres before the results of the study can be 
extended beyond this particular centre. (E)

3. a.  In the experiment, the treatment was, ‘having to quit 
Facebook straightaway’. The control group was those 
who continued using Facebook. The treatment group was 
those who had a break from Facebook. (A)

 b.  To avoid bias, it would be important that a random 
allocation method was used for the split, e.g. one using 
random numbers, so as to create two groups with 
characteristics that were as balanced as possible. If a 

random process was not carried out then the two groups 
could exhibit differences that were not attributable to the 
treatment. (M)

 c.  The report indicates that participants were asked to 
rate (on a scale of 1 to 10) how satisfied they felt about 
their lives. Ratings were recorded before and after 
the treatment. These ‘before’ and ‘after’ ratings were 
compared between the two groups, by using mean life 
satisfaction scores per group displayed on a side-by-side 
bar graph.

   After the treatment (quitting Facebook) the treatment 
group had an increase in its mean life satisfaction score of 
0.56 points (score increased from 7.56 to 8.12) while the 
control group’s mean life satisfaction score increased by 
0.08 points (score increased from 7.67 to 7.75). So, the 
treatment group’s increase was seven times larger than 
the control group’s increase, which seems big enough to 
be considered a significant difference, that is unlikely to 
have occurred by chance.

  Alternatively:

   The difference between the mean life satisfaction scores 
for the treatment group and the control group could 
be calculated (8.12 – 7.75 = 0.37) by the researchers. A 
randomisation test could then be carried out to assess 
the significance of the difference between the two 
groups’ means (how often a difference this large would 
occur when chance alone is acting). To claim that the 
difference was ‘significantly higher’, the tail proportion 
from the randomisation test would need to be below a 
set threshold. (E)

 d.  There were several possible issues (you need to discuss only 
one) some of which are discussed below.

  i.  The survey was carried out over a very short time 
frame of only a single week (the researchers noted 
this). The novelty value of not using Facebook could 
bring about more socialising, improved levels of 
concentration, etc. as people made more of an effort, 
which may not be sustainable over a longer period. 
Facebook provides a way of people interacting, 
so a break from Facebook might actually increase 
loneliness in the longer term.

  ii.  The week chosen for the study will have been at a 
particular time of the year, which may have affected 
results, e.g. carried out in summer versus winter, or 
during the holidays versus normal school/work time. 
Running the experiment during a random selection 
of weeks throughout the year would give more 
reliable results. 

  iii.  Results were self-reported, and self-reported results 
are often inaccurate.

  iv.  Other variables would have contributed to how 
participants felt about their lives, for example 
relationship or job satisfaction. It is unknown how 
these variables were controlled for, or taken into 
account.

  v.  The research only used participants in Denmark – the 
results may not be generally applicable to people in 
other countries. (E)

4. a.  The explanatory variable is ‘car colour’ as this is the 
independent variable.

   The response variable is ‘percentage of cars of this colour 
involved in serious crashes’ as this variable depends on 
the variable ‘car colour’. (A)
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