
Basic probability theory

Events
An event is an outcome (or set of outcomes) of interest. The probability of an event occurring is a measure 
of how likely it is that the event will occur. The true probability of an event is unknown, but can be 
approximated using an experimental estimate or a model estimate (theoretical probability).

To estimate the probability of an event using an experimental estimate, an experiment is carried out and 
the number of times the event occurs is recorded. The proportion of times the event occurs (its relative 
frequency) is calculated by dividing the number of occurrences of the event by the number of trials 
(repetitions of the experiment). Simulations are also used to estimate probabilities.

Example
Ron performs an experiment in order to work out the probability of an event, E, occurring. After 
each batch of 50 trials, Ron calculates the proportion of times E has occurred using the formula 

proportion = 
number of occurrences of E

number of trials

For example, after 250 trials, E has occurred 79 times, so the proportion is 
79
250

 or 0.316. 

After many trials, Ron records his results on the graph as shown.
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The proportion of times E occurs gets closer and closer to 0.3, as the number of trials increases. 

The estimated probability of E is therefore 0.3.

P(E) is the symbol for the probability that an event E occurs. If E is any event, then

0 ≤ P(E) ≤ 1

Finding probabilities when all outcomes are equiprobable
A sample space is a set whose elements describe every possible outcome of a trial. When all possible 
outcomes of a trial are considered to have an equal chance of occurring, they are called equally likely or 
equiprobable. For this model, the probability of an event can be calculated from the formula: 

P(E) = 
number of elements in E
number of elements in S

n E
n S

=
( )
( )

where S is the sample space
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Example
Q. A six-sided die is rolled. Find the probability that the result is: 

 1.  a multiple of 3   2. less than or equal to 3

A. Let S be the sample space of possible numbers resulting from rolling a die. S = {1, 2, 3, 4, 5, 6}

 1. Let E be the event ’result is a multiple of 3’  
 2. Let F be the event ‘result is less than or equal to 3’

       E = {3, 6}         F = {1, 2, 3}

 Each number is equiprobable, so:

  P(E) = n E
n S

2
6

=
1
3

( )
( )

=      P(F ) = n F
n S

3
6

=
1
2

( )
( )

=

A probability distribution table may be used to display probabilities (see page 75).

Venn diagrams
Venn diagrams are used to show events in a probability situation. The sample 
space S is represented by a rectangle and events by circles or ovals. The diagram 
alongside illustrates events E and F from the previous example on a Venn diagram.

Intersection and union of events 
AND and OR have very precise meanings in probability.
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The event ‘E AND F ’ is written E ∩∩ F (E intersection F ). 
It is the set of outcomes in both E and F.

In the above example, E ∩ F is the event ‘number is both a multiple of 3 and ≤ 3’. 
Thus, E ∩ F = {3}. On the Venn diagram, E ∩ F is the region shown shaded. 

Outcomes are equiprobable, so P(E ∩ F) = 
n E F

n S
( )

( )
∩

 = 
1
6
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The event ‘E OR F ’ is written E ∪∪ F (E union F ). 
It is the set of outcomes in E or F or both.

In the above example, E ∪ F is the event ‘number is a multiple of 3 or ≤ 3 
or both’. Thus, E ∪ F = {1, 2, 3, 6} (shown shaded), 

and P(E ∪ F ) = n E F
n S
( )

( )
∪  = 4

6
 = 

2
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In general, if A and B are two events, the probability of A or B is:

P(A ∪ B) = P(A) + P(B) – P(A ∩ B)

Complementary events

The event ‘NOT E ’ is written E’ (E complement) 
and is the set of outcomes outside E

In the above example E’ is the event ‘number is not a multiple of 3’.

E’ = {1, 2, 4, 5} (shown shaded) and P(E’) = n(E’)
n(S)

 = 4
6
 = 

2
3

.
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In general, the probability of A complement is:

P(A’) = 1 – P(A)

Two events A and B, are said to be complementary if A ∪ B = S and A ∩ B = φ (the empty set). 

In this case B is called the complement of A (i.e. B = A’).
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The use of Venn diagrams in probability problems is very similar to assembling a jigsaw. Information from 
the problem is systematically inserted on the diagram until a solution is found. 

Venn diagrams can also be used to display probabilities of events.

Example

Q.  The Bentwood High School Senior Netball team has made it 
through to the regional final. The Principal has decided she 
will go to the final only if the weather is fine and not windy. 
The probability of a fine day is 0.6, a windy day 0.3, and a 
windy day that is not fine 0.2.

  What is the probability that the Principal attends the regional 
final for the Senior Netball team?

A. Let W represent the event ‘weather is windy’.
 Let F represent the event ‘weather is fine’.
 ∴      P(W) = 0.3
 P(F) = 0.6

 P(F’ ∩ W) = 0.2        from information given 

F(0.6)            W(0.3)

    

F ∩ W’ F ∩ W F‘ ∩ W
(fine and 

not windy)
(fine and windy) (not fine 

and windy)

The initial Venn diagram 
is shown on the left. 

After filling in with the 
information it looks as 

shown on right.

      0.5      0.1     0.2

F(0.6) W(0.3)

P(F’ ∩ W) = 0.2  so  P(F ∩ W) = 0.1 
since P(W) = 0.3, etc.

 The probability the Principal attends is the probability the weather is fine and not windy.
 = P(F ∩ W’ )
 = 0.5      using information in the diagrams 

Mutually exclusive events
Two events, A and B, are mutually exclusive if it is impossible for them to                  A

Boccur together, i.e. A ∩ B = φ (there are no outcomes in both A and B). 
On a Venn diagram, the ovals representing events A and B have no overlap.

Consequently:

If A and B are mutually exclusive then

P(A ∩ B) = 0       and       P(A ∪ B) = P(A) + P(B)

Example
A marble is drawn from a bag containing some red and some green marbles, among other single-
colour marbles.

A is the event ‘marble is green’. B is the event ‘marble is red’.

A ∩ B is the event ‘marble is green and red’ which is impossible, i.e. P(A ∩ B) = 0.

Thus A ∩ B = φ and A and B are mutually exclusive.
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Independent events
Two events, A and B, are said to be independent if the occurrence (or not) of one event in no way affects 
the occurrence (or not) of the other event. 

If A and B are independent then P(A ∩ B) = P(A).P(B)

Example
If a coin is flipped twice then the following two events are independent.
A:  first flip is heads
B:  second flip is tails
The result of the first flip has no effect on the result of the second flip.

To show that two events A and B are independent, it must be shown that P(A).P(B) = P(A ∩ B).

Example
Q.  A and B are two events such that P(A) = 0.3, P(B) = 0.4, P(A ∩ B) = 0.1. 

Are A and B independent?

A. P(A).P(B) = 0.3 × 0.4

 = 0.12 ≠ P(A ∩ B)    since P(A ∩ B) is given as 0.1 

 Since P(A ∩ B) ≠ P(A).P(B), events A and B are not independent.

Conditional probability
Conditional probabilities are calculated using a reduced sample space, i.e. after other events have taken place.

If A and B are two events, then P(A|B) denotes the probability of event A, given that event B has occurred.

Example
If A is the event ‘person lives in Auckland’ and B is the event ‘person works in a bank’ then: 

P(A|B) denotes the probability that a person lives in Auckland given that they work in a bank. 

P(B|A) denotes the probability a person works in a bank, given that they live in Auckland.

In general, if X and Y are two events, then the probability of X given Y is:

P(X|Y ) = 
P X Y

P Y
( )

( )
∩

By rearranging this formula, a general formula for P(X ∩ Y) can be found

P(X ∩ Y ) = P(Y).P(X|Y )     or     P(X ∩ Y ) = P(X).P(Y|X)

Note: When X and Y are independent, P(X|Y ) = P(X) and P(Y|X) = P(Y) so the formula becomes 
P(X ∩ Y ) = P(X).P(Y ) as defined previously.

Probability tree diagrams
Many probability problems can be simplified by using a tree diagram, since the events making up the 
sample space and their associated probabilities can be clearly seen. Tree diagrams particularly lend 
themselves to problems involving conditional probabilities.
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Example
Q.  In a certain town, 60% of all residents have milk delivered to their house. Of those households 

with delivered milk, 80% also have a daily newspaper delivered. In households which don’t 
have milk delivered, only 30% have a newspaper delivered.           

 1. Draw a tree diagram showing this information. 

 A household is chosen at random from the town.  
 What is the probability that in this household:

 2. both milk and a newspaper are delivered?

 3. milk or a newspaper are delivered (but not both)?

 4. a newspaper is not delivered, given that milk is delivered?

 5. milk is delivered, given that a newspaper is not delivered?

 6. Are the events ‘getting milk delivered’ and ‘getting a newspaper delivered’ independent?

A. 1. M is the event ‘milk is delivered’.

  N is the event ‘a newspaper is delivered’.

  The given information is applied to the tree diagram. 

  P(M) = 0.6, P(N|M) = 0.8, P(N|M’) = 0.3

  Since the total probability for any set of branches is 1,  
the remaining probabilities can be applied:

 P(M’) = 1 – P(M) = 1 – 0.6 = 0.4
 P(N’|M) = 1 – P(N|M) = 1 – 0.8 = 0.2

  P(N’|M’) = 1 – P(N|M’) = 1 – 0.3 = 0.7

 The sample space and associated probabilities are listed 
  on the RHS of tree (MN denotes M ∩ N etc.).

  (M ∩ N )   where P(M ∩ N)  = 0.6 × 0.8 = 0.48

  (M ∩ N’)   where P(M ∩ N’)  = 0.6 × 0.2 = 0.12

  (M’ ∩ N)   where P(M’ ∩ N)  = 0.4 × 0.3 = 0.12

  (M’ ∩ N’)   where P(M’ ∩ N’)  = 0.4 × 0.7 = 0.28
  Note that the sum of these probabilities is 1 (since no other outcomes are possible).

 2. P(M ∩ N) = 0.6 × 0.8 = 0.48

 3.  (Milk or Newspaper)  = P(M ∩ N’ or M’ ∩ N)   
outcomes MN’ and M’N 
correspond to event described

             = 0.12 + 0.12
              = 0.24

 4. P(N’|M)  = 0.2        from the tree diagram 

 5. P(M|N’)  = 
P(M N’)

P(N’)
∩

     using formula 

      = 0.12
0.12 + 0.28

    P(N’) = P(M ∩ N’) + P(M’ ∩ N’) 

      = 0.3

 6.  Since P(N|M) = 0.8 and P(N) = 0.4 (from part 5.) P(N|M) ≠ P(N) so N and M are not 
independent.

  Alternatively, P(M ∩ N) = 0.48, P(M) = 0.6, P(N) = 0.6 × 0.8 + 0.4 × 0.3 = 0.6

   Since P(M) × P(N) = 0.6 × 0.6 = 0.36 ≠ P(M ∩ N), it follows that M and N are not 
independent.
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Questions: Basic probability theory
1. As part of enrolling at a medical clinic, new patients undergo health-screening tests. One of these 

screening tests measures the amount of blood cholesterol in order to identify those patients who may 
have heart disease. Cholesterol levels greater than 200 mg/dL suggest that the patient may have heart 
disease.

 Medical studies report that:

 • approximately 5% of the New Zealand population are known to have heart disease

 • 73% of people with heart disease have cholesterol levels greater than 200 mg/dL, and

 • 76% of people without heart disease have cholesterol levels of 200 mg/dL or less. 

 a. i.  Out of 100 individuals who are screened with this test, approximately how many would be 
expected to have a cholesterol level greater than 200 mg/dL? 

  ii.  A patient is told that the result of their screening test is positive (cholesterol level is greater than 
200 mg/dL). 

    Comment on whether this patient should be concerned that they do actually have heart 
disease. 

   Support your answer with statistical reasoning. 

 Year 2020 
Ans. p. 112
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  iii.  Suppose the threshold value for suggesting a person has heart disease is changed from  
200 mg/dL to 250 mg/dL. 

    Describe how this increase in threshold value could change the proportion of patients correctly 
identified as having heart disease (those with a cholesterol level greater than the threshold, that 
actually have heart disease).

 b.  The medical clinic is interested in understanding the probability of patients being diagnosed with 
heart disease, diabetes, and stroke. 

  After analysing the records of 5 000 patients, the clinic found that: 

  • 71 were diagnosed with heart disease, diabetes, and stroke 

  • 1 359 were not diagnosed with any of these conditions 

  • 1 907 were diagnosed with heart disease 

  • 1 814 were diagnosed with diabetes 

  • 627 were diagnosed with stroke 

  • 388 of those diagnosed with heart disease were also diagnosed with diabetes 

  • 170 of those diagnosed with heart disease were also diagnosed with stroke. 

  i.  Calculate the proportion of patients that were diagnosed with heart disease, but not diabetes or 
stroke. 
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  ii.  It is claimed that patients with heart disease are twice as likely to be diagnosed with diabetes as 
they are to be diagnosed with stroke. 

   Does the data support this claim? 

   Support your answer with appropriate statistical statements. 

2. The school roll data for a provincial New Zealand primary school (Years 0 to 8) by year and gender (as 
at 1 July 2018) is summarised below.

 • There are 343 students.

 •  Of the 149 female students, 31 are in the Junior School (Years 0, 1, and 2), 65 are in the Middle 
School (Years 3, 4, and 5), and 53 are in the Senior School (Years 6, 7, and 8).

 •  Of the male students, 49 are in the Junior School (Years 0, 1, and 2), 73 are in the Middle School 
(Years 3, 4, and 5), and the remainder are in the Senior School (Years 6, 7, and 8).

 Suppose one of these students is chosen at random.

 a. i. Given that the student is in the Middle School, calculate the probability that they are male.

  ii.  Is it more likely for the student to be male if they are in the Junior School or if they are in the 
Senior School?

   Support your answer with calculations.

 Year 2019 
Ans. p. 112
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  iii.  The principal has used this data to predict that a new student enrolling at the school will be 
male.

   Calculate a proportion using this data that supports the principal’s prediction.

  iv.  Give TWO reasons why care should be taken when using this data to predict that a new 
student enrolling at the school will be male.

   Reason 1:

   Reason 2:

 b.  It is generally assumed that 50% of primary school students are male. The principal of the 
provincial New Zealand primary school referred to in part (a) thinks that, based on their school as 
a sample of students in their region, the proportion of male students in the region is greater than 
50%.

   Discuss how carrying out a simulation would help the principal consider whether their students, as 
a sample of students from the region, could indicate that the proportion of males in their region is 
in fact greater than 50%.

  You do not need to design the simulation.
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3.  A 2017 food marketing study from New Zealand examined 70 websites belonging to the most popular 
food and drink brands. 24 of these websites were targeted at teenagers, while the others were targeted 
at the general population. 21 of the websites made a positive health claim, and of these websites, eight 
were targeted at teenagers. 

 One of the websites is chosen at random. 

 a.  Explain why the events ‘a website makes a positive health claim’ and ‘a website is targeted at the 
general population’ are not mutually exclusive. 

  Support your answer with at least one calculation. 

 b.  Does the data from this study support the claim that it is more than twice as likely that a website 
makes a positive health claim if the website is targeted at teenagers rather than at the general 
population? 

  Support your answer with calculations. 

 Year 2018 
Ans. p. 113
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Answers and explanations

Achievement Standard 91584 
(Mathematics and Statistics 3.12): 
Evaluate statistically based reports

3.12 Reading reports
1. a. The owner of the nceax website. (A)

 b.  Contents, summary, introduction, aim, methods, 
conclusions, appendices. (A)

 c.  The report was prepared regularly for the owner using 
automatic computer methods. The graphs would be 
considered to ‘speak’ for themselves and extra reporting 
would be unnecessary for the owner, and add costs. (M)

 d. i.  Usage was quite low until June when the usage 
increased very rapidly reaching a peak in September. 
It fell back in October but greatly increased in 
November. It was very low in December. (A)

  ii.  Students were not revising until June when they 
would be having school exams. However, after that 
the exam season would have been in full swing. 
The MCAT exam for Year 11 students took place 
in September and many schools would be also be 
having exams then. The site caters for CIE students 
who have their examinations before NCEA students 
in October then in November the site would have 
been massively used by NCEA students. These 
reasons seem plausible; however, they may not be 
true. (M)

 e.  Bar graphs showing important monthly information, tables 
showing this information as averages and totals. (A)

 f. Answers will vary; an example is given.

    It is assumed that this information is for the owner of 
the site who will want to see the monthly usage and 
the year-long profile of usage. It is assumed that the 
owner commissioned the report, so it contains all details 
necessary for his/her use.

   The graphs provide an excellent summary of a lot of 
information, affording easy comparisons from month 
to month, although a clear vertical scale is not provided 
(to ensure scale starts at zero, etc.), so that it is not clear 
whether the graphs show daily averages or monthly 
totals. The table is clearly set out, with colour coding 
adding to the ease of reading.

   All useful information appears easily accessible and 
attractively presented, so I would tend to agree with the 
comment. (M/E)

2. a. The Best Wine Company. (A)

 b.  This information was not given (although possibly by 
MarkRes who will be engaged to do further research). (A)

p.   1

 c. The Export61 site. (A)

 d.  Tables attractively set out and showing important 
information comparing this quarter’s statistics with 
the previous quarters; bar graphs allowing quarterly 
comparisons in visitor numbers for the two sites (these 
could be misleading as the scales on each bar graph will 
be different). (A/M)

 e.  Visitor numbers from some countries fell, e.g. Indonesia, 
Great Britain and Russia. There was a fall in sales of 
Tawny port and there was fall in the number of people 
who jumped to the Best Wine site from the Export61 site 
(although this could be due to people accessing the site 
directly). (A/M)

3.12 Statistical questions
1.  ‘Are pigs in the Waikato kept in humane conditions ?’; pigs in 

the Waikato. (A)

2.  ‘At what age of starting the consumption of marijuana to 
the point that a user is addicted is there a permanent loss in 
intelligence?’; marijuana users who started before 18 years 
and were addicted by the age of 38. (A)

3. ‘ Should expelled list MPs have to resign?’; New Zealanders 
(above a set age, i.e. not young children). (A)

4.  a.  There is no stated statistical question but one is implied 
by the objective: ‘Does chocolate eating have an effect on 
the risk of developing cardiometabolic disorders?’

 b. Adult human chocolate consumers. (A)

5.  ‘Are dog owners more likely than cat owners to be single?’; 
New Zealand cat and dog owners. (A)

  An initial reading suggests that the report is only concerned 
with cat and dog owners; however, reading the above extract 
shows that people had to identify themselves as a cat or dog 
owner so there were other questions in the study as well 
as the above such as: ‘What percentage of New Zealanders 
own a cat?’ and ‘What percentage of New Zealanders own 
a dog?’ If this is true then the target population would be all 
New Zealanders. (A/M)

3.12 Planning and data
1. a.  Yes, as there is variability in the results of the 

investigation. (A)

 b.  Answers will vary, for example ‘What are the literacy levels 
of the incoming Year 9 students at this school?’ (A)

 c. The incoming Year 9 pupils at the school. (A)

 d.  Since the literacy levels of all Year 9 pupils will be 
determined this is a census. (A)

 e.  The independent variables are the questions on the PAT 
tests, the response variables are the student answers. (A)

p.   5

p.   9
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