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 Probability concepts
A probability experiment is a process whose results depend on chance. The following terms are 
commonly used:
• trial – one ‘run through’ of an experiment
• outcome – the result of a trial
• sample space (S) – the set of all possible outcomes
• event (E) – a subset of the sample space

Example

In an experiment a spinner (with 5 equal sectors labelled 1–5) is spun and 
the number recorded.

Spinning the spinner once is a trial.

Getting a 1 is an outcome.

Sample space of all possible outcomes is S = {1, 2, 3, 4, 5}

Events can be labelled with letters and defi ned in words or as a set, for example:

A = number is less than 4 A = {1, 2, 3}

B = number is divisible by 2 B = {2, 4}

The probability, p, of an event is a measure of how likely the event is to occur. A probability always lies 
between 0 and 1 inclusive (0  p  1).
• An impossible event has probability zero (p = 0)
• A certain event has probability one (p = 1)

If the probability that an event occurs is p, then the probability that the event does not occur is 1 – p.

True, theoretical and experimental probability
The true probability of an event is unique to a situation and is unknown. For example, when a coin is 
fl ipped, the actual chance of getting a head from that coin is unknown.

Theoretical probability is a model estimate of the true probability. When a ‘fair’ coin is fl ipped, the 
model treats the chance of getting a Head as equal to the chance of getting a Tail, so P(H) = P(T) = 0.5

Experimental probability is calculated using the data from an experiment or a simulation. For 
example, you may wish to know the probability of a drawing pin landing point up when it is tossed, so 
an experiment is conducted in which the drawing pin is tossed a large number of times and the results 
recorded.

If the drawing pin lands point up 67 times out of 150 throws then the long-run relative frequency
is calculated as 67

150
 which is an estimate of the true probability that the drawing pin lands point up 

when thrown.
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Example

When tossing a fair six-sided die, defi ne the two events:

A = getting a 5 and B = not getting a 5

The die is fair, so a model for this situation is that each number on the die is equally likely. This gives:

P(A) = 1
6
 and P(B) = 5

6

P(A) + P(B) = 1 so P(B) = 1 – P(A)

Note: B is the event ‘not A’ so A and B are called complementary events.

The complement of A is written A’ and means ‘not A’ (A did not occur)

P(A’) = 1 – P(A)

Random variables
A random variable is a variable whose values result from a probability experiment (these values 
depend on chance and may not be known until the experiment has been completed).
• A random variable can be described in words and is denoted by a capital letter, such as X.
• The actual values taken on by the random variable are denoted by lowercase letters, such as x.
• The probability that the random variable X takes on a value x is written P(X = x) or p(x).
• The sum of the probabilities of all values a random variable can take is 1 so P(X = x) = 1 

(or p(x) = 1).

Example
In an experiment, two 6-sided dice, each labelled 
1–6, are thrown together.

There are 36 possible outcomes, as shown in the 
table where 1,2 means 1 on the fi rst die and 2 on 
the second die, etc.

A random variable X is defi ned for this experiment:

X = the sum of the numbers facing upwards

For example, if the outcome is 3,2 
then X = 3 + 2 = 5

1 2 3 4 5 6

1 1,1 1,2 1,3 1,4 1,5 1,6

2 2,1 2,2 2,3 2,4 2,5 2,6

3 3,1 3,2 3,3 3,4 3,5 3,6

4 4,1 4,2 4,3 4,4 4,5 4,6

5 5,1 5,2 5,3 5,4 5,5 5,6

6 6,1 6,2 6,3 6,4 6,5 6,6

The values that X can take (all totals possible) are:

x = 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12

Probabilities can be worked out using the table:

P(X = 2) = 1
36

 only 1,1 gives a sum of 2 

P(X = 7) = 6
36

 outcomes 1,6; 2,5; 3,4; 4,3; 5,2; 6,1 have sum of 7 

 = 1
6

 simplifying 
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 b.  Draw a Venn diagram and use it to calculate the probability that a randomly selected student 
from this group has at least 120 Level 2 credits and is at least 17 years old.

8. It is found that of a group of 150 people from Nelson:
 • 58 are at least 45 years old
 • 103 are married
 • 27 are under 45 years old and are not married
 a. i.  Draw a Venn diagram for this 

situation.
ii.  Calculate the probability that a randomly 

selected person from this group is married 
and is under 45 years old.

It was also found that of this group: 
 • 39 have no children
 •  everyone is either at least 45 years old, or 

married, or has no children
 • 94 are married with children
 •  4 are at least 45 years old, are married and 

have no children.
 b.   Draw a Venn diagram and use it to calculate the probability that a randomly selected person 

from this group has children and is at least 45 years old.
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9. It was found that of a group of 85 students in Ashburton:
 • 29 were at least 10 years old
 • 66 lived in a two-parent family
 •  12 did not live with both parents and were 

under 10 years old.

 a.  Calculate the probability that a randomly 
selected person from this group lives in a two-
parent family and is under 10 years old. 

It was also found that of this group:
 • 22 live in a rented house
 •  everyone is either at least 10 years old, or lives in a 2-parent family, or lives in a rented house
 •  58 live in a 2-parent family in a house that is not rented
 •  1 is at least 10 years old, lives in a rented house and lives with 2 parents.
 b.  Calculate the probability that a randomly selected person from this group doesn’t live in a 

rented house and is at least 10 years old.
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The multiplication principle is used to calculate the number of arrangements (orderings) possible.

Example
Q.  If you throw three dice, in how many different ways can they land?
A.  There are 63 = 216 different outcomes possible.

6 × 6 × 6 = 216

Die 1 can land 6 ways

Die 2 can land 6 ways

Die 3 can land 6 ways

Example
Q.  How many number plates are possible if each number plate is made up of 3 letters followed 

by a number less than 10 000? (Zero is not included as a number.)
A.  There are 26 × 26 × 26 × 9 999 = 175 742 424 possible plates

The multiplication principle is used when selecting and arranging a subset of a set.

Example
Q.  How many ways can 4 letters of the word iphone be arranged so that no letter is used more 

than once each time?
A.  The number of arrangements is 6 × 5 × 4 × 3 = 360

by the multiplication principle, there are 6 ways of choosing the fi rst letter, 5 ways of choosing 
the second letter (the fi rst letter cannot be used again), 4 ways of choosing the third letter (the 
fi rst two letters cannot be used again) and 3 ways of choosing the fourth letter (the fi rst three 
letters cannot be used again)

If there are repetitions of objects in the group, you will need to consider separate cases.

Example
Q. How many 3-letter ‘words’ can you make from the word HARSH?
A. There are two cases to consider:

Case 1: The ‘word’ has three different letters (4 to choose from)

The number of arrangements is 4 × 3 × 2 = 24

Case 2: The ‘word’ has two H’s

These ‘words’ will be of the form: HH_ (3 possible arrangements) or H_H (3 possible 
arrangements) or _HH (3 possible arrangements), making a total of 9 possible 3-letter 
‘words’ with two H’s in each word.

So the total number of different 3-letter ‘words’ is 24 + 9 = 33

Note:  For further notes and exercises on probabilities involving permutations and combinations go to 
 www.esa.co.nz.
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1.  Simplify:

a. 8!
7! b. 36!

35!

c. 2 640!
2 639!

d. n!
(n – 1)!

e. (n – 5)!
(n – 6)!

f. 5(n + 3)!
(n + 2)!

2. 11 people are lining up for the school canteen. 
In how many ways could they line up?

3.  A new upholstery fabric is being created 
that is made of 10 different coloured 
stripes. In how many different ways can 
the stripes be arranged?

4. A primary school teacher has taken a group of 
10 students outside to play a game in which 
they need to be in a circle. In how many 
different ways could the circle of students be 
arranged?

5.  There are 4 people in a family and one 
bathroom. In how many different orders 
could they use the bathroom in the 
morning?

 Answers
p.  77
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c. P(the driver was 20–24 and male) d. P(the driver was 20–24 or male)

e. P(the driver was male if aged 20–24) f.  P(the driver was aged 20–24 if the driver 
was male)

g.  P(the driver was aged 15–19 if the driver 
was not male)

h.  P(the driver was female given that the year 
was 2011)

8. A group of 67 students goes to the gym where they can choose one out of three available 
activities: pump classes, weight training or working on the electronic equipment.
• There are 32 boys in the group.
•  17 students chose to work on the electronic equipment, 

of whom 12 were girls.
• 2 boys chose pump classes.
• 9 girls chose weight training.
a. Draw a two-way table to show this data.

A student is chosen at random from the group.

b.  What is the probability the chosen student 
did pump classes?

c.  What is the probability that the chosen 
student is a boy who did not choose to 
work on the electronic equipment?

d.  If the chosen student did pump classes, 
what is the probability the student is a boy?

e.  If the student chosen is a girl, what is the 
probability she chose to do weight training?

f.  Are the events ‘student did weight training’ 
and ‘student is a girl’ independent? Discuss.

g.  Are the events ‘student is male’ and 
‘student does pump class’ mutually 
exclusive? Justify your answer.
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Risk
When an event is seen to be undesirable, then the word risk is often used to describe its probability, 
e.g. the risk of rain, or the risk of contracting diabetes, etc.

Example

Out of the last 113 986 candidates in an accounting exam, 25 129 candidates failed.

For this exam, the proportion who failed is 25 129
113 986

 or 0.22 (2 d.p.)

The overall risk of failure in this exam is estimated to be 0.22 or 22%.

Relative risk
The ratio of the risk (or probability) of an event for one 
group to the risk of the same event for a second group 
(the baseline risk) is called the relative risk.

For example, if there is a 10% risk of rain on Tuesday 
and a 30% risk of rain on Wednesday, then the risk 
of rain on Wednesday is three times the risk of rain 
on Tuesday. So the relative risk of rain on Wednesday 
compared with Tuesday is said to be 3. 

Example

The following data were collected from a random sample of people at a medical clinic.

Exercise

Regular Non-regular Total

Obese 2 32 34

Not obese 57 36 93

Total 59 68 127

The risk of being obese for non-regular exercisers is 32
68

 or 0.4706 (4 sig.fi g.)

The risk of being obese for regular exercisers is 2
59

 or 0.0339 (4 sig.fi g.)

The relative risk of being obese for non-regular exercisers compared with those who take regular

exercise is 0.4706
0.0339 = 13.9

This can be interpreted as the risk of being obese for non-regular exercisers is about 13.9 times the 
risk of being obese for regular exercisers.
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3. Michael wanted to get a pair of socks out of his sock drawer in the dark. In the sock drawer there 
were 18 socks (10 black and 8 grey). He selects two socks randomly from the drawer.

a.  What is the probability he took two socks 
out that were the same colour?

b.  What is the probability both socks he took 
out were grey?

c.  Given the socks were of the same colour, 
what is the probability they were both 
black?

4. A packet of broccoli seeds and a packet of caulifl ower seeds have become mixed. Elisabeth knows 
that there were 9 seeds in the broccoli packet and 6 seeds in the caulifl ower packet. She decided to 
plant 4 of the seeds.

a.  What is the probability the planted seeds 
are all of the same vegetable?

b.  What is the probability there are two 
broccoli seeds and two caulifl ower seeds?

c.  What is the probability there were more 
broccoli seeds than caulifl ower seeds?

d.  Given that the seeds were all the same 
vegetable, what is the probability that they 
were all caulifl ower? 
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 Practice Assessment Task
1. A study of 1 500 employees found: 

• 960 were over 40 years old
• 386 were unhappy in their job
•  74 were unhappy in their job and not over 

40 years old.
a.  What proportion of the employees were happy in their job and were over 40 years old?

b.  Two different employees from the study were randomly selected and both were found to 
be unhappy in their job. Calculate the probability that both these employees are also over 
40 years old.

c.  Consider the events ‘an employee is unhappy in their job’ and ‘an employee is over 40 years 
old’. Explain whether these events are independent.

d.  Further investigation in this study found that:
•  230 of the employees were middle managers
•  13 of the employees were over 40 years old, were middle managers and were unhappy in 

their job
•  16 of the employees were not over 40 years old, were middle managers and were 

unhappy in their job
•  94 of the employees were over 40 years old, were middle managers and were happy with 

their jobs.

 Answers
p.  80
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Answers
 Probability and random variables (page 3)
1. a.  S = {(H,1), (H,2), (H,3), (H,4), (H,5), (H,6), (T,1), (T,2), (T,3), 

(T,4), (T,5), (T,6)}

b. 3
12

 or 1
4

c. 9
12

 or 3
4

d. 3
6
 or 1

2
e. 4

8
 or 1

2
2. a.  S = {(1,1), (1,2), (1,3), (1,4), (1,5), (2,1), (2,2), (2,3), (2,4), 

(2,5), (3,1), (3,2), (3,3), (3,4), (3,5), (4,1), (4,2), (4,3), (4,4), 
(4,5), (5,1), (5,2), (5,3), (5,4), (5,5)}

b. i. 6
25

ii. 13
25

iii. 10
25

 or 2
5

c. 4
25

3. a.  S = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), 
(2,4), (2,5), (2,6), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), 
(4,2), (4,3), (4,4), (4,5), (4,6), (5,1), (5,2), (5,3), (5,4), (5,5), 
(5,6), (6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}

b. 6
36

 or 1
6

c. 2
36

 or 1
18

d. 20
36

 or 59 e. 9
36

 or 1
4

f. 1 2 3 4 5 6

1 2 3 4 5 6 7

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

5 6 7 8 9 10 11

6 7 8 9 10 11 12

i. 5
36

ii. 15
36

 or 5
12

iii. 30
36

 or 5
6

iv. 26
36

 or 13
18

 v. 15
36

 or 5
12

g. 5
11 h. 5

18

4. a. HD, HC, HS, DH, DC, DS, CH, CD, CS, SH, SD, SC

b. 2
12

 or 1
6

c. 8
12

 or 23

d. No, since the probabilities add to 10
12

 not 1. The event ‘both 
cards are black’ can also occur. The complement of ‘both cards 
are red’ is ‘at least one card is not red’.

e. 24 (each outcome in a. could be followed with two different 
cards, e.g. HD could be followed with C or S to give the 
outcomes HDC and HDS).

f. 1
24

g. 1
4

h. 1
2

i. Two red and one black (after dealing three cards there can 
only be two red and one black OR two black and one red, no 
other option is possible).

5. Initially there is considerable difference between the estimated 
probability and the true probability, but as the number of throws 
increases, the estimated probability approaches the theoretical 
probability of 0.375.

 Probability distribution tables and graphs
(page 8)

1. a. 0.24 b. 0.91 c. 0.47 d. 0.72

2. a. k = 14

b. 

0 1 2 3 4

0.4

0.3 

0.2

0.1

0

x

Pr
ob

ab
ili

ty

Probability 
distribution of X

c. 5
12

3. a. x 2 3 4 5 6

P(X = x) 1
9

2
9

1
3

2
9

1
9

b. 

2 3 4 5 6

0.4

0.3 

0.2

0.1

0

Sum of scores

Pr
ob

ab
ili

ty

Probability 
distribution of X

c. A (probability is 59)

d. This is a theoretical probability, as the true probabilities for 
this spinner are unknown and the probabilities were worked 
out by areas taken up by each number on the spinner. 
(Experimental probabilities would differ each time, depending 
on the number of spins.)

4. b 0 1 2

P(B = b) 1
8

1
2

3
8

5. w 0 1 2 3 4

P(W = w) 1
8

1
4

1
4

1
4

1
8

6. x 1 2 3

P(X = x) 3
10

3
5

1
10

7. a. i.  Equally likely since each number has a quarter chance 

of occurring, and to get a sum of zero would require 

four zeros, which has a probability of 1
4

4

 = 1
256 or 

0.004 (3 d.p.).

   Similarly to get a sum of 12 would require four 3s which 
has the same likelihood.

ii.  No, since the proportion of times a sum of zero occurs is 
0.02 and the proportion of times a sum of 12 occurs is 
zero. This is due to the variability of samples.

 b. i. Proportion of times = 0.02 + 0.02 = 0.04

ii.  Sara has a reasonable likelihood of being close to the 
true probability, but due to experimental variability, 
there will be a difference between her estimate and the 
true probability (especially since the proportion of times 
that the sum was 12 was zero in the experiment but is 
non-zero in reality). (Using a model, there are 15 equally 
likely ways a score of 10 or more can be achieved, so the 
theoretical probability is 15 × 1

256 = 0.06 (2 d.p.).)
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