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Arithmetic is being able to count up to twenty without taking o↵ your shoes. – Mickey Mouse

CHAPTER1
Properties of Arithmetic

1.1 Why Start with Arithmetic?

You know how to add, subtract, multiply, and divide. In fact, you may already know how to
solve many of the problems in this chapter. So why do we start this book with an entire chapter
on arithmetic?

To answer this question, go back to the title of this book: Prealgebra. What is prealgebra?
Not everybody agrees on what “prealgebra” means, but we (the writers of this book) like to
think of prealgebra as the bridge between arithmetic and algebra.

Arithmetic refers to the basics of adding, subtracting, multiplying, dividing, and (maybe)
more exotic things like squares and square roots. You probably learned most of these basics
already. The hardest thing that you usually do in arithmetic is “word problems” like “If Jenny
has 5 apples and Timmy has 7 apples, then how many apples do they have together?” As you
get older, the numbers get bigger, but the problems don’t really get much harder. Arithmetic is
great when trying to solve simple problems like counting apples. But when the problems get
more complicated—like trying to compute a rocket’s trajectory, or trying to analyze a financial
market, or trying to count the number of ways a text message can be routed through a cellular
phone network—we need a more advanced toolbox.

That toolbox is algebra. Algebra is the language of all advanced mathematics. Algebra gives
us tools to take our concepts from arithmetic and make them general, meaning that we can use
the concepts not just for arithmetic problems, but for other sorts of problems, too.
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CHAPTER 1. PROPERTIES OF ARITHMETIC

To take a simple example, you can use arithmetic to show that

2 ⇥ (3 + 5) = (2 ⇥ 3) + (2 ⇥ 5),

because the left side equals 2⇥ 8, which is 16, and the right side equals 6+ 10, which is also 16.
But algebra gives us the much more general tool that

a ⇥ (b + c) = (a ⇥ b) + (a ⇥ c),

no matter what numbers a, b, and c are. And in higher mathematics, a, b, and c might not even
be numbers as you recognize them now, but might be more complicated mathematical objects.
(Even more generally, “+” and “⇥” might not mean addition and multiplication as you think of
them now, but instead might represent more complicated mathematical operations. But we’re
getting ahead of ourselves a little bit!)

So our initial goal, in Chapter 1, is to carefully lay down the rules of arithmetic, and to give
you some ideas as to why these rules are true. Once you know the rules, you’ll be ready to start
thinking algebraically.

Also, by the time you start reading this book, you are mathematically mature enough to
start thinking about not just how to perform various calculations, but why the techniques used in
those calculations work. Understanding why mathematics works is the key to solving harder
problems. If you only understand how techniques work but not why they work, you’ll have
a lot more di�culty modifying those techniques to solve more complicated problems. So,
throughout this book, we will rarely just tell you how something works—we’ll usually show
you why it works.

By the end of this chapter, you should be able to explain why the following computations
are true:

• (�5) ⇥ (�7) = 35 (and not �35)

• (1990 ⇥ 1991) � (1989 ⇥ 1990) = 3980 (and be able to compute this in your head!)

• 8 ÷ 1
7 = 56

• (4 ⇥ 10 ⇥ 49) ÷ (2 ⇥ 5 ⇥ 7) = 28 (again, in your head!)

You’ll know all these things not because you’ve blindly applied some calculation, or because
you’ve memorized some formula—instead, you’ll understand the mathematics behind all these
expressions.

Unfortunately, di↵erent mathematicians and di↵erent textbooks may use slightly di↵erent
words for the same concept, in the same way that what an American calls a “truck” is called a
“lorry” by people in Great Britain. So, before we go any farther, we want to make sure that we
all agree on some of the words that we’re going to use.
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1.1. WHY START WITH ARITHMETIC?

�6 �5 �4 �3 �2 �1 0 1 2 3 4 5 6

The number line is shown above. It goes on forever in both directions. Every number that
we will consider in this book is somewhere on the number line. The tick marks on the number
line above indicate the integers. An integer is a number without a fractional part:

. . . ,�7,�6,�5,�4,�3,�2,�1, 0, 1, 2, 3, 4, 5, 6, 7, . . .

(The symbol . . . at either end of the above list means that the list goes on forever in that direction.
The . . . symbol is called an ellipsis.) However, as you know, there are many numbers on the
number line other than integers. For instance, most fractions such as 1

2 are not integers. (But
some fractions are integers—we’ll explore this further in Chapter 4.)

A number is called positive if it is to the right of 0 on the number line. In other words, a
number is positive if it is greater than 0. A number is called negative if it is to the left of 0 on
the number line. That is, a number is negative if it is less than 0. For example, 2 is positive,
while �2 is negative. Note that 0 itself is neither positive nor negative, and that every number
is either positive, negative, or 0.

A number is called nonnegative if it is not negative. In other words, a nonnegative number
is positive or 0. Similarly, a number is called nonpositive if it is not positive. Finally, a number
is called nonzero if it is not equal to 0. Note that 0 is nonnegative and nonpositive.

Sidenote:

↵
A lot of people use the term whole number to mean a nonnegative
integer. In other words, a whole number is one of the numbers 0,
1, 2, . . . . These same people use the term natural number to mean
a positive integer. In other words, a natural number is one of the
numbers 1, 2, 3, . . . .

However—and this is the really irritating part—a lot of people use
the term natural number to mean a nonnegative integer. In other
words, a natural number is one of the numbers 0, 1, 2, . . . . These
same people use the term whole number to mean a positive integer.
In other words, a whole number is one of the numbers 1, 2, 3, . . . .

And some of both of these groups of people might also use the term
counting number to mean either whole number or natural number.

These people have been arguing for centuries, and they will likely
never agree. Since we don’t like to argue, we will stick with the
very clear terms positive integers for the numbers 1, 2, 3, . . . , and
nonnegative integers for the numbers 0, 1, 2, . . . .
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CHAPTER 1. PROPERTIES OF ARITHMETIC

1.2 Addition

We’ll start by exploring the simplest arithmetic operation: addition. There’s not a whole
lot to explore, but as we’ll see, a solid knowledge of the basic properties of addition makes
complicated-looking calculations easy.

Important: How to use this book: Most sections will begin with problems,
like those shown below. You should first try to solve the problems.
Then, continue reading the section, and compare your solutions
to the solutions presented in the book.

Problems 

Problem 1.1: Using the two pictures below, explain why 2 + 3 = 3 + 2.

Problem 1.2: Using the two pictures below, explain why (2 + 3) + 4 = 2 + (3 + 4).

Reminder: The parentheses tell you what to compute first. For example, (3 + 4) ⇥ 5 equals
7 ⇥ 5, whereas 3 + (4 ⇥ 5) equals 3 + 20.

Problem 1.3:
(a) Using the properties from Problems 1.1 and 1.2, explain why

472 + (219 + 28) = (472 + 28) + 219.

(b) Compute the sum 472 + (219 + 28). (Source: MATHCOUNTS)

Problem 1.4: Compute (2 + 12 + 22 + 32) + (8 + 18 + 28 + 38). (Source: MATHCOUNTS)

Problem 1.5: Find the sum 1+ 2+ 3+ · · ·+ 19+ 20. Reminder: The ellipsis · · · means that we
should include all the numbers in the pattern. So we are adding the positive integers from 1
to 20.
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1.2. ADDITION

Problem 1.6: Using the picture below, explain why 2 + 0 = 2.

Problem 1.1: Using the two pictures below, explain why 2 + 3 = 3 + 2.

Solution for Problem 1.1: First let’s look at the picture on the left. The first row has 2 squares;
the second row has 3 squares. So in total, there are 2 + 3 squares.

Now let’s look at the picture on the right. The first row has 3 squares; the second row has 2
squares. In total, there are 3 + 2 squares.

The picture on the right, however, is just an upside-down version of the picture on the left.
Flipping a picture upside down doesn’t change the number of squares. So we conclude that
2 + 3 = 3 + 2. 2

Whenever we add two numbers, the order of the numbers does not matter. For example,
5 + 17 = 17 + 5 and 32 + 999 = 999 + 32. There are an infinite number of such examples. Of
course, we can’t write down an infinite number of examples. Instead, we can write the equation

first number + second number = second number + first number.

This is a long equation to write. We can shorten it by letting a represent the first number and b
represent the second number. Then our equation becomes

a + b = b + a.

Here a and b stand for any numbers (and possibly the same number). For instance, if we let
a = 2 and b = 3, then we have our original example: 2+ 3 = 3+ 2. If we let a = 100 and b = 200,
then we get 100 + 200 = 200 + 100. Note that a has the same value throughout the equation, as
does b; both, however, may change from one problem to the next. Letters such as a and b that
represent numbers are called variables.

The rule that a + b = b + a for all numbers a and b is called the commutative property of
addition.

Important: Addition is commutative: Let a and b be numbers. Then

a + b = b + a.

In Problem 1.1, we explained why a+b = b+a is true for one particular example, when a = 2
and b = 3. But one example doesn’t prove that a + b = b + a for all a and b. We don’t have the
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CHAPTER 1. PROPERTIES OF ARITHMETIC

tools in this book to explain why this must hold for any two numbers, but Problem 1.1 should
give you good intuition for why it is true for positive integers.

Throughout the rest of this chapter, we will explore many more arithmetic rules. We will
use examples and pictures to give intuition for why these rules work. These examples and
pictures are not proofs, but they should give you a feel for why these rules must be true.

The commutative property is concerned with adding two numbers. What if we add three
numbers?

Problem 1.2: Using the two pictures below, explain why (2 + 3) + 4 = 2 + (3 + 4).

Reminder: The parentheses tell you what to compute first. For example, (3 + 4) ⇥ 5 equals
7 ⇥ 5, whereas 3 + (4 ⇥ 5) equals 3 + 20.

Solution for Problem 1.2: For each picture, we will first count the number of light squares, then
count the number of dark squares, and finally add the two counts.

Let’s start with the picture on the left. It has (2 + 3) light squares and 4 dark squares. So
altogether it has (2 + 3) + 4 squares.

Next, let’s look at the picture on the right. It has 2 light squares and (3+ 4) dark squares. So
altogether it has 2 + (3 + 4) squares.

What’s the di↵erence between the two pictures? The only di↵erence is the color of the
middle row. Changing the color doesn’t change the number of squares. So we conclude that
(2 + 3) + 4 = 2 + (3 + 4). 2

We get a similar equation for any three numbers: (a + b) + c = a + (b + c). In other words,
first adding a and b and then adding c is the same as adding a to b + c. This property is called
the associative property of addition.

Important: Addition is associative: Let a, b, and c be numbers. Then

(a + b) + c = a + (b + c).

WARNING!!
j

Students sometimes mix up the names “commutative” and
“associative.” In the commutative property, the numbers are
moved around (“commuted”) on the two sides of the equation.
In the associative property, the numbers stay in the same place,
but are grouped (“associated”) di↵erently.
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1.2. ADDITION

Together, the commutative and associative properties are sneakily powerful, as they let
us add a list of numbers in any order. The next problem is an illustration of this any-order
principle.

Problem 1.3:
(a) Using the properties from Problems 1.1 and 1.2, explain why

472 + (219 + 28) = (472 + 28) + 219.

(b) Compute the sum 472 + (219 + 28). (Source: MATHCOUNTS)

Solution for Problem 1.3:

(a) Let’s start with the left side of the equation:

472 + (219 + 28).

We will try to make it look like the right side. To do that, we need to switch the order of
the 219 and the 28. We can do so by the commutative property. In other words, we replace
472 + (219 + 28) with the equal quantity

472 + (28 + 219).

This expression is close to what we want: (472 + 28) + 219. In fact, these two expressions
are equal by the associative property.

Let’s combine the pieces of our explanation into a nice chain of equations:

472 + (219 + 28) = 472 + (28 + 219) commutative property
= (472 + 28) + 219. associative property

(b) By part (a), the quantities 472+ (219+28) and (472+28)+219 are equal, so we can compute
(472 + 28) + 219 instead. But this is easy to compute: the sum 472 + 28 is 500, so we are left
with 500 + 219. The answer is 719.

2
The point of Problem 1.3 is that we can rearrange the numbers in our addition to make the

addition easier to compute. It’s easier to first compute 472 + 28, and then compute 500 + 219,
than it would have been to start with 219 + 28 and then add that sum to 472.

In a similar way, any addition problem can be rearranged without changing the sum.
Usually we won’t bother to write all the individual steps of the rearrangement, like we did in
Problem 1.3. Instead, we’ll use our knowledge of the commutative and associative properties
to just go ahead and rearrange a sum in whatever way is best. Let’s apply that principle to
solve the next problem.
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CHAPTER 1. PROPERTIES OF ARITHMETIC

Problem 1.4: Compute (2 + 12 + 22 + 32) + (8 + 18 + 28 + 38). (Source: MATHCOUNTS)

Solution for Problem 1.4: We could start with 2, then add 12, then add 22, and so on, but that’s
too much work. Instead, let’s try to rearrange the sum in a useful way. Let’s pair up the
numbers so that each pair has the same sum. Specifically, let’s pair each number in the first
group with a number in the second group:

(2 + 38) + (12 + 28) + (22 + 18) + (32 + 8).

The first pair of numbers adds up to 40; so does the second pair, the third pair, and the fourth
pair. So our sum becomes

40 + 40 + 40 + 40.

The answer is 160. 2
Let’s use the any-order principle to compute a longer sum.

Problem 1.5: Find the sum 1 + 2 + 3 + · · · + 19 + 20. Reminder: The ellipsis · · · means that
we should include all the numbers in the pattern. So we are adding the positive integers
from 1 to 20.

Solution for Problem 1.5: We definitely don’t want to add the 20 numbers one at a time. Instead,
let’s try again to rearrange the numbers into pairs, so that each pair has the same sum. We pair
the smallest number with the largest, the second-smallest with the second-largest, and so on:

(1 + 20) + (2 + 19) + (3 + 18) + · · · + (10 + 11).

We have grouped the 20 numbers into 10 pairs. Each pair adds up to 21. So our sum becomes

21 + 21 + 21 + 21 + 21 + 21 + 21 + 21 + 21 + 21.

Adding 10 copies of 21 is the same as multiplying 10 and 21. So the answer is 210. 2
Finally, let’s look at one more property of addition. What happens when we add zero to a

number?

Problem 1.6: Using the picture below, explain why 2 + 0 = 2.

Solution for Problem 1.6: On one hand, there are 2 squares. On the other hand, we can say there
are 2 light squares and 0 dark squares. So we get the equation 2 + 0 = 2. 2

Adding zero to any number doesn’t change the number.

Important: Adding zero: Let a be a number. Then

a + 0 = a.
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1.3. MULTIPLICATION

Exercises 

1.2.1 Compute 99 + 99 + 99 + 101 + 101 + 101.

1.2.2 Compute 1999 + 2001 + 1999 + 2001 + 1999 + 2001 + 1999 + 2001.

1.2.3 Compute (3 + 13 + 23 + 33 + 43) + (7 + 17 + 27 + 37 + 47).

1.2.4 Compute (1 + 2 + 3 + · · · + 49 + 50) + (99 + 98 + 97 + · · · + 51 + 50).

1.3 Multiplication

Problems 

Problem 1.7: Using the two pictures below, explain why 2 ⇥ 3 = 3 ⇥ 2.

Problem 1.8: By counting the dots in the picture below in two di↵erent ways, explain why

(2 ⇥ 3) ⇥ 4 = 2 ⇥ (3 ⇥ 4).

Problem 1.9: Compute 25 ⇥ 125 ⇥ 4 ⇥ 6 ⇥ 8.

Problem 1.10: Using the picture below, explain why 2 ⇥ 1 = 2.

Problem 1.11:

(a) Compute (5 + 6) ⇥ 7.

(b) Compute 5 + (6 ⇥ 7).
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5.2. SOLVING LINEAR EQUATIONS I

5.2 Solving Linear Equations I

An equation states that two quantities are equal. The most basic type of equation comes from
arithmetic. For example,

2 + 6 = 3 + 5.

You’ve already seen many examples of this sort of equation.

So far in this book, nearly every equation with variables has been used to say that two
expressions are equivalent, such as

a + b = b + a.

In this section, we introduce equations with a variable such that the equation is true for
only some values of the variable. Unfortunately, we use the same symbol, “=”, to mean that
two expressions are equivalent and to write equations that are only true for some values of a
variable.

For example, the equation x+ 3 = 9 does not tell us that x+ 3 is 9 for all values of x. If x = 3,
then x + 3 is 6, not 9, so the equation x + 3 = 9 is not true when x = 3. However, if x = 6, then
x + 3 is 9, so the equation x + 3 = 9 is true when x = 6. The solutions to an equation are the
values of the variables that make the equation true. So, x = 6 is a solution to x + 3 = 9.

We say that we solve an equation when we find all values of the variable that make the
equation true. The two most important tactics we use to solve equations are:

1. We can replace any expression with an equivalent expression. For example, in the equation

5x � 4x + 3 = 14,

we can simplify the left-hand side to x + 3, so the equation becomes

x + 3 = 14.

2. We can perform the same mathematical operation to both sides of the equation. For example,
starting with the equation x+ 3 = 14, we can subtract 3 from both sides of the equation to
get

x + 3 � 3 = 14 � 3.

Simplifying both sides of the equation then gives x = 11, and we have found the solution
to the equation. Looking back to the original equation, 5x� 4x+ 3 = 14, we see that when
we have x = 11, we get 5 · 11 � 4 · 11 + 3 = 14, which is indeed a true equation.

Important: If you add, subtract, multiply, or divide the expression on one side
of the equation by something, then you have to do the same to the
expression on the other side of the equation.
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CHAPTER 5. EQUATIONS AND INEQUALITIES

We often solve equations with one variable by performing operations on both sides of the
equation and simplifying expressions until the variable is alone on one side of the equation.
When we do this, we say that we isolate the variable.

In this section, we focus on solving linear equations. An equation is a linear equation
if every term in the equation is a constant term or is a constant times the first power of the
variable. So,

2x + 4x � 5 = 3 � 6x and 2y + 7 = 3 � 2y

are linear equations. The equations

x2 = 36 and
2

y3 � 5
= 19

are not linear equations.

Problems 

Problem 5.8: Consider the equation x � 12 = 289. We will solve this equation in several
di↵erent ways.

(a) Use your understanding of numbers to find a value of x that makes the equation true.

(b) Use the number line to find a value of x that makes the equation true.

(c) What number can be added to both sides of the equation to give an equation in which x
is alone on the left side?

(d) Use part (c) to solve the equation.

Problem 5.9: Solve the following equations:

(a) x � 42
3 = 24

5 (b) 4 � 51
5 = 2x + 3 � x + 31

5

Problem 5.10: Consider the equation 31x = 713.

(a) By what number can we divide both sides of the equation to give an equation in which
x is alone on the left side?

(b) Solve the equation.

Problem 5.11: Solve the following equations:

(a) 5t = �13

(b) 24 = �75y

(c)
u
7
=

3
14

(d) �2r
9
=

8
15
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5.2. SOLVING LINEAR EQUATIONS I

Problem 5.8: Solve the equation x � 12 = 289.

Solution for Problem 5.8: We present three di↵erent solutions.

Inspection. The equation means that 12 less than x equals 289. Since 289 is 12 less than x, we
know that x must be 12 more than 289. Therefore, x equals 289 + 12, which is 301.

Number Line. If we consider the number line, the equation x� 12 = 289 tells us that 289 is 12
steps to the left of x. This means that x is 12 steps to the right of 289, so x is 289 + 12 = 301.

288 289 290 291 292 293 294 295 296 297 298 299 300 301 302

Algebra. To solve the equation, we manipulate it until it reads x = (some number). Therefore,
we must get x alone on one side of the equation. To do so, we eliminate the �12 on the left side
by adding 12 to both sides of the equation:

x � 12 = 289
+ 12 = +12

x = 301

We have therefore isolated x on the left side of the equation. We can now see that the solution
to the equation x � 12 = 289 is x = 301.

Whichever method we use to solve the equation, we can check our answer by substituting
our solution, x = 301, back in to the original equation, x � 12 = 289, to get 301 � 12 = 289. This
equation is true, so our solution works. 2

Perhaps you noticed that each of our three solution approaches comes down to the same
key step, adding 12 to 289 to get our answer. The first uses words, the second uses pictures,
the third uses algebra. While logic and pictures are sometimes helpful in solving equations,
algebraic manipulations are by far the most generally useful tools to solve equations. Try using
algebra to solve the following equations.

Problem 5.9: Solve the following equations:

(a) x � 42
3 = 24

5 (b) 4 � 51
5 = 2x + 3 � x + 31

5

Solution for Problem 5.9:

(a) We isolate x by adding 42
3 to both sides:

x � 42
3 = 24

5

+ 42
3 = +42

3

x = 24
5 + 42

3
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CHAPTER 5. EQUATIONS AND INEQUALITIES

We finish by adding the mixed numbers on the right side:

x = 2
4
5
+ 4

2
3
= 2 + 4 +

4
5
+

2
3
= 6 +

12
15
+

10
15
= 6 +

22
15
= 6 + 1

7
15
= 7

7
15
.

This example shows how algebra can help keep our work organized and simple. If
we take a logic or picture approach, the fractions might lead to confusion. The algebraic
approach makes it very clear how to find the answer.

(b) We start by simplifying both sides of the equation. The left side is simply 4� 51
5 = �11

5 . On
the right side, we combine the two variable terms and combine the two constants:

2x + 3 � x + 3
1
5
= (2x � x) +

✓
3 + 3

1
5

◆
= x + 6

1
5
.

Now our equation is

�1
1
5
= x + 6

1
5

To solve this equation, we isolate x by subtracting 61
5 from both sides:

�11
5 = x + 61

5

�61
5 = � 61

5

�72
5 = x

We typically write the variable first when communicating the solution. The solution to the
original equation is x = �72

5 .

2

Concept: Isolate, isolate, isolate. The key to solving most equations is to get
the variable alone on one side of the equation.

Addition and subtraction are not the only tools we can use to solve linear equations.

Problem 5.10: Solve the equation 31x = 713.

Solution for Problem 5.10: We divide both sides of the equation by 31. This leaves x alone on
the left:

31x
31
=

713
31
.

Since 31x/31 = x and 713/31 = 23, we have x = 23. 2
In this solution we used division to change the coe�cient of x from 31 to 1. We could also

have viewed this as multiplying both sides of the equation by the reciprocal of the coe�cient
of 31x to give 1

31 · 31x = 1
31 · 713. The 1

31 and 31 cancel on the left, and we have x = 713
31 = 23.
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5.2. SOLVING LINEAR EQUATIONS I

Problem 5.11: Solve the following equations:

(a) 5t = �13

(b) 24 = �75y

(c)
u
7
=

3
14

(d) �2r
9
=

8
15

Solution for Problem 5.11:

(a) We isolate t by dividing both sides of the equation by 5:

5t
5
=
�13

5
.

Since 5t
5 simplifies to t, we have t = �13

5 as our solution.

(b) We divide both sides by �75:
24
�75

=
�75y
�75

,

so 24
�75 = y. We usually write the variable first, so we can write this equation as

y =
24
�75
.

We finish by simplifying the right-hand side:

y =
24
�75

= �24
75
= � 8

25
.

Therefore, the solution is y = � 8
25 .

We can check our answer by substituting y = � 8
25 in the original equation. We see that

�75 ·
⇣
� 8

25

⌘
does equal 24, so our answer is correct.

Important: When solving an equation, we can check our answer by substi-
tuting our answer back into the original equation. If the original
equation is not satisfied by our answer, then we probably made a
mistake and should solve the equation again.

(c) To get rid of the 7 in the denominator on the left side, we multiply both sides by 7:

7
✓u

7

◆
= 7
✓ 3
14

◆
.

We have 7
⇣

u
7

⌘
= 7u

7 = u and 7
⇣

3
14

⌘
= 3

2 , so the equation above simplifies to u = 3
2 .
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CHAPTER 5. EQUATIONS AND INEQUALITIES

(d) At first, it might look like we can’t isolate r with one step. But if we write � 2r
9 as
⇣
�2

9

⌘
r, we

have ✓
�2

9

◆
r =

8
15
.

Now, we can isolate r by multiplying both sides of the equation by the reciprocal of the
coe�cient of r. The reciprocal of �2

9 is � 9
2 , and multiplying both sides of the equation by

� 9
2 gives ✓

�9
2

◆ ✓
�2

9

◆
r =
✓
�9

2

◆ 8
15
.

The product of a number and its reciprocal is 1, so the left side simplifies to r, as planned.
We therefore have

r =
✓
�9

2

◆ 8
15
= �9

2
· 8

15
= �12

5
.

Checking our work, we find that when r = �12
5 , we have

�2r
9
= �2(�12/5)

9
= ��24/5

9
= �
✓
� 24

5 · 9
◆
=

24
45
=

8
15
.

So, the equation is indeed satisfied when r = �12
5 .

2

Exercises 

5.2.1 Solve each of the following equations:

(a) t + 235 = 137

(b) a +
7
9
=
�2
9

(c) �6
1

10
= �14 + c

(d) �2y + 2
3
5
+ 3y = 1

7
10

5.2.2 Solve each of the following equations:

(a) �7y = 343

(b) 16x = 3
1
3

(c)
x
5
=

6
7

(d) �5y
2
= �14

15

5.2.3 Solve the equation 5
1
4
� y = 19

3
4

.

5.2.4 Solve the equation
x � 3

7
= 2.

5.2.5 Solve the equation 3(r � 7) = 24.

5.2.6? Find the value of c such that x = 2 is a solution to the equation
x
c
= 3.
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5.3. SOLVING LINEAR EQUATIONS II

5.3 Solving Linear Equations II

Problems 

Problem 5.12: In this problem, we solve the equation 8t + 9 = 65.

(a) Isolate the 8t by subtracting an appropriate constant from both sides.

(b) Solve the resulting equation for t.

Problem 5.13: In this problem, we solve the equation 7 j � 4 + 3 j = 6 + 2 j � 4 j � 8.

(a) Simplify both sides of the equation by combining like terms.

(b) Add an expression to both sides of your equation from part (a) to give an equation in
which no variables are on the right-hand side.

(c) Solve the equation resulting from part (b).

(d) Check your answer! Substitute your value of j into the original equation. If it doesn’t
work, then do the problem again.

Problem 5.14: Solve the following equations:

(a) 8k � 132
5 = �12 1

25

(b) 4(t � 7) = 3(2t + 3)

(c)
2r � 7

9
= 3

(d)
3x + 4

5
=

2x � 8
7

Problem 5.15: Solve the following equations:

(a)
9
5
� 2x

3
=

6x
5
+

7
3

(b)
4 � 7t

6
=

t
8
+ 2

Problem 5.16:
(a) Find all values of w that satisfy 5w + 3 � 2w = w � 8 + 2w � 3.

(b) Find all values of z that satisfy 2z � 8 � 5z = 2 � 3z � 10.

Problem 5.17: For what value of c do the equations 2y� 5 = 17 and cy� 8 = 36 have the same
solution for y?

In the last section, we used addition and subtraction to solve some equations, and used
multiplication and division to solve others. To solve most linear equations, however, we’ll
have to use a combination of these tactics.
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CHAPTER 5. EQUATIONS AND INEQUALITIES

Problem 5.12: Solve the equation 8t + 9 = 65.

Solution for Problem 5.12: This equation doesn’t look exactly like any of the equations we
already know how to solve. It may not be obvious immediately how to isolate t. However, we
can isolate 8t by subtracting 9 from both sides:

8t + 9 = 65
� 9 = �9

8t = 56

Now we have an equation we know how to solve! We divide both sides by 8 to find t = 7.

We can check our work by substituting this value for t back into our original equation. We
find that 8(7) + 9 = 65, so our answer works.

We didn’t have to add first when we solved this equation. We could have divided first:

8t + 9
8
=

65
8
.

We can then distribute on the left side. Since

8t + 9
8
=

8t
8
+

9
8
= t +

9
8
,

we have
t +

9
8
=

65
8
.

We then subtract
9
8

from both sides of this equation to get t =
65
8
� 9

8
=

56
8
= 7, as before. 2

The equation in Problem 5.12 is not exactly like any of the equations we solved in the
previous section. However, we were still able to solve it with the same tools.

Concept: When solving an equation that isn’t exactly like an equation you
have solved before, try to manipulate it into a form you already
know how to deal with.

See if you can apply this strategy to the following problem.

Problem 5.13: Solve the equation 7 j � 4 + 3 j = 6 + 2 j � 4 j � 8.

Solution for Problem 5.13: Our first step is to simplify both sides of the equation. By grouping
like terms, the left-hand side of the original equation becomes

7 j � 4 + 3 j = (7 j + 3 j) � 4 = 10 j � 4.
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5.3. SOLVING LINEAR EQUATIONS II

The right-hand side of the original equation becomes

6 + 2 j � 4 j � 8 = (2 j � 4 j) + (6 � 8) = �2 j � 2.

Combining these results simplifies the original equation to

10 j � 4 = �2 j � 2.

We haven’t solved any equations in which the variable appears on both sides. We know how
to handle an equation if the variable only appears on one side. So, we add 2 j to both sides to
eliminate the variable from the right-hand side:

10 j � 4 = �2 j � 2
+ 2 j = +2 j
12 j � 4 = � 2

Now we have an equation we know how to solve! We add 4 to both sides to get 12 j = 2. We
then divide by 12 to find j = 2

12 =
1
6 . 2

We now have another strategy for solving linear equations.

Concept: If the variable appears on both sides of the equation, we can use
addition and subtraction to get all terms with the variable on the
same side of the equation.

Similarly, we use addition and subtraction to get all the constant terms on the other side of
the equation.

Here’s a little more practice.

Problem 5.14: Solve the following equations:

(a) 8k � 132
5 = �12 1

25

(b) 4(t � 7) = 3(2t + 3)

(c)
2r � 7

9
= 3

(d)
3x + 4

5
=

2x � 8
7

Solution for Problem 5.14:

(a) Adding 132
5 to both sides leaves the variable term on the left while putting all the constant

terms on the right:

8k = �12
1

25
+ 13

2
5
.
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Simplifying the right-hand side gives �12 1
25 +132

5 = (�12+13)+
⇣
� 1

25 +
2
5

⌘
= 1 9

25 , so we now
have

8k = 1
9

25
.

Multiplying both sides by 1
8 (which is the same as dividing both sides by 8) gives

k =
1
8
· 1 9

25
=

1
8
· 34

25
=

34
200
=

17
100
.

(b) First, we use the distributive property to expand both sides:

4 · t � 4 · 7 = 3 · 2t + 3 · 3.

Simplifying both sides gives
4t � 28 = 6t + 9.

Next, we get all the terms with t on one side of the equation and all the constants on the
other side. Subtracting 4t from both sides gives �28 = 2t+ 9. Subtracting 9 from both sides
gives �37 = 2t. Finally, dividing both sides by 2 gives t = � 37

2 .

(c) First, make sure you see why adding 7 to 2r�7
9 doesn’t “cancel the �7.” This is because

2r�7
9 + 7 equals 2r

9 � 7
9 + 7, which is 2r

9 +
56
9 . There’s still a constant term; the 2r

9 term is not yet
isolated.

Since 2r�7
9 equals 2r

9 � 7
9 , we add 7

9 to both sides of

2r
9
� 7

9
= 3

to eliminate the constant on the left side and isolate 2r
9 . Doing so gives us

2r
9
= 3 +

7
9
=

34
9
.

Multiplying both sides of 2r
9 =

34
9 by 9

2 gives r = 34
9 · 9

2 = 17.

We could have avoided fractions entirely by multiplying both sides of 2r�7
9 = 3 by 9 on

the first step to get 9 · 2r�7
9 = 27. Since

9 · 2r � 7
9
=

9(2r � 7)
9

=
9
9

(2r � 7) = 2r � 7,

the 9’s cancel on the left side of 9 · 2r�7
9 = 27 to leave 2r � 7 = 27. Adding 7 to both sides

gives 2r = 34, so r = 17, as before.

Checking our answer, we find that if r = 17, then 2r�7
9 =

2·17�7
9 = 27

9 = 3, as required.
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5.3. SOLVING LINEAR EQUATIONS II

(d) We start by getting rid of the fractions. We eliminate the denominator on the right by
multiplying both sides by 7:

7 · 3x + 4
5
= 7 · 2x � 8

7
.

The 7’s on the right-hand side cancel, because

7 · 2x � 8
7
=

7 · (2x � 8)
7

=
7
7
· 2x � 8

1
= 2x � 8.

So, we can write 7 · 3x+4
5 = 7 · 2x�8

7 as

7(3x + 4)
5

= 2x � 8.

Next, we multiply both sides by 5 to cancel the 5 in the denominator on the left-hand side:

5 · 7(3x + 4)
5

= 5(2x � 8).

The 5’s on the left cancel, and we are left with

7(3x + 4) = 5(2x � 8).

Expanding both sides gives

7(3x) + 7(4) = 5(2x) � 5(8).

Simplifying both sides gives 21x + 28 = 10x � 40, and now we’re in familiar territory.
Subtracting 10x from both sides gives 11x+ 28 = �40. Subtracting 28 from both sides gives
11x = �68. Dividing both sides by 11 gives x = � 68

11 .

2
Notice that multiplying both sides of

3x + 4
5
=

2x � 8
7

by the denominators of both fractions gave us

7(3x + 4) = 5(2x � 8).

Rather than performing these multiplications as two separate steps, we will often perform both
at once. Multiplying both sides of the original equation by 5 and by 7 gives

5 · 7 · 3x + 4
5
= 5 · 7 · 2x � 8

7
.
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The 5 on the left cancels with the 5 in the denominator on the left, and the 7 on the right cancels
with the 7 in the denominator on the right, leaving

7(3x + 4) = 5(2x � 8).

We call this process cross-multiplying.

Our last example above showed another way to simplify working with equations:

Concept: If you don’t like dealing with fractions, you can eliminate fractions
from a linear equation by multiplying both sides of the equation by
a constant that cancels the denominators of the fractions.

Let’s practice this strategy.

Problem 5.15: Solve the following equations:

(a)
9
5
� 2x

3
=

6x
5
+

7
3

(b)
4 � 7t

6
=

t
8
+ 2

Solution for Problem 5.15:

(a) Let’s get rid of the fractions right away. We multiply both sides of the equation by 3 to
cancel the denominators that are 3, and multiply by 5 to cancel the denominators that are
5. Therefore, we can take care of both at once by multiplying by 3 · 5 = 15. Using the
distributive property to expand, the left-hand side becomes

15
✓9
5
� 2x

3

◆
= 15 · 9

5
� 15 · 2x

3

=
15
5
· 9 � 15

3
· 2x

= 27 � 5 · 2x
= 27 � 10x.

Multiplying the right-hand side of the original equation by 15 gives

15
✓6x

5
+

7
3

◆
= 15 · 6x

5
+ 15 · 7

3

=
15
5
· 6x +

15
3
· 7

= 3 · 6x + 5 · 7
= 18x + 35.

Combining this with our simplified left-hand side gives

27 � 10x = 18x + 35.
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5.3. SOLVING LINEAR EQUATIONS II

We add 10x to both sides to get 27 = 28x+35. We subtract 35 from both sides to get�8 = 28x
and divide by 28 to find x = � 8

28 = �2
7 .

(b) We might start by multiplying both sides by 6 · 8 to cancel both denominators. However,
since lcm[6, 8] = 24, we can cancel both denominators by multiplying both sides by 24
instead of 48:

24
✓4 � 7t

6

◆
= 24

✓ t
8
+ 2
◆
.

Multiplying on the left-hand side and distributing on the right gives

24(4 � 7t)
6

= 24 · t
8
+ 24 · 2,

so
24
6

(4 � 7t) =
24
8

t + 48.

Dividing gives 4(4 � 7t) = 3t + 48. No more fractions! Expanding the left-hand side gives
us 16 � 28t = 3t + 48. Adding 28t to both sides and subtracting 48 from both sides gives
�32 = 31t. Dividing by 31 gives us t = � 32

31 .

2
So far, all the equations we have solved have had exactly one solution. This isn’t always the

case!

Problem 5.16:
(a) Find all values of w that satisfy 5w + 3 � 2w = w � 8 + 2w � 3.

(b) Find all values of z that satisfy 2z � 8 � 5z = 2 � 3z � 10.

Solution for Problem 5.16:

(a) We first simplify both sides. This gives us

3w + 3 = 3w � 11.

When we next try to get all the w terms on one side by subtracting 3w from both sides, we
have

3 = �11.

Uh-oh! What happened to the w’s? They all canceled. Worse yet, we are left with an
equation that can clearly never be true, since 3 cannot ever equal �11!

Since the equation 3 = �11 can never be true, we know that the original equation can
never be true either. That is, the original equation is not true for any value of w. We can see
why when we look back to the equation 3w + 3 = 3w � 11. The left-hand side is 14 greater
than the right-hand side, no matter what value of w we use.

We conclude that there are no solutions to the original equation.
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(b) Once again, we simplify both sides of the equation, which gives

�3z � 8 = �3z � 8.

Since both sides of the equation simplify to the same expression, we see that the equation
is always true! No matter what value of z we choose, the equation will always be true.
Therefore, all values of z satisfy the given equation.

2
We see now that some linear equations have no solutions, and others that are satisfied by

every value of the variable in the equation.

Important: If a linear equation can be manipulated into an equation that is
never true (such as 3 = �11), then there are no solutions to the
equation.

If the two sides of an equation are equivalent, such as in the equa-
tion �3z � 8 = �3z � 8, then all possible values of the variable
are solutions to the original equation. Similarly, if a linear equa-
tion can be manipulated into an equation in which both sides are
identical, then all possible values of the variable are solutions to
the original equation. (The one exception to this is if one of the
manipulations is multiplying both sides by 0, which is a pretty
silly thing to do to a linear equation!)

Problem 5.17: For what value of c do the equations 2y � 5 = 17 and cy � 8 = 36 have the
same solution for y?

Solution for Problem 5.17: We know how to handle the first equation, so let’s start there. By
solving the first equation for y, we can find the value of y that must satisfy both equations.
Adding 5 to both sides of 2y�5 = 17 gives 2y = 22. Dividing by 2 then gives y = 11. This value
of y must also satisfy cy� 8 = 36. So, when we substitute y = 11 into cy� 8 = 36, we must have
a true equation. This substitution gives

11c � 8 = 36.

Now that we have a linear equation for c, we can find c. Adding 8 to both sides gives 11c = 44.
Dividing by 11 then gives c = 4. 2

Extra!
‡‡‡‡

Archimedes will be remembered when Aeschylus is forgotten, because languages die
and mathematical ideas do not. “Immortality” may be a silly word, but probably a
mathematician has the best chance of whatever it may mean. –G. H. Hardy
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Exercises 

5.3.1 Solve the following equations:

(a) 2x + 5 = 11 (b)
1
3
= �1

1
2
� 6a (c) �7t + 19 = 61

5.3.2 Solve the following equations:

(a) 3y + 9 = 2y + 1 (b) 5x � 3 � x = 14 � 3x + 11 (c) 1000a + 218 = 998a + 232

5.3.3 If 3x � 2 = 11, then what is the value of 6x + 5?

5.3.4 Solve the following equations:

(a)
2
3

t +
4
5
= �1

2
(b)

1
2

(z + 3) =
1
3

(z � 7) (c)
4x
7
� 1

2
= �3

4
� 2x

5

5.3.5 Solve
2x + 7

5
= �1 � 3x

8
.

5.3.6 Solve the following equations:

(a) 2(z + 3) � 5(6 � z) = 8(3z + 3) � 4(1 � 2z)

(b)
m + 11

3
+

m � 2
6
=

2m � 1
12

(c)
p � 2

4
=

2p � 3
8

5.4 Word Problems

Most word problems can be solved using the following general method:

1. Read the problem carefully. Wait, I didn’t say that loud enough:

Read the problem carefully!
2. Convert the words to math.

3. Solve the math.

4. Convert your answer back to words.

5. Check your answer (and check to be sure that you answered the question that was asked).
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12
12
12
12

12
12
18

1
12

2
3
5

12
24

7
11

Choose always the way that seems the best, however rough it may be; custom will soon render it easy
and agreeable. – Pythagoras

CHAPTER12
Right Triangles and Quadrilaterals

12.1 The Pythagorean Theorem

le
g

hypotenuse

leg

In a right triangle, the side of the triangle opposite the right angle is called
the hypotenuse and the other two sides are called the legs of the triangle.
We also often use the terms “legs” and “hypotenuse” to refer the lengths of
the legs and hypotenuse of a right triangle.

In this section, we explore one of the most famous math theorems, the
Pythagorean Theorem, which is a powerful relationship among the sides of a right trian-
gle. We’ll start by walking through one of the many proofs of the Pythagorean Theorem.
(“Pythagorean” is pronounced “puh-thag-uh-ree-uhn.”)

Problems 

S

P Q

R

W

X

Y

Z

3

4 3

4

3

43

4

Problem 12.1: Four identical right triangles with legs of lengths 3
and 4 are attached to the sides of square WXYZ as shown, such that
PW = QX = RY = SZ = 3 and PX = QY = RZ = SW = 4.
(a) Explain why \PWS = 180�, and why PQRS is a square.

(b) What is the area of PQRS?

(c) Find the area of WXYZ.

(d) Find WX.
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S

P Q

R

W

X

Y

Z

a

b

c

Problem 12.2: In this problem, we follow in the steps of the pre-
vious problem to prove the Pythagorean Theorem. We start again
with four copies of a right triangle, attached to the sides of square
WXYZ as shown at the right. Let the lengths of the legs of each
triangle be a and b, as shown, and let the hypotenuse of each right
triangle have length c.

(a) Find the area of WXYZ in terms of c.

(b) Find the area of PQRS in terms of a and b.

(c) Find the area of WXYZ in terms of a and b.

(d) Show that a2 + b2 = c2.

Problem 12.3: Find the missing side lengths in each of the three triangles shown below.

7

25

C

B

A

S

T

U
5 8

X

Y

Z
7

p
15

Problem 12.4: Must the hypotenuse of a right triangle be the longest side of the triangle?
Why or why not?

Problem 12.5: In Problems 12.1 and 12.3, we have seen two right triangles in which all three
side lengths are integers. Can you find any more right triangles in which all three side lengths
are integers? Hints: 47

Problem 12.6:
(a) Find the hypotenuse of a right triangle whose legs are 3 · 4 and 4 · 4.

(b) Find the hypotenuse of a right triangle whose legs are 3 · 5 and 4 · 5.

(c) Find the hypotenuse of a right triangle whose legs are 3 · 2011 and 4 · 2011.

(d) Find the hypotenuse of a right triangle whose legs are 3
100101 and 4

100101 .

Problem 12.7: The length of one leg of a right triangle is 210 and the triangle’s hypotenuse
has length 750. What is the length of the other leg?
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S

P Q

R

W

X

Y

Z

3

4 3

4

3

43

4

Problem 12.1: Four identical right triangles with legs of lengths
3 and 4 are attached to the sides of square WXYZ as shown, such
that PW = QX = RY = SZ = 3 and PX = QY = RZ = SW = 4.
(a) Explain why \PWS = 180�, and why PQRS is a square.

(b) What is the area of PQRS?

(c) Find the area of WXYZ.

(d) Find WX.

Solution for Problem 12.1:

(a) Back on page 402, we learned that the acute angles of a right triangle add to 90�. Therefore,
in right triangle PWX we have

\PWX + \PXW = 90�.

Since triangles SWZ and PXW are identical, we have \SWZ = \PXW. Substituting this
into the equation above gives

\PWX + \SWZ = 90�.

We are told that WXYZ is a square, so \XWZ = 90�, and we have

\PWS = \PWX + \XWZ + \SWZ
= \PWX + 90� + \SWZ
= 90� + (\PWX + \SWZ)
= 90� + 90�

= 180�.

Therefore, \PWS is a straight angle. This means that W is on PS. Similarly, each vertex of
WXYZ is on one of the sides of quadrilateral PQRS. Each side of PQRS has length 3+4 = 7,
and each angle of PQRS is the right angle of one of the triangles. So, all the sides of PQRS
are congruent, and all the angles of PQRS are congruent, which means PQRS is a square.

(b) Since PQRS is a square with side length 7, its area is 72 = 49.

(c) Each right triangle has area (3)(4)/2 = 6 square units. Removing the four right triangles
from PQRS leaves WXYZ, so we have

[WXYZ] = [PQRS] � 4(6) = 49 � 24 = 25.

(d) The area of WXYZ is the square of its side length. Because the area of WXYZ is 25, its side
length must be

p
25, which equals 5.

2
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S

P Q

R

W

X

Y

Z

a

b

c

Problem 12.2: In this problem, we follow in the steps of the
previous problem to prove the Pythagorean Theorem. We start
again with four copies of a right triangle, attached to the sides of
square WXYZ as shown at the right. Let the lengths of the legs of
each triangle be a and b, as shown, and let the hypotenuse of each
right triangle have length c.

(a) Find the area of WXYZ in terms of c.

(b) Find the area of PQRS in terms of a and b.

(c) Find the area of WXYZ in terms of a and b.

(d) Show that a2 + b2 = c2.

Solution for Problem 12.2:

(a) Since WXYZ is a square with side length c, its area is c2.

(b) As in the previous problem, PQRS is a square, and the vertices of WXYZ are on the sides
of PQRS. Each side of PQRS has length a+ b, so the area of PQRS is (a+ b)2. We can expand
(a + b)2 with the distributive property:

[PQRS] = (a + b)2 = (a + b)(a + b)
= a(a + b) + b(a + b)
= a2 + ab + ba + b2

= a2 + ab + ab + b2

= a2 + 2ab + b2.

(c) The area of each of the right triangles is ab/2, so the four right triangles together have area
4(ab/2) = 2ab. We can find the area of WXYZ in terms of a and b by subtracting the areas of
the triangles from the area of PQRS:

[WXYZ] = [PQRS] � 4(ab/2)
= a2 + 2ab + b2 � 2ab
= a2 + b2.

(d) In part (a), we found that [WXYZ] = c2, and in part (c), we found that [WXYZ] = a2 + b2.
Equating our expressions for [WXYZ], we have

a2 + b2 = c2.

2
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Important: A

C Ba

b c

The Pythagorean Theorem tells us that in any
right triangle, the sum of the squares of the legs
equals the square of the hypotenuse. So, in the
diagram to the right, we have

a2 + b2 = c2.

Our work in Problem 12.2 is the same as the work we did in Problem 12.1, except that we
replaced the numbers in Problem 12.1 with variables a, b, and c in Problem 12.2.

Concept: Specific examples can sometimes be used as guides to discover
proofs.

The Pythagorean Theorem also works “in reverse.” By this, we mean that if the side lengths
of a triangle satisfy the Pythagorean Theorem, then the triangle must be a right triangle. So,
for example, if we have a triangle with side lengths 3, 4, and 5, then we know that the triangle
must be a right triangle because 32 + 42 = 52.

Let’s get a little practice using the Pythagorean Theorem.

Problem 12.3: Find the missing side lengths in each of the three triangles shown below.

7

25

C

B

A

S

T

U
5 8

X

Y

Z
7

p
15

Solution for Problem 12.3: What’s wrong with this solution:

Bogus Solution: Applying the Pythagorean Theorem to 4ABC gives

72 + 252 = BC2.

Therefore, we find BC2 = 49 + 625 = 674. Taking the square
root gives us BC =

p
674.
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7

25

C

B

A

This solution is incorrect because it applies the Pythagorean Theorem incorrectly.
Side BC is a leg, not the hypotenuse. Applying the Pythagorean Theorem to 4ABC
correctly gives

AC2 + BC2 = AB2.

Substituting AC = 7 and AB = 25 gives us 72 + BC2 = 252, so 49 + BC2 = 625.
Subtracting 49 from both sides gives BC2 = 576. Taking the square root of 576 gives
BC = 24. (Note that (�24)2 = 576 too, but we can’t have a negative length, so BC
cannot be �24.)

WARNING!!
j

Be careful when applying the Pythagorean Theorem. Make sure
you correctly identify which sides are the legs and which is the
hypotenuse.

S

T

U
5 8

Applying the Pythagorean Theorem to 4STU gives

ST2 + TU2 = SU2,

so we have 52 + 82 = SU2 from the side lengths given in the problem.
Therefore, we have SU2 = 25 + 64 = 89. Taking the square root gives us
SU =

p
89.

X

Y

Z
7

p
15

In 4XYZ, the Pythagorean Theorem gives us

XY2 + XZ2 = YZ2,

so 72 + (
p

15)2 = YZ2. This gives us 49 + 15 = YZ2, so YZ2 = 64 and YZ = 8.
2

WARNING!!
j

A common mistake when using the Pythagorean Theorem to
find the hypotenuse length of a right triangle is forgetting that
the hypotenuse is squared in the equation, too. One quick way
to avoid this error is to consider the three side lengths after
finding the hypotenuse.

For example, suppose a right triangle has legs of lengths 3
and 4. The hypotenuse clearly can’t be 32 + 42 = 25, because the
lengths 3, 4, and 25 don’t satisfy the Triangle Inequality. Taking
the square root of 25, we see that the hypotenuse should be 5,
not 25.

Problem 12.4: Must the hypotenuse of a right triangle be the longest side of the triangle?
Why or why not?
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Solution for Problem 12.4: Yes. The square of the hypotenuse equals the sum of the squares
of the legs. The sum of any two positive numbers is greater than both of the numbers being
added. So, the square of the hypotenuse must be greater than the square of each leg. Therefore,
the hypotenuse must be longer than each leg. 2

Problem 12.5: In Problems 12.1 and 12.3, we have seen two right triangles in which all
three side lengths are integers. Can you find any more right triangles in which all three side
lengths are integers?

Solution for Problem 12.5: There are lots and lots of right triangles in which all three side lengths
are integers! To search for some, we can list the first 20 positive perfect squares:

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, 324, 361, 400.

Then, we look for pairs of squares that add up to another square. We immediately see 9+16 = 25,
which is 32 + 42 = 52. We already saw this example in Problem 12.1. We also see 25+ 144 = 169,
which is 52 + 122 = 132. So, a right triangle with legs of lengths 5 and 12 has a hypotenuse with
length 13. We also find 64 + 225 = 289, which is 82 + 152 = 172. This gives us a right triangle
with 8 and 15 as the legs and 17 as the hypotenuse. 2

A Pythagorean triple is a group of three positive integers that satisfy the equation a2+b2 = c2.
So, for example, {3, 4, 5} is a Pythagorean triple, as are {5, 12, 13} and {8, 15, 17}. There are lots of
interesting patterns in Pythagorean triples. See if you can find more Pythagorean triples, and
look for patterns that you can use to find more Pythagorean triples.

We can find one such important pattern by looking back at our list of squares:

1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225, 256, 289, 324, 361, 400.

We find that 36 + 64 = 100, which is 62 + 82 = 102. Here, the side lengths are double those of
the first triangle we saw with sides of lengths 3, 4, and 5. We might wonder if tripling these
three side lengths also gives us another right triangle. Indeed, we see that 92 + 122 = 152, since
81 + 144 = 225. Let’s investigate further.

Problem 12.6:
(a) Find the hypotenuse of a right triangle whose legs are 3 · 4 and 4 · 4.

(b) Find the hypotenuse of a right triangle whose legs are 3 · 5 and 4 · 5.

(c) Find the hypotenuse of a right triangle whose legs are 3 · 2011 and 4 · 2011.

(d) Find the hypotenuse of a right triangle whose legs are 3
100101 and 4

100101 .

Solution for Problem 12.6:

(a) The legs have lengths 12 and 16. Letting the hypotenuse be c, the Pythagorean Theorem
gives us

c2 = 122 + 162 = 144 + 256 = 400.
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Taking the square root gives us c = 20. Notice that 20 = 5 · 4.

(b) The legs have lengths 15 and 20. Letting the hypotenuse be c, the Pythagorean Theorem
gives us

c2 = 152 + 202 = 225 + 400 = 625.

Taking the square root gives us c = 25. Notice that 25 = 5 · 5.

(c) The legs have lengths 6033 and 8044. Um, squaring those doesn’t look like much fun. Let’s
see if we can find a more clever way to solve this problem. We know that a right triangle
with legs 3 and 4 has hypotenuse 5. In part (a), we saw that if the legs of a right triangle
are 3 · 4 and 4 · 4, then the hypotenuse is 5 · 4. In part (b), we saw that if the legs of a right
triangle are 3 · 5 and 4 · 5, then the hypotenuse is 5 · 5. It looks like there’s a pattern!

Concept: Searching for patterns is a powerful problem-solving strategy.

It appears that if the legs of a right triangle are 3x and 4x, then the hypotenuse is 5x.
We can test this guess with the Pythagorean Theorem. Suppose the legs of a right triangle
are 3x and 4x. Then, the sum of the squares of the legs is

(3x)2 + (4x)2 = 32x2 + 42x2 = 9x2 + 16x2 = 25x2.

Since
(5x)2 = 52x2 = 25x2,

we have (3x)2 + (4x)2 = (5x)2, which means that the length of the hypotenuse is indeed 5x.

This means that we don’t have to square 6033 and 8044! A right triangle with legs of
lengths 3 · 2011 and 4 · 2011 has a hypotenuse with length 5 · 2011 = 10055.

(d) There’s nothing in our explanation in part (c) that requires x to be a whole number; it
can be a fraction, too! So, in a right triangle with legs of length 3 · 1

100101 and 4 · 1
100101 , the

hypotenuse has length 5 · 1
100101 =

5
100101 .

2
Our work in Problem 12.6 is an example of why knowing common Pythagorean triples is

useful. Any time we have a right triangle in which the legs have ratio 3 : 4, then we know
that all three sides of the triangle are in the ratio 3 : 4 : 5. As we saw in the final two parts of
Problem 12.6, this can allow us to find the hypotenuse quickly without using the Pythagorean
Theorem directly.

We can also sometimes use this approach to quickly find the length of a leg when we know
the lengths of the other leg and the hypotenuse.

Problem 12.7: The length of one leg of a right triangle is 210 and the triangle’s hypotenuse
has length 750. What is the length of the other leg?
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Solution for Problem 12.7: We find the ratio of the given leg length to the hypotenuse length,
hoping it will match the corresponding ratio in one of the Pythagorean triples we know. We
have 210 : 750 = 210

30 : 750
30 = 7 : 25, so the ratio of the given leg to the hypotenuse is 7 : 25.

This reminds us of the {7, 24, 25} Pythagorean triple that we saw in Problem 12.3. Since the
ratio of the known leg to the hypotenuse is 7 : 25, we know that all three sides are in the ratio
7 : 24 : 25. The first leg is 7 ·30 and the hypotenuse is 25 ·30, so the other leg of the right triangle
is 24 · 30 = 720. 2

Important: If we multiply all three side lengths of a right triangle by the same
positive number, then the three new side lengths also satisfy the
Pythagorean Theorem. In other words, if side lengths a, b, and
c satisfy a2 + b2 = c2, then (na)2 + (nb)2 = (nc)2, for any positive
number n.

Exercises 

12.1.1 Find the missing side lengths below:

Q

P

R T V

U

Y X

Z

9

12
3615

9 178

12.1.2 Bill walks 1
2 mile south, then 3

4 mile east, and finally 1
2 mile south. How many miles is

he, in a direct line, from his starting point? (Source: AMC 8)

12.1.3 Find a formula for the length of a diagonal of a rectangle with length l and width w.

12.1.4 The bases of a 39-foot pole and a 15-foot pole are 45 feet apart, and both poles are
perpendicular to the ground. The ground is flat between the two poles. What is the length of
the shortest rope that can be used to connect the tops of the two poles?

12

16 12

12.1.5 A square, a rectangle, a right triangle, and a semicircle are combined
to form the figure at the right. Find the area of the whole figure in square
units.

12.1.6? Find the hypotenuse of a right triangle whose legs have lengths
4900049 and 6300063.
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