CHAPTER

Chapter Objectives

This chapter will help you understand :
> Application of derivatives : Introduction, Rate of change of quantities; Increasing and decreasing functions; Tangents and
normal; Approximations; Maxima and Minima.

‘,@: Quick Review

science problems, especially when modelling the
behaviour of moving objects.

@ Know the Links

I https://www.whitman.edu/mathematics/calculus_online/
chapter06.html

I https://www.slideshare.net/iramkhan66/applications-of-
derivatives-56443012

= https://www.quora.com/What-are-the-applications-of-
derivatives-in-real-life

Derivatives help us to understand how larger things
are made from smaller things.

Derivative can tell you the instantaneous slope (dy/
dx) of this graph.

You predict by checking out the direction and
speed of their movement, i.e., the derivative of their
movement.

Derivatives are met in many engineering and

APPLICATION OF
DERIVATIVES

TIPS... #°
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The most basic way of calculating derivatives is us-
ing the definition.

The chain rule is the most important rule for taking
derivatives.

The product rule allows you to find derivatives of
functions that are products of other functions.

Implicit differentiation allows you to find deriva-
tives of functions expressed in a funny way that we
call implicit.

TR
.,

N

N: Take the Derivative with Respect to Time.
N: You need to translate the words carefully into

w Learn about derivatives of trigonometric functions.

= You'll take a derivative in a minute to get a rela-

ICKS... /"

tionship between the rates.

mathematical equations.

Multiple Choice Questions

(1 mark each)

Q. 1. The sides of an equilateral triangle are increasing
at the rate of 2 cm/sec. The rate at which the area
increases, when side is 10 cm is :

(@) 10 cm%/s

(€) 103 cm?/s

(b) V3 ecm?/s
(d) 1?0 cm?’/s

[NCERT Exemp. Ex. 6.3, Q. 35, Page 138]

Ans. Correct option : (c)

Explanation : Let the side of an equilateral triangle
be x cm.

NE

.. Area of equilateral triangle, A = e x

0

@:2 cm/s

Also,
dt
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On differentiating equation (i)

with respect to ¢, we get

dd 3 . dx
— =—2x—
dt 4 dt

= £.2.10.2

4
['.‘x =10 and @: 2}
dt
=10+/3 cm?/s

Q. 2. A ladder, 5-meter long, standing on a horizontal
floor, leans against a vertical wall. If the top of the
ladder slides downwards at the rate of 10 cm/sec,
then the rate at which the angle between the floor
and the ladder is decreasing when lower end of
ladder is 2 metre from the wall is :

(a) lradian/sec (b) lradiam/sec:
10 20

(c) 20 radian/sec (d) 10 radian/sec
[NCERT Exemp. Ex. 6.3, Q. 36, Page 138]

Correct option : (b)

Explanation : Let the angle between floor and the

ladder be 6.

Let AB = xcm and BC = y cm

Ans.

A
A
&
&
N X
S
0
v
C< y >B
sinf=—>— and cos@ =—2—
500 500
= x=500sind and y =500cos &
Also, & =10 cm/s
dt

= 500.(‘,059.% =10 cm/s

- dg 10 1
dt 500cos@ 50cos@
For y=2m=200 cm,
0 __ 110
dt SO.L y
500
:izirad/s
200 20

Q. 3. The curve y =x"* has at (0, 0)
(a) avertical tangent (parallel to y-axis)
(b) a horizontal tangent (parallel to x-axis)
(c) an oblique tangent
(d) no tangent
[NCERT Exemp. Ex. 6.3, Q. 37, Page 138]
Ans. Correct option : (a)

(@
(©

Ans.

Explanation : Given that, y = x'”

On differentiating with respect to x, we get

dy_ 11
dx 5 5
[d—yj :l><(0)’4/5 =
ax ). S

So, the curve y = x'° has a vertical tangent at (0, 0),
which is parallel to y-axis.

. The equation of normal to the curve 3x’ -y’ =8

which is parallel to the line x +3y =8 is
3x-y=8 (b) 3x+y+8=0
x+3y+8=0 (d) x+3y=0

[NCERT Exemp. Ex. 6.3, Q. 38, Page 139]
Correct option : (c)
Explanation : We have, the equation of the curve is

2 2

-y =8 )
Also, the given equation of the lineis x+3y =8 .
=3y=8-x

x 8
= y:—g"rg

Thus, slope of the line is —% which should be equal

to slope of the equation of normal to the curve.
On differentiating equation (i) with respect to x, we
get

dy
6x—2y—==0
* ydx
2d—y:6—x:3—x2510pe of the curve
dx 2y y

Now, slope of normal to the curve
1 1 y

BNEIN

= y=Xx

On substituting the value of the given equation of
the curve, we get

3 x> =8

= 2x* =8

= =4
= x=12
For x=2
32 -y’ =8
= y' =4
= y==%2
and for x=-2,
(=2 -y’ =8
= y =4
= y=12
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So, the points at which normal is parallel to the
given line are (*2, £2).
Hence, the equation of normal at (+2, £2) is

= y—&@=—éh—&%]
= 3y - (£2)] =[x - (22)]

wox+3yx8=0
Q.5. If the curve ay+x’=7 and x’=y, cut
orthogonally at (1, 1), then the value of a is :
(@) 1 (b) 0
(c) -6 (d) 6

[NCERT Exemp. Ex. 6.3, Q. 39, Page 139]
Ans. Correct option : (d)
Explanation : Given that, gy +x*=7 and x’ =y
On differentiating with respect to x in both
equations, we get

a.d—y+2x:0and 3x? 4y
dx dx

A _ 2% nd Wz

dx a dx
:(d—yj :_—2:1111 and [d—yj =3.1=3=m,

dx )., a X )y
Since, the curve cuts orthogonally at (1, 1).
S omm, =—1
= [;2)3 =-1
a

: a=6

Q. 6. If y=x*-10 and if x changes from 2 to 1.99, what
is the change in y
(a) 0.32
(c) 5.68

(b) 0.032
(d) 5.968
[NCERT Exemp. Ex. 6.3, Q. 40, Page 139]
Ans. Correct option : (a)
Explanation : Given that,

y=x'-10
On differentiating with respect to x, we get
= dy _ 4x*
dx
and Ax =2.00-1.99 =0.01
dy
Ay =—=xAx
Y dx
=4x* x Ax
=4x2°%0.01
=32x0.01
= 0.32
So, the approximate change in y is 0.32.
Q.7. The equation of tangent to the curve
y(l +x ) =2-x , where it crosses x-axis is :
(@) x+5y=2 (b) x-5y=2
(c) 5x-y=2 (d) 5x+y=2

[NCERT Exemp. Ex. 6.3, Q. 41, Page 140]
Ans. Correct option : (a)
Explanation : Given that the equation of curve is

y(l+x')=2-x (i)

On differentiating with respect to x, we get

g y.(0+2x)+(1+x2).d—y:071
dx

= 2xy+(l+x2)d—y:—1

dx

dy _—1-2xy .
= Fira ...(ii)

Since, the given curve passes
through x-axis, i.e., y =0
0(1+x*)=2-x [By using Eq. (i)]
= x=2
So, the curve passes through the point (2, 0).

(dlj _-1-2x0_ 1
dx )y o  142° 5
= Slope of the curve

1
.. Slope of tangent to the curve= -3

.. Equation of tangent of the curve
passsing through (2, 0) is

y-0=-1(x-2)

= yta=+
Y 5
=>5y+x=2

[V S}

Q. 8. The points at which the tangents to the curve
y=x"-12x +18 are parallel to x-axis are :
(a) (2/ _2)/ (_2/ _34) (b) (2/ 34)/ (_2/ 0)
(C) (0/ 34)/ (_2/ 0) (d) (2/ 2)/ (_2/ 34)
[NCERT Exemp. Ex. 6.3, Q. 42, Page 139]
Correct option : (d)
Explanation : The equation of the curve is given by

y=x'-12x+18

Ans.

On differentiating with respect to x, we get

d—y=3x2 -12
dx

So, the slope of line parallel to the x-axis,

=2 —12x2+18=2
x=-2,
y=(-2)' —12x(-2)+18 =34
So, the points are (2, 2) and (-2, 34).
Q. 9. The tangent to the curve y = e** at the point (0, 1)

meets x-axis at :
1
-=,0
® [-30]

@ (0, 1)
(©) (2,0) (d) (0,2)
[NCERT Exemp. Ex. 6.3, Q. 43, Page 139]

o b
For x=2,
Y

and for
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Ans.

Q. 10.

(©)

Ans.

Correct option : (b)

Explanation : The equation of the curve is given by
2x

y=e

Since, it passes through the point (0, 1).

- (%

.. Equation of tangent is
y—1=2(x-0)
y=2x+1

dy =e2=2¢"
dx

=2e"=2
1

= Slope of tangent to the curve.

=

Since, tangent to the curve ¥ = ™ atthe point (0, 1)
meets x-axis, i.e., y=0 .
0=2x+1

X=——
2

So, the required point is (—%, Oj.

The slope of tangent to the curve
x=t"+3t-8, y=2t"-2t-5 at the point (2, -1)
is:
22 6
7 ®)y 7
-6
7 (d) -6

[NCERT Exemp. Ex. 6.3, Q. 44, Page 139]
Correct option : (b)
Explanation : The equation of the curve is given by
x=t+3t-8andy=2t"-2t-5

d—x:2t+3 and d—y=4t—2
dt dt

dy
dy g 4t-2
de dx  2t43

dt ..(i)
Since, the curve passes through the point (2, —1).

2=t +3t-8
and —1=2-2t-5
= £ +3t-10=0
and 202 -2t -4=0
= £ +5t-2t—-10=0
and 202 +2t—4t—4=0
= t(t+5)-2(t+5) =0
and 2t(t+1)—4(t+1) =0
= (t-2) (t-5) =0
= t=2,5
and (2t-4) (t+1) =0
= t=-1, 2
At t=2, we get

Slope of the tangent,

[dl] _4x2-2 6
dx ), 2x2+3 7

[By using Eq. (i)]

Q. 11. two curves

The x*=3xy*+2=0 and

3x*y -y’ —2=0 intersect at an angle of

(b)

(d)
[NCERT Exemp. Ex. 6.3, Q. 45, Page 140]

(@
(©

pja &~a
ala w|a

Ans. Correct option : (c)
Explanation : Given that, equations of two curves
are given by
x*=3xy* +2=0 and 3x’y -y’ -2=0
On differentiating with respect to x, we get
= 3x2—3[x.2y.d—y+yz.l}+0:0

dx
and 3[}(2 dy y.2x} —3y2d—y— 0=0
d dx

X

= 3x.2yd—y+3y2 =3x’
dx
and 3y LAWY 6xy
dx dx
2 2
- dl: 3x° -3y
dx 6xy
and dy__ 6y
dx 3y’ -3x°
2 2
- (iy} _3-y)
dx 6xy
and (d—yj = b
dx) 3y’ -3x°
2 2
m=2"Y
2xy
—2xy
2= -y
2.2 _
m,.m, :ux% =-1
2y Xy

Hence, both the curves are intersecting at right angle,

i.e., making % with each other.

Q.12. The interval on which the function
f(x)=2x"+9x" +12x -1 is decreasing is :
(@) [-1, =) (b) [-2,-1]
() (==, -2] (d) [-1,1]

[NCERT Exemp. Ex. 6.3, Q. 46, Page 140]
Ans. Correct option : (b)
Explanation : Given that,
f(x)=2x"+9x" +12x -1
f(x)=6x"+18x+12
=6(x" +3x+2)
= 6(x + 2)(x+ 1)

So, f’(x) <0 , for decreasing.

On drawing number lines as below :
_tve — +ve

~ T T 7z
-2 -1
We see that f’(x) is decreasing in [—2, —1].
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Q.13.

(@
(b)
(©)
(d)

Ans.

Q. 14.

(@)
(©

Ans.

Q.15.

(@)
(b)
(©)
(d)

Ans.

Letthe f: R — R be defined by f(x)=2x+ cosx
,thenf:
has a minimum at x =7
has a maximum, at x =0
is a decreasing function
is an increasing function
[NCERT Exemp. Ex. 6.3, Q. 47, Page 140]
Correct option : (d)
Explanation : Given that,
f(x)=2x+cosx

Differentiating with respect to x, we get
f(x)=2+(-sinx)

=2-sinx

Since, f’(x) >0,Vx eR
Hence, f(x) is an increasing function.

y=x(x-3)" decreases for the values of x given

by :
1<x<3 (b) x<0
x>0 (d) 0<x<§

[NCERT Exemp. Ex. 6.3, Q. 48, Page 140]
Correct option : (a)
Explanation : Given that,

y=x(x-3)
.'.d—y:x.z(x—3).1 +(x-3).1
dx

=2x* —6x+x>+9—6x

=3x" —12x+9
=3(x* -3x—x+3)
=3(x-3)(x-1)

So, y= x(x - 3)2 decreases for (1, 3).

[Since, y’ <0 forallx (1, 3), hence y is decreasing
on (1, 3)].

The function

f(x)=4sin’ x - 6sin’ x + 12sinx + 100 is strictly

3P
increasingin ' 2

.
3

decreasing in [ ’2)

[NCERT Exemp. Ex. 6.3, Q. 49, Page 140]
Correct option : (b)
Explanation : Given that,

f(x)=4sin’x - 6sin’ x +12sinx +100

P
decreasing in ( 2’
P
decreasing in | 2

On differentiating with respect to x, we get
f'(x)=12sin’ x.cosx —12sin x.cosx +12cosx

lz[sin2 X.COSX — Sin X.cosXx + cosx}

Q. 16.

(@
(©)

Ans.

Q.17.

(@
(b)
(0
(d)

An.s

Q.18.

(@)
(©)

Ans.

12cosx[sin2 x—sinx + IJ
= f'(x)= 12cosx[sin2x+ 1(1 —sinx)}
1-sinx >0 and sin*x >0

sinx+1—-sinx >0

Hence, f'(x)>0, when cosx >0, i.e., x € (Tﬁ %j
So, f (x) is increasing whenxe(_ ZJ

and f’(x) <0, when cosx <0, ie., xe (72[ 2”]

RV

z o
2" 2

Ne—

Hence, f'(x) is decreasing when x e [
Since,

T T 3w

—, 7T |e| —,—

2 2 2
Hence, f(x) is decreasing in (%,ﬂ').

Which of the following functions is decreasing on

v

sin2x (b) tanx
cosx (d) cos3x

[NCERT Exemp. Ex. 6.3, Q. 50, Page 140]
Correct option : (c)

3
Explanation : In the given interval [0’2j
f(x) = cos x
On differentiating with respect to x, we get
f(x) =-sinx

which gives f'(x)<0 in (O,ZJ

i

Hence, f(x)=cosx is decreasing in [O,Ej .

The function f (x) =tanx-x

always increases

always decreases

never increases

sometimes increases and sometimes decreases
[NCERT Exemp. Ex. 6.3, Q. 51, Page 140]

Correct option : (a)

Explanation : We have,

f(x)=tanx—x

On differentiating with respect to x, we get

f(x)=sec’x-1

= f'(x)>0,VxeR

So, f(x) always increases.

If x is real, the minimum value of x> —8x+17 is

-1 (b) O
1 (d) 2

[NCERT Exemp. Ex. 6.3, Q. 52, Page 141]
Correct option : (c)

Explanation : Let,
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f(x)=x*-8x+17
On differentiating with respect to x, we get
f(x)=2x-8
So, f'(x)=0
=2x-8=0
2x=8
x=4
Now, Again on differentiating with respect to x, we
get
f7(x)=2>0,Vx
So, x = 4 is the point of local minima.
Minimum value of f(x) atx = 4
f(4) = 4x4—8x4+17 = 1

=

Q.19. The smallest value of the polynomial
x* —18x* +96x in [0, 9] is
(a) 126 (b) 0
(c) 135 (d) 160
[NCERT Exemp. Ex. 6.3, Q. 53, Page 141]
Ans. Correct option : (b)

Explanation : Given that, the smallest value of
polynomial is x° - 18x” + 96x

On differentiating with respect to x, we get
f'(x)=3x"- 36x+96

So,

f(x)=0

= 3x?-36x+96=0

=3(x —12x+32) =0

= (x-8)(x-4)=0

= x=8,4¢€[0,9]

We shall now calculate the value of f at these points
and at the end points of the interval [0, 9], i.e., at x
=4andx =8andatx=0and atx = 9.

f(4)=4"-18.4"+96.4
=64-288+384
=160
f(8)=8-18.8+96.8
=128
f(9)=9"-18.97+96.9
=729-1458+864
=135
and f(0)=0’-18.0 +96.0
=0
Thus, we conclude that absolute minimum value of
fon [0, 9] is 0 occurring at x = 0.

Q. 20. The function f(x) =2x>-3x"*-12x +4, has
(a) two points of local maximum
(b) two points of local minimum
(c) one maxima and one minima
(d) no maxima or minima
[NCERT Exemp. Ex. 6.3, Q. 54, Page 141]
Ans. Correct option : (c)
Explanation : We have,

f(x)=2x"- 32> - 12x+4
f'(x)=6x"- 6x-12
Now, f'(x)=0
6(x* - x-2)=0
6(x+1)(x-2)=0
x=-land x=+2

On number line for f (x), we get
<~ — —>
-1 2
Hence, x=—1is point of local maxima and x = 2 is
point of local minima.
So, f(x) has one maxima and one minima.
Q. 21. The maximum value of sin x.cos x is
1 1
@ 4 (b) 2
© V2 @ 2v2
[NCERT Exemp. Ex. 6.3, Q. 55, Page 141]
Ans. Correct option : (b)
Explanation : Letusassumethat, f(x)=sin x.cos x

Now, we know that

. 1.
sinx.cosx = Esm 2x

f'x)= %.COSZX.Z =C0s2x

Now, f'(x)=0

= cos2x =0

V4
= cos2x = COSE

3
= x==—
4
4

Also, f"(x) .€os2x = —2.sin2x

:dx

[fn(x)] = —Zsinz.ﬁ - —ZSinﬁ - .2<0
atxfl 4 2

T . . T. . .
At 7 1s maximum and i point of maxima.

f(zjzl.sinz.z:1
4) 2 4 2
5{, f(x]:Zsin3x+3c0s3x is:
(a) maximum

(b) minimum
(c) zero
(d) neither maximum nor minimum
[NCERT Exemp. Ex. 6.3, Q. 56, Page 141]
Ans. Correct option : (d)
Explanation : Given that,
f(x)=2sin3x + 3cos3x
f'(x)=2.cos3x.3+ 3(- sin3x).3
f'(x)=6cos3x - 9sin3x
f"(x)=-18sin3x - 27cos3x
=-9(2sin3x + 3cos3x)

Q.22. At x=

Now,
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Q.23.

(@)
(©

Ans.

Q.24.

(@)
(©

Ans.

(2232 -an{3.2)

= 6coss—”—9sin5—7[
2 2

= 6cos(27r+£ —9sin| 27 +£]
2 2

=0-9
#0

5 .
So, X = ?ﬂ cannot be point of

maxima or minima.

Sz . .
Hence, f(x) atx = o is neither
maximum nor minimum.

Maximum slope of the curve y = -x’ +3x*+9x - 27
is:
0 (b) 12
16 (d) 32

[NCERT Exemp. Ex. 6.3, Q. 57, Page 141]
Correct option : (b)
Explanation : Given that,

y=-x +3x>+9x 27

dy _ -3x* + 6x + 9 = Slope of the curve

dx
2
and d—g: —6x+6=—6(x—1)
dx
4y _
dx*
= —6(x-1)=0
= x=1>0
3
Now, 4¥ - 6<0
dx
So, the maximum slope of given curve is at x =1.
(d—y) =-3.1+6.1+9=12
dx/ .,
f(x)=x" has a stationary point at
1
x=e ®) *=,
x=1 (d) x=+e

[NCERT Exemp. Ex. 6.3, Q. 58, Page 141]
Correct option : (b)
Explanation : We have,

flx)=x"
Let y = x"andlogy = x.log x

ld—y = x.l+ log x.1
y dx x
dy :
= —==(1+logx).x
x
Y _g
dx
= (I+logx)x* =0
= logx=loge™
= x=¢e"

Q. 25.
(@

(©)

Ans.

()
(©

Ans.

Q.27.

(a) 116
(c) 90

1
X=—
e

=

. . 1
Hence, f(x) has a stationary point at x =—.
e

1Y
The maximum value of (;j is:
e (b) ¢
1

(d (e
[NCERT Exemp. Ex. 6.3, Q. 59, Page 141]
Correct option : (c)
Explanation :

Let y= [lj
x

1
= logy=x.log—
x

ld—y = xl(—%j + logl.l
yde 1 «x x

1/e

el/e

X

=—1+logl
x

-t
dx X X

Now, d—y =0

. 1 .
Hence, the maximum value of f [f] =(e)"".
e

. Choose the correct option.

The rate of change of the area of a circle with
respect to its radius r, atr = 6 cm is
107 (b) 127
8 (d) 117

[NCERT Ex. 6.1, Q. 17, Page 198]
Correct option : (b)
Explanation : The area of a circle (A) with radius (r)
is given by, A=m71?
Therefore, the rate of change of the area with
A _ i(7[1’2) =2y
dr dr
=27x6=127 cm?/s

respect to its radius, r is

dA
. Whenr=6cm, g,

Hence, the required rate of change of the area of a
circle is 1277 cm /s.
The total revenue in Rupees received from the sale of
x units of a product is given by R(x) =3x"+36x+5.
The marginal revenue, whenx = 15 is

(b) 96

(d) 126
[NCERT Ex. 6.1, Q. 18, Page 199]
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Ans. Correct option : (d)
Explanation : Marginal revenue (MR) is the rate of
change of total revenue with respect to the number
of units sold. Therefore,

dR
MR = "5, =3(2x) + 36 = 6x + 36
~ When x = 15,

MR = 6(15) + 36 = 90 + 36 = 126
Hence, the required marginal revenue is < 126.
Which of the following functions are decreasing

T
0,—
on (0.%)

(a) cosx
(c) cos 3x

Q. 28.

(b) cos 2x
(d) tanx
[NCERT Ex. 6.2, Q. 12, Page 206]
Correct options : (a) and (b)
Explanation :
(a) Letf(x)=cosx
S ff (x)=—sin x

Ans.

ARV
In interval (0' o) Ji/(x) = =sinx <0

~fi(x)=cos x is strictly decreasing in interval

o)

(b) Let f,(x)= cos2x.
-~y (x)=—2sin2x.

Now, O<x<%

= 0<2x<rm
= sin2x>0
= —-2sin2x<0

f,'(x)=—2sin2x <0 on [o, %j
o f(x)=cos2x is strictly decreasing at interval

0, =
2
(c) Let f3(x)=cos3x
£,'(x) =—-3sin3x
Now, f,'(x)=0
= sin3x =0

= 3x=rx
As X e (O, Ej
2
7
= x==
3
The point x = Z divides the interval x=2 into

3
two disjoint intervals, i.e., O,E and E,E .
3 3°2
Now, in interval (0,%], f;(x)=-3sin3x <0
['.-0<x<§:0<3x<7z}

f; is strictly decreasing at interval [O,gj.

However, in interval [%,gj, f;(x)=-3sin3x >0
Vil Vs 3r
=< X<—=> <3 x<—
3 2 2

T
« fis strictly increasing at interval (3,2j .

Hence, f is neither increasing nor decreasing at
interval (0,72[ .

(d) Letf,(x)=tan x.
o fy (x)=sec2x

In interval (0,72[], f,'(x)=sec’x>0

. . . . . 4
« fis strictly increasing at interval (0,2)
Therefore, functions cos x and cos 2x are strictly
z
decreasing at interval [sz

Q. 29. On which of the following intervals is the function
f given by f(x) = '™ + sin x - 1 decreasing?

T
@ ©,1) b) [E,p]

(c) [O,EJ (d) None of these
2 [NCERT Ex. 6.2, Q. 13, Page 206]
Ans. Correct option : (d)
Explanation : We have,
f(x) = x'P+sinx—1
= £ (x)=100x""+cosx
In interval (0, 1), cosx>0 and 100x”>0.
~f(x)>0

Thus, function f is strictly increasing in interval (0, 1).
In interval (Z,ﬁj,cosx <0 and 100x” >0

Also, 100x” > cosx.
S f'(¢)>0in (%,ﬂj

This function f is strictly increasing in interval

2

In interval (O,%], cosx >0 and 100x” > 0.
Also, 100x” + cosx > 0.

= f'(x)>0in [o,%)

7
~ fis strictly increasing at interval (O'Zj .

Hence, function f is strictly decreasing in none of
the intervals.
Q. 30. The interval in which y = x%™ is increasing is
(a) (_OOI OO) (b) (_21 0)
(©) (2,0) (d) (0,2)
[NCERT Ex. 6.2, Q. 19, Page 206]
Ans. Correct option : (d)
Explanation : Given that,
y=x%"
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Q.31.

(@)
(©

Ans.

Q. 32.

(@)
(©

Ans.

4y _ 2xe™ —x’e ™ =xe (2 -x)

dx
Now, ﬂ =0
dx
= x=0and x=2

The points x = 0 and x = 2 divide the real line into
three disjoint intervals i.e., (=0, 0), (0, 2) and (2, «).
In intervals (—o, 0) and (2, »), f(x)<0 as e™* is
always positive.

=~ fis decreasing on (—oo, 0) and (2, )

In interval (0, 2), f (x)>0

~ fis strictly increasing on (0, 2).

Hence, fis strictly increasing in interval (0, 2).
Choose the correct answer.

The slope of the normal to the curve y = 2x* + 3
sinxatx =0is

3 (b) %

1
d) ——
()3

[NCERT Ex. 6.3, Q. 26, Page 213]
Correct option : (d)
Explanation : The equation of the given curve is
y=2x>+3sinx.
Slope of the tangent to the given curve at x = 0 is
given by,
dy
dx

Hence, the slope of the normal to the given curve
atx=0is

-3

} =4x+3cosx] _,=0+3cos0=3
atx=0

-1 -1
Slope of the tangentatx=0 3
The line y = x + 1 is a tangent to the curve y* =
4x at the point
(1,2)
(11 _2)

(b) (2,1)

(d) (-1,2)
[NCERT Ex. 6.3, Q. 27, Page 213]
Correct option : (a)
Explanation : The equation of the given curve is
yP=4dx
Differentiating with respect to x, we have

dy
2y—~-=4
ydx
:dl:g

dx y

Therefore, the slope of the tangent to the given
curve at any point (x, y) is given by

dy 2

dx y

The given line is y = x + 1 (which is of the form, y
=mx + c)

= Slope of the line = 1

The line y = x + 1 is a tangent to the given curve
if the slope of the line is equal to the slope of the
tangent. Also, the line must intersect the curve.
Thus, we must have

Q. 33.

(@)
(©)

Ans.

Q. 34.

(@)
(©)

Ans.

Q. 35.

(@)
(©

Ans.

2.
y

y=2
Now,y=x+1

=

= x=y-1

= x=2-1=1

Hence, the line y=x+1 is a tangent to the given
curve at the point (1, 2).

If f(x) = 3x* + 15x + 5, then the approximate value
of f(3.02) is
47.66

67.66

(b) 57.66

(d) 77.66
[NCERT Ex. 6.4, Q. 8, Page 216]
Correct option : (d)
Explanation : Let x = 3 and Ax = 0.02. Then, we
have

£(3.02) = f(x +Ax) =3(x + Ax)* +15(x + Ax) +5

Now, Ay= f(x+Ax)— f(x)

= f(x+Ax) = f(x)+ Ay
= f(x)+ f'(x)Ax (As dx = Ax)

= f(3.02) ~ (3x* +15x +5)+ (6x +15)Ax
=[3(3)? +15(3) + 5] +[6(3) + 15](0.02)

[Asx =3, Ax=0.02 ]

=(27+45+5)+(18+15)(0.02)
=77+(33)(0.02)
=77+0.66

=77.66
Therefore, the approximate value of £(3.02) is 77.66.
The approximate change in the volume of a cube

of side x metres caused by increasing the side by
3% is

0.06 x> m® (b) 0.6 x> m®
0.09 x> m® (d) 0.9 x3 m®

[NCERT Ex. 6.4, Q. 9, Page 216]
Correct option : (c)

Explanation : The volume of a cube (V) of side x is
given by V = »°.
SdV = (d—vj Ax
dx
=(3x")Ax
=(3x)(0.03x)
=0.09x° m®
Hence, the approximate change in the volume of
the cube is 0.09x° m°.
Choose the correct answer.
The point on the curve x* = 2y which is nearest to
the point (0, 5) is
(2V2,4)
(0,0

[As 3% of x is 0.03x]

(b) (242,0)
(d) (22)
[NCERT Ex. 6.5, Q. 27, Page 234]
Correct option : (a)
Explanation : The given curve is x* = 2.
For each value of x, the position of the point will be



232 | OSWAAL NCERT SOLUTIONS — Textbook + Exemplar - MATHEMATICS : Class-XI|

xZ
Let P [xfzj and A(0, 5) are the given points.

Now distance between the points P and A is given
by,

mopaa[®s)
PA—\/(x 0) ++[2 5]

P 2
:>PA2:(x—O)2+£);—5]

4
= PA? :xz+%+25—5x2

4
= PA? :%—4x2+25

= PA* =y’ -8y +25 (As, x* =2y)
Let us denote PA? by Z. Then,

Z=1*—8y+25
Differentiating both sides with respect to y, we get
4z =2y-8
dy
For maxima or minima, we have
i _,
dy
= 2y-8=0
= y=4
a’Z _
dy?
Now,
2
{d %} =2>0
dy -
Now, x*=2y
= x*=2x4
= X’ =8

= x=22 orx =-22
So, Z is minimum at (2v/2, 4) or (-2+/2, 4).
Or, PA’ is minimum at (2+/2, 4) or (- 2+/2, 4).

2
X jand
2

So, distance between the points P(x,

A(0, 5) is minimum at (2\/5, 4)or (- 22, 4).
Q. 36. For all real values of x, the minimum value of
1-x+x*| |

T+x+x?| ®
(@ 0

(c) 3

(b) 1
1
(d) 3
[NCERT Ex. 6.5, Q. 28, Page 234]
Ans. Correct option : (d)

1—x+x°
Explanation : Let we assume that f(X) =|————

1+x+x°
On differentiating with respect to x, we have

...f,(x):(1+x+xz)(—l+2x)—(1—x+x2)(1+2x)
(+x+x)

14 2x—x42x7 -0 4200 —1-2x+x+2x° —x - 2%
(1+x+x%)

o2 -2

T (l+x+x%)
27 -1
S (l+x+x%)

U
=
Il
H =
[N

(1+x+ 2P (2x) - (¥ =1)(2)
(1+x+x*)(1+2x)
(1+x+x%)*

(1+x+x2)x—}

1
Now, f"(x)=

(x> —1)(1+2x)
(1+x+x%)*

4(1+x+ xz){

CAx+x’ 420 —x =227 +1+2x]
(1+x+x)

_ 4(1+3x-x%)

C (1+x+x?)
And, fra)=20+r3-D_12_4_,

(1+1+1° 27 9
4(1-3+1)
(1-1+1y
~ By second derivative test, fis the minimum at x =
1 and the minimum value is given by
1-1+1) 1

_A
= (+1+1)  3°

Q. 37. The maximum value of [x(x -1)+1]'?,0<x <1 is

1 1/3 1
(@) [ 3j (b) (2)
(01 (d) 0
[NCERT Ex. 6.5, Q. 29, Page 234]
Ans. Correct option : (c)

Explanation : Let we assume that

f)=[x(x-1)+ 1]”3

Also, f"(-1)= =4(-1)=-4<0

o 2x —1
fo= 3[rx-1)+1]"
Now, f'(x)=0
1
2

Then, we evaluate the value of f at critical point
X :% and at the end points of the interval [0, 1]
{ie,atx=0and x = 1}.

F(O) =100~ 1)+1]" =1

fy=Na-1+1" =1

1/3 1/3
1 (-1 3
—|=|=] — [+1 | =
(3-3E0 -
Hence, we can conclude that the maximum value
of f in the interval [0, 1] is 1.
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Q. 38.

(a)
(©

Ans.

Q. 39.

(©)

Ans.

Choose the correct answer.

A cylindrical tank of radius 10 m is being filled
with wheat at the rate of 314 cubic metre per hour.
Then the depth of the wheat is increasing at the
rate of
1m/h
1.1 m/h

(b) 0.1 m/h
(d) 0.5 m/h
[NCERT Misc Ex. Q. 19, Page 243]
Correct option : (a)
Explanation : Let r be the radius of the cylinder.
Then, volume (V) of the cylinder is given by,
V=m(radius)® x height
= 7(10% h
Where r=10 m
V=1007h
Differentiating with respect to time ¢, we have
av = 10071'@
dt dt
The tank is being filled with wheat at the rate of 314
cubic metres per hour.
Thus, we have

2 _s14mim
dt

10071'@2314

dt

dh 314 314

dt 100(3.14) 314
Hence, the depth of wheat is increasing at the rate
of 1 m/h.
The slope of the tangent to the curve
x=t"+3t-8, y=2t" -2t -5 atthe point (2,-1) is

22 6
®) =

a\\\l\,‘

-6
(d) -
[NCERT Misc Ex. Q. 20, Page 243]
Correct option : (b)
Explanation : The given curve is
x=t"+3t-8andy =2t -2t-5

dx

s —=2t+3and d—y:4t72
dt dt

Ldy dy dx 4t-2
Tdx o dtTdt 2643
The given point is (2, —1).
At x = 2, we have :

t+3t=8=2

= t+3t-10=0

= (t-2)(t+5)=0

= t=2ort=-5
At y=-1, we have
= 2P -2t-5=-1

= 282 -2t-4=0

= 2(f-t-2)=0

= (t=2)(t+1)=0

= t=2ort=-1

The common value of £ is 2.

Q. 40.

(a) 1
(c) 3

Ans.

Q. 41.

C)
(©

Ans.

Q. 42.
(@)
(c)

Ans.

Hence, the slope of the tangent to the given curve
dy] _42)-2 6

x|, 202)+3 7°

The line y=mx+1 is a tangent to the curve

y® =4x if the value of m is

(b) 2
1

(d) >
[NCERT Misc Ex. Q. 21, Page 244]
Correct option : (a)
Explanation : The equation of the tangent to the
given curveisy =mx +1 .
Now, substituting y =mx +1iny =4x , we get:
= (mx +1)* = 4x

at point (2, —1) is

= mx> +1+2mx—4x=0
=m’x* +x(2m—4)+1=0
Since a tangent touches the curve at one point, the
roots of equation (i) must be equal.
Therefore, we have
Discriminant =0
(2m—4) —4(m*)(1)=0
= 4m’ +16-16m—4m* =0
16-16m=0

m=1

=
=

Hence, the required value of m is 1.
The normal at the point (1, 1) on the curve

2y+x*=3 is
x+y=0 (b) x-y=0
x+y+1=0 d) x-y=1

[NCERT Misc Ex. Q. 22, Page 244]
Correct option : (b)
Explanation : The equation of the given curve is
2y+x* =3 -
Differentiating with respect to x, we have

ﬂ+2x:0
dx

- W,

dx

‘Lﬂ .
dx Wy

The slope of the normal to the given curve at point
1,1)is

b

2
dx |,

Hence, the equation of the normal to the given
curve at (1, 1) is given as :
= y-1=1(x-1)

=>y-l=x-1

=x-y=0

The normal to the curve x> =4y passing (1, 2) is
x+y=3 (b) x-y=3

x+y=1 d) x-y=1

[NCERT Misc Ex. Q. 23, Page 244]
Correct option : (a)
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Q. 43.

@ [4,%]
(e

Ans.

Very Short Answer Type Questions

Explanation : The equation of the given curve is
x’=4y.
Differentiating with respect to x, we have
2x = 4.d—y
dx
=W _x

dx 2
The glope of the normal to the given curve at point
(h, k) is given by,

-1 2

o]
dax J 1

~Equation of the normal at point (4, k) is given as :
y—k="2(x-1)
Now, it is given that the normal passes through the
point (1, 2).
Therefore, we have

-2 2
2—k:7(l—h)0rk:2+ﬁ(l—h) ...(i)

Since (h, k) lies on the curve x = 4y, we have h?* =
4k.

2
:>k=h—
4

From equation (i), we have
ﬁ =2+ E(1 —h)
4 h
3

3%:2h+272h:2

= h*=8
= h=2
3
P

4

= k=1

Hence, the equation of the normal is given as :
-2
= y-1l=—((x-2
y-1="-(x-2)

= y-l=—(x-2)

=>x+y=3

The points on the curve 9y”>=x°, where the
normal to the curve makes equal intercepts with

the axes are
8
b) |4,——
o [4-3]

3
(d) [i4,8j

[NCERT Misc Ex. Q. 24, Page 244]
Correct option : (a)

Explanation : The equation of the given curve is
9y’ =x" .
Differentiating with respect to x, we have

d
9(2y)% =32

dy _x*
dx 6y
The slope of the normal to the given curve at point
L%

2

dy X
(X, y,) is *} !
v dx (Y1)

Therefore, the equation of the normal to the curve
at (x,,y,) is
6
Y-y = —xl;(x—xl)

1

= xlzy - xlzyl =—6xy, +6x,Y,
= 6xy, + xlzy =6xy, + xlzyl
oy, Xy
2 2
Xy, +x°Yy,  6xy, +XxY,
x Y
= + =1
x(6+x)  y(6+x)
6 X,

It is given that the normal makes equal intercepts
with the axes.

Therefore, we have

x,(6+x)) _ vi(6+x,)

6 X,
N M_h
6 x
= x” =6y, (1)

Also, the point (x,, y,) lies on the curve, so we have

9]/]2 = xl3 (11)
From equations (i) and (ii), we have

A
4 1
= x,=4
From equation (ii), we have
9y, =(4) =64

=

:>]/12:?

= y|:i§

8
Hence, the required points are (4,i3j .

(1 or 2 marks each)

Q.1.

Ans.

The curves y=4x"+2x-8andy=x*-x+13
touch each other at the point .
[NCERT Exemp. Ex. 6.3, Q. 60, Page 142]

Given that, equation of the curve is given by

y=4x’+2x-8 and y=x*-x+13.

d—y:8x+2
dx

and dy =3x" -1
dx

So, the slope of both curves should be same.
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Ans.

Ans.

. The values

. The function f(x)—

8x+2=3x" -1
= x> -8x-3=0
= 3 - 9x+x-3=0
= 3x(x-3)+1(x-3)=0
= Bx+1)(x-3)=0
x:—landx:3
3
For x:—l,
3
1Y 1
42| +2/-=]-8
v=a{-3) +2()
42
9 3
L 4-6-72
9
__4
9
and also for x=3, y= 4.(3)" +2.(3)-8
=36+6-8
—34

So, the required points are (3, 34) and (—% —%J

[2]

. The equation of normal to the curve y=tanx at

(0,0) is .
[NCERT Exemp. Ex. 6.3, Q. 61, Page 141]
Given that the equation of the curve
y= tanx at (0, 0) isx+y=0 .
y=tanx
= W et
dx
= (d—yj =sec’0=1
ax ).
and - L _ 1. 1

. Equation of normal to the curve y=tanx at
0,0)is
y—-0=—-1(x-0)
=>y+x=0 [2]
of a for which the function
f(x)=sinx-ax+b increases on R are
[NCERT Exemp. Ex. 6.3, Q. 62, Page 141]
The wvalue of ‘a’ for which the function
f(x)=sinx—ax+b increases on R are (—, —1).
f'(x)=cosx—a
and f'(x)

= cosx >a

Since, cos €[-1, 1]
= <-

= € (—oo, —)

(1]

_ 1 .
,x > 0. decreases in the

interval
[NCERT Exemp. Ex. 6.3, Q. 63, Page 141]

Ans.

Ans.

C)

Ans.

2x% -1

The function f(x)= ,x>0., when x>0,

decreases in the interval (1, «).
x*dx - (2x° -1).4x°

f'(x)= 5
x
_4x—8x" +4x°
xg
—4x° +4x°  4x’(—x’ +1)
x° x°
Also, f'(x)=0
32
- 4x°( J: +1) <0
x
= x> >1
= x>+l
x €(1,0) [2]

. The least value of the function

f(x)=ax+—(u>0,h>0,x>0)is .........
x

[NCERT Exemp. Ex. 6.3, Q. 64, Page 141]
The least value of function

f(x):ux+k(a>0,b>0,x>0) is 2+/ab .
x
f’(x)=a—£2 and f'(x)=0
x

= a= b
x2
b
= x==
a
b
= x:i\/i
a

Now, f'(x)= b2 = 4 2
X X
At xX=+ k ,
a
. -2)  +2ba*?
frix)=+-C2

jm = [
3
=202 = +2\/5 >0[.a, b>0]

Least value of f(x),

B

— ﬂ.ﬂ_l/z.bl/z + b'b—l/Z 'al/Z
ab + \/%
=2Jub

+
N\
SRS

[2]

. Find the rate of change of the area of a circle with

respect to its radius r when
r=3cm (b) r=4cm

[NCERT Ex. 6.1, Q. 1, Page 197]
The area of a circle (A) with radius () is given by,
A=mr?
Now, the rate of change of the area with respect to
its radius is given by,
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(@)

(b)

Ans.

Ans.

Ans.

aA _ i(m’z) =27xr
dr dr
Whenr = 3 cm,
aA =27(3)=6x
dr

Hence, the area of the circle is changing at the rate
of 6 cm when its radius is 3 cm. [1]
When r = 4 cm,

aA =2n(4)=8x

dr
Hence, the area of the circle is changing at the rate
of 87 cm when its radius is 4 cm. [1]

. The radius of a circle is increasing uniformly at

the rate of 3 cm/s. Find the rate at which the area

of the circle is increasing when the radius is 10 cm.
[NCERT Ex. 6.1, Q. 3, Page 197]

The area of a circle (A) with radius () is given by,

A=mr?

Now, the rate of change of area (A) with respect to

time (f) is given by,

dA _d dr

i E(mﬂ) = 272'1’E [By Chain Rule]
It is given that,

dr

ar _,

ar >

aA _ 2rr(3)=6rn1
dt

Thus, when r = 10 c¢m,

%‘ =67(10) =607 cm?/s

Hence, the rate at which the area of the circle is
increasing when the radius is 10 cm is 607 cm2/s.

[2]

. An edge of a variable cube is increasing at the

rate of 3 cm/s. How fast is the volume of the cube
increasing when the edge is 10 cm long?

[NCERT Ex. 6.1, Q. 4, Page 197]
Let x be the length of a side and V be the volume of
the cube. Then,

V=x
av _ 3x2'@ (By chain rule)
dt dt
It is given that,
dx
— =3 cm/s
dt
av

=232 (3) 97
= A3 %

Thus, when x = 10 c¢m,
av > 3
- 9(10)" =900 cm” /s

Hence, the volume of the cube is increasing at the
rate of 900 cm®/s when the edge is 10 cm long.  [2]

. A stone is dropped into a quiet lake and waves

move in circles at the speed of 5 cm/s. At the
instant when the radius of the circular wave is 8
cm, how fast is the enclosed area increasing?

[NCERT Ex. 6.1, Q. 5, Page 197]
The area of a circle (A) with radius (r) is given by
A=mrt,

Q. 10.

Ans.

Q.11

(@)
(b)

Ans.

(@)

(b)

Q.12.

Therefore, the rate of change of area (A) with
respect to time (¢) is given by
A _d

dt  dt
. dr
Itis given that, —
8 dt

4, L dr dr .
= ~ =2xr.— (By chain rule
(nr?) dr(m )dt r o (By )

cm/s

Thus, when r=8 cm,

dA

n 27(8)(5)=80x

Hence, when the radius of the circular wave is 8
cm, the enclosed area is increasing at the rate of 807
cm?/s. [2]
The radius of a circle is increasing at the rate
of 0.7 cm/s. What is the rate of increase of its
circumference?  [NCERT Ex. 6.1, Q. 6, Page 198]
The circumference of a circle (C) with radius (r) is
given by C = 27r. Therefore, the rate of change of
circumference (C) with respect to time (f) is given

by,

ac = Eﬂ [By chain rule]
dt  dr dt
= i(2ﬂr)ﬂ
dr dt
= 27r.ﬂ
dt

It is given that, % =0.7 cm/s

Hence, the rate of increase of the circumference is

27(0.7)=1.47 cm/s 21
The length x of a rectangle is decreasing at the rate
of 5 cm/minute and the width y is increasing at the
rate of 4 cm/minute. Whenx =8 cmandy = 6 cm,
find the rates of change of
the perimeter, and
the area of the rectangle.

[NCERT Ex. 6.1, Q. 7, Page 198]
The length (x) is decreasing at the rate of 5 cm/min
and the width (y) is increasing at the rate of 4 cm/
min, we have
dx

— =-5 cm/min and
dt

The perimeter (P) of a rectangle is given by,
P=2x+y)

.dP _(dx dy) _ _ .
e _z(dt + dtj_z( 5+4)=-2 cm/min
Hence, the perimeter is decreasing at the rate of 2
cm/min. [1]
The area (A) of a rectangle is given by,

d—y =4 cm/min
dt

A=xy

dA dx dy
SL—=—y+x.—~~=-5y+4
ar ar? " a T YT
Whenx =8cmandy = 6 cm,
_dA

..E:(—5x6+4x8) =2 cm’ / min
Hence, the area of the rectangle is increasing easing

at the rate of 2 cm*min. [1]
A balloon, which always remains spherical has a
variable radius. Find the rate at which its volume is
increasing with the radius when the later is 10 cm.
[NCERT Ex. 6.1, Q. 9, Page 198]
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Ans.

Q. 13.

Ans.

Q.14.

Ans.

Q.15.

Ans.

The volume of a sphere (V) with radius () is given
by V= %7[1‘3 .

Rate of change of volume (V) with respect to its

radius () is given by,
av _ i(im’}j = i7r(3r2) =4xr?
dr dr\3 3
Therefore, when radius = 10 cm,
AV _ 4z(10y = 4007
dr

Hence, the volume of the balloon is increasing at
the rate of 4007 cm?. [2]
A balloon, which always remains spherical, has

a variable diameter E(Zx +1) -Find the rate of
2
change of its volume with respect to x.

[NCERT Ex. 6.1, Q. 13, Page 198]
The volume of a sphere (V) with radius () is given

by, v= %7[7’3
It is given that,
Diameter= %(Zx +1)

3
=S>r=—2x+1
~(@x 1)

3
.'.V=i72' 3 (2x +1)° -2
3 4 16
Hence, the rate of change of volume with respect to
xis as

dv :iﬂ£(2x +1y
dx 16 dx

:iﬁx3(2x+l)2><2
16

z(2x +1)°

[2]
The total revenue in Rupees received from
the sale of x units of a product is given by
R(x)=13x*+26x+15. Find the
revenue whenx = 7.

[NCERT Ex. 6.1, Q. 16, Page 198]
Marginal revenue (MR) is the rate of change of total
revenue with respect to the number of units sold.
Therefore,

MR :d—R:13(2x)+26=26x+26

dx
Whenx =7,
MR =26(7)+26 =182 + 26 = 208

Hence, the required MR is ¥ 208. [2]
Show that the function given by f(x)=3x+17 is
strictly increasing on R.
[NCERT Ex. 6.2, Q. 1, Page 205]
Let x, and x, be any two numbers in R.
Then, we have
X, < X,

:2—877r(2x+1)2.

marginal

= 3x < 3x,

= 3x, +17<3x, +17

= f(x)<f(x)

Hence, fis strictly increasing on R.

1]

Q. 16.

Ans.

Q.17.

()

(b)
(©)

Ans.

(@)

(b)

Q.18.

Ans.

Q.19.

Ans.

Show that the function given by f(x)=¢*
is strictly increasing on R.
[NCERT Ex. 6.2, Q. 2, Page 205]
Let x, and x, be any two numbers in R.
Then, we have
X <X,
= 2x, < 2x,
=> eM<e™
= f(x,) < f(x,)
Hence, fis strictly increasing on R. [1]

Show that the function given by f(x) =sinx
is

. . A 71'
strictly increasing in [O’E]

T
strictly decreasing in (E’ﬂ j

neither increasing nor decreasing in (0, ).

[NCERT Ex. 6.2, Q. 3, Page 205]
The given function is f(x)=sinx ()
On differentiating equation (i), we get

f'(x)=cosx
Since for each x e (O,zj,cosx >0 we have f(x)>0

Hence, f is strictly increasing in (O,%J [1]

Since for each x € (%,7[ ,c0sx <0, we have f (x)<0

1]

From the results obtained in options (a) and (b), it
is clear that f is neither increasing nor decreasing in
(0, m). [1]
Prove that the logarithmic function is strictly
increasing on (0, ).

[NCERT Ex. 6.2, Q. 10, Page 206]
The given functionis f(x)=1logx .

L fx) =~

X

. . . . T
Hence, fis strictly decreasing in 5,7[

It is clear that for x > 0, .. f'(x) 1 >0

Hence, f(x)=logx is strictly increasing in interval
0, ). 1]
Prove that the function f given by f(x)=x"-x+1
is neither strictly increasing nor strictly decreasing

on (-1, 1). [NCERT Ex. 6.2, Q. 11, Page 206]
The given functionis f(x)=x>-x+1.
fl(x)=2x-1
Now, f'(x)=0
1
= x==
2

The pointl divides the interval (=1, 1) into two
disjoint intervals, i.e., [ 1,%} and (%,1}.

1
Now, in interval [—1,2j, fl(x)=2x-1<0
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Q. 20.

Ans.

Q.21.

Ans.

Q.22.

Ans.

1
Therefore, fis strictly decreasing in interval [—1,—}
1
However, in interval [2,1j,f'(x) =2x-1>0
Therefore, f is strictly increasing in interval (E'lj

Hence, fis neither strictly increasing nor decreasing
in interval (=1, 1). [2]
Find the least value of a such that the function f
given by f (x) =x*+ax+1 is strictly increasing

on (1,2)? [NCERT Ex. 6.2, Q. 14, Page 206]
We have,
f(x)=x"+ax+1

Sf'(x)=2x+a

Now, function f is strictly increasing in (1, 2).

ie. f(x) >0

: 2x +a >0
a>-2x

.. We have to find least value of a, such that
xe(1,2)

o a>-2

= a € (-2, )

.. least value of a is -2

[2]
Prove that the function f given by f(x)=1logsinx
is strictly increasing on 0,% and strictly
decreasing on Py

[NCERT Ex. 6.2, Q. 16, Page 206]
We have,

f(x)=logsinx
1

sin x.

cosx =cotx

f')=

In interval (O,Zj,f’(x) =cotx>0

Therefore, f is strictly increasing in [0'%j

In interval (O,Zj,f'(x) =cotx>0

[2]

Prove that the function f given by f(x)=1og|cosx]|

Therefore, fis strictly decreasing in (%,ﬂ']

T
is strictly decreasing on (O'ZJ and strictly
increasing on E,‘n: .

[NCERT Ex. 6.2, Q. 17, Page 206]
We have,

f(x)=log|cosx|

Sflx)= ;(—sinx) =—tanx
cosx
In interval (0,%j,tanx >0= —tanx <0

s f'(x)<0on (O,Zj
-.fis strictly decreasing on [O, %J

In interval (E,ﬂj,tanx <0=-tanx>0

Q.23.

Ans.

Q. 24.

Ans.

Q. 25.

Ans.

Q. 26.

Ans.

s f'(x)>0on [Z,ﬂ'j
« fis strictly increasing on [%,ﬂj . [2]
Prove  that the function given Dby

f(x)=x*-3x+3x-100 is increasing in R.
[NCERT Ex. 6.2, Q. 18, Page 206]
Given that,
f(x)=x"-3x> +3x-100
f'(x)=3x"—6x+3
=3(x* —2x+1)
=3(x-1)
Forany xeR, (x-1)*>0.
Thus, f (x) is always positive in R.
Hence, the given function (f) is increasing in R. [2]
Find the slope of the tangent to the curve
y=3x'-4xatx=4.
[NCERT Ex. 6.3, Q. 1, Page 211]
The given curveis y =3x* —4x .
Then, the slope of the tangent to the given curve at
x = 4is given by,

d—y} =122 4],
x=4

dx
=12(4)’ -4
=12(64)—4 =764 [1]
Find the slope of the tangent to the curve y = x-1
, x#2atx=10- x-2
[NCERT Ex. 6.3, Q. 2, Page 211]
Given that curve is y = x-1
x=2
Ly (x=2)()-(x-DH(D)
Tdx (x—2)
_ox=2-x+1
S (x-2)
-1
C(x-2y

Thus, the slope of the tangent at x = 10 is given by,

‘Ly} __ -l }
dx |, (x72)2 Y10

-t -1
(10-2)° 64

Hence, the slope of the tangent at x = 10 is ;71 [2]

Find the slope of the tangent to curve y = x* - x + 1
at the point whose x-coordinate is 2.

[NCERT Ex. 6.3, Q. 3, Page 211]
Given that,
y=x—x+1
Differentiating with respect to x, we get

d—y: 3x7 -1
dx
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Q.27.

Ans.

Q. 28.

Ans.

Q.29.

The slope of the tangent to a curve at is
. d
(%0, y,) is dl}
(x0,Yo)
Itis given that x = 2.
Hence, the slope of the tangent at the point where
the x-coordinate is 2 is given by,
=3(2)* -1

N dx x=2
=12-1=11
Hence, the slope of the tangent at x = 2is 11.  [2]

Find the slope of the tangent to the curve
y=x"-3x+2 at the point whose x-coordinate

is 3. [NCERT Ex. 6.3, Q. 4, Page 211]
As we know that,
y=x"-3x+2
On differentiating with respect to x, we get
R
dx
The slope of the tangent to a curve at

(x5, ) is ZZ}
(x0,Y0) *
Itis given that x = 3.
Hence, the slope of the tangent at the point where
the x-coordinate is 3 is given by,
d—y} =3x-3] ,
dx |,
=33’ -3
=27-3=24

Hence, the slope of the tangent at x = 3is 24.  [2]
Find a point on the curve y= (x—Z)2 at which
the tangent is parallel to the chord joining the
points (2, 0) and (4, 4).

[NCERT Ex. 6.3, Q. 8, Page 211]
We know that if a tangent is parallel to the chord
joining the points (2, 0) and (4, 4), then
The slope of the tangent = The slope of the chord
The slope of the chord is,
4-0 4
4-2 2 -
Now, the slope of the tangent to the given curve at
a point (x, y) is given by,

dy
—~ =2(x-2
T (x-2)

Since the slope of the tangent = Slope of the chord,
we have

2(x-2)=2
=(x-2)=1

= x=3

When x=3,y=(3-2) =1

Hence, the required point is (3, 1). [2]
Find the equation of all lines having slope 2 which

are tangents to the curve y= 1 ,X#3.
x-3

[NCERT Ex. 6.3, Q. 11, Page 212]

Ans.

Q. 30.

(@)

Ans.

(ii)

Q.31

Ans.

The equation of the given curve is y = 3 x#3
The slope of the tangent to the given curve at any
dy -1
point (x, y) is given by, o m
If the slope of the tangent is 2, then we have
= 2= _71
(x=3)’
=2(x-3)=-1
1
= (x-3Y=-=
(=3 =3

This is not possible since LHS is positive while RHS
is negative.

Hence, there is no tangent to the given curve
having slope 2. [2]

2 2
Find points on the curve L+ ¥y _ 1 at which the
tangents are 9 16
parallel to x-axis (ii) parallel to y-axis

[NCERT Ex. 6.3, Q. 13, Page 212]
2 2

y

The equation of the given curve is o +E =1.
On differentiating both sides with respect to x, we

have

2i+2ldl — 0
9 16 dx
dy  l6x
= L=
de 9y [1]

The tangent is parallel to the x-axis if the slope of

. 16x
the tangent is, i.e., —g =0, which is possible if x
=0.
2 2
Then, JC—+y—:l forx =20
9 16
= y' =16
= y=x4
Hence, the points at which the tangents are parallel
to the x-axis are (0, 4) and (0, —4). [2]
The tangent is parallel to the y-axis if the slope of
the normal is 0, which gives

-1 _9l_0
—-16x | 16x
)
= y=0
2 2

x=23

Hence, the points at which the tangents are parallel
to the y-axis are (3, 0) and (=3, 0). [2]
Show that the tangents to the curve
y =7x" +11 at the points where x =2 and x = -2

[NCERT Ex. 6.3, Q. 16, Page 212]

The equation of the given curveis y=7x" +11.
On differentiating with respect to x, we get

are parallel.

4y _ 21x*
dx
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Q.32.

Ans.

Q.33.

Ans.

Q.34.

Ans.

Q. 35.

The slope of the tangent to a curve at (x,, y,) is

:
dx (x.%0) *

Therefore, the slope of the tangent at the point
where x = 2 is given by,

d—y} =21(2*) =84
dx x=2

It is observed that the slopes of the tangents at the
points where x = 2and x = —2 are equal. Therefore,
the two tangents are parallel. [2]
Find the points on the curve y =x° at which the
slope of the tangent is equal to the y-coordinate of
the point. [NCERT Ex. 6.3, Q. 17, Page 212]
The equation of the given curveisy=x".

dy _ 3x?

dx

The slope of the tangent at the point (x, y) is given

dy )

—- =3x
R lw)
When the slope of the tangent is equal to the
y-coordinate of the point, then y=3x%
Also, we have y=x>

3x%= 8
= x*(x-3)=0
= x=0,x=3
When x = 0, then y = 0 and when x = 3, theny =
3(3)% = 27.
Hence, the required points are (0, 0) and (3, 27). [2]
Find the approximate change in the volume V of a
cube of side x metre caused by increasing the side
by 1%. [NCERT Ex. 6.4, Q. 4, Page 216]
The volume of a cube (V) of side x is given by
V=x.
av = [dl] Ax
dx

=(3x%)Ax

=(3x")(0.01x)

=0.03x’
Hence, the approximate change in the volume of
the cube is 0.03 x*> m®. [2]
Find the approximate change in the surface area of
a cube of side x metres caused by decreasing the
side by 1%. [NCERT Ex. 6.4, Q. 5, Page 216]
The surface area of a cube (S) of side x is given by S
= 6x%

.dS= (d—sj Ax
dx

=(12x)Ax

=(12x)(0.01x)

=0.12x7
Hence, the approximate change in the surface area
of the cube is 0.12x% m?. [2]
If the radius of a sphere is measured as 7 m with
an error of 0.02 m, then find the approximate error
in calculating its volume.

[NCERT Ex. 6.4, Q. 6, Page 216]

[As 1% of x is 0.01x]

[As 1% of x is 0.01x]

Ans.

Q. 36.

Ans.

Q.37.

()
(ii)
(iii)

(iv)

Ans.

(ii)

Let r be the radius of the sphere and Ar be the error
in measuring the radius.

Then,

r=7mand Ar = 0.02 m

Now, the volume (V) of the sphere is given by,

=—7r
i av _ Az’
dr
qv = [‘ij A
dr
= (4nr’)Ar
=47(7°)(0.02) m*
=3.927 m?

Hence, the approximate error in calculating the
volume is 3.927 m>. [2]
If the radius of a sphere is measured as 9 m with
an error of 0.03 m, then find the approximate error
in calculating in surface area.

[NCERT Ex. 6.4, Q. 7, Page 216]
Let r be the radius of the sphere and Ar be the error
in measuring the radius.
Then,
r=9mand Ar = 0.03m
Now, the surface area of the sphere (S) is given by,

S =4zxr?

" d—S =8xr
dr
45 - (@jA
dr
=(8xzr)Ar
=87(9)(0.03) m’
=2.167 m?

Hence, the approximate error in calculating the
surface area is 2.167 m>. [2]
Find the maximum and minimum values, if any, of
the following functions given by

fix%: (2x-1)"+3

f(x)=9x"+12x +2
f(x)=-(x-1)"+10
g(x)=x"+1

[NCERT Ex. 6.5, Q. 1, Page 231]
(i) The given function is f(x) = (2x — 1)* + 3.
It can be observed that (2x — 1)* = 0 for every x € R.
Therefore, f(x) = (2x — 1)* + 3 = 3 for every x € R.
The minimum value of f is attained when 2x — 1 = 0.
2x—1=0

= x:l

2
Hence, function f does not have a maximum
value. [2]
The given function is f(x) = 9x* + 12x + 2
= (3x + 2)%
It can be observed that (3x + 2)* = 0 for every x € R.
Therefore, f(x) = (3x + 2)*> — 2 = —2 for every x € R.

1 1Y
+ Minimum value of f = f[ jz[lg—lj +3 =3
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(iii)

(iv)

Q. 38.

(@
(ii)
(iii)
(iv)
(v)

Ans.

(ii)

(iii)

The minimum value of f is attained when 3x + 2 = 0.
3x+2=0

> Y=

~ Minimum value of f =

2
(2){2)e2] 2
3 3
Hence, function f does not have a maximum
value. [2]
The given function is f(x) = —(x — 1)*+ 10.
It can be observed that (x — 1)* > 0 for every x € R.
Therefore, f(x) = —(x — 1)? + 10 < 10 for every x € R.
The maximum value of f is attained when (x — 1) = 0.
x—-DH=0=>x=1
~.Maximum value of f = f(1) = —(1 = 1)2 + 10 = 10
Hence, function f does not have a minimum value.
[2]

The given function is g(x) = x* + 1.
Hence, function g has neither a maximum value,
nor a minimum value. [1]
Find the maximum and minimum values, if any, of
the following functions given by
f(x)=|x+2|-1
g(x) = —|x+1|+3
h(x)=sin(2x)+5
f(x)=|sindx+3|
h(x)=x+1,xe(-1, 1)

[NCERT Ex. 6.5, Q. 2, Page 232]
() f(x) =|x+2|-1
We know that |x+2|>0for every x € R.
Therefore, f(x) = |x + 2| —1=-1 forevery x € R.
The minimum value of f is attained when ‘x + 2‘ =0.
|x+2[=0
=>x=-2
< Minimum value of f = f(—2) =|-2+2|-1=-1
Hence, function f does not have a maximum
value. [2]
g(x) =—|x+1/+3
We know that —|x +1|<0 for every x € R.
Therefore, g(x) =—|x+1|+3<3 for every x € R.

The maximum value of g is attained when |x+1/=0.

|x+1/=0
=>x=-1
~ Maximum value of ¢ = g(—1) = —‘—1 +1‘ +3=3

Hence, function ¢ does not have a minimum
value. [2]

h(x) = sin2x + 5

We know that, —1 < sin 2x < 1.
=2>-14+5<sin2x+5=<1+5
=2>4<sin2x+5=<6

Hence, the maximum and minimum values of h
are 6 and 4 respectively.

(iv) flx) =|sindx+3|

Q. 39.

(i)
(ii)
(iii)
(iv)
)
(vi)
(vii)

(viii)

Ans.

(ii)

We know that —1 < sin4x < 1.
=>2<sindx+3<4
=2 < [sindx+3[ <4

Hence, the maximum and minimum values of f are
4 and 2 respectively. [2]

h(x)=x+1,x€(-1,1)
Here, if a point x is closest to —1, then we find
ﬁ+1<x0+1 forall x € (-1, 1).

2

x +1

Also, if x is closest to 1, then x, +1< +1 for all

x€(-1,1).

Hence, function h(x) has neither maximum, nor
minimum value in (-1, 1). [2]

Find the local maxima and local minima, if any,
of the following functions. Find also the local
maximum and the local minimum values, as the
case may be :

flx)=x’
g(x)=x"-3x

. 4
h(x)=sinx+cosx,0< x < 2

f(x)=sinx—cosx,0<x <2z
f(x)=x"—6x+9x +15

g(x)=£+£,x>0
2 _x

8= xP+2

f(x)=xvl-x,x>0

[NCERT Ex. 6.5, Q. 3, Page 232]

(@) fo) =+

Sfl(e)=2x

Now,
f'(x)=0=x=0

Thus, x = 0 is the only critical point which could
possibly be the point of local maxima or local
minima of f.

We have f"(0)=2, which is positive.

Therefore, by second derivative test, x = 0 is a point

of local minima and local minimum value of fat x =
0is f(0) = 0. [2]

g(x) = x* — 3x
S g'(x)=3x"-3
Now,

g(x)=0=>3x"=3=x=+I

g"(x)=6x
g"(1)=6>0
g"(-1)=-6<0

By second derivative test, x = 1 is a point of local
minima and local minimum value of g at x = 11is g(1)
=(1)’-3=1-3= —2 However,x = —lisa point of
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local maxima and local maximum value of g at x = —1
isg)= (-1’ -3(-1)=-1+3=2. 2]
z

(iii) h(x) = sinx + cosx, 0 < x < 5
. h'(x)=cosx—sinx
h'(x)=0
= sinx =cosx
=tanx =1

= xzze 0,1
4 2

h"(x)=—sinx —cosx
=—(sinx + cosx)

)
- =—2<0

NG

Therefore, by second derivative test, x:% is a

point of local maxima and the local maximum

(vi)

valueof hat x=2 is
T 4 T T
h| = |=sin— + cos—
(4] 4 4
1 1

NN
_h
(iv) f(x) =sinx —cosx, 0 <x<2n
f'(x) =cosx +sinx
f(x)=0

= cosx =-sinx

[2]

= tanx=-1
= :3—x,7—”e(0,27r)
4" 4

f"(x)=—sinx +cosx
W 37 . 3x RV
f"| = |=—sin=—+cos—
4 4 4

1 1 NG
=——=-—F==—2<0
V2 42
W T . I T
f"| — |=—sin—+cos—
4 4 4

1 1
=+ — =

V2 2

Therefore, by second derivative test, x:%[ is

2>0

a point of local maxima and the local maximum

value of fat x = 3—”is

3z Y 3z
f| = | =sin——cos—
4 4 4

1 1
AN
-

However, x = 77” is a point of local minima and the

.. T .
local minimum value of f at x = Tﬁ is

(vii)

Tr . Ir Tr
f| — |=sin— —cos—
4 4 4

1 1

R
)

fx) = ¥*— 6x*+9x+15
fi(x)=3x"-12x+9
fi(x)=0=3(x* —4x+3)=0
=3x-1)(x-3)=0
= x=1,3
Now, f"(x)=6x-12=6(x-2)
f')y=6(1-2)=-6<0
f"3)=6(3-2)=6>0
Therefore, by second derivative test, x = 1 is a point
of local maxima and the local maximum value of f at
x=1isf1)=1-6+9 + 15 = 19. However, x = 3is
a point of local minima and the local minimum value
of fatx = 3isf(3) = 27 — 54 + 27 + 15 =15. [2]

[2]

g(x):£+g,x>0
2 x
1 2

.'.g(x)=5—?

Now,

201
"(x)=0 gives —=—
§'(x)=0 gives 73

=x*=4
= x=%2
Since x > 0, we take x = 2.
Now,
" 4
g'x)==
X
4 1
"2)=—===>0
8'(2) 53

Therefore, by second derivative test, x = 2is a point
of local minima and the local minimum value of g
atx = 2is
2 2
2)=—+—
§(2)=5+7

—1+1=2- [2]

g(x)=

X2 +2
—(2x)
(x2 + 2)2
g'(x)=0
= iz — O
(x2 + 2)
= x=0
Now, for values close to x = 0 and to the left of 0,
g'(x) >0 Also, for values close to x = 0 and to the
right of 0, ¢'(x)<0.
Therefore, by first derivative test, x = 0 is a point
of local maxima and the local maximum value of

1
0) i ==
sO 557,

§g'x)=

[2]
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(viii)

Q. 40.

(@)

(iii)

Ans.

f(x) = xd/1-x,x>0
fl(x)y=~1-x +x.ﬁ(—l)

X
21-x
2(1-x)-x  2-3x
Wi-x  21-x
f(x)=0
- 2-3x
21-x

= 2-3x=0

=+1l-x-

=0

= x=

W N

1 V1-x(-3) —(2—3x)(

-1
oy 2\/1—x]
f (x)_E

1-x

=39+ (-3 e J

2(1-x)
_Z0=0)+(2-3%)

i
4(1-x)?
3x-4

4(1- x)%

3(2]-4
3) 24 -1
- T

R

Therefore, by second derivative test, x:g is a

<0

point of local maxima and the local maximum

Valueoffatx:§ is
2 2 2
f@%\Fz
_2\F_ 2
BEN EREN)
24
T 9 [2]

9 .
Prove that the following functions do not have
maxima or minima :

f(x)=¢"
h(x)=x+x"+x+1
[NCERT Ex. 6.5, Q. 4, Page 232]

(ii) g(x) =logx

(i) We have,

fx) =e*

Sflx)=e”

Now, if f'(x) =0, then ¢* =0 . But, the exponential
function can never assume 0 for any value of x.
Therefore, there does not exist ¢ € R such that
fle)=0

Hence, function f does not have maxima or
minima. [2]

(ii)

(iii)

Q. 41.

(@)
(ii)

(iii)

Ans.

(ii)

We have,

g(x) =log x

g =~

Since log x is defined for a positive number x,
¢'(x)> 0 for any x.

Therefore, there does not exist ¢ € R such that
8'(c)=0.

Hence, function ¢ does not have maxima or
minima. 2]
We have,

hx)=x>+x*+x+1

S H(x)=3x7 +2x +1

Now,

h(x)=0=23x>+2x+1=0

S H(x)=3x" +2x +1

—2+22i
6
—1++/2i

3

Therefore, there does not exist ¢ € R such that
h'(c)=0-

Hence, function h does not have maxima or
minima. [2]
Find the absolute maximum value and the absolute
minimum value of the following functions in the
given intervals :

fx)=x*,xe[-2,2]
f(x)=sinx+cosx,xe[ , |

1, 9
f(x)=4x —Ex ,X€E [—2,5}

¢R

) f(x)=(x-1)+3,xe[-3,1]

[NCERT Ex. 6.5, Q. 5, Page 232]
(i) The given function is f(x) = x°.
s fi(x)=3x"
Now,
f'(x)=0=>x=0
Then, we evaluate the value of f at critical point x =
0 and at end points of the interval [—2, 2].

f(0)=0

f(-2)=(-2) =8
f(2)=(2) =8
Hence, we can conclude that the absolute

maximum value of f on [—2, 2] is 8 occurring at x =
2. Also, the absolute minimum value of f on [—2, 2]
is —8 occurring at x = —2. [2]
The given function is f(x) = sin x + cos x.

. f'(x) = cosx - sinx

Now,
f’(x):0:>sinx:cosx:>tanx:1:x:%

Then, we evaluate the value of f at critical point and
at the end points of the interval [0, 7].
Hence, we can conclude that the absolute

maximum value of f on [0, 7] is \/E occurring at
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(iii)

(iv)

Q. 42.

Ans.

x :% and the absolute minimum value of f on [0,
m]is —1 occurring at x = . [2]
The given function is f(x) = 4x 7%x2 .
S fi(x)=4 —%(2x) =4-x
Now,
f'(x)=0=>x=4
S fi(x)=4 —%(2)6) =4-x
Now,

f'(x)=0=>x=4
Then, we evaluate the value of f at critical point x =

9
4 and at the end points of the interval [—2,5} .

f(4)=16—%(16):16—8=8

f(-2)=-8-—(4)=-8-2=-10

2
R
2 2) 2\2
81
=18—§:18—10.125=7.875

Hence, we can conclude that the absolute maximum

9
value of f on [—2,7} is 8 occurring at x = 4 and

[—2,2} is —10
2l 7

the absolute minimum value of f on

occurring at x = —2.
The given function is f(x) = (x - 1)*> + 3.
f(x)=2(x-1)
Now,

f@)=0
= 2(x-1)=0
= x=1

Then, we evaluate the value of f at critical point x =
1 and at the end points of the interval [-3, 1].
I)=(1-1) +3=0+3=3
(-3)=(-3-1) +3=16+3=19

Hence, we can conclude that the absolute maximum
value of fon [-3, 1] is 19 occurring at x = —3 and
the minimum value of f on [—3, 1] is 3 occurring at
x=1 [2]
Find the maximum profit that a company
can make, if the profit function is given by
p(x)=41-72x-18x".

[NCERT Ex. 6.5, Q. 6, Page 232]

The profit function is given as p(x)=41-72x-18x".

S p'(x)=-72-36x
= x= 2 =-2
36
Also,
p"(-2)=-36<0

By second derivative test, x = -2 is the point of local
maxima of p.

- Maximum profit = p(-2)
=41-72 (-2) - 18 (-2)2 = 41+144 - 72=113

Q. 43.

Ans.

Q. 44.

Ans.

Q. 45.

Ans.

Hence, the maximum profit that the company can
make is 113 units. [2]

It is given that atx=1, the function

x*—62x* + ax+9 attains its maximum value, on
the interval [0, 2]. Find the value of a.

[NCERT Ex. 6.5, Q. 11, Page 233]
Let f(x)=x*-62x"+ax+9.
Differentiate with respect to x, we get
o fi(x)=4x"—124x +a
Itis given that function f attains its maximum value
on the interval [0, 2] at x = 1.

f)=0
=4-124+a=0
a=120

=
Hence, the value of ‘a’ is 120. [2]

A spherical ball of salt is dissolving in water in
such a manner that the rate of decrease of the
volume at any instant is proportional to the
surface. Prove that the radius is decreasing at a
constant rate.

[NCERT Exemp. Ex. 6.3, Q. 1, Page 135]

We have, rate of decrease of the volume of spherical
ball of salt at any instant is o surface. Let the radius
of the spherical ball of the salt be .

. Volume of the ball (V) = %m'} and

surface area (S) = 41’

v
:>i im’3 oc 471?
dt\ 3
= i7r3r2 ar . Az’
3 dt
dr  4xr’
= —C
dt  4nr?
dr .
= i =k.1 [where, k is the
proportionality constant]
= dr =k
dt

Hence, the radius of ball is decreasing at a constant rate. [2]

If the area of a circle increases at a uniform rate,
then prove that perimeter varies inversely as the
radius. [NCERT Exemp. Ex. 6.3, Q. 2, Page 135]

Let the radius of circle = r and area of the circle, A

iA :im'2

dt dt

a_, A .
dt At ..(i)

Since, the area of a circle increases at a uniform
rate, then

a_,
dt
Where, k is a constant.

...(ii)
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Q. 46.

Ans.

Q. 47.

Ans.

Q. 18.

From equations (i) and (ii), we have

271 ﬂ =k
dt
dr_ k _k (1
dt 2zr 2z \r -+(ifi)
Let the perimeter,
P=2zr
ap i 27xr = d—P: 2 ﬂ
dt dt dt dt
—or LK By using Eq ()]
2r v 1
dP 1
=>—oc—
dat v
Hence proved. 21

. n R .
Find an angle 0, 0 <0 < — , which increases twice
as fast as its sine.

[NCERT Exemp. Ex. 6.3, Q. 5, Page 135]
Let 0 increases twice as fast as its sine.
= 0 = 2sin0O
Now, on differentiating both sides with respect to
t, we get

d—g=2~coso§’~ﬁ
dt dt
= 1=2cos8
= l:c059
2

Vd
= cosf = cosg

==
3

[2]

So, the required angle is %

Find the approximate value of (1.999)°.
[NCERT Exemp. Ex. 6.3, Q. 6, Page 135]

Let x=2
and Ax =-0.001 [+2-0.001=1.999]
Let y=x
On differentiating both sides with respect to x, we get
dy_ 5x*
dx
Now,

Ay:d—y-Ax:Sx4xAx
dx

=5x2*x[-0.001]

=-80x0.001=-0.080
(1999)° = y + Ay

=2° +(~0.080)

=32-0.080=31.920 2]
Find the approximate volume of metal in a hollow
spherical shell whose internal and external radii

are 3 cm and 3.0005 cm, respectively.

[NCERT Exemp. Ex. 6.3, Q. 7, Page 135]

Ans.

Q. 49.

Ans.

Q. 50.

Ans.

Let internal radius = r and external radius = R
Volume of hollow spherical shell, V = % (R’ —1°)

- V= gn[(s.ooosf -(3)]

Q)

Now, we shall differentiation to get
approximate value of (3.0005)°.

Let (3.0005)°=y+Ay

and x=3, A x=0.0005

Also, let y=x°

use

On differentiating both sides with respect to x, we get

dy _ 3x?
dx

Ay = d—yx Ax =3x* x0.0005
dx

=3x%3%x0.0005

=27x0.0005=0.0135
Also,

3.0005) =y +A
y+Ay
=3%+0.0135=27.0135

V= gﬂ[27.0135 —27.000]

=%;;[0.0135] =47 x(0.0045)

[By using Eq. (i)]

=0.01807 cm®
[2]

The volume of a cube increases at a constant rate.
Prove that the increase in its surface area varies
inversely as the length of the side.

[NCERT Exemp. Ex. 6.3, Q. 10, Page 136]
Let the side of a cube be x unit.
Volume of cube (V) = x°

On differentiating both side with respect to t, we get

av _ 3x’ dx _ k  [Constant]
dt dt
dr_ k.
"3 )

Also, surface area of cube, S=6x>
On differentiating with respect to ¢, we get

d—S:12x-d—x
dt dt
= i—f =12x % [By using Eq. (i)]
dS 12k (kj
= —=—=4—
dt  3x x
as 1
= —oc—
at  x

Hence, the surface area of the cube varies inversely
as the length of the side. [2]

Prove that the curves y*> = 4x and x* +y* -
6x + 1 = 0 touch each other at the point (1, 2).

[NCERT Exemp. Ex. 6.3, Q. 16, Page 136]
We have, > = 4xand x> + >~ 6x + 1 =0
Since, both the curves touch each other at (1, 2), i.e.,
curves are passing through (1, 2).
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dy
2y~ =4
Y ix
dy
and 2x+2y——=06
dx
- dy_ 4
dx 2y
and dy_6-2x
dx 2y

OEx
ax )y, 4

and [d—yj —6_2.1=i:1
dx ), 22 4

= m, =1and m, =1

Thus, we see that slope of both the curves are equal
to each other, i.e., m; = m, = 1 at the point (1, 2).
Hence, both the curves touch each other. [2]

. Show that the line £+1 =1 touches the curve
-x a b
y =b.e« at the point where the curve intersects

the axis of y.
[NCERT Exemp. Ex. 6.3, Q. 19, Page 136]
We have the equation of line given by E+%=1
e a
, which touches the curve y=b.e" at the point,
where the curve intersects the axis of y, i.e., x = 0.

Ans.

y=b-e""=b [se=]]
So, the point of intersection of the curve with y-axis
is (0, b).
Now, slope of the given line at (0, b) is given by
l A+ l . dl - 0
a b dx
= d—y:—l-b:_—b:m, [say]
dx a
Also, the slope of the curve at (0, b) is
dy_y o 7L
dx a
dx a
(#) oty
dx ), 4@ a
. -b
Since, m, =m, =—
a

Hence, the line touches the curve at the point,
where the curve intersects the axis of y. [2]

Q. 52. Show that : f(x)=2x+cot™ x +log|v1+x* - x]
is increasing R.
[NCERT Exemp. Ex. 6.3, Q. 20, Page 136]

Ans. We have,

f(x)=2x+cot™ x+log(\/1+x2 —x)

-1 I I
(x)=2 2x-1
T +(1+x2)+(\/1+x2—x)[2 Ty ]

1 1

(x_m)
IR e N e
1
1+x* m
2428 -1-V1+2°

1+x7

C142x° 1427

1+x%

=2-

For increasing function,

f(x)=20
14+2x* =1+ 27 >0
1+ B

1+2x2 21427
(1+22°) 2 (1+2%)
T+4x* +4x° 2 1+%°
4x* +3x* 20
X’ (4x* +3)=0
which is true for any real value of x.

L Ul

Hence, f(x) is increasing in R. [2]

. Showthatfor a > l,f(x) = \/3sinx - cosx—2ax+b
is decreasing in R.

[NCERT Exemp. Ex. 6.3, Q. 21, Page 137]

Ans. Wehave,a > 1,
f(x)= V3sinx—cosx —2ax +b
s fix)= V3 cosx - (-sinx)—2a
=+/3cosx+sinx—2a
=2 ﬁ-cosx +l~sinx —2a
2 2
= 2[(:0:5E -COSX + sing- sinx} —2a
= Z[COS(n—xD—Zu
6
[ cos(A — B)=cos A -cosB+sin A - sin B]
:2[[cos(n—xj]—a}
6
We know that, cosx e [-1,1]
and a>1
So, 2|:COS[Z—X)—IZ:|SO
f(x)<0
Hence, f(x) is a decreasing function in R. [2]
Q.54. Show that f(x)=tan(sinx+cosx) is an

. . . . T
increasing function in (O'Z) .

[NCERT Exemp. Ex. 6.3, Q. 22, Page 137]
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Ans.

Q. 55.

Ans.

Ans.

We have,
f(x)=tan™'(sinx + cosx)
f'(x) ! 5+ (cosx —sinx)

1+ (sinx + cosx)
_ 1
1+sin?x + cos’ x + 2sin x - cos x

(cosx —sin x)

=————(cosx —sinx)
(2 +sin2x)

[+ sin2x = 2sinxcosx and sin® x +cos’ x = ]

For

f(x)=0,

——(cosx —sinx) 2 0
(2+sin2x)
= cosx —sinx >0 { (2+5sin2x)>0 in(O,%H

= cosx > sinx

which is true, if x e [O,%j

7
Hence, f(x) is an increasing function in [0,4] . [2]

At what point, the slope of the
y=-x"+3x>+9x-27 is maximum? Also find
the maximum slope.

[NCERT Exemp. Ex. 6.3, Q. 23, Page 137]

curve

We have,
y=-x+3x" +9x-27
B 3% 4 6x49
dx

=Slope of tangent to the curve

Now, Z—y =—6x+6

xZ
Fori(d—yj: ,
dx \ dx
—-6x+6=0
= x:_—6:l
-6

So, the slope of tangent to the curve is maximum,
whenx =1

For x=1, (d—yj =-3-1"+6-1+9=12,
dx (=)

which is maximum slope.

Also, for x=1,y=-1"+3-1"+9-1-27
=-1+3+9-27=-16

So, the required point is (1, —16). [2]

. Prove that f(x)=sinx++/3cosx has maximum

value atx = z,
4

[NCERT Exemp. Ex. 6.3, Q. 24, Page 137]

We have, f(x) =sinx ++/3 cosx

Ans.

Ans.

f'(x)=cosx + \/g(—sinx)

=cosx —+/3sinx

For f'(x)=0, cosx = VBsinx
1

= tanx:—:tanz
NE) 6
7

= x==

6
Again, differentiating f (x), we get

f"(x)=—sinx —+/3cosx

T T Vg
At x=—.f"(x :—sin——\/gcos—
o f(x) . .

1 NE)
-l 5P

2
12 o
2 2

Hence, at x = %, f(x) has maximum value at % [2]

. Atelephone company in atown has 500 subscribers

on its list and collects fixed charges of ¥ 300/- per
subscriber per year. The company proposes to
increase the annual subscription and it is believed
that for every increase of ¥ 1/- one subscriber will
discontinue the service. Find what increase will
bring maximum profit?

[NCERT Exemp. Ex. 6.3, Q. 27, Page 137]
Consider that company increases the annual
subscription by % x.
So, x subscribes will discontinue the service.
. Total revenue of company after the increment is
given by
R(x)=(500-x)(300 + x)

=15x10" +500x —300x — x*
=—x" +200x + 150000
On differentiating both sides with respect to x, we get
R'(x)=-2x+200
Now,R'(x)=0
2x =200= x =100

R'(x)=-2<0
So, R(x) is maximum when x=100
Hence, the company should increase the

subscription fee by ¥ 100, so that it has maximum
profit. [2]

=

. If the straight line xcosa+ysina=p touches

2 2
curve * ¥ _q.
a b
a’cos’a+b*sin*a=p*.
[NCERT Exemp. Ex. 6.3, Q. 28, Page 137]

the Then prove that

We know that, if a line y =mx+c touches ellipse
2 2

.y

—+5=1,then the required condition is
a b

C2 — aZmZ + b2 .
Here, given equation of the line is
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Ans.

Q. 60.

Ans.

Q. 61.

Ans.

xcosa +ysina =p

p—xcosa
= S ——
sina
=-xcota + ‘P
sina
= c=—F
sina
and m=-cota
2
P - p2(—cota) + b
sina
2 2
cos’a
= P _ g2y
sin’a sin’ &
= p’=a’cos’ a +b’*sin’a

[2]

Hence proved.

. The total cost C (x) associated with the

production of x units of an item is given by
C(x)=0.005x" - 0.02x> +30x +5000 . Find the

marginal cost when 3 units are produced, where

by marginal cost we mean the instantaneous rate

of change of total cost at any level of output.
[CBSE Board, Delhi Region, 2018]

Given that,
C(x) =0.005x" —0.02x” + 30x + 5000

Marginal cost = {d[C(X)]}
dx

= [0.015x2 —0.0dx + 30]

x=3

x=3

=[0.015x*~0.04x+30] [2]

The volume of a cube is increasing at the rate of
9 cm%s. How fast is its surface area increasing
when the length of an edge is 10 cm?

[CBSE Board, All India Region, 2017]

Let V be the volume of cube, then %{ =9cm’ /s

Surface area (S) of cube = 6x%, where x is the side.
Then

V=x
= ﬂ:3x2d—x
dt dt
dx 1 dv
= —=——
dt  3x* dt
S=6x?
= ﬁ=12xd—x=12xid—v
dt dt 3x* dt

— 1 — 2
—410 9=3.6 cm”/s 2]
Show that the function f(x)=x"-3x"+6x-100
is increasing on R.

[CBSE Board, All India Region, 2017]

f(x)=x"-3x> +6x-100
fi(x)=3x"-6x+6

Q. 62.

Ans.

Q. 63.

Ans.

Q. 64.

Ans.

Q. 65.

Ans.

=3[ = 2x+2]=3[(x — 1)’ +1]
Since f'(x)>0V x eR
- f(x) is increasing on R
Findd—yatx =1,y= T sin®y+cosxy=K .
dx 4

[CBSE Board, Delhi Region, 2017]
From the given equation, we have

Zsinycosyﬁy—sinxy{wdy+y~1}:0
dx dx
- dl: ysinxy
dx sin2y—xsin(xy)
Cdx

T
e x:w% B 4(\/5 -1) [2]

The volume of a sphere is increasing at the rate of 3
cubic centimeter per second. Find the rate of increase
of its surface area, when the radius is 2 cm.

[CBSE Board, Delhi Region, 2017]

= i7zr3
3
o B e
dt dt
dr 3
= =z =
dt  4zr?
S=4xr’
ds dr
= —=8rr-—
dt dt
dsS
= =2cm?/s
dat|,_, [2]

Show that the function f(x) =4x* -18x* +27x -7
is always increasing on R.

[CBSE Board, Delhi Region, 2017]

f(x)=4x"—18x" +27x -7
f(x)=12x* =36x +27
=32x-3’20VxeR
= f(x) is increasing on R.
The radius r of a right circular cylinder is
decreasing at the rate of 3 cm/min. and its height
h is increasing at the rate of 2 cm/min. When r =
7 cm and ki = 2 cm, find the rate of change of the
volume of cylinder.
[CBSE Board, Foreign Scheme, 2017]

V =nr’h
do _ x| 7’ an ey,
dt dt dt

- %{4% (+42) +14(2)(=3)]
=44 cm® / min

.. Volume is increasing at the rate of 44 cm’ / min .

[2]



APPLICATION OF DERIVATIVES | 249

Short Answer Type Questions

(3 or 4 marks each)

Q.1.

Ans.

Q.2

Ans.

The volume of a cube is increasing at the rate of
8 cm%s. How fast is the surface area increasing
when the length of an edge is 12 cm?

[NCERT Ex. 6.1, Q. 2, Page 197]
Let x be the length of a side, V be the volume, and
S be the surface area of the cube.
Then, V = x*and S = 6x* where x is a function of
time ¢.

It is given that,
av _ 8 cm®/s
dt

Then, by using the chain rule, we have
:dlzi(x3):i(x3).di:3x2 d7x
dt dt dx dt dt
Ldx 8
Tt 3x?
Now,

s _d

dt  dt
dx

=12x-—
dt

=12x- [iz]
3x

32

X

(6x%) = %(698) . % [By chain rule]

s 32

Thus, when x = 12 c¢m, ) cmz/s=§cmZ /s.

dt
Hence, if the length of the edge of the cube is 12
cm, then the surface area is increasing at the rate of
8 cm?/s
3 ’ [3]
A balloon, which always remains spherical on
inflation, is being inflated by pumping in 900
cubic centimetre of gas per second. Find the rate
at which the radius of the balloon increases when
the radius is 15 cm.[NCERT Ex. 6.1, Q. 8, Page 198]
The volume of a sphere (V) with radius () is given

by, V = %7:1’3

=~ Rate of change of volume (V) with respect to time

(t) is given by,
dv _dv dr
At dr dr [By chain rule]
d ( 4 ) dr
=——zr |- —
dr\ 3 dat
=4771? dr
dt

It is given that, %/ =900 cm® /s

900 =4z
dt

dr 900 225
= _—— 5 = 72
dt  4rrc  xr

Therefore, when radius = 15 cm,

Ans.

Q.4.

Ans.

ﬂ _ 225 1
at z(15¥ =«
Hence, the rate at which the radius of the balloon

[3]

. .. .1
increases when the radius is 15 cm is — cm/s .
Vg

. A ladder 5 m long is leaning against a wall. The

bottom of the ladder is pulled along the ground,
away from the wall, at the rate of 2 cm/s. How fast
is its height on the wall decreasing when the foot
of the ladder is 4 m away from the wall?

[NCERT Ex. 6.1, Q. 10, Page 198]
Let y metre be the height of the wall at which the
ladder touches. Also, let the foot of the ladder be x
metre away from the wall.
Then, by Pythagoras theorem, we have
P +yr=25 [Length of the ladder = 5 m]

= y=+25-x
Then, the rate of change of height (y) with respect
to time (f) is given by,

dy  —x

dy _ x  dx
dt 25_x2 dt

It is given that, % =2 cm/s

dy  2x

TN T
Now, when x = 4 m, we have

dy  -2x4 8

it J5-4 3

Hence, the height of the ladder on the wall is
[3]

A particle moves along the curve 6y = x* + 2 . Find

the points on the curve at which the y-coordinate

is changing 8 times as fast as the x-coordinate.
[NCERT Ex. 6.1, Q. 11, Page 198]

The equation of the curve is given as,

decreasing at the rate of g cm/s .

6y=x"+2
The rate of change of the position of the particle
with respect to time (t) is given by,

6 _3028% g
dt dt
= Zd—y: xzd—x
dt dt

When the y-coordinate of the particle changes 8
times as fast as the x-coordinate, i.e.,

d d
[_]/ = 8—xj , we have

dt dt
3
When x:4,y:4 +2:ﬁ:11.
6 6
3
—4) +2
When x:—4,y:L:_Q: ﬂ
6 6 3
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Q.5.

Ans.

Ans.

Q.7.

(a) Strictly increasing.

Ans.

Hence, the points required on the curve are (4, 11)

=31
and [—4,3) [3]
The radius of an air bubble is increasing at the
1

rate of , cm/s. At what rate is the volume of the

bubble increasing when the radius is 1 cm?
[NCERT Ex. 6.1, Q. 12, Page 198]

The air bubble is in the shape of a sphere.

Now, the volume of an air bubble (V) with radius

(r)is given by, V = %m’}

The rate of change of volume (V) with respect to
time (f) is given by,

%/ = %ﬂ'%(T}) Z—: [By chain rule]
4 o dr
=—r(3r")—
O
yp—Ys
dt
It is given that,
d 1
L =—cm/s
d 2

t
Therefore, whenr = 1 cm,

av_ 4r(1) [1] =2rcm’/s
dt 2
Hence, the rate at which the volume of the bubble

increases is 27 cm¥s. I3]

. The total cost C(x) in Rupees associated with

the production of x units of an item is given by

C(x)=0.007x" - 0.003x* +15x +4000. Find the
marginal cost when 17 units are produced.

[NCERT Ex. 6.1, Q. 15, Page 198]
Marginal cost (MC) is the rate of change of total
cost with respect to output. Therefore,

mc=%C
dx

=0.007(3x") - 0.003(2x) +15

=0.021x* —0.006x +15
When x =17, we have

MC =0.021(17*)-0.006(17) +15

=0.021(289)—0.006(17) +15
=6.069-0.102+15
=20.967

Hence, when 17 units are produced, the marginal
cost is ¥ 20.967. [3]
Find the intervals in which the function f given by
f(x)=2x*-3x is

(b) Strictly decreasing.
[NCERT Ex. 6.2, Q. 4, Page 205]
The given function is f(x)=2x* - 3x .

fl(x)=4x-3
S fl(x)=0
3
= x==

4

(@)

Ans.

(a)
(b)
(c)
(d)
(e)
Ans.

3
Now, the point 7 divides the real line into two
3

3
disjoint intervals, i.e., [_OO'Z) and [4,00].

—oo

. *3|
; |
1

,fi(x)=4x-3<0.

<

3
In interval (—OO,Z

Hence, the given function (f) is strictly decreasing

3
in int l —00,—|.
mn mterva ( 4]

3 '
In interval (4,00J,f (x)=4x-3>0,

Hence, the given function (f) is strictly increasing in

[3]

3
interval | —, % |.
4

. Find the intervals in which the function f given by

f(x)=2x"-3x"-36x+7is
Strictly increasing. (b) Strictly decreasing.
[NCERT Ex. 6.2, Q. 5, Page 205]
The given function is f(x)=2x"-3x’-36x+7.
f'(x)=6x" —6x-36
=6(x’ —x—06)
=6(x+2)(x—-3)
fx)=0
=>x=-2,3
The points x = —2 and x = 3 divide the real line
into three disjoint intervals, i.e., (—00, —2),(—2,3),

and (3/®) .

<& | | K
-2 3

In intervals (—0,-2) and (3,%), f(x) is positive

while in interval (-2, 3), f'(x) is negative.

Hence, the given function (f) is strictly increasing in

intervals (—%,-2) and (3,%), while function (f) is

strictly decreasing in interval (-2, 3). [3]

. Find the intervals in which the following functions

are strictly increasing or decreasing :
x*+2x-5
10— 6x — 2x°
-2x* - 9x* —12x +1
6—9x—x
(x+1)’(x-3)
(a) We have,
f(x)=x*+2x-5
Sfi(x)=2x+2
Now,
fx)=0
= x=-1
Point x = —1 divides the real line into two disjoint
intervals, i.e., (—oo, —1) and (=1, ).
In interval (—oo, —1), f (x)= 2x + 2<0.
.. fis strictly decreasing in interval (—c, —1).
Thus, fis strictly decreasing for x< —1.

[NCERT Ex. 6.2, Q. 6, Page 205]
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(b)

(©)

(d)

In interval (-1,%), f'(x)=2x+2>0

+ fis strictly increasing in interval (~1,0) .

Thus, fis strictly increasing for x > —1. [3]
We have,
f(x) =10 — 6x — 24
Sfl(x)=-6-4x
Now,
f(x)=0
3
>x=—=
2

The point x:—E divides the real line into two

3 3
disjoint intervals, i.e., [—W,—zj and [—2, ]

3
In interval, i.e., (—00,—] when x < 3 )
2 2
« fis strictly increasing for x < —% .
In interval i.e., when x > —% ; fl(x)=—6-4x<0

[3]

+ fis strictly decreasing for x > 3 .
We have, 2
f(x)=-2x"-9x" —12x +1
o fi(x)=-6x>—18x-12
=—6(x" +3x+2)
=—6(x+1)(x+2)
Now,
f(x)=0=x=-land x=-2
Points x = —1 and x = —2 divide the real line into
three disjoint intervals, i.e., (-o0,-2),(-2,~1) and
(-1,0) .
In intervals (-o0,-2) and (-1,),i.e., whenx < =2
and x > —1,
fl(x)=—-6(x+1)(x+2)<0
+ fis strictly decreasing for x < —2and x > —1.
Now, in interval (=2, —1), i.e., when =2 < x < —1,
fl(x)=—-6(x+1)(x+2)>0.
~ fis strictly increasing for -2 < x <—1.
We have,
f(x)=6-9x-x’

Sfl()y=-9-2x

[3]

Now, f'(x)=0 givesx = —%

The point x:—% divides the real line into two

9 9
disjoint intervals, i.e., [—00,—2) and (—2,00].

. 9 . 9
In interval -0,—— |, ie, for, x<-=,
2 2
f(x)=-9-2x>0.

«~ fis strictly increasing for x < —% .

(e)

Q. 10.

Ans.

9
In interval (—2,00) ie., for, x>—%,

f'(x)=-9-2x<0.
[3]

~ fis strictly decreasing for x > 2 .
We have, 2
f(x)= (1) (x-3)

f(x) =30 +1)°(x =3)’ +3(x =3)° (x +1)’
=3(x+ 1)’ (x =3) [x -3 +x+1]
=3(x+1)*(x-3)’(2x - 2)
=6(x+1)*(x=3)°(x-1)

Now,

f(x)=0

=>x=-1,3,1

The points x = =1, x = 1, and x = 3 divide the

real line into four disjoint intervals, ie., (-%,~1),

(=1,1),(1,3)and (3,%)..

In intervals (—00,—1) and (-1, 1),

f(x)=6(x +1)*(x=3)*(x-1)<0.

«~ fis strictly decreasing in intervals (—00,—1) and

(-1, 1).

In intervals (1, 3) and (3,00) ,

f(x)=6(x+1)*(x=3)*(x-1)>0

« fis strictly increasing in intervals (1, 3) and (3,00) . 3]

Show 2x ,x>-1 s

+x

that y =log(1+ x) - an

2
increasing function of x throughout its domain.

[NCERT Ex. 6.2, Q. 7, Page 205]

Differentiating both sides w.r.t. x, we have

dy 1 (2+x)2-(2x)1
dx 1+x (2+x)?
1 4

T 1+x (2+x)?

4+ x2+4x-4-4x

(1+Jc)(2+x)2
1+ x)(2+x)?
Now,
37)(2 >=0
1+x)(2+x)
= =0 [(2+x)¢0asx>—1]

x=0

Since x > -1, point x = 0 divides the domain
(=1, ») in two disjoint intervals, ie., =1 < x < 0
and x > 0.

When —1 < x < 0, we have
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Q.11.

Ans.

x<0
= x> >0
x>-1
=(2+x)>0
=2+x°)>0

xZ

= —>0
(I1+x)(2+x)

Y
Also, when x >0 we have
x>0

=x">0,2+x)’>0

xz

= >0
(1+x)(2+x)°

’

Ly

Hence, function f is increasing throughout this
domain. [3]

Find the values of x for which y = [x(x - 2):|2 is
an increasing function.

[NCERT Ex. 6.2, Q. 8, Page 205]
We have,

y=[xx-2)f

= [xz - 29(:|2
Therefore,

dy _

- =
=2(x" - 2x)(2x-2)
=4x(x-2)(x-1)
Therefore,

dy

dx
x=0,x=2,x=1

The points x =0,x =1 and x =2 divide the real line
into four disjoint intervals, i.e., (—, 0), (0, 1), (1, 2)
and (2, «).

dy
In intervals (—, 0) and (1, 2), 7, <0,
Yy is strictly decreasing in intervals (—w,0) and

(1, 2).
However, in intervals (0, 1) and (2, ), Z—y >0.
X

«~ yis strictly increasing in intervals (0, 1) and (2, «).
y is strictly increasing for 0 <x<landx>2. [3]

Q.12. Find the slope of the normal to the curve

Ans.

x=acos’0, y=asin’0 at 9=%

[NCERT Ex. 6.3, Q. 5, Page 211]
It is given that,

x=acos’d and y =asin’ @
ax 3acos’ O(—sin 6)
do
=-3acos’ #sin @

dy 3asin’ @(cosH)
de

Q.13.

Ans.

Q. 14.

Ans.

i)
dy _\do

-.- dx (@j
ae

_ 3asin® @cosd
—3acos’ Osin @
_siné

cosfd
=—tand

Therefore, the slope of the tangent at == is
given by, 4

dy} =—tanf] _
dx 0% =5

=—tanZ
4

=-1
Hence, the slope of the normal at 9:z is given
by, 4
1 -1

Slope of the tanget at 0="
4 [3]

Find the slope of the normal to the curve

x=1-asin0,y=bcos’0 at9=g

[NCERT Ex. 6.3, Q. 6, Page 211]
It is given that,
x=1-asin® and y =bcos’

28X pcosgand
do

Z—; =-2bcosf(-sinf) = -2bsinHcos b
dy
dy \do) -2bsinfcos@ 2b .
S=== = =—sind
de (dx —acos6 a
do

Therefore, the slope of the tangent at 0:% is

given by,
dy} = 2—bsin 6} = 2—bsirl
dx |,.= a oz a

2 2

Hence, the slope of the normal at & :% is given
by,

z_2
2 a

1 -1 a

Slope of the tanget at 6= % [ibj 20
a

[3]
Find points at which the tangent to the curve

y=x"—3x"—9x +7 is parallel to the x-axis.
[NCERT Ex. 6.3, Q. 7, Page 211]
The equation of the given curve is

y=x-3x"-9x+7

d—y:3x2—6x—9
dx
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Q.15.

Ans.

Q. 16.

Ans.

Now, the tangent is parallel to the x-axis if the slope
of the tangent is zero.
3x*-6x-9=0
= x'-2x-3=0
=((x-3)(x+1)=0

= x=3orx=-1

When x =3, we have

y=(3)"-3(3) -9(3)+7
=27-27-27+7=-20.

When x =-1,we have

y=(=1)=3(-1)-9(-1)+7
=-1-3+9+7=12.

Hence, the points at which the tangent is parallel to
the x-axis are (3, —20) and (-1, 12). [3]
Find the point on the curve y=x*-11x+5 at
which the tangentis y=x-11.

[NCERT Ex. 6.3, Q. 9, Page 212]
The equation of the given curve is
y=x-1lx+5
The equation of the tangent to the given curve is
given as y = x — 11 (which is of the form y = mx +
c). Therefore, slope of the tangent = 1.
Now, the slope of the tangent to the given curve at
the point (x, y) is given by,

W31
dx
Then, we have
3x? -11=1
= 3x’=12
= x'=4
x==12

Whenx=2,y=2°>-11(2)+5=8—-22+5= —9.
Whenx = =2,y = (-2 - 11(-2) + 5= —8 + 22
+5=19.
Hence, the required points are (2, —9) and (-2, 19).
But, both of these points should satisfy the equation
of the tangent as there would be point of contact
between tangent and the curve. Therefore, (2, —9)
is the required point as (—2, 19) is not satisfying the
given equation of tangent. [3]
Find the equations of all lines having slope 0
1
x*-2x+3"
[NCERT Ex. 6.3, Q. 12, Page 212]
1
X -2x+3
The slope of the tangent to the given curve at any
point (x, y) is given by,

which are tangent to the curve y =

The equation of the given curveis y =

dy  —(2x-2)

dx (x*-2x+3)
o 2(x-1)
(P -2x+3)

Q.17.

(ii)
(iii)
(iv)

)

Ans.

(ii)

If the slope of the tangent is 0, then we have
-2(x-1)

(x* —2x +3)’ B
= -2(x-1)=0
x=1
When x=1y= ! !

1-243 2
~The equation of the tangent through
given by,

1
(lrzj is

1
——=0(x—1
y=3=0G-
1
—_—=0
= y2
_1
y2

Hence, the equation of the required line is y = 1 .

[3]
Find the equations of the tangent and normal to
the given curves at the indicated points :

y=x"-6x’+13x" -10x+5 at(0,5)
y=x"-6x"+13x" -10x +5 at (1, 3)
y = x* at(1,1)
y = x* at(0,0)

x=cost, y=sint at t:%

[NCERT Ex. 6.3, Q. 14, Page 212]
(i) The equation of the curve is
y=x'-6x’+13x> =10x +5.
On differentiating with respect to x, we get

B _ 43 _18x +26x-10
dx

d—y} =-10
ax | 5

Thus, the slope of the tangent at (0, 5) is —10. The
equation of the tangent is given as

y-5=-10(x-0)
= y-5=-10x
=10x+y=>5

The slope of the normal at
-1 1

Slope of the tangent at (0, 5) 10

0, 5) is

Therefore, the equation of the normal at (0, 5) is
given as

1
-5=—(x-0
y=5=1,070)
10y -50=x
=>x-10y+50=0 [3]

The equation of the curveis y = x* —6x” +13x* —10x +5
On differentiating with respect to x, we get

=

d—y:4x3 —18x* +26x—10
dx
d—y} =4-18+26-10=2
dx 0.3
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(iii)

(iv)

v)

Thus, the slope of the tangent at (1, 3) is 2. The
equation of the tangent is given as
y—-3=2(x-1)
=>y-3=2x-2
=>y-2x+1
The slope of the normal at (1, 3) is
-1 -1

Slope of the tangentat (1,3) 2 -

Therefore, the equation of the normal at (1, 3) is
given as
1
—3=——(x-1
y S=D
= 2y-6=-x+1
=>x+2y-7=0 [3]
The equation of the curve is y = x°.
On differentiating with respect to x, we get :
dy _ 3%
dx
dy} =3(1)* =3
dx w1
Thus, the slope of the tangent at (1, 1) is 3 and the
equation of the tangent is given as

y—-1=3(x-1)
= y=3x-2
The slope of the normal at (1, 1) is

-1 -1
Slope of the tangent at (1, 1) E
Therefore, the equation of the normal at (1, 1) is

given as
-1
-l=—(x-1
y-l=—=@&-1)

= 3y-3=-x+1

=>x+3y-4=0 [3]
The equation of the curve is y = x

On differentiating with respect to x, we get :

d—y =2x
dx
]
dx 0.0

Thus, the slope of the tangent at (0, 0) is 0 and the
equation of the tangent is given as
y—0=0(x—-0)
= y=0
The slope of the normal at (0, 0) is

-1 o
Slope of the tangent at (0, 0) ) which is not

defined.

Therefore, the equation of the normal at (x, y) = (0,
0)is givenby x = 0. [3]
The equation of the curve is X =C0st and y =sint .

E = —sint,d—y =cost
dt dt

(i)
dy _\dt)_ cost _ ot

dx (dx) -—sint
dt

Q. 18.

Ans.

Q.19.

Ans.

d—y} =—cott=-1
dx [
4

~ The slope of the tangent at ¢ :% is —1.

1
When t=—",x=

1
N d =—
N RN

Thus, the equation of the tangent to the given

curve at t—z ie., at Kl 1}} is
4T 22

gl
2 V2
:>x+y—L—L:O

V2 2
= x+y—\/§=0
slope of the mnormal at =" s

_ 4
! =1

The

Slope of the tangent at t =

="
4 .

Therefore, the equation of the normal to the given
1

curveattfz ie Kl}atis
4 W22

= xX=Yy

1
&
[3]

Find the points on the curve x> + 4> -2x-3=0 at
which the tangents are parallel to the x-axis.

[NCERT Ex. 6.3, Q. 19, Page 212]
The equation of the given curve is x* + y* — 2x — 3
=0.
On differentiating with respect to x, we have

2x+2yj—y—2:0
x

= y%ZI_x
dy _1-x
dx y

Now, the tangents are parallel to the x-axis if the
slope of the tangent is 0.

.o l_x_
Y
=1-x=0

0

o x=1

But, x> + y* —2x — 3 =0forx = 1.

=y*=4

=>y==%2

Hence, the points at which the tangents are parallel
to the x-axis are (1, 2) and (1, —2). [3]
Find the equation of the normal at the point
(amz,umS) for the curve ay® = x°

[NCERT Ex. 6.3, Q. 20, Page 212]

The equation of the given curve is ay* = x°.

On differentiating with respect to x, we have
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dy 2
2ay—~=3
ay— - =3x
dy _ 3%’
dx Zuy

The slope of the tangent to the given curve at (am?,
am?) is

dy _3(am®)* _3a’m' _3m
Ax | ey 2a(am’)  20°m’ 2
Slope of normal at (am? am’) =
-1 —2

Slope of the taangent at (am®,am’ ) 3m

Hence, the equation of the normal at (umz, am3) is
given by,

y—am’ :;—2(35 —am®)
m

= 3my —3am* = -2x + 2am’
= 2x+3my —am*(2+3m*)=0 3]
Q. 20. Find the equations of the tangent and normal to
the parabola y* = 4ax at the point (at*, 2at ).
[NCERT Ex. 6.3, Q. 22, Page 213]
Ans. Asweknow that the equation of the given parabola
is ¥’ =4ax .
On differentiating y* = 4ax with respect to x, we
have
dy
2y—==4a
v dx
dy _2a
Cdx oy
. The slope of the tangent at (at’,2at) is
dyp 21
dx J e omy 24t t.
Then, the equation of the tangent at (at’,2at) is
given by,
y—2at :%(x —at®)
=ty —2at’ = x —at’
> ty=x+at’
Now, the slope of the normal at (at*,2at) is given
by,
-1 ~
Slope of the tangent at (at*, 2at)
Thus, the equation of the normal at (at?, 2at) is
given as :
y—2at =—t(x —at®)
= y-2at=—tx+at’
y=—tx +2at +at’ [3]
Q. 21. Using differentials, find the approximate value of
each of the following up to 3 places of decimal.
(i) v25.3 (i) ~49.5
1

(i) Vo.6

(iv) (0.009)}

v) (0.999)%
(vii) (26)°
() (82)*
(xi) (0.0037)2

(xiii) (81.5)*

(vi) (15)*
(viii) (255)*

(x) (401)*

(xii) (26.57)
; (xiv) (3.968)2

1

(xv) (32.15)

Ans.

(ii)

(iii)

[NCERT Ex. 6.4, Q. 1, Page 216]
(i) V253
Consider y = Jx
Let x = 25 and Ax = 0.3. Then,

Ay «/— x/—
=\253-425
=\253-5
J253 =Ay+5

Now, dy is approximately equal to Ay and is given by,
dy = (dy )Ax
dx

1
=0.03

Hence, the approximate value of /25.3 is 0.03 + 5
= 5.03. [3]

V49.5

Consider Yy = Jx
Let x = 49 and Ax = 0.5, then,

Ay Jx+ Ax —x
J49.5 -\49
J49.5 -7
J49.5 =7+ Ay

Now, dy is approximately equal to Ay and is given
by,

dy = (ZZij
1

1
RENTA
1

4=

s8]

=0.035

Hence, the approximate value of +/49.5 is 7 + 0.035
= 7.035. B3]

V0.6
Consider ¥ = \/; .
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(iv)

v)

Letx = 1and Ax = —0.4. Then,
Ay:\/m—\/;
=J0.6-1
M:1+Ay

Now, dy is approximately equal to Ay and is given
by,

dy
dy =| =< |A
y(dxjx

1
—(a =5
) \/;( ) [ y J
1
=—(-0.4
(04
=-0.2
Hence, the approximate value of /0.6 is 1 + (—0.2)
=1-02=08. [3]
1
(0.009)°

1
Consider ¥ =x>.
Let x = .008 and Ax = 0.001. Then,

1 1
Ay =(x+ AJ()g - (Jr)g
1 1

=(0.009) —(0.008)?

1
=(0.009)* —0.2
1
(0.009)* =0.2+ Ay
Now, dy is approximately equal to Ay and is given
by,

dy
dy =| 2 |ax
Y (dxj

1 1
3(x)?

R
T 3%0.04
~0.001

C0.12
=0.008

(0.001)

1
Hence, the approximate value of (0.009)* is 0.2 +
0.008 = 0.208. [3]

1

(0.999)1

1
Consider y =(x)'"
Letx = 1and Ax = —0.001. Then,

1 1
Ay = (x+ Ax)'"0 —(x)'°
1
=(0.999)1° —1

1
(0.999)° =1+ Ay
Now, dy is approximately equal to Ay and is given by,

dy:[ZZJAx
- () {--y:(x)w}
10(x)10

1
=—(~0.001
o )
=-0.0001
1
Hence, the approximate value of (0.999)" is 1 +
(—0.0001) = 0.9999. [3]
1
(vi) (15)*

1
Consider y=x*.
Letx = 16 and Ax = —1. Then,

Ay=(x+ Ax)% - x%
~(15) (6
=(1 5)% -2
(15)% =2+Ay
Now, dy is approximately equal to Ay and is given by,

dy
dy = A
Y [dxj *

= ! —(Ax) { y:x‘]‘}
4(x)?

1

=— ()
4(16)

B SR
4x8 32

1
Hence, the approximate value of (15)* is 2 +
(—0.03125) = 1.96875. [3]

1
(vii) (26)
1
Consider y =(x)*. Let x = 27 and Ax = —1. Then,

1 1
Ay =(x+ Ax)g - (x)g
1 1

=(26)° -(27)°

= (26)§ -3

1
(26)° =3+ Ay
Now, dy is approximately equal to Ay and is given

by,

dy
dy=| =LA
y[dxj"

—— @) [-sy=(x)3}
3(x)°

- ()
327)°

= -1 =-0.0370
27

1
Hence, the approximate value of (26)® is 3 +
(—0.0370) = 2.9629. [3]

(viii) (255)*
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(ix)

()

1

Consider y = (x)* . Let x = 256 and Ax = —1. Then,

Ay =(x+ Ax)% - (x)Z
= (255)% —(256)%

=(255)* —4
1
(255)* =4+ Ay

Now, dy is approximately equal to Ay and is given
by,

()
- () {.’y:x‘l‘}

400
- ()

Rlw

4(256)*
-1
= - =-0.0039
4x4
1
Hence, the approximate value of (255)* is 4 +
(—0.0039) = 3.9961. [3]
1
(82)*

Consider y = x% .Let x = 81 and Ax = 1. Then,
Ay =(x+ Ax)% - (x)%
= (82)% —(81)%
= (82)% -3
(82)% =Ay+3
tl:;ow, dy is approximately equal to Ay and is given

_ ! +(Ax) { y:x‘l‘}
4(x)*

-
4(81)*

LI Y
43 108

Hence, the approximate value of (82)* is 3 + 0.009
= 3.009. [3]
1
(401)?
1

Consider y = x? . Letx = 400 and Ax = 1. Then,

Ay:\/x+Ax—f

X
=401 — /400

(xi)

(xii)

=401 -20
V401 =20+ Ay

Now, dy is approximately equal to Ay and is given by,

dy
dy=| < |A
y(dx]x

T 2x20

L 0.025
40
Hence, the approximate value of /401 is 20 +
0.025 = 20.025. [3]
1
(0.0037)?

1
Consider y=x2?. Let x = 0.0036 and Ax = 0.0001.
Then,

1

1

Ay = (x + Ax)? —(x)?
1 1
=(0.0037)2 —(0.0036)>

1
=(0.0037)* - 0.06
1

(0.0037)2 = 0.06 + Ay
Now, dy is approximately equal to Ay and is given by,

dy
dy = = |Ax
Y (dxj

|
:m(Ax)
1

= 2x0.06
~0.0001

0.12
=0.00083

(0.0001)

1
Thus, the approximate value of (0.0037)? is 0.06 +
0.00083 = 0.06083. [3]

1
(26.57)°

1
Consider y=x*. Let x = 27 and Ax = —0.43. Then,
1
Ay =(x+Ax)®> —x°
1 1
=(26.57)° - (27)°
1

=(26.57)* -3

1
(26.57)° =3+ Ay
Now, dy is approximately equal to Ay and is given by,

dy
dy=| =% |A
y(dex
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- () {:y=x;}
3(x)?

! —(-0.43)
" 309)
=208 015
27
1
Hence, the approximate value of y=x3 is 3 +
(—0.015) = 2.984. [3]
1
(xiii) (81.5)*

1
Consider y =x*.Letx = 81 and Ax = 0.5. Then,

1

Ay =(x+Ax)* —(x)*
:(81.5)% —(81)%
:(81.5)% -

1
(81.5)* =3+ Ay
Now, dy is approximately equal to Ay and is given by,

dy = (dy]Ax
dx
1

4(x)*
1
=——(0.5
4(3)3( )
=£:0.0046
108
1
Hence, the approximate value of (81.5)* is 3 +
0.0046 = 3.0046. [3]
3
(xiv)  (3.968)2

3

Consider y = x2.Letx = 4 and Ax = —0.032. Then,

3 3
Ay =(x+Ax)? —x?
3
_(4)5
3
=(3.968)* —

3
= (3.968)"

3
(3.968)> =8 + Ay

Now, dy is approximately equal to Ay and is given

by,
d
v (d@
=2 {:y=x3}

3
=2()(-0.032)

=-0.096

3
Hence, the approximate value of (3.968)? is 8 +
(—0.096) = 7.904. [3]

1

(xv) (32.15)°
1
Consider y = x5 . Letx = 32 and Ax = 0.15. Then,
1
Ay =(x+Ax)s —x°
1 1
=(32.15)° —(32)°
1
=(32.15)° -
1
(32.15)° =2+ Ay
Now, dy is approximately equal to Ay and is given
by,
dy
dy=|—= |Ax
! [dx)
1
i oyed]
5(x)°
! -(0.15)
“5x(2)f
_O0I5 0.00187
80
1
Hence, the approximate value of (32.15)° is 2 +
0.00187 = 2.00187. [3]
Q. 22. Find the approximate value of f(2.01), where
f(x)=4x"+5x+2.
[NCERT Ex. 6.4, Q. 2, Page 216]
Ans. Letx =2and Ax = 0.01. Then, we have
f(2.01) = f(x + Ax)
=4d(x + Ax)” +5(x + Ax) +2
Now,
Ay = f(x+Ax)- f(x)
f(x+Ax)=f(x)+Ay
~ f(x)+ f'(x)Ax (- dx = Ax)
= f(2.01)~(4x” +5x+2)+(8x +5)Ax
=[4(2)" +5(2)+2]+[5(2)+5](0.01)

[as x =2,Ax =0.01]
=(16+10+2)+(16+5)(0.01)
=28+(21)(0.01)
=28+0.21
=28.21

Therefore, the approximate value of f(2.01) is
28.21. [3]
Q. 23. Find the approximate value of f£(5.001), where
f(x)=x-7x*+15.
[NCERT Ex. 6.4, Q. 3, Page 216]
Ans. Letx = 5and Ax = 0.001. Then, we have

£(5.001) = f(x+Ax)=(x +Ax) =7 (x +Ax)’ +15

Now, Ay=f(x+Ax)-f(x)
L f(x+Ax)=f(x)+Ay
~ f(x)+f'(x) Ax (as dx = Ax)
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Q.24.

Ans.

Q. 25.

Ans.

Q. 26.

o 2

= f(5.001) = (x* = 7x" +15) + (3x” ~ 14x) Ax

=[(5)' +7(5) +15 ] +[3(5)" ~14(5) |(0.001)
[x=5,Ax=0.001]
=(125-175+15)+(75-70)(0.001)

=-35+(5)(0.001)

=-35+0.005

=-34.995
Hence, the approximate value of f£(5.001) is
—34.995. [3]

Find two numbers whose sum is 24 and whose
product is as large as possible.
[NCERT Ex. 6.5, Q. 13, Page 233]
Let one number be x. Then, the other number is
(24 — x).
Let P(x) denote the product of the two numbers.
Thus, we have
P(x) = x(24 - x) = 24x — x°
L P'(x)=24-2x
p'(x)=-2
Now,
P'(x)=0
= x=12
Also,
P"(12)=-2<0
~By second derivative test, x = 12 is the point
of local maxima of P. Hence, the product of the
numbers is the maximum when the numbers are
12 and 24 — 12 = 12. [3]
Find two positive numbers whose sum is 16 and
the sum of whose cubes is minimum.
[NCERT Ex. 6.5, Q. 16, Page 233]
Let one number be x. Then, the other number is
(16 — x).
Let the sum of the cubes of these numbers be
denoted by S(x). Then,
S(x)=x+(16-x)
S'(x)=3x*-3(16-x),
S"(x)=6x+6(16—x)

Now,
S'(x)=0
= 3x* -3(16-x)° =0
= x*—(16-x) =0
= x*-256-x+32x=0
x:%:S

Now, S"(8)=6(16-8)=48+48=96>0

.. By second derivative test, x = 8 is the point of
local minima of S.

Hence, the sum of the cubes of the numbers is the
minimum when the numbers are 8and 16 — 8 = 8. [3]
Using differentials, find the approximate value of
each of the following :

1
(b) (33)5
[NCERT Misc Ex. Q. 1, Page 242]

1
Ans. (a) Consider y=x* Letx= 1—61 and Ax = i

81
L
Then, Ay =(x+Ax)* —x*

1

177 2
=1 =2+A
ESIJ 37

Now, dy is approximately equal to Ay and is given

by,
dy = (%j Ax

SIG
- 3181
s
81
27 1
= X —
4x8 81
1 1

= =—=0.010
32x3 96

L

17\, 2
Hence, the approximate value of [—] is 3 +0.010
= 0.667 + 0.010 = 0.677. 1 3]

-1

(b) Consider y=x°

Let x = 32 and Ax = 1. Then,

1
Ay =(x+ Ax)fé —x 3

1
~(33)5 :%+ Ay
Now, dy is approximately equal to Ay and is given

by,
y dy = [%}(AX)

sy [erer)
S(x)g

__

- 52)° M

L 0.003
320

1
Hence, the approximate value of (33)5 is
1
5 +(=0:003) _ g5 _ 0,003 = 0.497. 3]

Q. 27. Find the equation of the normal to curve x* = 4y

which passes through the point (1, 2).
[NCERT Misc Ex. Q. 4, Page 242]
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Ans.

Q. 28.

Ans.

Q. 29.

Ans.

The equation of the given curve is y* = 4x
Differentiating with respect to x, we have

dy
2y—==4
ydx
dy_4_2
dx Zy y
e
dx ., 2
Now, the slope of the normal at point (1, 2) is
—1 _ ;1 -1
5T
dx |

~Equation of the normal at (1, 2)isy — 2 = -1
(x = 1).
= y—2=—-x+1

>x+y—-3=0 [3]
Find the intervals in which the function f given by
f(x)=x+° + 1 ,x#0 is
1ncreasmg (ii) decreasing
[NCERT Misc Ex. Q. 7, Page 242]
Given that,
fx)=2 +
X
f =3 -
X
3x° -3
= =
Then,
f(x)=0
=3x*-3=0
= x¢ =1
x==1

Now, the points x = 1 and x = -1 divide
the real line into three disjoint intervals, i.e.,

(=o,~1),(~1,1) and (1,%0).
In intervals (—0,—1) and (1,
andx>1, f'(x)>0
Thus, when x < —1 and x > 1, fis increasing.
Ininterval (=1, 1) i.e., when -1 <x < 1, f'(X) <0
Thus, when —1 < x < 1, f is decreasing,. [3]
Let f be a function defined on [a, b] such that
f(x) > 0, for all x € (a, b). Then prove that f is an
increasing function on (a, b).

[NCERT Misc. Ex. Q. 16, Page 243]
Let x4, x, € (4, b)|such that x; < x,.

00), i.e.,, when x < —1

Consider the sub-interval [x;, x,]. Since f(x) is
differentiable on (4, b) and [x;, x,] < (a, b).
Therefore, f(x) is continuous on [x;, x,] and
differentiable on (x;, x,).

By the Lagrange’s mean value theorem, there exists

¢ e (x,, xp) such that f'(c)= w ..(0)

Since f(x) > 0 for all x € (a, b), so in particular, f(c) > 0

Q. 30.

Ans.

f'(e )>0
f(xz f(x) . .
. x, [Usmg Eq. (1)]
= f(x) = f(x)>0 [ x,—x,>0whenx, <x,]
= f(x2)>fx)
= flx) < f(x,

Since xy, x, are arbltrary points in (a, b).
Therefore, x; < x, = f(x;) < f(x,) forall xy, x, € (a, b)
Hence, f(x) is increasing on (a, b). [3]
A Kkite is moving horizontally at a height of 151.5
meters. If the speed of kite is 10 m/s, how fast is
the string being let out; when the kite is 250 m
away from the boy who is flying the kite? The
height of boy is 1.5 m.

[NCERT Exemp. Ex. 6.3, Q. 3, Page 135]
We have, height (1) = 151.5 m, speed of kite (v)=10 m/s
Let CD be the height of kite and AB be the height of boy.

Let DB = xm = EA and AC=250 m
F C
A
151.5m
A E
G
\
B H D
dx
S —=10 m/
dt ®

From the given figure, we see that
EC=1515-15=150 m and AE = x
Also, AC = 250 m

In right-angled ACEA,

AE’ +EC* = AC’
2 +(150)" =2 (i)
x* +(150)" =(250)°
x* =(250)" - (150)’
=(250+150)(250-150)
=400x100
x=20x10=200
From Eq. (i) on differentiating with respect to t, we get
23 B ooy W
dt dt
dy dx
= =2x
VTP
dl x dx
at y dt
=29 10=8ms [ d—x_mm/}
250 d

So, the required rate at which the string is being let
out is 8 m/s. [3]
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Q. 31.

Ans.

Q. 32.

Ans.

Q. 33.

A swimming pool is to be drained for cleaning. If
L represents the number of litres of water in the
pool t seconds after the pool has been plugged off
to drain and L = 200 (10 - £)2. How fast is the water
running out at the end of 5 seconds? What is the
average rate at which the water flows out during
the first 5 seconds?

[NCERT Exemp. Ex. 6.3, Q. 9, Page 135]
Let L represents the number of litres of water in the
pool t seconds after the pool been plugged off to
drain, then
L = 200(10 - H)2

=~ Rate at which the water is running out = —%
dL
— =-200.2(10—-1¢)- (-1
b (10-)-(-1)
= 400(10 —t)
Rate at which the water is running out at the end of 5 s,
=400(10 - 5)
=2000 L/s = Final rate
Since, initial rate = (d—LJ =4000 L/s
=0

Initial rate+Final rate

Average rate during 5 s =

2
4000+ 2000
2
=3000L/s

[3]

x and y are the sides of two squares such that y =
x —x°. Find the rate of change of the area of second
square with respect to the area of first square.

[NCERT Exemp. Ex. 6.3, Q. 11, Page 136]
Since, x and y are the sides of two squares such that
y=x — x*
= Area of the first square (A;) = x*
and area of the second square (4,) = y* = (x — x%)?

dA, zi(x_xz)z
dt dt
:2(x—x2)(d—x—2x~d—xj
dt dt
dx )
=—(1-2x)2(x -
B2 -)
and %:ixZ:Zxd—x
dt dt dt
dA, dA,/dt
A, dA,/dt
dx N
—(1-2x)2x -2
u-amer-2r)
2x.di
dt
_(1-2x)2x(1-x)
2x
=(1-2x)(1-x)
=1-x-2x+2x"
=2x*-3x+1 [3]

Find the condition that the curves 2x = y? and 2xy
= k intersect orthogonally.
[NCERT Exemp. Ex. 6.3, Q. 12, Page 136]

Ans.

Q.34.

Ans.

Given, equation of curves are 2x = 1 (i)

and 2xy = k ..(if)

= Y= [From Eq. (ii)]
2x

From Eq. (i), we have

2
2x = (Lj
2x

= 8x* =k?
= £ =L
8
= =t
2
y:ziz lk — k'3
X 2'*k2/3

Thus, we get point of intersection of curves which
is lk2/3’k1/3 )
2

From equations (i) and (ii), we have

dy
2=2y—
ydx
and z[x.dl+y.]}:0
dx

= dy 1

dx y
and [dlj:ﬂ:_z

dx 2x .

L 1

= [dx juk”l,qu E [say m,]
and -

(dl) _ *k1/3 _ _Zk_]/3
dx {%km,k'”] lk2/3
2

Since, the curves intersect orthogonally, i.e.,

m,.m, =~1
1 -
= W.(—Zk 1/3):—1
= —2k7P =1
2
= W:
= kP =2
k=8

which is required condition. [3]
Find the co-ordinates of the point on the curve

Jx + y =4 at which tangent is equally inclined to

theaxes.  [NCERT Exemp. Ex. 6.3, Q. 14, Page 136]
As we know that,
We have, Jx+\fy=4 (i)
- xl/2 + yl/Z — 4
1 1 1 1 d
dl:_l x V2. 2
dx 2
-_|¥
X

Since, tangent is equally inclined to the axes.
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Q. 35.

Ans.

Q. 36.

Ans.

dy_,,
dx

- T
x

= LA
x

= y=x

From Eq. (i), we have

\/;+\/?:4

= 2Jy =4
= 4y =16
y=4and x=4

Wheny = 4, then x = 4
So, the required coordinates are (4, 4). [3]
Find the angle of intersection of the curves y =
4-x*andy =%

[NCERT Exemp. Ex. 6.3, Q. 15, Page 136]
We have, y = 4 -2 ..(0)

and y=x* ...(ii)
= 4y =-2x
dx
and ay _ 2x
dx
= m, =-2x
and m, =2x
From equations (i) and (ii), we have
x2=4-x
= 2x* =4
= x*=2
= x= i\/E

y=x"=(+/2)" =2
So, the points of intersection are (\/5 ’ 2) and
(5.3
For point (ﬁ, 2), m =-2x=-22=-2{2
and m, =2x = 2\/5
and for point (—\/5, 2), my = 242 and my = 242

:|m1—m2|: —2\/5—2\/5|:|_4\/§|
|1+m1m3| |1_2\/§.2\/§| | 7 |

. f=tan”’ [M]
7
[3]

At what points on the curve x> + y> - 2x -4y + 1 =
0, the tangents are parallel to the y-axis?

[NCERT Exemp. Ex. 6.3, Q. 18, Page 136]
Given that the equation of curve,

tané

X4yt -2x-4y+1=0 ()
= 2x+2yd—y—2—4d—y:0
dx dx
= d—y(Zy—4):2—2x
dx
- dl:2(1—x)
dx  2(y-2)

Q.37.

Ans.

Q. 38.

Ans.

Since, the tangents are parallel to the y-axis, i.e.,

tan @ =tan90° = d—y
dx -

1-x

y_
= y-

N O o=

5=
2=

= y=
For y = 2 from Eq. (i), we get
X1 +27-2x-4x2+1=0
¥ —2x-3=0

=

= ¥ =3x+x-3=0

= X(x-3)+1(x-3)=0

= (x+1)(x-3)=0

R x=-1,x=3

So, the required points are (-1, 2) and (3, 2). [3]
Find the points of local maxima, local

minima and the points of inflection of the
function f(x)=x"-5x"+5x-1. Also find
the corresponding local maximum and local
minimum values.

[NCERT Exemp. Ex. 6.3, Q. 26, Page 137]
Given that, fix) =X —5x* + 5 - 1
On differentiating with respect to x, we get

F(x) = 5x* = 20x° + 15x2

For maxima or minima, f(x) =0

= Syt =206+ 15x2=0
= 5x3(x*—4x+3)=0
= 5202 -3x-x+3)=0

= 5 x(x—3)-1(x-3)]=0
= 5¢%[(x— D(x—3)]=0
: x=0,1,3

Sign scheme for Z—y =5x"(x—1)(x-3)
x

—o0+ + - + ©

pa ] Py ] S

~ T hd T 7z
0 1 3

So, y has maximum value at x = 1 and minimum
value at x = 3.

At x = 0, y has neither maximum nor minimum
value, so x = 0 is the point of inflection

Maximum valueof y =1—-5+5—-1=0(atx =1)
and Minimum value of y = 35 — 5(3)4+5(3)3 — 1
=243 -405 +135-1 = —298 (at x =3) [3]
An open box with square base is to be made of a

given quantity of card board of area c*. Show that
3

the maximum volume of the box is £ cubic
633

units. [NCERT Exemp. Ex. 6.3, Q. 29, Page 137]
Let the length of side of the square base of open
box be x units and its height be y units.
». Area of the metal used = x* + 4xy
= 2+ dxy = & [Given]
c-x

4 (i)

Now, volume of the box (V) = x%y

=

y:
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Q. 39.

Ans.

R
X
\
—
= V=x2. ¢ —x’
4x

= l(sz -x%)
On differentiating both sides with respect to x, we get

av 1., 2
2 (=3 "
dx 4 (€ =3x7) ...(ii)
Now, d—V:0:>c2:3x2
dx 3
, €
= xP==
3
c
= X=— [Using positive sign
NG gp gn|]
Again, differentiating Eq. (ii) with respect to x, we get
Iy 1 -3
—=—(-6x)=—x<0
dx’ 4( ) 2

dzv = _i . L <0
dxz at)(:L 2 \/5
3

Thus, we see that volume (V) is maximum at
X=—.

3

~ Maximum volume of the box,

I(, ¢ ¢
_l.(303—c3)
4 33
120
_2.3\/5

¢ .
= 6\/5 cu units 3]

Find the equations of the tangent and the normal,
to the curve 16x>+9y”>=145 at the point
(xl,yl) wherex, =2 andy, >0.
[CBSE Board, Delhi Region, 2018]

Given 16x* + 9y* = 145
Substitute x =2in 163 + 9y* = 145

16(2)* + 9> = 145
= 64 + 9y* = 145
= y = 3 (Neglectingy = -3 asy > 0)
Now, differentiate 16x*+9y*=145 with respect to x
which will give us the slope of the tangent.

32x+18yd—y: 0
dx
- dy _ _32x
dx 18y

dy  32x

Substitute x = 2and y = 3in o _@

Q. 40.

(@)

Ans.

(@)

(b)

Q.41.

Ans.

dy __64_ 32
dx 54 27
The equation of tangent is given by

32
—3=-2S(x-2
y=3=-(x=2)

= 27y —81=-32x+64
= 32x+27y—145=0

-1
Slope of tangent 32

_2

The slope of the normal is
The equation of normal is given by
27
—-3=—(x-2
y=3=3,(-2)

= 32y —96=27x—54

= 27x-32y+42=0

Find the

4

f(x)=%—x3—5x2+24x+12 is

[4]

intervals in which the function

strictly increasing, (b) strictly decreasing.

[CBSE Board, Delhi Region, 2018]
4
Given, f(x)= % —x* =52+ 24x +12
=  fi(x)=x"-3x"-10x+24
Find the critical points by equation f(x) to zero.
x*=3x"-10x+24=0

=} (x—2)-x(x—2)-12(x-2)=0

= (x=2)(x* —x—12)=0

= (x=2)(x—-4)(x+3)=0

= x=-3,2and 4
Therefore, we have the intervals (-, —-3), (-3, 2),
(2,4) and (4, ).

—o0+ + - |t

~ T ® T >

0 1 3
For f(x) to be strictly increasing, we should have
fx)>0
=>x-2)(x-4) (x+3)>0
Therefore, x (-3, 2) U (4, »)
For f(x) to be strictly decreasing, we should have
f) <0
=>x-2)(x-4)(x+3)>0
Therefore, x (-0, -3) U (2, 4) [4]
The equation of tangent at (2, 3) on the curve
y* =ax’ + b is y = 4x — 5. Find the values of 2 and b.

[CBSE Board, All India Region, 2016]
v =ax’+b
dy
dx
dy 3ax’
e —

= 2y—~ =3ax’

dy 3a 4
Slope of tangent at (2, 3) = Ix =537
23
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@o.rg Long Answer Type Questions

Comparing with slope of tangent y = 4x -5, we get,

20=14 .. [

Also (2, 3) lies on the curve.

Therefore, 9 = 8a + b, puta = 2, we getb = -7 [1]

(5 or 6 marks each)

Q.1

Ans.

Ans.

. Prove that Y =(

Sand is pouring from a pipe at the rate of 12
cm’/s. The falling sand forms a cone on the
ground in such a way that the height of the
cone is always one-sixth of the radius of the
base. How fast is the height of the sand cone
increasing when the height is 4 cm?

[NCERT Ex. 6.1, Q. 14, Page 198]
The volume of a cone (V) with radius () and height

(h)is given by, V = %mzh
It is given that,

h:lr:w:6h
6

V= %;;(6;1)211 — 127k
The rate of change of volume with respect to time
(t) is given by,
av _ 127,1(]13) an
dt dh dt
[By chain rule]
dh
=127(3h*)—
7(3) 5
dh
dt
It is also given that, ‘2—‘; =12cm’/s .

=367h’

Therefore, when h = 4 cm, we have

12:3671(4)2%

dn 121
dt  36z(16) 48z
Hence, when the height of the sand cone is 4 cm, its

[5]

=

height is increasing at the rate of ﬁ cm/s .
z

4sinf

-~ Vis an increasin
2+cos0) g

function of 6 in [0,%} .

[NCERT Ex. 6.2, Q. 9, Page 205]

We have,
4sin 6

(2+cos@)

(2+cosB)(4cos0)
dy _ —4sinf(-sind)
dx (2 +cos 49)2
_8c0sf+4cos’ O +4sin’ 0
- (2+cos 0)2
_ 8cosf+4
- (2+cos 9)2

Ans.

Now, d—y=0
dx
8cosf +4 -1
(2+C089)2
= 8c0s6 +4 =4+ cos* O + 4cos 6

= cos’@—4cos0 =0
= cos@(cosf—4)=0
= cosf@ =0 or cosfd =4

Since cos © # 4, cos 6 = 0.

C059=029=%
Now,

dy 8cos€+4—(4+cosz49+4cosa)

dx (2+C050)2
_ 4cos@—cos’ 0
- (2+c056’)2
_ cos6(4—cos0)
- (2+cos¢9)2

In interval (O,gj , we have cos 6 > 0. Also, 4 > cos
0=4—cosB > 0.
. cos@(4—cosf)>0and also (2+ cos6‘)2 >0
cosd(4—cos0)
>————->0
(2+cos@)

d—y>0
dx

=

z
Therefore, y is strictly increasing in interval (O’EJ .
Also, the given function is continuous at x = 0 and

x==

[5]

7
Hence, y is increasing in interval (O'Ej .

. Let I be any interval disjoint from (-1, 1). Prove

that the function f given by f(x)=x+ 1is strictly
x

increasing on I.
We have,

1
f(x):x+;

(x)=1— -
f(x)_l P

[NCERT Ex. 6.2, Q. 15, Page 206]
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Ans.

Q.5.

The points x = 1 and x = —1 divide the real line in
three disjoint intervals, i.e., (o, -1), (-1, 1) and (1, ).
In interval (—1, 1), it is observed that

-l<x<1

= X’ <1

1
= 1<—,x=0
X
1
=>1-—<0,x=0
X

i) =1 —% <0on (-1,1) ~ {0}

« fis strictly decreasing on (-1, 1) ~ {0}.
In intervals (-, —1) and (1, =), it is observed that
x<-lorl<x

= x*>1
1
= 1>—
xZ
1
=>1-—>0
X

s fi(x)=1 —iz >0 on (—,—1) and (1,%0)
X

.. fis strictly increasing on (—oo, 1) and (1, ).
Hence, function fis strictly increasing in interval I disjoint
from (-1, 1). Hence, the given result is proved. [5]

. Find the equation of all lines having slope —1 that

are tangents to the curve y = 1 I x=1.
x—

[NCERT Ex. 6.3, Q. 10, Page 212]

The equation of the given curve is y = L,x #1

The slope of the tangents to the given curve at any
point (x, y) is given by,
dy -1
dx (x—1)
If the slope of the tangent is —1, then we have
—1 _
(-F
= (x-1)7’=1

= x—1==1

= x=2,0
Whenx =0,y = —land whenx =2,y =1.
Thus, there are two tangents to the given curve
having slope —1. These are passing through the
points (0, —1) and (2, 1).
.. The equation of the tangent through (2, 1) is
given by,

y—1=-1(x-2)
= y—-l=-x+2
=>y+x-3=0
Hence, the equations of the required lines are y + x
+1=0andy+x—-3=0. [5]
Find the equation of the tangent line to the curve
y=x"-2x+7 whichis

(a) parallel to the line 2x -y +9=0
(b) perpendicular to the line 5y - 15x =13 .

[NCERT Ex. 6.3, Q. 15, Page 212]

Ans.

(@)

(b)

The equation of the given curve is y = x* - 2x +7
On differentiating with respect to x, we get :

d—y:2x—2

dx
The equation of the lineis 2x —y + 9 = 0.
2x—y+9=0
= y=2x+9

This is of the form y = mx + c.

= Slope of the line = 2

If a tangent is parallel to the line 2x —y + 9 = 0,
then the slope of the tangent is equal to the slope
of the line.

Therefore, we have

2=2x-2
= 2x =4
= x=2
Now, x=2
= y=4-4+7=7

Thus, the equation of the tangent passing through
(2,7)is given by,
y-7=2x-2)
=>y-2x-3=0
Hence, the equation of the tangent line to the given
curve (which is parallel to line 2x— y + 9 = 0) is
y-2x-3=0. [2v4]
The equation of the line is 5y — 15x = 13.
5y —15x =13
13
= y=3x+ 5
This is of the form y = mx +c.
.. Slope of the line = 3.
If a tangent is perpendicular to the line 5y —15x =13,
then the slope of the tangent is
-1 -1
Slope of the line 3 .
-1

=>2x—-2=—
-1
= 2x=—+2
3
= 2x=é
3
5
= x==
6
Now, x:é
6
25 10 25-60+252 217
= y=————=+7T=—-——=—-
36 6 36 36

Thus, the equation of the tangent passing through

(é ﬂ] is given by,

6 36
217 1 5
e s
36 3 6

36y 217

36
= 36y —217 =-2(6x - 5)
= 36y —217 =—12x +10
=36y +12x-227=0

-1
= —(6x-5
18( )
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Q.6.

Ans.

Ans.

Hence, the equation of the tangent line to the given
curve (which is perpendicular to line 5y —15x =13)
is 36y +12x-227=0. [272]
For the curve y =4x>-2x°, find all the points at
which the tangent passes through the origin.

[NCERT Ex. 6.3, Q. 18, Page 212]
The equation of the given curve is y = 4x* - 2x° .
On differentiating with respect to x, we get

dy =12x> —10x*
d

x
Therefore, the slope of the tangent at a point (x, y)
is 12 — 10x*
The equation of the tangent at (x, y) is given by,
Y -y =(12x" -10x*)(X - x) ..(0)
When the tangent passes through the origin (0, 0),
thenX =Y = 0.
Therefore, equation (i) reduces to :
-y =(12x" =10x*)(~x)

y=12x*—10x°
Also, we have

y=4x"-2x°
s 1227 —10x° = 4x° - 2x°

= 8x°-8x'=0

= x-x=0
= x3(x2—1)=0
= x=0,%1

When x = 0,y = 4(0)°> - 2(0)° = 0.

Whenx =1,y =4(1)°-2(1)>=2.

Whenx = -1,y =4 (-1)* —= 2 (-1)° = -2.

Hence, the required points are (0, 0), (1, 2) and (=1, —2). [5]

. Find the equation of the normals to the curve

y=x"+2x+6 which are parallel to the line
x+14y+4=0. [NCERT Ex. 6.3, Q. 21, Page 213]
The equation of the given curveis y =x’+2x+6.
The slope of the tangent to the given curve at any
point (x, y) is given by,

dy _ 3x7+2

dx

~ Slope of the normal to the given curve at any

point (x, y) =

-1 -
Slope of the tangent at the point (x,y) 3x* +2
The equation of the given line is x + 14y + 4 = 0.
x4+ 1dy +4=0

>y= —ﬁx—% (which is of the form y=mx+c)
=~ Slope of the given line = m

If the normal is parallel to the line, then we must
have the slope of the normal being equal to the
slope of the line.

-1 -1

32 14
=3x*+2=14
= =12
= x*=4

= x=32

Ans.

When x=2,y=8+4+6=18.
When x=-2,y=-8-4+6=-6.
Therefore, there are two normals to the given curve

with slope 1_—; and passing through the points
(2,18) and (-2, —6).
Thus, the equation of the normal through (2, 18) is
given by,
-1
—18="—(x-2
y-18="(x-2)
=  14y-252=-x+2

= x+14y-254=0
and, the equation of the normal through (-2, —6)
is given by,

y=(-6)=—[x~(-2)]

-1
= y+6:ﬁ(x+2)

= 14y +84=-x-2

= x+14y+86=0

Hence, the equations of the normals to the given
curve (which are parallel to the given line) are

x+14y-254=0and x +14y +86 =0 [5]

. Prove that the curves x = y* and xy = k cut at right

angles* if 8k* = 1.
[NOTE : *Two curves intersect at right angle if the
tangents to the curves at the point of intersection
are perpendicular to each other.]

[NCERT Ex. 6.3, Q. 23, Page 213]
The equations of the given curves are given as
x=y?and xy = k.
Putting x = y?in xy = k, we get :

1

yv=k=y=k

2
x=k?
Thus, the point of intersection of the given curves

2 1
is [k3'k3].

Differentiating x = y* with respect to x, we have

dy

1=2y—2

ydx
dx 2y

Therefore, the slope of the tangent to the curve x =
2 ‘L?/} _ b

P at [k3, k3J is dx {é,ﬁ} Zk%

On differentiating xy = k with respect to x, we have

dy

—~+y=0

xdx y

- Y_-y
dx x

~ Slope of the tangent to the curve xy = k at

2 1
(k3, k3j is given by,
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Ans.

1
iy} :;y} __k
dx [ki,ki] x (ké,kﬂ k§ k%

We know that two curves intersect at right
angles if the tangents to the curves at the point of

intersection, i.e., at
each other.

This implies that we should have the product of
the tangents as —1.

Thus, the given two curves cut at right angles if the
product of the slope of their respective tangents at

2 1
[k3/ kSJ is =1, ie.,
1 -1
2k3 )\ k3

2

2 1
(k 3, ksjare perpendicular to

= 2k3 =1

2
= [2k3] =(1)
= 8k* =1

Hence, the given two curves cut at right angles if

8k = 1. 151
. Find the equations of the tangent and normal to
2 2
the hyperbola xj - ZT =1 at the point (x, y,).
a
[NCERT Ex. 6.3, Q. 24, Page 213]
2 2
On Differentiating Lz_yTZI with respect to x,
we have a b
2x 2ydy
2, =0
a- b odx
2ydy _2x
b dx a’
2
- dy _bx
dx a’y
Therefore, the slope of the tangent at (x,, y,) is
dy } _bx,
4x )i @Yo

Then, the equation of the tangent at (x,, 1) is given
by,

_bzxo
Y=Y = azy0 (x xo)

2 2.2 12 2.2
= a‘yy, —ay,; =b"xx, —bx;

2 2 2.2 2.2
=bxx,—a‘yy,—bx;+ay, =0

2
XX, Yy y
i e
[ On dividing both sides by a’” |
= o P19
a b

x2 2
(x,, Y, )lies on the hyperbola = —Z—Z = 1}

| —

Q. 10.

Ans.

2 2

{(xo,yo)lies on the hyperbola x—z —Z—Z = 1}
a
Now, the slope of the normal at (x,, y,) is given by,
-1 _ _azyo
Slope of the tangent at (x,,y,) b’x,

Hence, the equation of the normal at (x, y,) is given
by,

- Y=y _=(x=2)
avy, bx,
- vy, (=x)
avy, bx,

[5]

Find the equation of the tangent to the curve
Yy =+3x—2 which is parallel to the line 4x — 2y

+5=0. [NCERT Ex. 6.3, Q. 25, Page 213]
The equation of the given line is 4x — 2y + 5 = 0.
dx—-2y+5=0

5
=>y=2x +5 (which is of the form y = mx + ¢)

.. Slope of the line = 2

Now, the tangent to the given curve is parallel to
the line 4x —2y -5 = 0 if the slope of the tangent is
equal to the slope of the line.

. Equation of the tangent passing through the

point (ﬂ é] is given by
48" 4 ’
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Q.11

Ans.

Q.12.

Ans.

48x —41
6
= 24y-18=48x-41
= 48x—-24y =23
Hence, the equation of the required tangent is
48x — 24y = 23. [5]
Find both the maximum value and the minimum
value of 3x* - 8x® + 12x? — 48x + 25 on the interval
[0, 3]. [NCERT Ex. 6.5, Q. 7, Page 232]
Let f(x) = 3x* — 8x® + 124 — 48x + 25.
L f'(x)=12x" —24x7 +24x - 48
=12(x* - 2x* +2x - 4)
=12[x* (x=2)+2(x-2)]
12(x-2)(x* +2)
Now, f(x) = 0 gives x = 2 or x> + 2 = 0 for which
there are no real roots.
Therefore, we consider only x = 2 € [0, 3].
Now, we evaluate the value of f at critical point x =
2 and at the end points of the interval [0, 3].
f(2)=3(16)-8(8)+12(4)—48(2) +25
=48-64+48-96+25
=-39
f(0)=3(0)-8(0)+12(0)-48(0)+25
=25
f(3) = 3(81) - 8(27)+ 12(9) - 48(3)+ 25
=243-216+108-144+25=16
Hence, we can conclude that the absolute
maximum value of f on [0, 3] is 25 occurring at x = 0
and the absolute minimum value of fat [0, 3] is — 39
occurring at x = 2. [5]
At what points in the interval [0, 2], does the
function sin 2x attain its maximum value?
[NCERT Ex. 6.5, Q. 8, Page 232]

= 4y-3=

Let f(x) = sin 2x.
o f(x)=2cos2x

Now,
f(x)=0
= cos2x =0
T 3n Stz In
= 2x:7/7/7l7
2.2 2 2
n 3n St Ix
= X=—)y—)y—y——
4 4 4 4

Then, we evaluate the values of f at critical points
_7 3z 5z Iz

4’4" 4’ 4 and at the end points of the
interval [0, 2r].

I
2]
<.
=]

I
—

s

~~
TN

/_\/\N\/'\'\\
“‘51 S E NN

—

w
3
NN AN 2N
1]
)
2.
=]
_

f(0)=sin0=0,
f(2z)=sin27=0
Hence, we can conclude that the absolute

maximum value of fon [0, 277] is occurring at x = %

and xzsl [5]
7

Q. 13. What is the maximum value of the function
sin x + cos x? [NCERT Ex. 6.5, Q. 9, Page 232]

Ans. Letf(x) = sinx + cos x.
f'(x)=cosx—sinx
f(x)=0

= sinx =cosx

= tanx=1
T 5w
= x=—,—..,
4 4

f"(x)=-sinx —cosx
=—(sinx +cosx)

Now, f”(x ) will be negative when (sin x + cos x) is
positive, i.e., when sin x and cos x are both positive.
Also, we know that sin x and cos x both are positive

in the first quadrant. Then, f"(x)will be negative

when x € (O,EJ .
2

. T
Thus, we consider x = T

{5t
&

=—/2<0

~ By second derivative test, f will be the maximum

at x :% and the maximum value of fis

3 . 7
f| — |=sin—+cos—
4 4 4

X

5 Sl

[5]
Q. 14. Find the maximum value of 2x° — 24x + 107 in the
interval [1, 3]. Find the maximum value of the

same function in [-3, -1].
[NCERT Ex. 6.5, Q. 10, Page 232]

Sl Sl -

Ans. Let  f(x) =2x° — 24x + 107.
fi(x)=6x"—24=6(x*-4)
Now,
f(x)=0
= 6(x*-4)=0
= x’=4
x=12

We first consider the interval [1, 3]
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Then, we evaluate the value of f at the critical point x
=2 €1, 3] and at the end points of the interval [1, 3].
f(2)=2(8)—24(2)+107
=16-48+107="75
f(l) = 2(1) - 24(1)+ 107
=2-24+107=85
f(3)=2(27)-24(3)+107
=54-72+107=89
Hence, the absolute maximum value of f(x) in the
interval [1, 3] is 89 occurring at x = 3.
Next, we consider the interval [—3, —1].

Evaluate the value of f at the critical pointx = -2 €
[-3, —1] and at the end points of the interval [1, 3].
f(-3)=2(-27)-24(-3)+107

=-54+72+107 =125
f(=1)=2(-1)-24(-1)+107
=-2+24+107=129
f(=2)=2(-8)-24(-2)+107
=-16+48+107 =139
Hence, the absolute maximum value of f(x) in the
interval [-3, —1] is 139 occurring at x = —2. [5]
Find the maximum and minimum values of x +
sin 2x on [0, 27].
[NCERT Ex. 6.5, Q. 12, Page 233]

Q.15.

Ans. Letf(x) = x + sin 2x.
o f'(x)=1+2cos2x
Now,
f(x)=0
1 V4 ( ﬁj 2z
= 082X =——=—C0s—=cos| 7 —= | =cos—
2 3 3

2x:2n7ri27”,neZ

V4
x:nﬁig,neZ

o 271' 471' by

33737
Then, we evaluate the value of f at critical points

_ 2z 4—”,5% and at the end points of the

37373
interval [0, 27].

= e[0,27]

[ EARE S
3) 3 33 2
()27 ot 2 3
3) 3 33 2
47\ 4z . 8z 4r 3
fl—|=—+sin—=—+—
3) 3 33 2
st)_5z . 107 _5r 3
fl — |=—+sin —_—
3 33 2
f(0)=0+sin0=0

f(27)=27+sin4r =27 +0=2x

Hence, we can conclude that the absolute maximum
value of f(x) in the interval [0, 2] is 27 occurring at

Q. 16.

Ans.

Q.17.

Ans.

x = 2 and the absolute minimum value of f(x) in
the interval [0, 277] is 0 occurring at x = 0. [51
Find two positive numbers x and y such thatx + y
= 60 and xy° is maximum.
[NCERT Ex. 6.5, Q. 14, Page 233]

The two numbers are x and y such that x + y = 60.
=> y=60-x
Let f(x) = xy°

= f(x)=x(60-x)

" f(x)=(60-x) ~3x(60—x)’
(60 —x)[60 - x —3x]

(60— x)* (60— 4x)

And, f"(x)=-2(60-x)(60-4x)-4(60-x)’

=-2(60—x)[ 60— 4x+2(60-x)]

=—2(60-x)(180 - 6x)
=—12(60-x)(30-x)

Now, f'(x)=0=x=60o0rx=15

When x = 60, f"(x) = 0.

When x = 15, f”(x) = —12(60 - 15) (30 - 15) =

45 x 15 < 0.

~ By second derivative test, x = 15is a point of local

maxima of f. Thus, function xy> is maximum when

x=15andy = 60 — 15 = 45.

Hence, the required numbers are 15 and 45.

-12 x

[5]
Find two positive numbers x and y such that their
sum is 35 and the product x* y° is a maximum.
[NCERT Ex. 6.5, Q. 15, Page 233]
Let one number be x. Then, the other number is y

= (35 — x).
Let P(x) = x*1°. Then, we have :
P(x)=x*(35- x)5

A P'(x)=2x(35-x) -5x*(35-x)’
=x(35-x) [2(35-x)-5x]
=x(35-x)"(70-7x)
=7x(35-x) (10~ x)

and,

Pr(x)=7(35-x)" (10-x) + 72 (35 - %)' = 4(35 - %) (10-x)
35-x)'(10-
35-x

x)- 7x(35 x)' -28x(35-x)’(10-x)
)x[(35 x)(10-x) (35—x)—4x(10—x)]
35-x)[350 - 45x + x* = 35x + x> — 40x + 4x” |
)

\1

3

=
=7
=7(
(

=7(35-x 6x2—120x+350)

Now, P'(x) =0=x=0,x=35,x =10

When x = 35, f(x) = f(x) =0and y = 35 — 35 = 0.
This will make the product xy equal to 0.

When x = 0,y = 35 — 0 = 35 and the product x* 1/
will be 0.

~x = 0and x = 35 cannot be the possible values of x.
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Q.18.

Ans.

Q.19.

Ans.

When x = 10, we have
P"(x)=7(35-10)’(6x100 ~120x 10 + 350)
=7(25)'(-250) <0
» By second derivative test, P(x) will be the
maximum when x = 10 and y = 35 — 10 = 25.
Hence, the required numbers are 10 and 25. [51
A square piece of tin of side 18 cm is to made into
a box without top, by cutting a square from each
corner and folding up the flaps to form the box.
What should be the side of the square to be cut
off so that the volume of the box is the maximum
possible? [NCERT Ex. 6.5, Q. 17, Page 233]
Let the side of the square to be cut off be x cm.
Then, the length and the breadth of the box will be
(18 — 2x) cm each and the height of the box is x cm.
V = x (18 - 2x)
V'(x)=(18-2x) - 4x(18-2x)
(18— 2x)[18 —2x —4x]
(18— 2x)(18 - 6x)
6x2(9-x)(3-x)
x)(3-x)
And, V"(x)=12[-(9-x)—(3-x)]
=-12(9-x+3-x)
=-12(12-2x)
=-24(6-x)
Now, V'(x)=0=x=9o0orx =3
If x = 9, then the length and the breadth will
become 0.
So, x # 9.
=x =3.
Now, V"(3)=-24(6-3)=-72<0
By second derivative test, x = 3 is the point of
maxima of V.
Hence, if we remove a square of side 3 cm from
each corner of the square tin and make a box from
the remaining sheet, then the volume of the box
obtained is the largest possible. [5]
A rectangular sheet of tin 45 cm by 24 cm is to be
made into a box without top, by cutting off square
from each corner and folding up the flaps. What
should be the side of the square to be cut off so
that the volume of the box is maximum?
[NCERT Ex. 6.5, Q. 18, Page 233]
Let the side of the square to be cut off be x cm.
Then, the height of the box is x, the length is 45 —

2x, and the breadth is 24 — 2.x.
Therefore, the volume V(x) of the box is given by,

V(x)=x(45-2x)(24-2x)
= x(1080 - 90x — 48x + 4x”)
=4x’ —138x” +1080x
= V'(x)=12x" = 276x +1080
=12(x" —23x+90)
=12(x-18)(x-5)
V"(x)=24x-276=12(2x - 23)

12(9~

Q. 20.

Ans.

Now, V'(x)=0

=>x=18andx =5

It is not possible to cut off a square of side 18 cm

from each corner of the rectangular sheet. Thus, x

cannot be equal to 18.

Lx=5

Now, V'(5)=12(10-23)=12(-13)=-156 <0

By second derivative test, x = 5 is the point of

maxima.

Hence, the side of the square to be cut off to make

the volume of the box maximum possible is 5 cm.[5]

Show that of all the rectangles inscribed in a given

fixed circle, the square has the maximum area.
[NCERT Ex. 6.5, Q. 19, Page 233]

Let arectangle of length / and breadth b be inscribed

in the given circle of radius a. Then, the diagonal

passes through the center and is of length 2a cm.

Now, by applying the Pythagoras theorem, we
have

(2a) =P + 1
= 0P =4a> -1

= b=+da’-TI’

~ Area of the rectangle,

dA i
I+l 21
PRl

e
Nda® -1

A=I4a> -TI*

_ a* =21
40> -
Naa> 1 (-41)—(4a® —217) C 21)
&A _ 2W4a’ -1’
dl (42> -1)
~ (4a2 —lz)(—4l) +l(4a2 —212)
(4a? )
_-122’+20
(4 )
~ —21(6a” - 21°)
(4112 -r )%
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Q.21

Ans.

Q. 22.

Now, %‘ =0 gives 4a’ =2I°
1=~/2a
b=4a> —2a°
=~2a’
=2
Now, when [ = \/Ea,
ia —2(V2a)(6a* -2a%)
dr’ 2\24°
82
NS

By the second derivative test, when [ = \/Eu , then
the area of the rectangle is the maximum.

=

=—4<0

Since [ =b= \/Ea , the rectangle is a square.
Hence, it has been proved that of all the rectangles
inscribed in the given fixed circle, the square has
the maximum area. [51
Show that the right circular cylinder of given
surface and maximum volume is such that its
height is equal to the diameter of the base.
[NCERT Ex. 6.5, Q. 20, Page 233]
Let r and h be the radius and height of the cylinder
respectively.
Then, the surface area (S) of the cylinder is given by,

S=2xr*+2xrh

_S-2xr’
27r
(7]

=—|=|-r
2z \r

Let V be the volume of the cylinder. Then,

=h

V =nr’h
=71’ {S(lj—r}
27\ r
g—ﬁ;’}
2
2
Then, av = S_ 31, d ‘2/ =—67r
r 2 dr
Now, ﬂ:0:§_3”r2 =7 _5
dr 2 67

LS R
=—, th =6
When * or en i z

SJ<0.
67

~ By second derivative test, the volume is the

. , S
maximum when r? = —.
67
Now, when

2
7 :i, then h = oy [lj—r:%—r =2r.
6r 2 \r
Hence, the volume is the maximum when the
height is twice the radius, i.e., when the height is
equal to the diameter. [51
Of all the closed cylindrical cans (right circular),
of a given volume of 100 cubic centimetres, find
the dimensions of the can which has the minimum
surface area? [NCERT Ex. 6.5, Q. 21, Page 233]

Ans.

Q. 23.

Ans.

Let r and h be the radius and height of the cylinder

respectively.
Then, volume (V) of the cylinder is given by,
V=nr’h=100 (Given)
e 10(2)
zr

Surface area (S) of the cylinder is given by,

S=2xr’+2xrh

=2nr 4+ —
v
05 _ 4y 200
dr
2
dr r
as _
dr
=4nr= 020
r
;20050
dr

1
=
r=|—
7
50

1
3 d’S
Now, it is observed that when r=| — >0.

x ) dr
~ By second derivative test, the surface area is
the minimum when the radius of the cylinder is

1
=)
— | cam.
T
1

When r = (ET ,we have
T

1
j =100 - 2;50 : zz(gjscm
= = 1-= V4
H[ET (50): ()
VA

Hence, the required dimensions of the can which
has the minimum surface area are given by

1 1
Radius = (ﬂT cm and height = 2(5—0]3 cm [5]
Vi Va

A wire of length 28 m is to be cut into two pieces.
One of the pieces is to be made into a square and
the other into a circle. What should be the length
of the two pieces so that the combined area of the
square and the circle is minimum?

[NCERT Ex. 6.5, Q. 22, Page 233]
Let r be the radius of the circle. Then,
27xr=28-1

1
=>r=—o{28-1).
r=o—(28-1)
The combined areas of the square and the circle (A)
is given by,
A= (Side of the square)’ + 77’

—1126+7{1(28—1)T

2
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:£+L(28—l)2
16 4rx
dA 21 2
=T 2 (28-1)(-1
RETATL D
I 1
————(28-1
8 277( )
A 1 1
=—+—>0
a* 8 2
Now,
4 _y
dl
I 1
———(28-1)=0
8 27z( )
:>7rl—4(28—l):0
87

=(z+4)1-112=0
I= 112
T+4
112 d’A
z+4" dP?
By second derivative test, the area (A) is the
112
T+4
Hence, the combined area is the minimum when
the length of the wire in making the square is

112 cm while the length of the wire in making

T+4
the circle is 28 — 12 :zg—ﬁcm [5]
T+4 7w+4

Q. 24. Prove that the volume of the largest cone that can

=

Thus, when [= > 0.

minimum when [ =

be inscribed in a sphere of radius R is 8 of the
volume of the sphere. 27
[NCERT Ex. 6.5, Q. 23, Page 233]
Ans. Let r and h be the radius and height of the cone
respectively inscribed in a sphere of radius R.
D

Let V be the volume of the cone.
Then, V = %mzh

Height of the cone is given by,
h =R+ AB=R++R* -7’ [ABC s a right triangle]

L V= %MZ(R R —rz)
:%mZR+%m2VR2 —r?

-2
2 R 2 R P 4 i (2r)

Tdr 3 3 37 oJRP-p2

2 2 1
2R+ E R P i
3773 3" R

2 (R o)A
3 3VR* -7
_2 g, 2AR -3
3R -7
3VR? — 1 (22R* ~97r%)

—(27rrR2 - 3m’3)~ (-2r)

&V _27R 6vR: — 1
ar* 3 9(R*-r’)
= %ﬂ'R
3
9(1{2 - rz)(ZﬁRz - 97z'r2) +272r°R? + 377
+ 3
27(R2 - 72)2
Now,
v _,
dr
ﬂ'gTR _3xr’ -27rR?
3 3y R? —7?
2 _Hp2
- 2R = 3r°—=2R
R>—¢?

= 2RJR*-r? =31 -2R?
= 4R*(R* ~1*) = (3r* ~2R? )2
= 4R*—4R** =9r* +4R* —12r°R?

= 9r* =8R%**
= r=Sp
9
2
When 2 :gRZ, then L;Y <0.
¥

~ By second derivative test, the volume of the cone

is the maximum when 7? = ng .

When r* = ng,we have

h=R+ /R2—§R2
9
=R+ /lRZ
9

R 4

=R+—=—R.
3 3

o))

LN
27\ 3

= % x (Volume of the sphere)

Therefore,

Hence, the volume of the largest cone that can be

inscribed in the sphere is 8 of the volume of the
sphere. 27 51
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Q. 25. Show that the right circular cone of least curved
surface and given volume has an altitude equal to
2 time the radius of the base.

[NCERT Ex. 6.5, Q. 24, Page 233]
Let r and /1 be the radius and the height (altitude) of
the cone respectively.
Then, the volume (V) of the cone is given as :

V = 1/3(wr*h)

= h = 3V/wr
The surface area (S) of the cone is given by,
S = mrl (where [ is the slant height)

=arlr’ + i

B 71'1’\/7’2 . oV a7t + 9V

Ans.

zrt ar?

. 671
45 _ oAt +9v?
dr r?
3t =’ -9V?
27 —9V?
N ETE
272%r% —9V?

Nzt +9V?

Now, ?:o: 27 =9V =0 =
r

7t +9V?

2

2
T
Thus, it can be easily verified that when
SOV &S
272 dr?
~ By second derivative test, the surface area of the
2

> 0.

cone is the least when r® =
When

7
T

2227wt a9 w7

Hence, for a given volume, the right circular cone

of the least curved surface has an altitude equal to

J2 times the radius of the base. [51
. Show that the semi-vertical angle of the cone of

the maximum volume and of given slant height is

tan V2 . [NCERT Ex. 6.5, Q. 25, Page 233]

Let 8 be the semi-vertical angle of the cone.

1
2 262 3
o9V 3V 3 [mrj _ 32;/5;!7 A

Ans.
. V4
Itis clear that 8 € [0,5}.

Let 7, h and [ be the radius, height and the slant
height of the cone, respectively.
The slant height of the cone is given as constant.

D

Now,r=1Isin®and h = [ cos 0
The volume (V) of the cone is given by,

V=lzrr2h
3
:%ﬂ(l2sin20)(lcosﬁ)
:%ﬂ'l} sin’ @cosd
v PPr )
—=—1sin“ #(—sin )+ cosf(2sin & cosd
VL8] 0(-sing) +cost(2sn bcoso)]
3
= l—”[—sin3+ 2sinfcos’ 6’}
3
2 3
dv :—ﬂ[—?asinz 9c050+2cos36’—4sin29c056q
o 3
3
:%[2c0539—7sin29cos9]
Now, d—v=0
de
= sin’@ =2sinfcos* @
=tan’f=2
= tan@:«/z

= f=tan"'\2

Now, when @ =tan™ \/5, then tan® 0 = 2 or sin®0 =

2 cos? 6.
Then, we have
2 3
d ‘j = —”[2cos3 6 —14cos’ 0}
de 3

=47’ cos’§ <0 for 6 [0,%}

~ By second derivative test, the volume (V) is the
maximum when §=tan"'2 .

Hence, for a given slant height, the semi-vertical
angle of the cone of the maximum volume is
tan"'\/2 . [5]
Show that semi-vertical angle of right circular
cone of given surface area and maximum volume

is sin™ [1j
3

Let r be the radius, I be the slant height and & be the
height of the cone of given surface area, S.
Also, let a be the semi-vertical angle of the cone.

Q. 27.

[NCERT Ex. 6.5, Q. 26, Page 233]
Ans.

Then S=zrl+ r?
_S—nr’

r ()

= l
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Let V be the volume of the cone. ) o log x
1 Ans. The given functionis f(x)=—2-.
Then V =—zr’h x
3 1
- 1, 2 x(;j—logx
AR f)=—=
:lﬂzrzt(lz_rz) ['.'12=r2+h2J :1—logx
9 52
2
Ll (S s Now, =0
9 zr =1-logx=0
R = logx=1
1 5, (5—7”) —rr = logx =loge
9" 2 = x=e
T'r
of 1
1 e , x (—fj—(l—logx)(Zx)
—67[ (S —257”’ ) NOW,f”(x) _ X x4
- szlSrz(S—Zm'z) :—x—2x(1—logx)
9 ...(i) x*
Differentiating equation (ii) with respect to r, we _—3+2logx
get ¥
av 1 5 v\ —3+2loge
v :ES(ZSr —87r°) Now, f"(e) = e
For maximum or minimum, put iTV =0 = —3+2
r e
:>l5(25r—87rr3):0 -
9 =—<0
e

= 25r—8zr’ =0 (as S=#0)
Therefore, by second derivative test, f is the

= S=4zr’  (asr=0) .
maximum at x = e. [5]
. 2= S Q. 29. The two equal sides of an isosceles triangle with
4r fixed base b are decreasing at the rate of 3 cm per
Differentiating again with respect to r, we get second. How fast is the area decreasing when the
) ) two equal sides are equal to the base?
wi ‘z’ N 2(‘&’) _1 S(25-247r%) [NCERT Misc Ex. Q. 3, Page 242]
dr dr 9 Ans. Let AABC be isosceles where BC is the base of fixed
v 1 S length b.
v P 55(25 247 Ej Let the length of the two equal sides of AABC be a.
AV Draw AD1BC.
( —=0andr’= j C
dr 4
= és(zs -65) o
- A5 g
? !
Thus, V is maximum when S= 4772 h
As S= mrl+ zr’
= 4xr® = vl + nr’
= 3nr? = vl E >
= I=3r A (0] B
Now, in ACOB, Now, in AADC, by applying the Pythagoras
OB r r 1 theorem, we have
Sin O=——=—=—=—
BC I 3r 3 b?
| AD=,|a’ ——
= a=Sin™ (gj 4
2
) [5] ~ Area of triangle (A) = lb1 /az v
Q. 28. Show that the function given by f(x)= 208Y has 2 4

maximum at x=e . The rate of change of the area with respect to time

[NCERT Misc Ex. Q. 2, Page 242] (t) is given by,
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Q. 30.

Ans.

A1, 2
dat 2 2 dt
24/a2—£

4

ab da

) Jag—p dt
It is given that the two equal sides of the triangle
are decreasing at the rate of 3 cm per second.

da
i -3 cm/s
Then, when a=b, we have
dA _ 3p°
dt 4 —p
-3

N
=—\3b

Hence, if the two equal sides are equal to the base,
then the area of the triangle is decreasing at the rate
of 3bem?/s. [5]
Show that the normal at any point 0 to the curve

x=acosf+ab sinf,y =asind-abcosd is at a
constant distance from the origin.

[NCERT Misc Ex. Q. 5, Page 242]

We have x =qcos@+afsinf .

d—x =—asin@ +asin @ + af cos
do

=a6fcosd

y =asin@ —afcosé

dy

—~ =gcos@ —acosb +alfsin
do

=afsin @
dy _dy do
dx do dx
_ afsin @ — tand
afcosé

= Slope of the normal at any point 8 is —

tand
The equation of the normal at a given point (x, y) is

given by,

y—asin®+afcosf = (x—acos®—afsinP)

tan
= ysind —asin’ 6 +afsin O cos O =

—xcos8 +acos’ @ +afsin O cos O

= xcosf + ysi119—L1(5i112 0 + cos’ 9) =0

= xcos@+ysind—-a=0

Now, the perpendicular distance of the normal
from the origin is

[ I

—a
\cos? @ +sin? 6 WVt

of 0.

~|-a

, which is independent

Hence, the perpendicular distance of the normal
from the origin is constant. [5]

Q. 31. Find the intervals in which the function f given by

(i) increasing

4sinx—-2x—xcosx is

flx)=

2+cosx
(ii) decreasing
[NCERT Misc Ex. Q. 6, Page 242]

Ans. Let we assume that,

4sinx —2x — xcosx
flx)==22

s f(x)=

Q.32.

2+ cosx
(2+cosx)(4cosx —2—cosx +xsinx)
—(4sinx —2x —xcosx)(-sinx)

(2+cos x)2

(2+cosx)(3cosx—2+xsinx)+
B sinx (4sinx —2x — xcosx)

(2+cos x)2

6cosx —4+2xsinx +3cos’ x —2cosx +
_ xsinxcosx +4sin® x — 2xsinx — xsin xcosx

(2+C05x)2
_ 4cosx—4+3cos’ x +4sin’ x
(2+cosx)2

_4cosx—4+3cos’ x+4—4cos’ x

(2+cos x)2

_4cosx— cos’ x
(2+ cosx)2
B cosx(4—cosx)

(2+cosx)2
F(5)-0

= cos x=0o0r cosx=4
But, cosx =4

cosx=0
3

T
= x==,=
22

Now, x =% and x :37” divides (0, 2n) into three

disjoint intervals, i.e.,
. V4 3z ,
In intervals (O'EJ and [7,27rj , f (x)> 0.

Thus, f(x) is increasing for 0 < x <§ and 37” <x<2rx.

In the interval (%,%),f’(x) <0.

[5]

Thus, f(x) is decreasing for §< x< 37” .
Find the maximum area of an isosceles triangle

2 2
inscribed in the ellipse ’% + 27 =1 with its vertex
a

at one end of the major axis.
[NCERT Misc Ex. Q. 8, Page 242]
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Ans.

Y
N

A

X'¢ C > X
o (2, 0)

B
v
‘YV

2

2
The given ellipse is x—z +¥ o
a

o

Let the major axis be along the x-axis.

Let ABC be the triangle inscribed in the ellipse
where vertex C is at (a, 0).

Since the ellipse is symmetrical with respect to the
x-axis and y-axis, we can assume the coordinates

of A to be (—xl, yl)and the coordinates of B to be
(_xll_yl) .

Now, we have

b
y=to i x

a

.. Coordinates of A are (—xl,é a’ —xfj and the
a

coordinates of B are (xl,—b [ xfj )
a

As the point (x, y) lies on the ellipse, the area of
triangle ABC (A) is given by,

A:la[z—b az—xfj+(xl)[—éﬂlaz—xf]
2 \a a
+(—xl)(—§\m2—xfj
= A=b\a* -x} +xlg«/u2 -x;
a
dA 2xb b 2bx}
— = —— ==
dx, 2a*-x} 4 N
:L[fxla 4—({12 7x,2)7xﬂ

aJa’ —x’

b(—le2 —xa+ az)

aJa’ —x;

at Nr —4(—2)({12)

= X, =
1 2(-2)
_at+9a’
-4
_at3a
4
a
= X, =—a,—
2

Now,
o —x} (-4x,—a)- (—fo —xa+ az) (-2x)
A _b 2\a* —x
dx* a at-x

b (az —xlz)(—4x1 —a)+x, (—lez —xa +a2)

3
4 3
(u2 —-x7 )2

b|2x’-3x*x—a’

S S
4 3

(uz 7x12)2

Also, when x, = % , then

@ oa a 3,
dZA_b 2;-3?—11 b Z Ea a
2 3 - 3
dx, a % 3 a i J
4 4
9 5
b 4°

. . a
Thus, the area is the maximum when x, = >

~ Maximum area of the triangle is given by,

A=b az—i-t- a1k az—i
V' 4 T 2)a 4
:abﬁ+(a]bxﬂﬁ

2 2)a 2
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Q. 33.

Ans.

Q. 34.

Ans.

ub\/§ ubx/g 3\/37
= + =——ab
2 4 4 [5]

A tank with rectangular base and rectangular
sides, open at the top is to be constructed so that
its depth is 2 m and volume is 8 m®. If building of
tank costs Rs 70 per sq meters for the base and Rs
45 per square metre for sides. What is the cost of
least expensive tank?

[NCERT Misc Ex. Q. 9, Page 242]
Let I, b and h represent the length, breadth and
height of the tank, respectively.
Then, we have height (1) = 2m
Volume of the tank = 8 m?
Volume of the tank = X b X h

8=IXbx2
= b=4
pod

)
Now, area of the base = [b = 4

Area of the 4 walls (A) = 2k (I + b)

A:4£l+?j

‘LA:4[1_1J
dl B

=
Now, d—A=O
dl
4
= 1*1*2_0
= =4
= [=+2

However, the length cannot be negative.
Therefore, we have | = 4.

p=t_2_,
I 2
2
Now, d A—g
ar 1
2
When lzz,d A:¥:4>0.
ar s

Thus, by second derivative test, the area is the
minimum when [ = 2.
Wehavel=b=h=2.
=~ Cost of building the base =370 x (Ib) =X 70 (4)
=3280
Cost of building the walls = X 21 (I + b) X 45
=390(2) (2 +2)=38(90) =X 720.
Required total cost= ¥ (280+720) = X 1000
Hence, the total cost of the tank will be ¥ 1000. [5]
The sum of the perimeter of a circle and square is
k, where k is some constant. Prove that the sum
of their areas is least when the side of square is
double the radius of the circle.

[NCERT Misc Ex. Q. 10, Page 242]
Let r be the radius of the circle and a be the side of
the square.
Then, we have

2ar+4a=k (where k is constant)

Q. 35.

Ans.

k-2xr
a=
4
The sum of the areas of the circle and the square (A)
is given by,
A=rxr*+a’
2
_ g g k2]
16
2(k-2 -2
A _ g U 2r)(227)
dr 16
_ oy Flk2m7)
4
Now, d—A:O
dr
k-2
= 272'1’277[( ”T)
= 8r=k-2nr
= (8+27)r=k
k
= r=
8+27
.k
2(4+7)
2 2
Now, ’3 —27+% 50
r 2
.o k a’A .
= When 2(4+7) dr? L
~ The sum of the areas is least when * = .
2(4+7)
When r=———,we have
2(4+7)
k-2x L
2(4+ﬂ')
- 4
_ k(4+7z)—7rk
© 4(4+7)
4k
C4(4+7)
= k =2r
4+

Hence, it has been proved that the sum of their
areas is least when the side of the square is double
[5]

A window is in the form of a rectangle surmounted

the radius of the circle.

by a semicircular opening. The total perimeter of
the window is 10 m. Find the dimensions of the
window to admit maximum light through the
whole opening.

[NCERT Misc Ex. Q. 11, Page 243]
Let x and y be the length and breadth of the
rectangular window.

Radius of the semicircular opening :%
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X
2

X

Itis given that the perimeter of the window is 10 m.

x+2y+ﬂ—x:10
2
:>x(1+%)+2y:10

= 2y:10—x(1+§]

1 7z
= y:5—x(5+2]

=~ Area of the window (A) is given by,

= 5-x——x=0
= x(1+fj=5
4
5 20
= X=r —=—"—
[ 72'] m+4
I+~
4
2
Thus, when x:i then dA<0.
T+4 dx?

Therefore, by second derivative test, the area is the

maximum when length x = m

+4

Q. 36.

Ans.

Now,
20 [2+7Z’
y=5-——
T+4\ 4
_s 5(2+ﬂ')
B T+4
10
T+4

Hence, the required dimensions of the window to
admit maximum light is given by

20 m and breadth = 10 m

Length =

T+4 T+4 [5]

A point on the hypotenuse of a triangle is at

distance a and b from the sides of the triangle.
Show that the minimum length of the hypotenuse

3

2 2
is (ﬂa + bsj . [NCERT Misc Ex. Q. 12, Page 243]
Let AABC be right-angled at B. Let AB = x and BC

Let P be a point on the hypotenuse of the triangle
such that P is at a distance of # and b from the sides

AB and BC respectively.
Let2C = 0.
A
a O P
b
0
B C
We have,
AC=x"+y’
Now,
PC =bcosecO
and, AP =asec
AC=AP+PC
= AC =bcosec +asect Q)
d(AC)
1 =—bcoseccot +asecHtan
d(AC)
do

= asecHtan @ = bcosecdcot O
a sin@ b coséd
cos@ . cosf sindsiné
= asin’ @ =bcos® 0

= (a)é sin@ = (b)é cosd

1
= tand = (ET
a
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| —

()

and cosf = ——
2 2 2 2
a’+b3 Va3 +b3

It can be clearly shown that
1

tand = (BT
a

Therefore, by second derivative test, the length of
1

c.sinf =

the hypotenuse is the maximum when tan@ = (bT
a

1

Now, when tané = [9)3 , we have
a

2 2 2 2
b\/a5+b5 zz\/115+lyg
C= : + -
u}
[By using Eqs. (i) and (ii)]

A

Therefore, the maximum length of the hypotenuses
3

22
is (ff +b3] : 5]
Q. 37. Find the points at which the function f given by
f(x)=(x-2)"(x+1)’ has
(i) local maxima (ii) local minima
(iii) point of inflexion
[NCERT Misc Ex. Q. 13, Page 243]
Ans. (i) The given functionis f(x)=(x- 2)4 (x+ 1)3
() =4(x=2) (x+1) +3(x 1) (x-2)
=(x-2) (x+1) [4(x+1)+3(x-2)]

:(3(—2)3 (x+1)2(7x—2) Ans.

NOW, f'(x)=0:>x:—1 and x:% orx =2

Now, for values of x close to and to the left of

X= %f'(x) > 0. Also, for values of x close to % and
to the right of %,f’(x) <0.

Thus, x :% is the point of local maxima.

Now, for values of x close to 2 and to the left of

(ii)
2,f'(x)<0. Also, for values of x close to 2 and to
the right of 2, f'(x)<0.

Thus, x = 2 is the point of local minima.
(iii) Now, as the value of x varies through —1, f’(x)
does not change its sign.

Thus, x = —1is the point of inflexion.

[5]

Q. 38. Find

Q. 39.

the absolute maximum and
minimum values of the function f given by
f(x)=cos’x +sinx,x[0,7z].

[NCERT Misc Ex. Q. 14, Page 243]

Given that,
f(x)=cos’x +sin x
f'(x)=2cosx(-sinx)+cosx
=-2siNnXxCcosx + cosx
Now, f'(x) =0

= 2sin xCcosx = Ccosx

= cosx(2sinx—1)=0
. 1
= smx:aor cosx=0

T

= x==, orzasxe[O,ﬂ]
6 2

Now, evaluating the value of f at critical points

x=§ andx:% and at the end points of the

interval [0,71] (i.e.,atx = 0 and x = 7), we have

2
flZ|=cos?Z+sinZ = ﬁ L3
6 6 6 2 2 4

f(0)=cos’0+sin0=1+0=1
f(z)=cos’ m+sinz=(~1) +0=1

f Tlocos?Z4sinZ=0+1=1
2 2 2

Hence, the absolute maximum value of f is %
occurring at x=" and the absolute minimum
[5]

Show that the altitude of the right circular cone
of maximum volume that can be inscribed in a

value of fis 1 occurring at x =0, % and 7.

sphere of radius r is % .

[NCERT Misc Ex. Q. 15, Page 243]
A sphere of fixed radius (r) is given.
Let R and & be the radius and the height of the
cone, respectively.
A

@ D

N

The volume (V) of the cone is given by,

1% :lﬂ'th
3

Now, from the right triangle BCD, we have

BC=+r’-R*
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hersNr - R Ans. A sphere of fixed radius (R) is given.
. Let r and & be the radius and the height of the
V= gﬂ'Rz (r +Vr*=R? ) cylinder, respectively.

|

= éﬂ'RZT-F%ﬂ'RZ\/TZ -R?

v 2 2 (-2R)
AV 2 RrsZardr—re+ PR N
aR 3 TR 2\/r2—R2 )

2 2
=Z7aRr+= 7zR\/ r’—R* -
3 N R2

2 27rR(r fRz)fﬂR3
=—nRr+ —
3 WP -R’
_ E;er N 27Rr* -32R’ From the given figure, we have h=2JR* -7 .
WP —R? The volume (V) of the cylinder is given by,
V=nr’h
Now, LVZ =0
dR =271’ VR* —7*
272rR _ 3zR° -27R¢? 2712 (=2
3 32 = R? d—V:4ﬂr\/R2—r2+7m (-2r)
r- dr 2R

3

= 2rVr’ =R? =3R* -2¢? P o 2y
=4zrR* -1 —————
= 4r (r2 —R2)=(3R2 -2’ )2 VR -7

= 4 —4°R>=9R* + 4" —12R*? _4mr(RP-r) -2
= 9R* —8r’R> =0 VR
N 9R? = 82 _ 4R 2— 672rr

, 8r? R —r
= R == av

9 Now, — =0=4zrR* - 6721’ =0

Now, dr

3Jr? - R* (22r* - 92R?) IS

3
1

d*V. 2xr (ZﬂRr 3R )( 6R) WP —R?> Now,
- == 4 _
dR? 3 9(r2 - RZ) VR -1 (47rR2 —187[1‘2)—(47171‘122 767zr3) ( Zr)

av _ R -7
3Vr’ - R* (271" —92R*) +(22Rr* - 37R’) drt (R*-r)

1
(3R)——— (R2 —1‘2)(4”122 —187zr2)+r(47rrR2 —67rr3)
) [2  p2 -
= ;ZT+ 9(72_R2) 27 R (Rz_rz)%
8r? P2V 4zR* —227r°R* +127r* + 47r’R?
Now, when R* == itcan be shown that <0. = 3
9 dr? (RZ _? )5

8r’

~. The volume is the maximum when R? =-2"_

When R?*= 8r*

2R2 a’v
87  height of the cone Now, it can be observed that at r Py

2
r ~ The volume is the maximum when 2 = 2R .
=r4,rr—— R2 3
2

When ¢? = , the height of the cylinder is

<0.

Hence, it can be seen that the altltude of the right
circular cone of maximum volume that can be / zRZ R2 zR
inscribed in a sphere of radius r is % . [5]

Hence, the volume of the Cylinder is the maximum

Q. 40. Show that the height of the cylinder of maximum

volume that can be inscribed in a sphere of radius when the height of the cylinder is % . [5]

. 2R . . 3
Ris R Also find the maximum volume. Q. 41. Show that height of the cylinder of greatest
[NCERT Misc Ex. Q. 17, Page 243] volume which can be inscribed in a right circular

cone of height /s and semi vertical angle « is one-
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Ans.

third that of the cone and the greatest volume of
cylinder is in;ﬁ tan’ a.
27
[NCERT Misc Ex. Q. 18, Page 243]

The given right circular cone of fixed height (1) and
semi-vertical angle (a) can be drawn as :

A
o
BE—1—\C
F p——o—F B

Here, a cylinder of radius R and height H is
inscribed in the cone.

Then, 2ZGAO = a, OG =r,OA =h, OE =R, and CE
=H.

We have,
r=htan o
Now, since AAOG is similar to ACEG, we have :
A0 _CE
OG EG
B H  1EG=06-OF]
r r—R
h
H=—(r-R
()
= (htana —R)
htana
_ ! (htana —R)
tana
V =7zR*H
2
_ 7R (htana —R)
tanao
3
— R - TR
tana
2
d—v =27Rh - 3rR°
dR tana
Now, d—V =0
dR
2
= 2gRp=>"R
tana
= 2htana =3R
= R= %tana
3
2
Now, LV _ o5, 67R
dR? tané

And, for R = i—htana , we have

Q.42.

Ans.

2
d ‘Z =27h— o7 [Lhtanaj
dR tana\ 3

=2rh—4nh=-27h<0
~ By second derivative test, the volume of the

cylinder is the greatest when R = 2?htan a.

R:%tana,H: (htanaf%tanaj

ana
When _ 1 (htana)_*h
tana 3 3

Thus, the height of the cylinder is one-third the
height of the cone when the volume of the cylinder
is the greatest.

Now, the maximum volume of the cylinder can be
obtained as :

e (e

-3 rtan’a
27

Hence, the given result is proved. [5]
Two men A and B start with velocities v at the same
time from the junction of two roads inclined at 45°
to each other. If they travel by different roads, find
the rate at which they are being separated.

[NCERT Exemp. Ex. 6.3, Q. 4, Page 135]
Let two men start from the point C with velocity v
each at the same time.
Also, /BCA =45°
Since, A and B are moving with same velocity v, so
they will cover same distance in same time.
Therefore, AABC is an isosceles triangle with AC = BC.
Now, draw CD 1 AB.
Let at any instant ¢, the distance between them is AB

C

90°
A -] B
Let AC=BC=xand AB=1y
In AACD and ADCB,
ZCAD = ZCBD [ AC=BC]
ZCAD = ZCDB =90°
ZACD = «ZDCB

or ZACD = % x ZACB

= ZACD:%X45°

- sACD=Z
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Q. 43.

Ans.

= sinZ=4/2 [-AD=y/2]
8 X

= zzxsinz
2

= y:2x-sin£

Now, differentiating both sides with respect to ¢,
we get

W n .
dt 8 dt
=2-sinZ-v ','v:d—x
8 dt
=2v- 2_\/5 {'si r_ 2—\/5}
2 T8 2

This is the rate at which A and B are being
separated. [51

A man, 2 m tall, walks at the rate of 1E m/s
towards a street light which is 5% m above the

ground. At what rate is the tip of his shadow
moving? At what rate is the length of the shadow

changing when he is 3% m from the base of the

light? [NCERT Exemp. Ex. 6.3, Q. 8, Page 135]
Let AB be the street light post and CD be the height
of man, i.e., CD = 2 m.

A
D
1
54 m
3 2m
BE E—: m ,E

Let BC = xm, CE = y m and %:%Sm/s

From AABE and ADCE, we see that

AABE ~ ADCE [By AAA similarity]
. AB _BE
" DC CE
16
_ 3 _x+y
2 y
16 x+y
6y
=16y = 6x + 6y
=10y = 6x
y:éx
5

On differentiating both sides with respect to t, we get
dl_i.di_i.[_lij
dt 5 dt 5 3

[Since, man is moving towards the light post.]

EYE I
513

Q. 44.

Ans.

Let z=x+y
Now, differentiating both sides with respect to ¢,
we get

diz—dix_‘_diy:_[é_;’_lJ

dt  dt  dt 3
-8 —2g m/s
3 3

Hence, the tip of shadow is moving at the rate of
2% m/s towards the light source and length of the

shadow is decreasing at the rate of 1 m/s. [5]
Prove that the curves xy =4 and x* + y* =8 touch
each other.

[NCERT Exemp. Ex. 6.3, Q. 13, Page 136]
Given equation of curves are

xy =4 ..(i)
and P +y*=38 ...(ii)
dy
= —=+y=0
g dx /
dy
and 2x+2y—==0
dx
- dy_-y
dx x
and dy _—2x
dx 2y
= &y - m,(say)
dx x
and dy _=x_ m,(say)
dx y
Since, both the curves should have same slope.
y_x
x oy
N _ ]/2 — 42
2_ .2
= =y (i)
Using the value of x* in Eq. (ii), we get
vy =8
= y =4
= y=%2

4 4
For yzsz=E=2 and for }/:—Z,X:—zz—Z.
Thus, the required points of intersection are (2, 2)
and (-2, -2).

For (2,2), mlz_—y:%:—l and
x
m, —_—x:_—zz—l
y 2
m, =m,
For (-2,-2),m, -V _(_22) =—-land
X _
m, _227—(—2) =-1
y -2

Thus, for both the intersection points, we see that
slope of both the curves are same.
Hence, the curves touch each other.

[5]
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Q. 45.

Ans.

Q. 16.

Ans.

Find the equation of the normal lines to the curve

3x® —y* = 8 which are parallel to the line x+3y =4.
[NCERT Exemp. Ex. 6.3, Q. 17, Page 136]
Given equation of the curve is

32— =38 ..(0)
On differentiating both sides with respect to x, we get
dy
6x -2y—=0
e dx
dy _6x_3x
dx 2y vy
= =— [say]
and slope of normal (,)= - (ii)
P Y 3x

Since, slope of normal to the curve should be equal to
the slope of line x + 3y =4, which is parallel to curve.

For line, :47x:;x+i
3 3 3
= Slope of the line, (m,) = _?1
m, =m,
. v__!
3x 3
= -3y =-3x
- y=x )
On substituting the value of y in Eq. (i), we get
3x7—x =8
= ¥’ =4
= x=%2
For x=2,y=2
[Using Eq. (iii)]
and for x=-2,y=-2

[Using Eq. (iii)]
Thus, the points at which normal to the curve are
parallel to the line x + 4y = 4 are (2, 2) and (-2, -2).
Required equations of normal are

y—-2=m,(x-2)and y+2=m,(x+2)
= y—2:_?2(x—2) and y+2:%(x+2)
= 3y-6=—x+2 and 3y+6=—x-2

= 3y+x=+8 and 3y+x=-8

So, the required equations are 3y + x = 8. [5]
If the sum of the lengths of the hypotenuse and
a side of a right angled triangle is given, show
that the area of the triangle is maximum when the
angle between them is ™ .

[NCERT Exen?p. Ex. 6.3, Q. 25, Page 137]
Let ABC be a triangle with AC = h, AB = x and BC

= :_l/'
Also, 2CAB =0
Let h+x=k ..(i)

< x >
cosf ==
h
£ x=hcos@ [Using Eq. (i)]

= h+hcos@=k
= h(1+cosf)=k

k
= =
(1+cos®) (i)
also, area of AABC = %(AB -BC)
1
A=—-x-
> Yy

:%hcoséﬁhsine

sno-2]
h

:%hz sin@ - cos &

2 2
:%sin&cos@

= lh2 sin26
4 ...(iif)
Since, h = k
1+ cosé@
:l -sin 26
4\ 1+ cos@
- _k _sin20 (V)

4 (1+ (:05:9)2
(1+ cos&)2 -c0826-2
Kk —sin20-2(1+ cos6)-(0 - sin )
4 (1+cos 9)4

3 K? 2(1 + cos 9)(1 + cos 0) -€0s26+ sin 29(sin 9)
- { (1 + cos c9)4 }
kZ 2
4 (1 + cos 9)3 [

(1+cos6)-cos26+ 2sin” 6- C080:|

—————| (1+cos6) 1 Zsin29)+Zsin26'~Cos€J
1+cos€

+2sin? - cos @

1+ cos@—2sin? @— 2sin* O- cos
1+cos€

1 + cost9 2sin” 49]

1+c056’3

7[1 +cos6—2 + 2cos” 9]
2(1+C05«9)

2
:k73(2c10520+c050—1) (V)
2(1+cos6)
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For aA =0, we have
de R
71(2(:052 6+ cosf — 1) =0
2(1+cos@)
= 2c0s’@+cosd—-1=0
= 200> 6 +2cosf —cos@—1=0
= 2c0s60(cosf+1)—1(cosd+1)=0
= (2cos@—1)(cos@+1)=0
= COS@I% or cosf =-1
7 .
= 0 =3 [Possible]
or O=2nr+trm [not possible]
9="
3

Again, differentiating with respect to 6 in Eq. (v),
we get

2
i[dij :i k73(2c0529+cost9—1)
do\d0/ a6 2(1+ cosb)

~d’A _d{kz(Zcosﬁ—l)(1+cos9)] d {kz .(ZCOSH—I)‘|

Tde do 2(1+cos6’)3 Tdo| 2 (1+cos¢9)2

K2 (l + Cos 9)2 . (—2 sin 9) - 2(1 + cos 9) . (— sin 9)(2 cosf— 1)
2 (1+ cos 6’)4

k? _(1 +00s6)- [1 +cos 19](—2 sin 6) + 2sin 6(2cos 0 - 1)
2 (1 + Cos 6?)4

k*| —2sin@—2sin 8- cos @+ 4sin §- cos@—2sin
3
(1+cos o)

K[ ~4sing-sin20+ 2sin20
2 (1+cos6)’

k[ sin20-4sino
2| (1+coso)

K2 sinz—”—4sin£
_ 3 3

| (red)
14 cos—
3

NERENA)

KBl 2
2 3
(1+3)
2

s

(A)
L)

at 0==
3

2 2.27
L(243)
sy

This is less than zero.
Hence, area of the right-angled triangle is

maximum, when the angle between them is % .[5]

Q. 47. Find the dimensions of the rectangle of perimeter
36 cm which will sweep out a volume as large as

Ans.

Q. 48.

Ans.

possible, when revolved about one of its sides.
Also find the maximum volume.

[NCERT Exemp. Ex. 6.3, Q. 30, Page 137]
Let breadth and length of the rectangle be x and y,

respectively.

Yy
j i
~ X Cd
- Perimeter of the rectangle = 36 cm
=2x + 2y =36
= xty=18
= y=18-x ..(i)

Let the rectangle is being revolved about its length y.
Then, volume (V) of resultant cylinder = nt x* y

=>V=rx*-(18-x) [ V = zr’h and using Eq. (i)]
=18zx" — 7x’
= 7Z'|:1 8x° — xﬂ

On differentiating both sides with respect to x, we get

d—vzﬂ(36x73x2)
dx
Now, d—V =0
dx
= 36x =3x2
= 36x =3x2

= 3x*-36x=0
= 3(x* ~12x)=0
= 3x(x-12)=0
x=0,x=12
x=12 [vx,#0]

=

Again, differentiating with respect to x, we get

2
Z‘Z/:ﬂ(36_6x)
X
2
= (d‘f] =7(36-6x12)=-367<0
dx x=12

At x = 12, volume of the resultant cylinder is the
maximum.
So, the dimensions of rectangle are 12 cm and 6 cm,
respectively [using Eq. (i)].
Maximum volume of resultant cylinder,
2 3
(V). =7 18-(12) - (12)']

=7[12°(18-12)]

=rx144%x6

=8647 cm’ [5]
If the sum of the surface areas of cube and a
sphere is constant, what is the ratio of an edge of
the cube to the diameter of the sphere, when the
sum of their volumes is minimum?

[NCERT Exemp. Ex. 6.3, Q. 31, Page 138]

Let length of one cube be x units and radius of
sphere be r units.

Surface area of cube, A = 6x* and surface area of
sphere, S= 4rr?
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Also, 6x% + 4nr® = k
= 6x2=k—4nr’

[Constant, given]

, k—4rr’
X =
6
k—azrt ]
- x=|:—:| i
6 (i)

Now, volume of cube = x°

And volume of sphere = %m’z

Let sum of volume of the cube and volume of the
sphere be given by

S=x° +é7rr3
3
k—azr? 1”4 5
= +=xr
6 3

On differentiating both sides with respect to r, we get

s 3[k—azr? |’ (=82r) 12 )
—== : +—=nr
dr 2 6 6 3

..(ii)

_ 2 1/2
=272'7’l:{k 27”} —Zr]

Now, E=O
dr
_ 2 1/2
= r=00r2t=[k 47”]
6
_ 2
- 42 = K28 o kg

= 24r* +4xrt =k = r*[24+4rx] =k

\/ k 1\/ k
r=0orr= ==
2d+4nxr  2\N6+r7w

We know that, r 0

1 k

“2\6+x
Again, differentiating with respect to t in Eq. (ii),
we get

2 _ 9 1/2
Z?:;[—Zm{[k 2” ] +47zr2H
¥ ¥
[ 1(k—am Y (—SErj k—4mr? )’
oo - + 1
2 6 6 6

+4r-2r

_ _ 2
=2\t ! ( 87r7j+1/k axr +8rr
\/k—47rr2 6 6

2
6
2
—8ﬂr2+12(k—4? )

2
12\/k—47zr
6

=2z

+8xr

I
0
D

Q. 49.

Ans.

—487r* + 72k — 487r?
=-2r = +8xr
7 \/ k—4rxr
L 6
L 2
=27 M +87xr>0
7 k—4rnr
L 6
1| k . .
For t=—,|——, then the sum of their volume is
6+
minimum.
1 k 1/2

K47 6+ n)

1 2 —4r-——
For t=— }7, x={—— "7
2V6+7m 6

={(6+ﬂ)k—nk]n_

1/2
k
= =2r
6(6+r) [6+7r}

Since, the sum of their volume is minimum when
x=2r
Hence, the ratio of an edge of cube to the diameter
of the sphereis1 :1. [5]
AB is a diameter of a circle and C is any point
on the circle. Show that the area of AABC is
maximum, when it is isosceles.

[NCERT Exemp. Ex. 6.3, Q. 32, Page 138]
We have, AB = 2r
and £ACB =90° [Since, angle in the semi-circle

is always 90°.]

Let AC=xand BC =y
a R =t 4P
= yP=47-1

y=Var’- x* ()
1
Now, area of AABC, A= Exxxy

1/2

_ % xxx (4 = x?) [Using Eq. ()]

Now, differentiating both sides with respect to x,
we get

dA 1| 1 -1/2 1/2
EZE[XE(MZ_XZ) ~(0—2x)+(4rz—x2) ~1}
A2
= 1|:2x +(4r7 - x2)1/21|
2[24r* —x*
B
@

N2
s SN Y
2| Jart - ¥

_1[—)(2 +4r% —xz}
4r* —x*
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]
| M:{(—xz +2r2)}

x| Jarr—y?
Now, d—A 0
dx
= —x*+2r'=0
= polp
2
1
= F=——x

X:T\/E

Again, differentiating both sides with respect to x,
we get

A \/m~(f2x)+(2r2 7x2)%(4r2 7xz)_1/2(72x)
=N (Vo]
1
—2x {\/4# -x + (Zrz - xz)-zm}
(\/41'2 -x? )2
—4x ~(\/4r2 —-x’ )2 + (27’2 - xz)(—Zx)
2~(41f2 - x2)3/2
—4x (4r2 —x? ) + (2r2 —x? ) -(-2x)
2-(4r* —x?)"
—16xr” +4x° + (21*2 - xz)(—2x)

2-(4r*—x?)"
—16-12- 17 +4 (r\/_)

-}

2.(4r —2r2)"
_-16v2-1 +8V2r°
2(2r)"
B 8212 [r - 2r]
B 4r°
B 8277
T4

=-2/2<0
For x=rv2, the area of triangle is maximum.

For x=rV2, y= 4V2—(V\/§)2=\/2r2=r\/§

Since, X = 7’\/5 =Yy
Hence, the triangle is isosceles. [51
. A metal box with a square base and vertical sides
is to contain 1024 cm®. The material for the top and
bottom costs T 5/cm? and the material for the sides
costs T 2.50/cm? Find the least cost of the box.
[NCERT Exemp. Ex. 6.3, Q. 33, Page 138]

X=1’\/§:|

Ans.

Since, volume of the box = 1024 cm?®
Let length of the side of square base be x cm and
height of the box i cm.

/T\

y

=2

Ne——
~ Volume of the box (V) = x*y = 1024

Since, x’y =1024 = y = 1024
x

Let C denotes the cost of the box. Therefore,
C=2x"x5+4xyx2.50

:10x2+10xy
—10x x+y

10x[x+1024]

:l—f(;ﬁ +1024)
X

10240

x (i)
On differentiating both sides with respect to x,
we get

= C=10x" +

‘;—C =20x +10240(-x)

X
10240
2
...(ii)
Now, E:O
dx
1024
= 20x = 0 2 0
X
= 20x’=10240
= x¥=512=8
x=8

Again, differentiating Eq. (ii) with respect to x, we
get

da’C 1
—=20-10240(-2),—
de ( ) x3
:20+204380>0
X
20480 _ o020

2
[ng =20+
ax® )

For x = 8, cost is minimum and the corresponding
least cost of the box.

10240
8

C(8)=10.8> +

=640+1280
=1920

.. Least cost = X 1920 [51

. The sum of the surface areas of a rectangular

parallel piped with sides x, 2xand * and a sphere
3
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Ans.

is given to be constant. Prove that the sum of their
volumes is minimum, if x is equal to three times
the radius of the sphere. Also find the minimum
value of the sum of their volumes.

[NCERT Exemp. Ex. 6.3, Q. 34, Page 138]
We have given that the sum of the surface areas of

a rectangular parallel piped with sides x, 2x and g

and a sphere is constant.
Let S be the sum of both the surface area.

S=2(35'2x+2x'£+£-xj+47zr2 =k
3 3
2 2
k=22 + 25 X | 4y
3 3

= 2[3x2] +4zxr’
=6x7 + 4xr?
= 41’ =k — 617
2
2 k—6x
ar

’k—6x2
= r=
4z ..(i)

Let V denotes the volume of both the parallelepiped
and the sphere.

3

Then, V=2x-x~£+ﬂﬁr3=gx +i7rr3
3 3 3 3

2, 4 (k-6x2)"
==X +—-7
3 3 4
2.5 4 5\3/2
= E;xx +'Eg T 'Eg;;§7§’(kf'— 6x )
2 1 5\3/2
==X +——=k—-6x
37 6Jr ( ) ..(ii)
On differentiating both sides with respect to x, we get
W _2 50 s 3 6x)” (c12x)
dx 3 N
_oxr 12 vk - 6x
NG
3x 1/2
=2x" - ——=(k-6x"
Jr ( ) ..(it)
v _y
dx
3x 1/2
= 2x* == (k-6x’
7= Ee)
2
= 4x4:9i(k—6x2)
7
= dzx* =9kx* — 54x*
= drx* =9kx’
=x'[4r+54]=9-k-x*
) 9k
= X =
47 +54

v

k

k-12-9-
(d*V) e L - 4z+54
(dsz I dz+54 rn p_ 6:9-k

k
= x=3-
Varz+54 .(iv)

Again, differentiating Eq. (iii) with respect to x, we get

YRE P %(k —6x?) " (~120) 4 (k- 6x2) .1}

=4x- 3 _76x2 -(k - 6x2)_1/2 + (k - 6x2)l/2}

Nl
3_—6x2+k—6x2}
\/;7 vk —6x?
3 _k—12x2}

Jr vk —6x°

=4x -

47+54

454
108k
_ k3 47+ 54
12
4r+54 x /k 54k
L 47+ 54
k 3 [ 4k +54k —108k / 47+ 54
=12 __2
4z +54 x| Jakr+ 54k —54k [ 47+ 54
_pp |k 3] 4kr-sak }
4r+54 x| Jakaan+54
ke[ ker-27) }
4r+54 x| Jkier® + 2167
d*v
w(2r-27)<0=—>k>0
dx

For x=3 k , the sum of volume is minimum.
\dr +54
/ k /k —-6x?
For x=3,/[————, th = ing Eq. (i
or A7 54 then r ypn [Using Eq. (i)]
6 9k

__2 k—6-

N A7 +54
_ 1 [4kz+54Kk 54k
T odr 47154
1 4k

" oJz Var+54

__ k1
“Jariss 3

= x=3r

Hence proved.
~ Minimum sum of volume,

2
==y +i7rr3
3
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2., 4 X
==X +—r-—
3 3027

—EXS(HZ—”)
"3 27 5]

Q. 52. Show that the surface area of a closed cuboid
with square base and given volume is minimum,
when it is a cube.

[CBSE Board, All India Region, 2017]

Ans. Let the sides of cuboid be x, x and y.
=x’y=kand S= Z(x2 +xy+xy) = Z(Jc2 +2xy)
[+1]
S= Z[Jc2 +2x£2} = 2[3{2 +%}
X X [1]
£of2
dx X [1]
ds —0
dx
= x’=k=x%y
- Y 1
2
d’s 2[2 + ik} >0
dx’ x
x =y will give minimum surface area 1]
and x = y, means sides are equal
~ Cube will have minimum surface area [4]
Q. 53. If the sum of lengths of the hypotenuse and a side
of a right-angled triangle is given, show that the
area of the triangle is maximum, when the angle
between them is * .
3
[CBSE Board, Delhi Region, 2017]
Ans.
A
Y
0
B = C
Given that, x+y =k 1]
1
Area of A==x\y* —x*
Sy =X
1
Let Z==x(y* -«
i (y x )
1o [(k - x)2 - sz
= l[kzx2 - 2kx3J
4 [1]
dz )
—= 7[2k x -6k’ | =0
= k- 3x =0
k
= X=—
3 [1%]
= x+y-3x=0o0ry=2x

2
az L2k —12kx]
dx~ 4 [1]

d*z 1 K’
— —|2k* —4k* |=-—<0
dx*| 4[ I= 2
3
~ Area will be maximum for 2x = y [1]
But,
X coso
y
x 1
= cosf=—=—
2x 2
="
3 [2]

. Show that the altitude of the right circular cone
of maximum volume that can be inscribed in
a sphere of radius r is 4+/3. Also find maximum
volume in terms of volume of the sphere.

[CBSE Board, Delhi Region, 2016]

Ans. Letradius of cone be y and the altitude be r + x

ﬂ

- 1]

Xty =1t 0
[2]

Volume, V:%ﬂyz(r+x)
— 2 (r =) (r+x)
B2 (a1 ) (-20)]
:§(r+x)(r—3x)

1]

1]

dv r

=0=>x=—

dx 3 [4]
~ Altitude :r+g:% [%]
And

sz V3
3 (r+x)(- 3)+(r—3x)]

= z[—21’ - 6x] <0
3 1]

~ Maximum volume
T 5 r? r 8(4
EEYUEY Y eyl X
[2]

= % (Volume of sphere)
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Q. 55. Find the intervals in which

Ans.

Ans.

f(x)=sin3x - cos3x,0 < x < p , is strictly increasing
or strictly decreasing.
[CBSE Board, Delhi Region, 2016]
f(x)=sin3x —cos3x,0<x <7

fx)=
f'(x)=0=tan3x =-1

3cos3x + 3sin 3x

1]
[*2]

= X "—”+f,nez
3
_z Tz 1w
47127 12 4
11 11
Intervals are : 0,£ , E,E Tz 1z 7T 2\
4)la"12) 12’12 )12’
4 T 1x
is strictly increasingin | 0,=— |uU| —,—— | [1
f(x) is strictly incr smgm( 4] (12 12] 1]
T I 117z
and strictly decreasing in | —,— |V| —, 7 |. [1]
4" 12 12

. Find the equation of tangents to the curve

y=cos(x + y),~2p <x<2p that are parallel to
the line x+2y =0.

[CBSE Board, Foreign Scheme, 2016]
Equation of given curve,

y=cos(x+y) )

= %:—Sin(x-i—y)[l-i—%j
o, dy_ osin(xiy)

dx 1+sin(x+y) 2]
Given that,
Line x + 2y = 0, its slope = 1 [V2]
Condition of || lines 2
—sin(x+y) 1
I+sin(x+y) 2 1]

=sin(x+y)=

= cos(x+y)=
[ y= (x + y): 0 and using Eq. (1)]
=

Cosx:0:>x:(2n+1)%,nel
x—% ze[ 27,2x]

1]
Thus tangents are || to the line x + 2y = 0

Only at points (—37”,0] and (%,0)

~ Required equation of tangents are

y—O:—%(x+37”]32x+4y+37r:0

[2]

[”2]

1 1
—0=—+|x-—=|=>2x+4y-7=0
y-0=3(x-3 | 2rray

[*2]

Q. 57. Prove that the least perimeter of an isosceles

Ans.

triangle in which a circle of radius r can be
inscribed is 6+/3 r.
[CBSE Board, All India Region, 2016]

[1]
Let AABC be isosceles with inscribed circle of
radius ‘7’ touching sides AB, AC and BC at E, and D
respectively.

Let AE = AF = x, BE = BD = y, CF = CD = y then,
Area (AABC) = Ar (AAOB) + Ar (AAOC) + Ar
(ABOC)

1 1
= o Zy(r NG ) :E{Zyr-rz(x +y)r

2
= x= 3" ]/2
y-r [1]
Then,
4 2_1/
D (perimeter of AABC) =2x+4y = — >+4y  [1]
—4r* (r* +
sz(z)+4 and Z—P:O:y:ﬁr
Y (y2 - rz) Y
[1+%]
4P 4;’2‘1/(2y2 + 6r2) 63
- ST
Videw (v'=r) 4
= Perimeter is least if i = \/gr and least perimeter is
P=4y+ 4 yz
y-r
= 4\/§r + 4r2x/§r
2r?
=637 [1]

. If the sum of lengths of hypotenuse and a side of

a right angled triangle is given, show that area of
triangle is maximum, when the angle between

them is E [CBSE Board, All India Region, 2016]
A
Y
B 8 C
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Let ABC be the right triangle with «B = 90° dz 1 dz k
—=—(2xk’ —6kx*) and ——=0=x=—
ZACB=0,AC=y, BC=x,x+y=k (Constant) " al dx 3
2k
A (Area of triangle) =lABC~AB=l'X«/y2 -x’ y:k—x=7
Let 2 2
' & 1 K
R Y 2 az =—(2k*—12kx =—x<0
z=A —Zx (y -x ) dle_k 4( )x:ﬁ 2
3 3

:%xz{(k—x)2 —xz}

~ z and area of AABC is max at x :%
= l(xzk2 - 2kx3)
4

w | =

and, cosd = =0=—

"@i Some Commonly Made Errors

3
2k

< | =
0| —
W

» Generally, students confuse in negative and Fractional Exponents.

» Conceptual errors occur because Students have misunderstood the underlying concepts.

» Students confuse in terms of area, volume and surface area of the given shape to find the derivative.
» Students do not apply the right rule of the derivatives.

9.@ EXPERT ADVICE

85 Derivative by First Principle is simply a measure of the rate of change.
15 One-sided Derivative means consider a function f: [u, b] — R, wherea, be R
15 Learn all the properties of differentiation.

15 Students try to make solutions in detailed form.
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