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Purpose

Prerequisites

Note

Materials

Instructions

Assessment
Guide

Assessment Guide

The purpose is to determine if this booklet is the correct starting place. Pre-As-
sessment: Part 1 assesses the fundamental knowledge necessary for success in this
booklet.

Pre-Assessment: Part 1 is review material from the last booklet and is used to de-
termine student readiness for this booklet. Pre-Assessment: Part2 is a preview of
the new material presented in this booklet and is used to set the baseline for what
the student already knows at the beginning of instruction.

The Post-Assessment is administered to determine if the student learned the materi-
al that was presented in this booklet. A comparison of the score on Pre-Assessment:
Part 2 to the score on the Post-Assessment will give both you and your student a
sense of growth. The Post-Assessment is the same as Pre-Assessment: Part 2.

Patterns in Arithmetic: Multiplication - Booklet 3, or previous instruction in the
basic concepts of the Distributive Property of Multiplication as it applies to single
digit multiplication, for example 345 x 6. Also, the student must have had work on
the use of the Expanded Tables, for example 3 x 4 =12, 30 x 4 = 120, and 300 x 4
=1,200. And Multiplication - Booklet 3 on Factoring, or other instruction in prime
numbers and prime factoring.

Knowing the standard procedure for multiplication we all learned is not the same
thing as understanding the Distributive Property of Multiplication. Understanding
this property is key to understanding both multiplication and division. See Intro-
duction to the Distributive Property of Multiplication in this teacher guide.

Multiplication: Booklet 4 - Pre-Assessment - Worksheets 1 - 3, pages 53 - 55 in this
booklet and pages ii - iv in the Student Workbook

Post-Assessment, pages 56 and 57 in this booklet and pages 72 and 73 in the Stu-
dent Workbook

Cuisenaire Rods

Colored pencils or crayons

Do the assessment in two parts. Give Pre-Assessment: Part 1 and check it for
readiness for this booklet. If the student is not ready for this booklet, there is no
point in giving Pre-Assessment: Part 2. If he passes all the readiness itemns, then
give Pre-Assessment: Part 2.

After scoring Pre-Assessment: Part 2, use the Booklet Selection Guide to deter-
mine the correct booklet for your student based on the results of the assessment.

This Assessment Guide explains what concept each item on the test is assessing.
The item numbers match the item numbers on the student test page. The title of the
lesson and Booklet number tell you where the concept is taught. In the Assessment
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Guide, under each lesson title are several assessment criteria. Each criterion is labeled with capital
letters ‘A, ‘B, etc. These criteria tell you what to look for in the student work. On the student test,
sometimes multiple problems are used to test a concept. These multiple problems are labeled with
small letters ‘a,” ‘b, etc.

Score sheets that match the Assessment Guide for Pre-Assessment: Part 1, Pre-Assessment: Part 2,
and the Post-Assessment follow.

Assessment Criteria for Pre-Assessment: Part 1
Can the student
1. Short Notation (Multiplication: Booklet 2)

A. use the standard short notation for multiplication and get two of three answers correct?
You are looking to see if the student knows the standard short procedure for multiplication. If he uses
addition, you can assume he does not know how to use the multiplication procedure. Students who
have completed Multiplication: Booklet 2 may do the problems the long way. Point out the instruc-
tion to use the short way. He can use the long way on item 2.

2. Expanded Multiplication (Multiplication: Booklet 2)

A. write the partial products on each line in two of the three problems? Partial products for
problem a would be twenty-four and one hundred eighty. The student may write twenty-four and
eighteen and still get a Yes on this item. It means he knows what to do but made a place value error,
which is common at this point. You are looking to see if he knows what to do, even if there is an error
in calculation.

B. write the correct partial products with the correct place value in two of the three problems?
Partial products for problem a would be twenty-four and one hundred eighty. The order he writes
them in is not important.

C. sum the partial products to get a final answer in two of the three problems? The answer
may be incorrect if the student used eighteen instead of one hundred eighty. If he summed his partial
products he gets a Yes on this item. It shows he knew to add to complete the process.

D. sum the partial products and get the correct answer in two of the three problems?

3. Expanded Tables and Breaking Up Times (Multiplication: Booklet 2)

A. break up the fifty-seven into 50 + 7 on the top line and fill in x 3 correctly?

B. show the correct little multiplication problems on the second line?

C. show the partial products on the third line? Give a Yes even if he made a multiplication
error. It shows he knows what to do.

D. add to get the final product? Give a Yes if the addition was done even if there is an arith-
metic error. He may need to review his tables.

E. get the correct final product?

4. Discovering Prime Numbers (Multiplication: Booklet 3)

A. explain and/or show with an example what a factor is?

2 Points: A factor is a number that results in a product (answer) when multiplied by another
factor. Example: 2 x 3 =6. Two and three are factors of six.

1 Point: A factor is a number used to make an answer such as2x 3 = 6.

5. Discovering Prime Numbers (Multiplication: Booklet 3)
A. explain what a prime number is?

Assessment Guide Patterns in Arithmetic: Multiplication - Booklet 4
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2 Points: A number that has only itself and one as factors.
1 Point: A number that can only be made one way (referring to the rectangular arrays drawn
in the lesson).

6. Prime Factoring (Multiplication: Booklet 3)
A. correctly prime factor 1207
B. place the prime factors in order from largest to smallest in the box?

7. Factoring by Tens (Multiplication: Booklet 3)
A. correctly factor 120 by factors of ten? Answer can be 12 x 10 x 10 or 12 x 100

8. Using Factoring with Expanded Tables (Multiplication: Booklet 3)

give the correct product at the bottom as 6,300?

show that the 700 x 9 is factored into (7 x 100) x 9 in the second line?
show the reordering of the factors to combine the (7 x 9) x 100 in the third line?
show 63 x 100 in the fourth line?

SOw>

Booklet Selection Guide based on results of Pre-Assessment: Part 1

To begin Multiplication: Booklet 4, the student must receive a Yes on either 1A or 2A —2D. If both of
these are a No, the student is not ready for Multiplication: Booklet 4, and should begin in Multiplica-
tion: Booklet 2. Do not give Pre-Assessment: Part 2.

If the student received 15 or more Yes marks on Pre-Assessment: Part 1, give Pre-Assessment: Part
2 and begin Multiplication: Booklet 4.

For the students who did Patterns in Arithmetic: Multiplication - Booklets 2 and 3 previously:

a. If he receives between 12 and 14 Yes marks, give Pre-Assessment: Part 2 and remediate
the places that are weak using the pages in the early sections of Multiplication: Booklet 4. You may
also want to reteach items in the earlier booklets. Begin Multiplication: Booklet 4 carefully.

b. If the score is 11 or less, go back to Booklet 2 and reteach the Expanded Multiplication
using Base Ten Blocks and tens and ones notation only and move to the short notation and practice.
Allow him to use the zero pattern to find answers and reteach factoring by tens. Reteach prime num-
bers and prime factoring. In Multiplication: Booklet 4, teach only the tens and ones way of breaking
up the numbers. Skip the nonstandard ways of breaking up numbers. Consider skipping the factoring
and let him use the zero patterns to get partial products. Do not go to the short notation until he can
do it the long way with two digit numbers times two digit numbers. Then you can teach the short way
for longer problems.

For students new to Patterns in Arithmetic:

a. Ifthe student receives a Yes on 1A and 3E and a No on criteria in section 2A - 2D and 3A - D,
strongly consider beginning with Multiplication: Booklet 2 in the section on Breaking Up Times. The
short delay here will pay off in the long run. There is a review in Multiplication: Booklet 4, but it is
not a good place to teach the concept of distribution. But if time is a factor and your student is in fifth
grade or higher, you can begin the teaching of distribution in Multiplication: Booklet 4, but the results
will not be as strong.

b. If the student receives a Yes on 2A - 2D, 3A - D, and No on 5 - 8, begin with Multiplication:
Booklet 3 on prime numbers, prime factoring, and factoring in general. These are important tools

Patterns in Arithmetic: Multiplication - Booklet 4 Assessment Guide
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students need in Multiplication: Booklet 4 and in fractions.

Assessment Criteria for Assessment: Part 2
All criteria in this section come from Multiplication: Booklet 4.
Can the student:
1. Multiplying Factors of Ten

A. get the correct product?

B. give a clear and correct explanation of how he got his answer?

3 points: I factored out the four from the one hundred and the three from the ten. Then I rear-
ranged the factors and combined the 4 x 3 to get twelve, and the 100 x 10 to get one thousand. Then I
multiplied 12 x 1,000 to get twelve thousand.

2 points: I took the four off of the one hundred and the three off the ten. Then I multiplied the
4 x 3 and added the three zeros from the one hundred and the ten.

1 point: I multiplied 4 x 3 and added three zeros.

2. Factoring by Tens

A. use a factor tree to show how the final product is obtained? Give a Yes even if the student
did not use factors of ten but other sets of factors including prime factors.

B. use numbers in the factor tree that are factors of ten? The student should not use any num-
bers other than four, seven, ten, and one hundred in the factoring.

C. obtain the correct final product? The correct answer may appear without the factor tree
being filled in.

3. Factoring by Tens

A. explain how the adding the zeros trick works?

3 points: It works because of factoring. The Associative Property of Multiplication allows the
rearrangement of the factors in any combination. So you multiply 9 x 5 and then the 100 x 100. The
four zeros come from multiplying 100 x 100 to get 10,000, which has the four zeros.

2 points: It works because of factoring. So you multiply 9 x 5. The four zeros come from mul-
tiplying 100 x 100.

1 point: The four zeros come from multiplying the hundreds.

If he gets a Yes on criterion 4a and only 1 point on 4b, followed by No on criteria 5A, 5B, and 6A, it
means he memorized the trick with no understanding.

4. Breaking Up Times
Most students will be unable to do this item on Pre-Assessment: Part 2. On the Post-Assessment we
are looking to see if he can look at the graphic and see that the numbers are being broken up into tens
and ones, the standard method. Then we want to see if he can correctly fill in the distribution number
sentence to match the diagram.

A. fill in the numbers 10 + 2 and 10 + 3 on the diagram?

B. fill in the top line of the distribution number sentence correctly?

C. show all the little multiplication problems correctly in the second line?

D. obtain the correct partial products in the third line?

E. write in the correct answer on the dark line? This answer may be correctly done using a
memorized short procedure. Give credit for a correct answer with a Yes on this criterion.
5. Using Arrow Patterns to Multiply Tens and Ones
Most students will be unable to do this item on the Pre-Assessment. We are looking to see if the

Assessment Guide Paiterns in Arithmetic: Multiplication - Booklet 4
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student understands the arrow pattern (distribution) tested by the use of nonstandard numbers. The
nonstandard numbers will confuse a student who has only memorized the short procedure.
A. break up the thirteen using nonstandard method of nine and four instead of ten and three?
B. draw in the arrow pattern correctly?
C. write all the small multiplication problems and partial products correctly?
D. obtain the correct final answer using this nonstandard procedure only?

6. Breaking Up Times

A. explain why it makes sense that the problems would have the same answers?

2 points: Even though the problems were broken up differently, the answers will still be the
same because it is the same problem both times.

1 point: Yes, because it is the same problem both times.

7. Breaking Up Times: Long Way

A. write down all the correct little multiplication problems on the lines in the left hand col-
umn? Order is not important.

B. show the correct place value of each partial product in the right hand column?

C. obtain the correct answer?

8. Standard Way _
This problem is solved using the procedure we all learned in school. If the student can get the correct
answer for this item and not for criteria 4 and 7, then he can do the problem but does not understand
the procedure.

A. use the standard procedure? Even if the final answer is incorrect, does it appear that he is
using the correct procedure?

B. place a zero or placeholder in the second row of the partial products below the line?

C. obtain the correct answer?

9. Short Notation
A. give a clear explanation as to why there is a zero in the second row of the partial product?
3 points: The zero is there because the four is in the tens place, so you are really multiplying
forty times five, which is two hundred, which has a zero in the ones place.
2 points: The zero is there because you are multiplying by a number in the tens place.
1 point: Because it’s tens.
0 points: It is a placeholder. Or, you have to do it to get the right answer.

Booklet Selection Guide based on results of Pre-Assessment: Part 2
If he scores 24 or more points, he does not need to do this book.

If he scores 21 - 23 points, remediate the weak answers and move on.

If he scores 20 or less, this is the correct booklet for the student.

Patterns in Arithmetic: Multiplication - Booklet 4 Assessment Guide
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Pre-Assessment: Part 1 Score Sheet Name Date
Can the student:
1. Short Notation (Multiplication: Booklet 2)

Yes No A. use the standard short notation and get two of three answers correct?

[38)

. Expanded Multiplication (Multiplication: Booklet 2)
Yes No A. write the partial products on each line in two of the three problems?
Yes No B. write the correct partial products with the correct place value in two of the
three problems?
Yes No C. sum the partial products to get a final answer in two of the three problems?
Yes No D. sum the partial products and get the correct answer in two of the three problems?

3. Expanded Tables and Breaking Up Times (Multiplication: Booklet 2)
Yes No A. fill in the top line correctly?
Yes No B. show the correct little multiplication problems on the second line?
Yes No C. show the partial products on the third line?
Yes No D. add to get the final product?
Yes No E. get the correct final product?

4. Discovering Prime Numbers (Multiplication: Booklet 3)

2,p oliﬁtso A. explain and/or show with an example what a factor is?
5. Discovering Prime Numbers (Multiplication: Booklet 3)

2, 1, 0 A. explain what a prime number is?

points

6. Prime Factoring (Multiplication: Booklet 3)

Yes No A. prime factor 120 correctly?

Yes No B. place the prime factors in order in the box?

7. Factoring by Tens (Multiplication: Booklet 3)
Yes No A. factor 120 by factors of ten correctly?

8. Using Factoring with Expanded Tables (Multiplication: Booklet 3)
Yes No A. give the correct product at the bottom as 6,3007
Yes No B. write (7 x 100) x 9 in the second line?
Yes No C. show the reordering of the factors in the third line?
Yes No D. show 63 x 100 in the fourth line?

Items Correct = = T
Items Possible 21

Assessment Guide Patterns in Arithmetic: Multiplication - Booklet 4
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Pre-Assessment: Part 2 Score Sheet Name Date
Can the student:
1. Multiplying Factors of Ten
Yes No A. getthe correct product?
3’%&%630 B. give a clear and correct explanation of how he got his answer?
2. Factoring by Tens
Yes No A. use afactor tree to show how the final product is obtained?
Yes No B. use numbers in the factor tree that are factors of ten?
Yes No C. obtain the correct final product?

3. Factoring by Tens
3’56‘1&&0 A. explain how the adding the zeros trick works?

4. Breaking Up Times

Yes No A. fill in the numbers 10 + 2 and 10 + 3 on the diagram?

Yes No B. fill in the top line of the distribution number sentence correctly?
Yes No C. show all the little multiplication problems correctly?

Yes No D. obtain the correct partial products in the third line?

Yes No E. write in the correct answer on the dark line?

5. Using Arrow Patterns to Multiply Tens and Ones
Yes No A. break up the thirteen using the nonstandard method?
Yes No B. draw in the arrow pattern correctly?
Yes No C. write all the multiplication problems and partial products correctly?
Yes No D. obtain the correct answer using the nonstandard procedure only?

6. Breaking Up Times

: 2,1)10319S A. explain why the problems would have the same answers?

7. Breaking Up Times: Long Way
Yes No A. write correctly little multiplication problems in the left hand column?
Yes No B. show the correct place value of each partial product in the right hand column?
Yes No C. obtain the correct answer?

o]

. Standard Way
Yes No A. use the standard procedure?
Yes No B. place a zero or placeholder in the second row below the line?
Yes No C. obtain the correct answer?

9. Short Notation

3, zdi%t’ 0 A. give a clear explanation as to why there is a zero in the second row?
p S

Items Correct = = %
Items Possible = 30

Patterns in Arithmetic: Multiplication - Booklet 4 Assessment Guide
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Post-Assessment Score Sheet Name Date
Can the student:
1. Multiplying Factors of Ten
Yes No A. getthe correct product?
3’%&%1’50 B. give a clear and correct explanation of how he got his answer?

2. Factoring by Tens
Yes No A. use a factor tree to show how the final product is obtained?
Yes No B. use numbers in the factor tree that are factors of ten?
Yes No C. obtain the correct final product?

3. Factoring by Tens
3, 1396*13&0 A. explain how the adding the zeros trick works?
4. Breaking Up Times
Yes No A. fill in the numbers 10 + 2 and 10 + 3 on the diagram?
Yes No B. fill in the top line of the distribution number sentence correctly?
Yes No C. show all the little multiplication problems correctly?
Yes No D. obtain the correct partial products in the third line?
Yes No E. write in the correct answer on the dark line?

5. Using Arrow Patterns to Multiply Tens and Ones
Yes No A. break up the thirteen using the nonstandard method?
Yes No B. draw in the arrow pattern correctly?
Yes No C. write all the multiplication problems and partial products correctly?
Yes No D. obtain the correct answer using the nonstandard procedure only?

6. Breaking Up Times
2,p%; Igs A. explain why the problems would have the same answers?
7. Breaking Up Times: Long Way
Yes No A. write correctly little multiplication problems in the left hand column?
Yes No B. show the correct place value of each partial product in the right hand column?
Yes No C. obtain the correct answer?

o0

. Standard Way
Yes No A. use the standard procedure?
Yes No B. place a zero or placeholder in the second row below the line?
Yes No C. obtain the correct answer?

9. Short Notation

3, 26'1 ) 0 A. give a clear explanation as to why there is a zero in the second row?
points

Items Correct = %

Items Possible = 30
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Introduction to the Distributive Property of Multiplication

Why does this booklet take so long to teach such an easy operation as long multiplication? Why all
the square grids and crayons? Why do I see pages with the same problem over and over? Why not do
it the easy way and get it done in less than a week?

46
x 23

Remember this? You probably learned this back in fourth or fifth grade. It was pretty easy for most of
us if we knew our times tables. The talk went something like this: Multiply the three by the six to get
eighteen. Put down the eight and carry the one. Then multiply the three by the four to get twelve and
add one to get thirteen. Put the thirteen to the left of the eight to get one hundred thirty-eight. Then
begin a second row. Put a zero in the ones place. Then multiply the two by the six to get twelve. Put
the two to the left of the zero and carry the one. Then multiply the two by the four to get eight, add
the one to get nine. Put the nine to the left of the two to get nine hundred twenty. Add this to the one
hundred thirty-eight in the top row to get one thousand fifty-eight. Easy. Most likely it took less than
a week for you to master this. It was easy because you were taught the shortcut—the procedure. No
conceptual understanding is needed until you got to algebra.

This shortcut, taught as a memorized recipe, completely obscures one of the most important patterns
in arithmetic, the Distributive Property of Multiplication. The shortcut also obscures the place value
of the numbers being multiplied and their products. When I ask most incoming students why you put a
zero in the ones place of the second row, most say, “That’s what my teacher told me to do.” Or “It’s a
placeholder.” When asked what the placeholder is for, most students say, “The teacher told me that’s
what you do.” Most have no idea the zero is there because they are really multiplying twenty times
six, not two times six. So what? What difference does it make? They get the right answer, don’t they?

For most students, the lack of understanding of this fundamental pattern results in general weakness
in mathematics overall and vastly increases the chances they will not do well in algebra, higher
mathematics, or advanced science courses. Little is gained by teaching the shortcut only, yet we stand
to lose much in the long run, including careers in the scientific and mathematical fields.

(a+b)(c+d)=ac+ad+ bc+ bd

Remember this? If you took algebra in ninth grade, you were taught this. If you are fluent in algebra
you recognize this as a multiplication of a polynomial. Did you learn how to do it by memorizing
FOIL-first, outer, inner, last? If you did, then you were not taught how to understand the principles of
mathematics but taught only another recipe to be memorized.

If you are not fluent in algebra, maybe you sort of remember seeing this in ninth or tenth grade. If you
did not do very well in algebra, there is a good chance that not understanding how 46 x 23 works is a
major cause of your troubles (that and not understanding fractions).

The great sadness of this is that mathematics is really a very interesting subject that many of us learn to
hate or fear because it makes no sense and we fail tests. It makes no sense because we were not given
the time or the tools to construct understanding when we were children. Mathematics is a mental

Patterns in Arithmetic: Multiplication - Booklet 4 Introduction to the Distributive Property of Multiplication
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banquet of ideas and tools. We bring students to the banquet and then only let them lick the used plates
in the kitchen. All the fun, the power, and the discovery are taken from them in the name of getting it
done quickly in time for the tests or simply because the teacher does not know any better.

This booklet will help you correct this loss in yourself and prevent it in your student.
Here is a preview of the connection.
First, in Multiplication: Booklet 2 of this series, we looked at problems like this: 46 x 3 =138

46 x 3 is equal to 3 x 46. The forty-six can be broken up into 3 x (40 + 6). Each part inside the
parentheses is multiplied by the three to get 120 + 18. The sum of 120 and 18 is the answer. The
forty-six does not even have to be broken up into tens and ones. It can be broken up any way you
want to, but the rule of multiplying each of the parts by the multiplier (the three in this case) is always
the same no matter what the number is. That is why we can show the general pattern with letters:
a(b + ¢) =ab + ac. The a is the multiplier, and the b and c are a larger number broken up into parts. The
Distributive Property states you will get the right answer if the larger number is broken up into parts,
then each part is multiplied by the three and then results are summed (added). The three is distributed
to both the forty and the six. If it is put in a vertical format you will recognize it.

46 40+ 6 B + C
X3 X3 X A

138= 120+ 18 AB + AC

Now, if another digit is added to the bottom number, 46

X 23

there is a new twist to the Distributive Property. The bottom number must be broken up also since I

do not know the twenty-three times table.

Step 1 is the same as before:

46 40 + 6 B +C
x3 _x3 _x A
138 = 120 + 18 AB + AC

Step 2 requires that the 40 + 6 be multiplied by twenty. The twenty-three had to be broken up into
twenty plus three. I already multiplied by the three. Now the twenty must be distributed to both the
forty and the six. More attention must be paid to place values. The reason for the zero in the second
row is easy to see in the center arithmetic problem: 20 x 6 = 120. There is the zero the teacher told you
to put in as a ‘placeholder’ in bold print below. It is needed because you are multiplying by a number
in the tens place. If you understand that you do not need to worry about the placeholder, you will put
the zero in the ones place automatically.

Introduction to the Distributive Property of Multiplication Patterns in Arithmetic: Multiplication - Booklet 4
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46 40 + 6 B+C
X 23 x20+3 D+A
138 120 + 18 AB + AC

+920 800 + 120 DB + DC
1,058 800+ 120+ 120+18 AB+AC+DC+ DB

It is sad that many math teachers do not realize that the basic arithmetic problems on the left and the
algebraic one on the right are the same procedure. Algebra is just the general pattern written with
letters to stand for any number you want to use. If the arithmetic is understood in fourth grade, the
algebra will be understood in eighth or ninth grade. Itisn’t necessary to memorize it. It will be simply
and delightfully clear.

Most of us simply memorized the shortcut and then, when the same kind of problem was encountered
in algebra, we did not recognize it and had to memorize it again as if it were something new. Those of
us who memorized, or tried to memorize, our way though algebra did not do very well when we had
to do word problems or use the pattern in an unfamiliar form or use it to divide. Higher mathematics
and science classes became huge hurdles. This is very unfortunate because, while understanding takes
a little longer to develop, it is not that hard. Most students not only get it, they enjoy it.

One of the big, big ideas in arithmetic is that when adding large numbers, the big addition problem is
broken up into a bunch of little addition problems and then added up at the end.

In a problem such as

645
+ 324

the ones are added first, then the tens, and so on. In other words, the problem is broken up into ones,
tens, and one hundreds, and each part is added. Then all the parts are pushed together to get the
answer. Carrying as you go is a shortcut of this big idea. This is done in subtraction, multiplication,
and division. All arithmetic procedures work this way. There are rules for how the numbers can be
broken up and recombined, but the big idea is always the same. A student who understands this big
pattern has power to do problems in multiple ways and thus has more mathematical strength overall
than a student who simply memorizes recipes. She also tends to like math better because it makes
sense.

In multiplication and division, the guiding rule for breaking up large numbers to multiply or divide
them is the Distributive Property.

Understanding the Distributive Property of Multiplication is fundamental to algebra. Not understanding
it is one of the major reasons students fail in algebra. Why would you set students up to fail when
learning to understand this critical concept is not that hard? It will take only a few extra weeks.

That is why this book has all those drawings, blocks, and crayons. In the end, your student will not

Patterns in Arithmetic: Multiplication - Booklet 4 Introduction to the Distributive Property of Multiplication
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only be able to solve multiplication problems, she will understand how the general idea works and will
then be able to apply it to the general algebraic form later.

This book teaches the general pattern of distribution using small numbers like 12 x 13 shown in a
square grid array where students can count the number of squares to confirm the answer. The student
then already knows the answer is one hundred fifty-six. She will break up the twelve and the thirteen
in multiple ways and use both simple areas of small rectangles and the Distributive Property to get the
answer. She will know the pattern works because she will always get the same answer, one hundred
fifty-six, which she can confirm for herself. She stays connected to the concrete every step of the
way. It is only when the pattern is understood concretely that it is extended to the abstract. Then the
shortcuts, called algorithms, are looked for.

In addition to learning to understand a critical concept in mathematics, she will also have fun. Most
students really enjoy this book. It makes sense all the way and uses lots of fun colors. Enjoy.

Introduction to the Distributive Property of Multiplication Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Prerequisites

Note

Materials

Warm Up

Multiplying Factors

The purpose is to remind the students of the Associative Property of Multiplication
that allows us to factor numbers and recombine those factors in any way we wish.
This property underpins many arithmetic procedures to come, including multipli-
cation of large numbers and decimals, simplification of fractions, and scientific
notation. For many students, this booklet is the opening booklet in the fall of fifth
grade. The reviews of factoring and distribution will brush up skills.

Patterns in Arithmetic: Multiplication - Booklet 2, and Basics of Distribution in
Multiplication: Booklet 3 - Factoring

Many students who already know the procedures for multiplication of large num-
bers do not understand or even know about distribution. The Distributive Property
of Multiplication looks like this in algebra a(b+c), (a+b)(c+d) for multiplication
and like this in division: a+b
a

A student who gives the answer b because the a’s cancel out doesn’t understand di-
vision. This lack of understanding causes students to, unnecessarily, fail to do well
in algebra. If your student does not understand distribution, now is the easiest time
to address it. It is time well spent.

Multiplying Factors - Worksheets 1 and 2, pages 1 and 2
“What is 4 x 8?7 “Thirty-two.”

“What are the prime factors of four?” “Two and two.”
“What about eight?” “Two times two times two.”

“What will happen if all of those twos are multiplied together? Will you still
get thirty-two?” Answers will vary.

“Tryit.” “@x2)x(2x2x2)=32. Itisthe sameas4x8.”

“What would happen if we did not use the prime factors of eight? What if we
just used 4 x 2 and multiplied that by 2 x 2 from the four? Would it change the
answer?”’ Answers will vary.

An answer that demonstrates understanding is “No, it will not change the answer
because when you factor numbers you can multiply all the factors back together
and get the same answer.” Most students will have to try it to be sure.

“What if we changed the order of the factors and put the four first and then all
the twos? Would we still get the same answer?” “Yes.”

Patterns in Arithmetic: Multiplication - Booklet 4 Multiplying Factors

Parent/Teacher Guide
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Lesson

Note

Practice
Worksheet

Test for

Repeat this process with 6 x 8. Try factoring them with (2x 3) x (2x4) and change
the order. Try4x3x2x2 and (2x2)(4x3). The product does not change.
“What property of multiplication are we seeing operating here?” “Associa-
tive.”

Record the first two examples on Multiplying Factors - Worksheet 1, page 1. In the
6 x 8 example, show the factors of six right under the six and those of the eight right
under the eight. Then on the third line, reorder the numbers. Change the order like
you did in the warm-up. Many students do not see the point of this, but it drives the
idea in that the order does not matter and that factoring numbers and recombining
them produces correct products that they know to be correct from experience. It
also teaches them how to get the answers to multiplication facts they can not re-
member by factoring them down.

Have the student complete Multiplying Factors - Worksheet 1. Check the answers.
If you are working with a group, have students compare the different solutions and

combinations.

This sureness is needed so when very large numbers are factored, such as 8,000 x
600, students will be confident that they are getting the correct product.

Multiplying Factors - Worksheet 2, page 2

‘“Imagine that you can not remember the answer to nine times ten. Show more

Understanding than one way to figure it out.”

Multiplying Factors
14

Possible solutions: (10 x 3) x 3, (2 x 3 x 3) x 5, which could be solved by count-
ing by fives.

Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Note

Prerequisites

Materials

Note

Warm Up

Breaking Up Times: Review

The purpose of this lesson is to review the Distributive Property of Multiplication
with small numbers and a manipulative. Each problem is done three different ways
so the student can both self-confirm the answer and demonstrate the general pro-
cess of distribution. The student pages repeat some of the pages he encountered in
Multiplication: Booklet 2.

Teacher preparation is needed to teach this lesson. This is especially true if the
teacher is unfamiliar with Multiplication: Booklet 2.

Multiplication: Booklet 2, Lessons on Arrays: Manipulative, Arrays: Recording,
Arrays to Boxes, and Distributive Property. If your student did not do Multiplica-
tion: Booklet 2, it is highly recommended that he does it before he does this book-
let. It is possible he can pick up the concepts from the short review sections in this
booklet. If he does not pick them up easily, consider doing the relevant lessons in
Multiplication: Booklet 2 before going on to Breaking Up: Two Ways.

Breaking Up Times: Review - Worksheets 1- 4, pages 3 - 6
Cuisenaire Rods

Crayons

Index card

If the student already knows how to do single digit multiplication, tell him you are
going to do it a new way, which he will do when he goes to algebra in a few years.
Ask him to tell you when he sees the connection between this new way and his old
way. Most students have memorized the short form and do not see or understand
the distribution being used to run the procedure.

Allow play time with the Cuisenaire Rods the day before the lesson. Make a chart
of the length of each rod by color if he is not highly familiar with the rods.

To begin, have him build three different trains of rods (rods placed end-to-end)
equal to fourteen. Ask him to make a two-rod train, a three-rod train and a four-rod
train.

“Do they all equal fourteen?” *“Yes.”

“Write an addition number sentence for each train you built.” For example:
a three-rod train made of dark green, yellow, and light green would be written as
6+5+3=14.

Before he opens the workbook, have him build the problem shown at the top of
Breaking Up Times: Review - Worksheet 1, page 3.

‘“Build a three-rod train that equals fourteen with a dark green, a yellow and
a light green in that order. What is the addition number sentence for this
train?” “6+5+3 =14

Patterns in Arithmetic: Multiplication - Booklet 4 Breaking Up Times: Review
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Lesson

“Now build three more fourteen trains exactly like the one you already have.
What multiplication problem do you have here?”” “Fourteen times four.”

“What small multiplication problem is shown by the four dark greens?” “Six
times four.”

“What small multiplication problem is shown by the four yellows?” “Five
times four.”

“What small multiplication problem is shown by the four light greens?” “Three
times four.”

“Add up (six times four) + (five times four) + (three times four). What do you
get?”” “Fifty-six.”

“What is the answer to a multiplication problem called?” “The product.”

“Take out Breaking Up Times: Review - Worksheet 1. Using the index card,
cover all but the topmost line of squares.”

Have him separate the top fourteen train from the others. The top line shows how
the fourteen is broken up. Have him color in the top line the same colors as the
rods. Then remove the index card. Color the rectangle labeled 6 x 4 dark green.
Color the rectangle labeled 5 x 4 yellow. Color the rectangle labeled 3 x 4 light
green. Point out that in the example, the small multiplication problems are writ-
ten in ( ) under the colored rectangles and the products of each written on the line
below. The final product is written on the left. It is fifty-six.

Repeat the procedure for the next problem. This time he is asked to build a four-
teen train with two rods, the first of which is a dark blue nine rod. Have him build
a fourteen train with a blue rod and a yellow rod. Again, cover all but the topmost
line of squares with the index card. Have him fill in the number sentence (9 + 5) X
4. Itis written x 4 because we are going to multiply this train four times. Have him
build it with four blue rods and four yellow rods. Each color must be in a rectangle
as shown in the picture. Have him color in the rectangles.

“What multiplication problem is shown by the four blue blocks?” “9x4.” He
writes that under the blue rectangle.

“What is the product of 9 x 4?” “Thirty-six.” He writes that underneath the (9
x 4). Repeat with the yellow block. Use the Answer Key to be sure he is filling in
the numbers correctly.

The last problem asks him to fill in the numbers in the number sentence. Cover all
but the top line of boxes so he can see the numbers. They are 5 +2 + 6+1=14.
Have him color in each rectangle with the color that matches the rod color. Then he
labels each small multiplication problem and sums them to get the answer.

Breaking Up Times: Review Patterns in Arithmetic: Multiplication - Booklet 4
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Be sure he answers the questions at the bottom of the page. End the lesson here if
you have been going for more than thirty minutes. Continue the next day.

Practice Breaking Up Times: Review - Worksheets 2 and 3, pages 4 and 5
Worksheet
Note The little smiley face is for him to estimate the product before he does the problem.

Have him do Breaking Up Times: Review - Worksheet 4, page 6 by himself. Re-
quire that he write in all the parts and color the rectangles. He must draw in the
lines between the rectangles in the picture. The answers are in the Answer Key.

Test for The Challenge is the true test of understanding. If he can not do the problem, have

Understanding him build a three-rod thirteen train different from the one at the top of the page.
Have him see if he can move from the rods to the top number sentence and then fill
in the multiplication problems. If he can, you can go on to the next lesson.

If he can not, please do the relevant lessons in Multiplication: Booklet 2. This topic
is so critical for success in higher mathematics it should not be skipped.

Patterns in Arithmetic: Multiplication - Booklet 4 Breaking Up Times: Review
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Purpose

Note

Prerequisites

Materials

Warm Up

Note

Arrays: Review
18

Arrays: Review

The purpose of this lesson is to review the Distributive Property of Multiplication
with small numbers using a graphic array instead of a manipulative to move from
the concrete to the representational level. The general process is the same as the
previous lesson.

Teacher preparation is needed to teach this lesson. This is especially true if the
teacher is unfamiliar with Multiplication: Booklet 2.

Breaking Up Times: Review

Arrays: Review - Worksheets 1 and 2, pages 7 and 8
Cuisenaire Rods

A piece of unlined paper

Colored pencils 15x6=
Index card 4+ 6 + 5

Write the problem 15 x 6 = in fairly large print at the top of the blank paper. Ask
the student to build the 15 with a three-rod train with no repeating colors. Have her
place the rods to the right and slightly below the = sign.

Have her write the addition number sentence for the rod train above the train as was
done in the last lesson.

1I5x6=( + + )x 6

Then have her build the other five trains. Example:
She writes in the (__x___) under each rectangle
with the partial products written under each one.
Then sum the total. The more she can do the pro- 15x6=@x6)+(6x6)+(5x6)
blem unassisted the better. Have her study the

problem she did on Breaking Up Times: Review - Worksheet 2. The problem shown
is17x 3.

Have a review discussion on what distribution means. Talk about newspaper distri-
bution or distribution of papers in a class.

“What number in the problem 17 x 3 is being distributed? What number is
showing up in each little multiplication problem under the arrays?” “The three.”

“Which number was broken up into parts?” “The seventeen.”

“Which number was multiplied by all those little parts?” “The three.”

This is how all multiplication and division problems work. We take the large num-
ber and break it into parts and multiply or divide all the parts by the small number

and add up the totals to get the final answer.
Remind her what an array is. (An array is an ordered set of objects, in this case

Patterns in Arithmetic: Multiplication - Booklet 4
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Lesson

Practice
Worksheet
Test for

Understanding

squares arranged in rows and columns.) Multiplication problems are often shown
graphically as arrays.

Review the word, ‘iterative’: repetition of a series of an operation, e.g.,2 + 2 +
2 + 2. The problem shown on the right of the worksheet is the iterative addition
solution of 36 x 7.
Above the array the equal number sentence shown is:

36 x7=(6+ + + + + yx7
Cover all but the top row of the array with the index card. Shade in those first six
squares dark green. (Colored pencils work better on these small squares.) She
must then break up the rest of the row of thirty-six squares into four other num-
bers. Each number must be ten or less. Have her color in each section to match
the color of the Cuisenaire Rod for the number she chose. Then remove the index
card, extend the dividing lines between the colors down through the array, and
color each rectangle with the appropriate color. Then fill in the multiplication
problem shown by each colored array and its product. The first one has been
done. It shows the partial product of forty-two for that part of the array. Check
the Answer Key to be sure which numbers could go in the blanks.

The second problem allows her to choose how she wants to break up the thirty-
six. She may use 30 + 6. She may not choose any number for which she can not
multiply it by seven in her head. Have her fill in the parentheses below and the
partial products and sum them to get the answer. All three answers should match.
Students who have completed Multiplication: Booklet 2 will have no difficulty
with this at all and may not need any assistance to complete these worksheets.

Arrays: Review - Worksheet 2, page 8

Give her a piece of graph paper. Ask her to draw an array for 15 x 9. Require her
to write out the number sentence that goes above the array, the small multiplica-
tions below and the partial products.

If she can’t, please do the relevant lessons in Multiplication: Booklet 2. This
topic is so critical for success in higher mathematics it should not be skipped.

Example:
15x9 = (10 + 5)x9
15x9= (10 x 9)+ (5x 9)
= 90 + 45
135

Patterns in Arithmetic: Multiplication - Booklet 4 Arrays: Reviclawgv
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Purpose

Prerequisites

Materials

Warm Up

Note

Expanded Multiplication: Review

The purpose of this lesson is to review the use of the expanded multiplication table
in breaking up and multiplying large numbers. The expanded table is 3 x 4 = 12,
30 x 4 =120, 300 x 4 = 1,200, etc.

Multiplication: Booklet 2 and Expanded Tables Flip Book. If your student did not
do Multiplication: Booklet 2, give Expanded Multiplication: Review - Worksheets
4 - 6, pages 22 - 24, which follow this lesson. These pages are not in the Student
Workbook. The answers are at the end of the Answer Key.

Expanded Multiplication: Review - Worksheets 1 - 3, pages 9 - 11 (in the Student
Workbook)

Expanded Tables Flip Book

Base Ten Blocks

Build 3 x4 =12, 30 x4 =120, 300 x 4 = 1,200 with Base Ten Blocks.

Ixd=___ 0X4=____ 300x4=

wE - I

Use your Base Ten Blocks o find the answars
to the rest of these problems.

“What changes from problem to problem here?” “The size of the blocks and
the place value of the answers.”

“What stays the same?”” “The number twelve; there are always twelve blocks.”
Have the student write out the expanded table for the four times table.

1x4=4 10x4 =40 100 x 4 = 400
2x4=38 20x4 =280 200 x 4 = 800
3x4=12 30x4=120 300x4=1,200
4x4=16 40x 4 =160 400 x 4 = 1,600
5x4=20 50 x4 =200 500 x4 =2,000 etc.
Record all the problems up to 9 x 4.

Study the Expanded Multiplication: Review - Worksheet 1 for an example of what
this lesson does. Notice that all the little squares in the array are not shown. In its
place is just a blank box. The student no longer needs all the little squares. Notice
that in the top number sentence: 237 x 4 = (200 + 30 + 7) x 4, the numbers 200 +
30 + 7 are spread out, and the line that would have divided the little squares into
groups is placed under the + sign. The little multiplication problems that used to
appear in the (__x __) are done mentally, 200 x 4 is 800. That is written in the box
where the squares used to be. This saves time yet allows the student to stay con-
nected to what has gone before as she begins to use the more abstract written forms
shown in the middle and bottom of the worksheet.

Expanded Multiplication: Review Patterns in Arithmetic: Multiplication - Booklet 4
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Lesson

Worksheets

Practice
Worksheets

Test for
Understanding

Patterns in Arithmetic: Multiplication - Booklet 4

Parent/Teacher Guide

At the top of the Expanded Multiplication: Review - Worksheet 1 is the box or ar-
ray multiplication.

In the middle the distribution of the four to each piece is written out.

At the bottom, you will see the long way shown. In the long way, the student shows
each partial product in reverse order from the way it is shown in the box. The order
does not matter in the long way, but it does in the short way. She multiplies the 7 x
4 and writes 28 below the line. Then she multiplies not 3 x 4, but 30 x 4 to get the
120. This is written below the 28. Finally, she multiplies not 2 x 4, but 200 x 4 to
get the 800 written below the 120. Doing the problem the long way keeps her in
touch with the Distributive process she has learned.

The short way is the way we all memorized in school. Here the distribution is pres-
ent but is obscured by the carrying. In the short way, we do not think at all about
the place value of the numbers we are multiplying. It is easy and not as prone to
errors as the long way. That is why we use it. But, now she understands how the
process works, the place value of the numbers she is using, in addition to getting
the correct answer.

Do Expanded Multiplication: Review - Worksheet 2 together. Check the answer
Key to be sure it is done correctly.

Expanded Multiplication: Review - Worksheet 3, page 11
Practice: Worksheets 1 and 2, pages 12 and 13
Give Practice: Worksheet 1, page 12 and say, “Choose a problem and draw the

box and show the distribution, then solve it.”
Example: (Taken from Expanded Multiplication: Review - Worksheet 1)

237 x4 = (200 +30 +7)x 4
(200x4) + (30x4)+(7x4)

= 800 + 120 + 28
237 x4 = 948

Before going on to the next section, she must understand how to write out the dis-
tribution without help.

Expanded Multiplication: Review
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Expanded Multiplication: Review - Worksheet4  Date
Knowing expanded tables makes it easier to do large multiplication
and division problems.

Here is the expanded table for the "four times" table.
Use your Base Ten Blocks.

1x4=4 10 x 4 = 40 100 x 4 = 400
oHoo UHHH

ox4=_ 20xd=_ 200 x 4 =
ooog

3x4=__ 30x4 = 300 x4 =
ooog

pgooo

oooog

Use Base Ten Blocks to find the answers
to the rest of these problems.

0 _

4x4=16 40 x 4 = 160 400 x 4 = 1,600
Exd=___ 50x4=__ 500x4=___
6x4=___ 60x4=___ 600x4=__
7xX4=___ 70x4=____ 700x4=___
8x4=___ 80x4=__ 800x4=___
O9x4=___ NOVx4d=__ 900x4=____
Expanded Multiplication: Review Patterns in Arithmetic: Multiplication - Booklet 4
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Expanded Multiplication: Review - Worksheet 5 Date

Use Base Ten Blocks and expanded tables from the previous page.

29 x4 = ( 20 +9 ) x 4
80 + 36

29 x4 =

38x4=( + ) x4
- + -

38 x4 =

57 x4 = ( + )y x4
- + -

57 x4 =

79x4 = ( + ) x 4
- + -

79 x4 =

Try 56x4= (___+___)x4 Youdraw the box.

56 x 4 =

Patterns in Arithmetic: Multiplication - Booklet 4 Expanded Multiplication: Review
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Expanded Multiplication: Review - Worksheet 6 Date

Use Base Ten Blocks and expanded tables to solve these box

problems. Example:
87 x4 = ( 80 + 7 )x4
320 + 28
: 87
87 x4 = 348: % 4
28
320
348
79x4 = ( + ) X4 .
Irr—————————n + Ameeme———
79x4 = 79
X4
47 x4 = ( + ) x4
+
47 X 4 = 47
x4

Expanded Multiplication: Review
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Purpose

Note

Prerequisites

Materials

Warm Up

Breaking Up Times: Two Ways

The purpose of this lesson is to introduce the procedure for breaking up and dis-
tributing both numbers in a multiplication problem. This procedure is needed for
working with double digit numbers and for working in algebra with polynomials
(multiple numbers and terms). The student works the same problem using differ-
ent combinations of numbers but always the same pattern that is seen when the
Distributive Property is being applied. The lesson uses graphic arrays rather than
the blocks as it seems to make the concept easier for students to grasp than do the
confusing two-by-two block arrays used with Base Ten blocks.

Teacher preparation required before this lesson. Study Breaking Up Times: Two
ways - Worksheet 1 and follow the lesson instructions yourself so you can under-
stand what your student will do. If working with a group, an overhead will be
needed for Breaking Up Times: Two Ways - Worksheets 1 and 2.

Previous lessons

Breaking Up Times: Review - Worksheet 1, page 3

Breaking Up Times: Two Ways - Worksheets 1 - 7, pages 14 - 20
Colored pencils

Index card

Cuisenaire Rods

Rebuild with 14 x 4 with Cuisenaire Rods as shown on Breaking Up Times: Re-
view - Worksheet 1. The blocks will look like this:
Dark Green Yellow Light Green

“How is the fourteen broken up?” “Six, five, and three.”
When the number being multiplied was only four, it was not necessary to break it
up. But we could have.

“In the blocks right now, there are three multiplication problems. List them.”
“6x4, 5x4,and3 x4

“When you add all the multiplication products (answers) together, what do
you get?”” “Fifty-six.”

“If I break up the four by doing this (move the blocks so they look like the
graphic below), will it change the answer?” “No.”

Patterns in Arithmetic: Multiplication - Booklet 4 Breaking Up Times: Two Ways
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“How do you know?” “Because all you did was move the blocks. It is still the
same amount.”
“Now how many multiplication problems do you have?” “Six.”

i gt | l R IR ‘ l : l
Ex BRI D e i T . :

“Can you list all six?” “6x3, 5x3, 3x3 and 6x1,5x1,3x1”

“If you add up all the products, what will you get?” “Fifty-six.”

Give a problem from a previous practice page, 349 x 5, for example. Ask the stu-
dent what does he think would need to be done if the problem was 349 x 157 Mul-
tiple answers are possible. He could add, for one. Many students think of this. An
insightful answer would be to find out what 349 x 5 was and multiply that answer
by three. He may give the standard procedure answer. If the latter occurs, ask him
if he thinks he can do it the long way like he did on the practice sheet. Have him
do 349 x 5 the long way; then add on the one in front of the five and ask, “Now
what?” He may or may not know. If he does know what to do, ask how he broke
up the fifteen. Does it have to be broken up into 10 + 57 Is that the only way? (It
isn’t.) If you are working with a group, you may get all of these answers. Keep the
discussion open and admit all answers.

Note Students who have been taught the standard algorithm may show it to you at this
point. Asking him to do it the long way may bring out a defensive response. If
he can do it the long way (which is very rare), give a high five and ask if he can
write it out using the distributive form used in the middle of the page on Expanded
Multiplication: Review - Worksheet 1. If he can, see if he can do it with algebraic
terms like (a + b)(c + d). Would the pattern change if the numbers change? If he
can do this, the rest of this book can be done with only one page per lesson and
skate through very fast just to be sure the bases are covered. The latter situation
would be very rare.

Lesson Begin with Breaking Up Times: Two Ways - Worksheet 2, page 15.
“What multiplication problem is shown in the array?” “12x 13.”

“Do you have any ideas on how to break this up so we could use numbers in
the multiplication table to solve it?”” Wait and see what happens.

As usual, give him a chance to figure this out on his own from his experience.
Some will figure out how to break it up, though only a rare student will be able to
fill out the distribution pattern in the lower part of the page.

Decide when to move in and show him what to do.

Turn back a page to Breaking Up Times: Two Ways - Worksheet 1, page 14.
Cover all but the top line of the array with the index card.

Breaking Up Times: Two Ways Patterns in Arithmetic: Multiplication - Booklet 4
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“How is the twelve broken up?” “Into five plus seven.”

Color the top row of the array with the colors that match the Cuisenaire Rods. Yel-
low for the five and black (not too heavy) for the seven.
Turn the index card sideways and cover all but the left-most column.

“How is the thirteen broken up?”’ “Into nine and four.”

Color in the upper part of the first column blue for the nine. Color the lower one
magenta for the four. Then have some fun. Have him pick up both the yellow and
the blue and hold them in one hand. Have him color in the 5 x 9 array with both
colors. You could also blend them, which is interesting.

“How many multiplication problems are there?” “Four.”
“Can you list them?” “5x9,7x9,4x5and4x7.”

“Look at the distribution number sentences at the bottom of the page. Look
at the second line where the little problems are listed. Is this the same list you
just gave me?” “Yes.”

Color in each of the arrays using both colors. Some students will draw diagonal
stripes; others will blend; some will alternate columns or rows. Give him time to
do this. It puts a visual image in his head.

“Look at the top line of the distribution sentence where it says
12x13= (5+7)x(9+4). Whatis5+77?” “Twelve.”
“What is 9 + 4 7’ “Thirteen.”

Over the (5 +7), have him write 12. Over the (9 + 4), have him write 13.

“How do you find out what the answer to 12 x 13 is?”” “I add up all the answers
to the little multiplication problems.”

This is a good breaking point if the lesson has gone on longer than forty minutes.

Now take out Breaking Up Times: Two Ways - Worksheet 2, page 15.

Start with the top distribution number sentence at the bottom of the page. Write 12
x 13 on the left hand side of the equal sign, in the same position they were on the
example page.

Note When learning the pattern for breakirnig up two ways, make sure you avoid using
the same number twice. Double numbers, such as 6 + 6, confuse students.
“Break up the 12 a new way. Do notuse 6 + 6 or 5+ 7. If you are working
with a group, have everyone use the same numbers.
For example: Use 9 + 3 for the twelve.
Have him write 9 + 3 just under the very large twelve at the top of the array.
Cover all but the top row of the array with the trusty index card.
Color the first nine squares blue.

Patterns in Arithmetic: Multiplication - Booklet 4 Breaking Up Times: Two Ways

Parent/Teacher Guide

27



Practice
Worksheets

Test for
Understanding

Color the last three squares light green.

Draw a heavy line between the nine and the three.
Remove the index card and extend that heavy line all the way to the bottom of the
array. In the top distribution number sentence, just to the right of the equal sign,
write into the first set of parentheses 12 x 13 = (9+3) x (_+_).

Now do the thirteen using 6 + 7. Turn the paper sideways so the big thirteen is at
the top.

Have him write 6 + 7 just under the very large thirteen at the top of the array.
Cover all but the left hand column of the array with the index card.

Color the top seven squares soft black (or use a pencil).

Color the lower six squares dark green.

Draw a heavy line between the seven and the six.

Remove the index card and extend that heavy line all the way to the other side of
the array. Turn the paper right side up.

In the top distribution number sentence, just to the right of the 9 + 3, write into the
second set of parentheses 6 + 7.
12x13= 9+3)x(6+7)

12

A e 8

ﬁ ST MW EIRIE)
o ‘ Ql alxlel EIRaPA)

L 1axf3 =93 )x (k+ 1)
List all fitle problems - = (G x 7Y + (Ax )+ (4 xb)+(3xb)
CEe 1 = %3+ 2L+ 24 + 1
Final Product .
Using the graphic to help, list the four little multiplication problems in the second
line of the distribution number sentence.
Color in each multiplication problem.
Write the answers to each small multiplication problem on the third line and sum
it all up.
You should get one hundred fifty-six, the same answer you got on Breaking Up
Times: Two Ways - Worksheet 1, page 14.
Repeat this procedure again, with different numbers on Breaking Up Times: Two
Ways - Worksheet 3, page 16.

Breaking Up Times: Two Ways - Worksheets 4 - 6, pages 17 - 19 Help him as
needed.

Breaking Up Times: Two Ways - Worksheet 7, page 20 Use this page as an as-
sessment. As usual with an assessment do not help him at all. This will reveal
what he understands and what he does not. Check answers in the Answer Key.
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Purpose

Prerequisites

Materials

Warm Up

Breaking Up Times: Arrow Pattern

This lesson’s purpose is to help the student see the pattern created by the Distributive
Property when the problem is viewed vertically as it is when the standard procedure
is being used. The student uses the same graphic and distributive number sentence
as was presented in the last lesson with the addition of drawing arrows between the
little multiplication problems when the problem is shown in the standard vertical form.

Previous lessons

Breaking Up Times: Arrow Pattern - Worksheets 1 - 4, pages 21 - 24

Begin with the problem shown on Breaking Up Times: Arrow Pattern - Worksheet
1. It is the same problem we began with in the previous lesson. Have the student

"l in the numbers and colors on the graphic. Then see if she can remember how to

Lesson

fill in the distribution number sentences under the graphic. If she needs help, have
her refer to Breaking Up Times: Two Ways - Worksheet 1. Make sure she does not
just copy it. Make sure she knows where the numbers are coming from. If she does
not know, reteach it at this point.

On the worksheet Breaking Up Times: Arrow Pattern - Worksheet 1, look to the
right of the graphic. You will see 12 x 13 written vertically. Notice that the 12 is
broken up into 5 + 7.

“How is the thirteen broken up?” “Into nine plus four.” Write 9 + 4 in the
parentheses to the right of the equal sign.

Point to the little multiplication problem on the array graphic of 5 x 9.
“What little multiplication problem is this?”” “Five times nine.”

“Point to where this little multiplication problem is written in your distributive
number sentence (second row).” Watch to see if she points to the correct location.

“On the vertical problem to the right of the array graphic, draw an arrow
between the five and the nine.”

Repeat this process for every little multiplication problem shown on the array
graphic. You should get the arrow pattern shown at the bottom of the page. Check
the Answer Key to see that the numbers and arrows are correctly inserted.

Have her write the answers to the little multiplication problems under the line of the
vertical problem as shown below. Notice any patterns?

Patterns in Arithmetic: Multiplication - Booklet 4 Breaking Up Times: Arrow Pattc—:zrg
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12=05+17)
AN
x13=(9+4)

5x9=45
7x9=63
5x4=20
7x4=28

156

Practice Breaking Up Times: Arrow Pattern - Worksheets 2 - 4, pages 22 - 24
Worksheets

Test for “How is the distribution number sentences (the three number sentences under
Understanding the array graphic) the same as the arrow pattern?”

They are the same in that they both show that the numbers being multiplied can
be broken up in several different ways. They both show the little multiplication
problems being done. They both allow the writing of the partial products (the

answers to the little multiplication problems) to be seen and summed up to get the
answer.

“How is the distribution number sentences different from the arrow pattern?”

One is written sideways and the other up and down. The up and down format uses
less writing and is faster.

Breaking Up Times: Arrow Pattern Patterns in Arithmetic: Multiplication - Booklet 4
30 Parent/Teacher Guide



Purpose

Prerequisites

Materials

Warm Up

Lesson

Worksheets

Using Arrow Patterns to Multiply in Tens and Ones

The purpose of this lesson is to connect the arrow pattern learned in the previous
lesson to breaking up numbers in tens and ones. This leads the student to the
standard algorithm for long multiplication.

Previous lesson

Using Arrow Patterns to Multiply in Tens and Ones: Worksheets 1 - 4, pages 25 -
28 and the assessment, page 29

Colored pencils

Index card

Graph paper

Using the graph paper, draw an array that is 14 x 15 squares. Have her break up
both numbers and write the distribution number sentences and the arrow pattern as
shown on Breaking Up Times: Arrow Pattern - Worksheet 1, page 21.

Using Arrow Patterns to Multiply in Tens and Ones - Worksheet 1, page 25, begin
with the top problem. This time both numbers are going to be broken up into tens
and ones.

Have her put 10 + 6 under the large sixteen, count over from the left ten squares and
draw the line all the way down. Use the index card only if needed. Color in the top
line to match the rods. Turn the paper sideways and repeat this with the seventeen.
It does not matter which number—the ten or the seven—is at the top of the graphic,
so the positions of the rectangles for the little multiplication problems may vary.

On the graphic to the right, have her break up the sixteen and the seventeen into
tens and ones. She will then use the rectangles on the graphic and the arrow pattern
to list the little multiplication problems and write their products. Have her list the
little multiplication problems to the left of the lines provided on the worksheet. See
the following example for the completed problem.

16=10 + 6
x 17= 10 + 7  The order of the list can vary.
10x10 =_100
10x6 60
10x7 =_70
7x6 42
272

Do the rest of Arrow Patterns - Worksheet 1 together. Check the Answer Key to
be sure she is doing the work correctly. Most students do not have difficulty at this
point.

Using Arrow Patterns to Multiply in Tens and Ones: Worksheets 2 - 4 and Word
Problems That Use Parentheses, page 30

Patterns in Arithmetic: Multiplication - Booklet 4 Using Arrow Patterns to Multiply in Tens and Ones
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Test for Use the Using Arrow Patterns to Multiply in Tens and Ones - Assessment, page 29.
Understanding The answers are in the Answer Key.

The top problem assesses the lesson just taught. She should be able to do this part
correctly without assistance.

The middle problem assesses her control of the distribution number sentences
without a grid and asks her to use tens and ones to break up both the fourteen and
the sixteen. She should be able to use the distribution number sentences without
any assistance. She may use graph paper to help herself if needed. Note if she uses
graph paper or not.

The next problem tests if she can use the arrow pattern without the array.

The Challenge problem tests to see if she can use the tens and ones arrow patterns
without the arrow pattern graphic, without an array, and with the numbers in the
tens place being changed from one to two. She will have to realize that she must
multiply twenty times twenty and find the product of four hundred. This problem
requires her to generalize the expanded table to a new situation.

Using Arrow Patterns to Multiply in Tens and Ones Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Prerequisites
Concurrent
Topic
Materials

Lesson

Breaking Up Times: Three Ways

The purpose of this lesson is to illustrate the arrow pattern when dealing with three
and four digit numbers. How does the pattern change? It is also to convince
the student that using the standard breaking up (decomposition) of numbers into
hundreds, tens, and ones is not the only way to multiply large numbers, but it is
certainly the easiest. The standard procedure is not the way to do any problem, but
it is the preferred way. There is a reason for this.

Fluency with the Arrow Pattern

Multiplying Factors of Ten, and Factoring, the next two lessons

Breaking Up Times: Three Ways - Worksheets 1 - 3, pages 31 - 33
Begin with Breaking Up Times: Three Ways - Worksheet 1, page 31.

“In this problem the thirteen is broken up into three parts and the twenty-two
into four parts. How do you think this will change the arrow pattern you have
already learned?”

Answers will vary. Listen to what the student’s ideas are. Your role as a teacher
is to figure out what her idea of the problem is. If you don’t understand what she
says, work on it until you do. The student tells you her best understanding of the
solution. It may or may not work in this case. Have her test the model.

1) It works. Test again. Will it always work? Where won’t it work?

2) It doesn’t work. Test again. Where will it work? How is it different?
Build a model, plan, test, check again. This is what learning is all about.

The best answer is, “There will be more arrows, but every number on the top will
have an arrow to every number on the bottom.”

“What order are you going to do the problems in?” “I will work across the
rows.” Or, “ 1 will work down the columns.”

“You must put in the arrows as you work. This is important to help you feel
how the pattern works.”

Notice if she is neat and keeps her columns straight for the long addition problem.
If she doesn’t keep it neat all along she will need to do it at the end.

Watch as she does the work. Do not help unless needed. It is not required for her
to use the colored pencils or the index card unless she feels the need to do so.

Inform the student that she will be practicing breaking up arrays and using the
arrow pattern. She will also be drilled on her multiplication and addition accuracy.

Patterns in Arithmetic: Multiplication - Booklet 4 Breaking Up Times: Three Ways
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Note

Practice
Worksheets

Note

Test for
Understanding

Breaking Up Times: Three Ways

34

Do only one of these problems each day. They are tedious and most students make
several errors. Work on the next lesson in your instruction time.

The worksheets should be done independently. If the correct answer is not obtained,
have her do the problem again. Have her first check her list, then her partial products,
and finally the addition. If she still gets it wrong, use the Answer Key to ferret out
where the error is. It is most likely in the addition. Have her stay with it until she
gets it right.

Breaking Up Times: Three Ways - Worksheets 2 and 3, pages 32 and 33

If you are working with a group, assign Breaking Up Times: Three Ways -
Worksheet 3 as homework so collaboration does not happen. How she approaches
this problem is part of the Test for Understanding.

Look at how she approached the problem on Breaking Up Times: Three Ways -
Worksheet 3. Did she use tens and ones when given the opportunity? Did she break
the twenty into two tens, or did she simply multiply by twenty? If she used tens
and ones, it shows you she understands that it is much easier to use these. Most
students break the twenty-nine into 10 + 10 + 9. Some students will not realize they
can leave spaces blank and not use them. How she responds to this problem will let
you know how flexible her thinking is and if she can generalize the pattern to make
it work for her.

“What did you notice about the arrow pattern? How was it different from
when the big numbers were broken into only two parts? How is it the same?”’

“There were more arrows, but every number on the top was still connected by an
arrow to every number on the bottom.”

“What made these problems difficult?”” “There were too many parts! It was hard
to add and get the correct answer.”

Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Prerequisites

Materials

Warm Up

Multiplying Factors of Ten

The purpose of this lesson is to teach the student how to get partial products with
large numbers and to understand the trick of multiplying the first two numbers and
then adding zeros.

Prime Factoring, Factoring Numbers by Ten in Multiplication: Booklet 2

Multiplying Factors of Ten, Worksheets 1 - 5, pages 34 - 38 Start with Multiplying
Factors of Ten - Worksheet 2, page 35.

Please note that the dialogues in most lessons are idealized, with a student giving
all the correct answers. The dialogue you have with your student will be unique.
What’s most important is to listen to the student and figure out the model of the
world she is presenting. From your understanding of what she says, continue to ask
probing questions or statements, such as: “How did you get that?” “Show me
what you mean.” “Build a model of that.” ‘“Tell me more so I can understand
what you are saying.”

Explore the pattern of multiplying a number by ten and then by one hundred.
3x10= 3x100= 6x10= 6x 100 =
15x10= 15x 100 = 12x10= 12 x 100 =

Confirm your answers. Allow the student to figure out how to confirm it. One way
is with addition.

“What happens when you multiply a number by ten?” “It gets bigger.” “How
much bigger?” “Ten times bigger.”

“What else? How do you know?” “It adds a zero to the end.”

“What happens when you multiply a number by one hundred?” “It adds two
zeros to the end.”

Refer to the first lesson she did in this booklet. It was Multiplying Factors.

“What happens if you factor two numbers and then multiply all the factors
together?” “You will get the product of the two original numbers.”

Give her the problem 20 x 30. Wait. See what she does. A few students will be
stumped. A few more will break the twenty into tens and reason that ten times
thirty is three hundred, so twice that would be six hundred. A common response
is that you multiply the two by the three and add two zeros. If the last response
occurs, ask her how she knows that gives the right answer. Can she confirm her
answer another way? Find out if she knows why that trick works.

Very, very few students who give this last answer will be able to explain it. Someone
showed it to them. The answer you would be looking for would be, “The trick
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Lesson

Practice
Worksheets

Test for
Understanding

works because you can break the two and the three off and multiply the tens last.
This works because you can multiply the factors in any order you choose.”

Do not tell her the pattern. Simply proceed with the lesson.

Give her the chance to figure out this pattern before you show her the example on
Multiplying Factors of Ten - Worksheet 1.

After looking at 40 x 7 on Multiplying Factors - Worksheet 2, ask her what would
be the easiest way to factor out the problem if she were going to solve 40 x 70. See
if she thinks of using at least one ten in the final multiplication. A very few students
will use the pattern shown on Multiplying Factors of Ten - Worksheet 1, which is
the most direct way to get to the answer.

If she says, you just multiply 4 x 7 and add two zeros, ask, “Where do the two
zeros come from?” If she is unable to give a plausible explanation, show her the
formal factoring process shown on Multiplying Factors of Ten - Worksheet 1.

It is important for students to become familiar with the formal grammar of factoring.
Point out the little words ‘Number Value’ and ‘Place Value’ under the lines. What
we do when we want to know the product of 40 x 70 is to factor the Number
Value from the Place Value. Then using the Associative Property of Multiplication,
the numbers are reordered. The Number Values and the Place Values are placed
together. This is the basis of the trick.

Then continue doing Multiplying Factors of Ten - Worksheet 2 and the top problem
of Multiplying Factors of Ten - Worksheet 3 together.

Multiplying Factors of Ten - Worksheets 3 - 5, pages 36 - 38

Watch to see what she does on Problems 7 and 8 on Multiplying Factors of Ten -
Worksheet 5, page 38. Watch to see if she factors the two hundred into 2 x 100
rather than 20 x 10.

This lets you know if she understands that the Number Value, the two,.must be
separated from the Place Value, the one hundred.

Igfléxltiplying Factors of Ten Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose
Prerequisites

Materials

Lesson
Session 1

Note

Worksheets

Factoring

This purpose is of this lesson to review and contrast prime factoring with factoring by
tens.

Previous lessons, Prime Factoring in Patterns in Arithmetic: Multiplication -
Booklet 3

Factoring - Worksheets 1 - 6, pages 39 - 44

Factoring - Worksheet 1, page 39, will serve as a warm-up and review of prime
factoring. Have the student prime factor both fifty and twenty. Remember, a prime
number has only itself and one as factors. It can not be evenly divided by any other
number.

Prime factoring is used as a tool in fractions to both simplify and to find least
common multiples. The prime factors of fifty are 2 x 5 x 5. The prime factors of
twenty are 2 X 2 x 5.

“We are asked to take all of these factors and multiply them together. What
do you think would be the easiest order to do them in?”” Let him think about it
and do it in whatever way makes sense to him.

The easiest way is to put all the fives first, 5 x 5 x 5, which is one hundred twenty-
five, and then the twos, which then double the number three times. It looks like:
125 x 2 =250, 250 x 2 = 500, and 500 x 2 = 1,000.

Now repeat the process using factoring by tens. Do not factor the ten into its
primes. He should use the same procedure he used in the previous lesson. This one
basically ends up with 2 x 5 and adds on two zeros from the one hundred. Check
the Answer Key to see how this factoring by ten spaces should be filled in.

“Did you get the same answer both times?”” “Yes, because it was the same
problem both times.”

Most students will agree that factoring by tens is less work than prime factoring
and multiplying.

Have him complete the bottom of the page on his own. Notice if he does it in his
head. That is fine at this point.

Do Factoring - Worksheet 2, page 40. This page reviews more on factoring in
general. He should be able to do this page independently. If you are working with
a group, have small groups work on this together. Check the work immediately.

Factoring - Worksheet 3, page 41, do the first problem together. Assign the rest
for independent work or homework. Require him to write out all the steps. Most
students will groan at this. This is good. It means he is understanding the faster
way, but have him write out each step anyway, just to prove he can do it.

Assign the practice page Factoring - Worksheet 4, page 42

Patterns in Arithmetic: Multiplication - Booklet 4 Factoring
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Lesson
Session 2

Test for

Understanding

Factoring
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In the next session do Factoring - Worksheets 5 and 6, pages 43 and 44. The arrows
will confuse some students. Have him notice that on the previous page, there were
four lines in a factoring sequence. Have him note that on this page, there are only
three. The arrows indicate which numbers are put together, the four and the two,
which are number values, but this time instead of writing out that step, he is asked
to multiply those two numbers together in his head and simply record the product.
This is also true for the 10 x 10. The part that is done in his head is shown in small
parentheses off to the side.

Have him finish the page with you helping. Use the Answer Key to be sure he is
filling out the spaces correctly.

On Factoring - Worksheet 6, he finally gets to do the whole shebang in his head.
Make sure he does these neatly as it is very easy to drop a zero.
Do one of the problems in the bottom row, Factoring - Worksheet 6, the long way.

8,000 x 900
(8 x9) x (1,000 x 100)
72 x 100,000 = 7,200,000

Some students will not know that seventy-two, one hundred thousands is seven
million, two hundred thousand. Check on your student’s understanding of regrouping
in place values. He may be able to add on the zeros without really understanding
that ten, one hundred thousands is a million. Review the place value pattern that
each time you multiply a number by ten, the place value is bumped up to the next

group.

“How much is ten, one hundreds?”” “A thousand.”

“How much is ten, one thousands?”” “Ten thousand.”

“How much is ten, ten thousands?” “One hundred thousand.”
“How much is ten, one hundred thousands?” “One million.”

“So here you have seventy, one hundred thousands. How many millions will
that be?” “Seven million.”

“What happens to the two that was attached to the seventy-two?” “It stays next
to the seven but it ends up in the one hundred thousands place, and a comma goes
between them.”

This is confusing for many, many students. Place value here gets beyond imagination.
If he has difficulty with this last problem, ask, “‘What is seven hundred twenty,
ten times?” The seven hundred bumps up to the one thousands place and the two
ends up in the one hundreds place. Many students have difficulty if the number
value gets spread over two ‘families’ such as hundreds and thousands or thousands
and millions.

Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Prerequisites
Materials
Warm Up

Lesson

Breaking Up Times: Tens and Ones

The purpose of this lesson is to integrate the concept of distribution, the distribution
number sentence, the arrow pattern, and factoring for the purpose of multiplying
large numbers.

Previous lessons
Breaking Up Times: Tens and Ones, Worksheets 1 - 6, pages 45 - 50
Stroll though Memory Lane with a look at the lessons the student has done so far.

Examine Breaking Up Times: Two Ways - Worksheet 1, page 14. “How were you
doing these problems back then?” “Breaking the numbers any old way and using
the distribution number sentences to find the answer.”

Now go to Breaking Up Times: Arrow Pattern - Worksheet 1, page 21. “How
were you doing these problems back then?” “Breaking the numbers any old
way and using the distribution number sentences to find the answer and added the
arrow pattern to that.”

Travel on to Using Arrow Patterns to Multiply in Tens and Ones - Worksheet 1,
page 25. “How did your work change on this page?” “I was using only the
arrow pattern and breaking the numbers into tens and ones.”

Remember Breaking Up Times: Three Ways, page 31?7 “What made these
problems difficult?” “There were too many numbers, and the addition was hard
because it was easy to make a mistake.”

Now we are going to put all that together with factoring to do these problems in just
about the easiest way possible.

Look at Breaking Up Times: Tens and Ones - Worksheet 1, page 45.

“How are the numbers broken up?”’ “Into tens and ones.” Notice the dotted line
in the middle of the twenty. The purpose of that dotted line is to show you the two
sections of one hundred.

Do the page together. Use the arrow pattern first. List all the little multiplication
problems and their products. Sum to find the final product.

Then see if she can fill out the distribution number sentences without help. Most
students find this page very easy. If she can do it alone, skip Breaking Up Times:
Tens and Ones - Worksheet 2, page 46, and assign it for independent work.

Move on to Breaking Up Times: Tens and Ones - Worksheet 3, page 47. This page
gives the same problem twice, once with the array grid and once with a blank box.
Both problems should be broken up exactly the same way. On the box, in the lower
half of the page, have her draw in the lines in the same location they appear on the
array above.
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Practice
Worksheets

Test for

Notice if she uses tens and ones or if she drops back to nonstandard breaking up.
This will tell you how secure she is with the tens and ones procedure. Most students
use the tens and ones without prompting.

“Does anything change if the little squares in the array grid disappear?” “No,
it is exactly the same.”

Breaking Up Times: Tens and Ones - Worksheet 4, page 48 is the same as Breaking
Up Times: Tens and Ones - Worksheet 3 except it requires the use of tens and ones
in the breakup. She is asked to write the distribution number sentence only once
down at the bottom of the page.

Breaking Up Times: Tens and Ones - Worksheets 2, 4, 5, and 6, pages 46, 43, 49,
and 50

Give her the problem 32 x 47. Draw a large box and ask her to draw in the lines,

Understanding and use the arrow pattern to the side. This is what you want to see:

32=30+2 The order may vary on the small problems list.

x47=40+7
32=30+2  40x30=1200 32
P 40x 2= 80
x47=40+7 30x 7= 210 30 + 2
7x 2= 14
1,504
_40_
1,200 80
47  +
T
210 14
Breaking Up Times: Tens and Ones Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Prerequisites
Materials

Warm Up

Lesson

Breaking Up Times: Standard Procedure

The purpose of this lesson is to practice what will become the standard procedure
for long multiplication. The lesson uses boxes for reference, and the arrow pattern
and adds a new requirement for doing the small multiplication problems in a
specific order to facilitate moving to the short procedure where carrying is used.
That procedure requires starting in the ones place.

Previous lessons
Breaking Up Times: Standard Procedure - Worksheets 1 - 4, pages 51 - 54

Give a problem such as 23 x 29. Ask her to draw the box and put in the arrow
pattern. She should be able to do this alone.

Then give her the addition problem 23 + 29. When she is finished ask:

“Why did you start in the ones place?” Some students will answer, “Because
that is how you do it.” A better answer is, “Because it is easier.”

“Could you start in the tens place?” “Yes, but then you would get forty and then
when you add on the twelve you have to change the forty to fifty. It is easier to do
the ones and carry that ten and add all the tens together.”

“So we begin with the ones because of the carrying?” “Yes.”

“The same thing is going to be true later when we use the shortcut for doing
long multiplication.”

Begin with Breaking Up Times: Standard Procedure - Worksheet 1, page 51. Study
the example at the top.

“What is new?”’ “The little numbers in the circles.”

Study the example. Have her put a one in the array box where the problem 5 x 5
is. Have her put a two in the box where 30 x 5 is, a three where the 20 x Sisand a
four in the box where the 20 x 30 is.

“What pattern do you notice?”” “It is backwards from the way I have always done
it.” Or, “It goes from the bottom to the top.”

“Will changing the order you usually do it change the answer?” “No.”

Have her do the problem at the bottom of the page and do it in the standard order as
shown in the example above. Some students like to put the numbers one to four in
the boxes to remind themselves of what order to go in. Check the Answer Key to
be sure the work is done correctly.

Give Breaking Up Times: Standard Procedure - Worksheet 2, page 52. She must
put in the lines in the box and write the tens and ones numbers in the parentheses
above the box. Watch her do the first two to be sure they are done correctly.
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Practice Breaking Up Times: Standard Procedure - Worksheets 3 and 4, pages 53 and 54

Worksheet

Test for See if she can generalize from her experience of Breaking Up Times: Three Ways.
Understanding Have her look back at those difficult problems she did back then. Draw her attention

to the arrow pattern for numbers broken into three or four parts.

Then give her this problem: 234 x 85. Ask her to use the arrow pattern to do the
problem and see what she does. If she understands the pattern, she will realize that
the two hundred must be multiplied by both the eighty and the five. If she does not
know what to do, show her Breaking Up Times: Three Ways and try again copying
the arrow pattern on those problems. This would mean that she does not yet get the
big picture of distribution. Solution: Order of the little problems will vary.

234 = 200+30 +4

Breaking Up Times: Standard Procedure
42

x 85 = 80 +5
5x 4= 20
5x 30 = 150
5x200= 1,000
80x 4= 320
80x 30 = 2400
80 x 200 = 16.000
19, 890
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Purpose

Prerequisites

Materials

Warm Up

Challenge

Lesson

Breaking Up Times: Long Way

The purpose of this lesson is to move the student from the representational array
graphics to a purely abstract method of solving long multiplication problems. The
student still uses the distributive process but records only the partial products.
These are done the ‘long way,’ requiring the student to use mental factoring and
write the answers with the correct place values attached.

Previous lessons
Breaking Up Times: Long Way - Worksheets 1 - 4, pages 55 - 58

Review factoring by tens with large numbers such as 600 x 70, and 600 x 800.
Have the student write out the factoring notation. He will forget it if it is not
reinforced regularly.

Give the problem 35 x 73 and have him write out the distributive number sentences.
He will forget this also if he does not practice it.

35x73= (30+5)x (70 +3)

(30x70)+(B30x3)+(5x70)+(5x3)
= 2,100 + 9 + 350 + 15
= 2,555
Try using algebra to show the distributive number sentences.

“Does the arrow pattern work for all numbers when they are being multiplied?”
“Yes.”

When a pattern works for all numbers, algebra is used. Just below the number
sentence he wrote for 35 x 73, write (a + b) x (¢ + d). The (a + b) will be like the
30 + 5. The (¢ + d) will be like 70 + 3.

“How could you show the pattern in algebra?” Some students will get this in a
snap and some won’t. Don’t push it. Answer:

35x73=(30+5)x (70 +3) = (a+b) x (c+d)

(30x70)+ (30 x3)+(5x70)+ (5x3) =(ac)+ (ad) + (bc) + (bd)

2,100 + 90 + 350 + 15 The above is the answer
because there are no
2,555 number values.

Use the problem you did in Warm Up to demonstrate the ‘long way’ of doing
problems without writing all that stuff you had to write when doing the arrow
pattern. The way to write this is shown on Breaking Up Times: Long Way -
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Worksheet 1. It will go in better if you write the numbers with him rather than have
him just look at it on the worksheet.

Write the problem 35 x 73 vertically as shown on the worksheet.

“Tarn back to Breaking Up Times: Standard Procedure - Worksheet 1. What
order is the standard way used to write the answers to these problems?” “It
goes backwards using the circled numbers.”

“So in this problem you just did in the Warm Up, which little multiplication
problem would you do first?”” “The three times five.”

“Now you can use a shortcut. You do not have to write the 3 x 5 like you did
before. Just write the 15 below the line. Keep the place value lines straight so
you can add easily.”

“What’s next?” “Three times thirty (or thirty, three times).”

Note If he says three times three, correct him to say “three times thirty” or “thirty, three
times.”

Proceed like this until you get to the end of the problem. Have him check his work
by looking at Breaking Up Times: Long Way - Worksheet 1. Then have him check
his work with a calculator.

Do the next three problems together. Make sure he writes the partial products in the
correct order. If he has difficulty, draw the box.

Practice Breaking Up Times: Long Way - Worksheets 2 - 4, pages 56 - 58

orkshee
w t Spread these worksheets out over a few days. Each day before he begins, review

factoring. Insist the work is done carefully. Those dropped zeros and sloppy
columns will cause errors.

Test for Breaking Up Times: Long Way - Worksheet 4, page 58, has a built in Test for

Understanding Understanding. Do not warn him or prepare him for the longer problems. Just
watch and see if he can correctly apply the distributive principle to the new, three
digit number. Correct his order if need be. If he has difficulty, go back to the
previous lesson where this was dealt with. You can also go back to those difficult
three way problems to see the general pattern. See Breaking Up Times: Three
Ways.

Breaking Up Times: Long Way Patterns in Arithmetic: Multiplication - Booklet 4
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Purpose

Prerequisites
Materials

Lesson

Step 1

Step 2

Step 3

Long Way to Standard Way

The purpose of this lesson is to move from writing out all the small multiplication
problems and their products and use carrying to make it even faster. This is the
standard procedure everyone memorized in school. The student will move step-by-
step from the long way to the short standard procedure that uses carrying.

Previous lessons
Long Way to Standard Way - Worksheets 1 and 2, pages 59 and 60

These two worksheets are examples of what is called a one-to-one transfer. The
student performs one step of the familiar long way notation where each partial
product is written out, then repeats that same step using the new short notation.

Have her write the problem 42 x 23 vertically, two times as shown in the example.
Together follow the example. Have her do the long way first, then the short way.

“What do you do first?” “Multiply the two by the three.”

“Where do you record the product?”” “In the ones place under the line.” Have
her do this on both the long way and the short way.

“What do you do next?” “Multiply the forty by the three to get one hundred
twenty.”

“Where do you record the one hundred twenty in the long way?” “Under the

six.” Have her do this on the long way.

Stop. Point out that in the short way, she will write the one hundred twenty but
the six is in the ones place where the zero is. So the zero is not written. The one is
placed in the hundreds place and the two in the tens place. Explain that this allows
her to not worry about the place value. She can just think 3 x 4 and write the twelve
right next to the six. This makes the problem easier and faster.

“What do you do next?” “Multiply the two by the twenty to get forty.”

“Where do you record the forty in the long way?” “Under the one hundred
twenty.” Have her do this on the long way.

Stop. Point out that in the short way, she will write the forty under the one hundred
twenty-six. Point out that most people do not think 20 x 2 = 40 when they work the
short way. They think 2 x 2 is 4. But they must remember to put the zero in this
time because the four must be written in the tens place.

““What do you do next?” “Multiply the forty by the twenty to get eight hundred.”

“Where do you record the eight hundred in the long way?” “Under the forty.”
Have her do this on the long way.

Stop. Point out that in the short way, she will think 2 x 4 = 8 and simply put the

Patterns in Arithmetic: Multiplication - Booklet 4 Long Way to Standard Way
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Step 4

Worksheet

Step 1

Step 2

Step 3

eight next to the four. The place value is correct automatically.

“Why is the short way here easier than the long way?” “You only have to add
two numbers instead of four.”

Long Way to Standard Way - Worksheet 2, page 60

Have her write the problem 37 x 92 vertically, two times as shown in the example.
Together follow the example. Have her do each step the long way first, then each
step the short way.

“What do you do first?”” “Multiply the seven by the two to get fourteen.”

“Where do you record the product?” “In the ones place under the line.” Have
her do this on the long way.

Stop. Point out that in the short way, the four is written in the ones place and the
one is carried into the tens place.

“What do you do next in the long way?” “Multiply the thirty by the two to get
sixty.”

“Where do you record the sixty in the long way?” “Under the fourteen . Have
her do this on the long way.

Stop. Point out that in the short way, she will multiply the three tens by the two and
get six tens. Then she will add on the one ten from the fourteen to get seven tens.

Point out the addition of the six and the one in the tens row on the long way.

It is even easier to not even think about the fact that these are tens. All you have
to do is multiply three times two and add the one to get seven. Since the ones
place is already occupied by the four, you just put the seven to the left of it and it is
automatically in the right place value. Very cool.

“What do you do next?” “Multiply the seven by the ninety to get six hundred
thirty.”

“Where do you record the six hundred thirty in the long way?” “Under the
sixty.” Have her do this on the long way.

Stop and ask, “How do you think you record the six hundred thirty in the short
way?” Wait, some students can figure this out.

Have her do Step 4 the long way.

“Find the six hundred thirty in your long way list. What number will the six
in the hundreds place be added to when you do the final sum?” “The seven in
the hundreds place.”

“Where did that seven come from?’’ “From the seven in the two thousand seven
hundred I got when I multiplied ninety by thirty.”

Long Way to Standard Way Patterns in Arithmetic: Multiplication - Booklet 4
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Note

Step 4

Practice
Worksheets

“Now go back to the short way in Step 3. So the six hundred needs to be held
onto until you finish step four. Look in the example on the short way side in
Step 3. Where is the six hundred recorded?”” “Above the three.”

“Be sure you scratch out the one from Step 2. Now what do youdo?”” “Multiply
the nine times three to get the twenty-seven hundreds and add on the six hundreds.”

“What do you get when you do that?”” “Three thousand three hundred thirty.”

Here is a mathematical strangeness hardly anyone ever notices. In the short way,
Step 3, we carry the six into the tens place. But we know that six is actually a six
hundred. Why do we carry a six hundred into the tens place?

An answer could be that when we are multiplying by a number in the tens place
all the place values are moved up one. Most students will not get this. You could
just say the six is merely held above the three because that is the number you are
multiplying by.

“Now finish the problem.”

Many students will say the long way is easier than the short way. They say this
because the carrying in Step 3 does not really make sense to them. They have
told me the long way makes sense where the short way does not. You will need to
require them to do problems the long way and then the short way to overcome this.
Some students never drop the long way until the problems get into the hundreds
and thousands and the column adds become tedious. Here is a true story about one
such student.

An Amusing Story (reported by a parent whose son had an honest teacher)

I had a student leave our school just after he had finished learning the long way to
multiply with hundreds, tens, and ones. When he did this in his new school, the
teacher looked at his paper a long time. She would have said, “You are doing these
problems incorrectly,” except that he had all the correct answers. She could not
figure out what he was doing. All she knew was the standard memorized procedure.
She went and asked her mentor to help her figure out what her student was doing.
The mentor told the teacher that the student understood multiplication better than
she did. The teacher went back to my student and asked him to teach her what he
was doing. He taught her and she was amazed that no one had ever taught her this
concept.

Breaking Up Times: Long Way - Worksheets 2 and 3, pages 56 and 57

These worksheets have already been done the long way. Have her redo each
problem the short way. She will know if she got the correct answer by comparison.
You can also point out using the long way, where the carried numbers in the short
way are being added to the next product.
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Test for Watch her do a problem the short way using problems from Breaking Up Times:
Understanding Long Way - Worksheet 4, page 58. See if she generalizes the pattern to include
working with numbers in the hundreds. The answers are in the Answer Key.

Challenge Give her the first problem from Standard Way: Practice - Worksheet 4, page 64
Problem 837
x 152
1,674
41,850
83.700
127 224

See if she can generalize the pattern to a distribution from the hundreds place. She
has not yet been asked to use a three digit multiplier. Watch to see if she either
places the 7 into the hundreds place or writes 700, thus placing zeros in the tens and
ones place.

If she can do this at this point, she understands.

Long Way to Standard Way Patterns in Arithmetic: Multiplication - Booklet 4
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Standard Way: Practice

Purpose The purpose of this lesson is to practice the standard procedure for long multiplica-
tion and to extend what the student already knows to longer problems.

Prerequisites Area of a rectangle and previous lessons

Materials Standard Way: Practice - Worksheets 1 - 4, pages 61 - 64

Warm Up Solve 42 x 23 with a box, with distribution number sentences and the long way as
was done on Breaking Up Times: Tens and Ones - Worksheet 3, page 47, on the
lower half of the page.

Lesson Solve 42 x 23 the short way using the standard short notation learned in the last
Part 1 lesson. Review the carrying and connect it to the long way so the student will be
reminded of where the numbers he is carrying are coming from.

Have him do the first three rows of Standard Way: Practice - Worksheet 1. Check
the work before proceeding.
Give the problem 234 x 23 (first problem of row 4) and have him do it the long way.
The solution to the long way will look like this:
234
x 23
12
90
600
80
600
+ 4.000
5382
Now have him do the problem the short way on Standard Way: Practice - Work-
sheet 1. Have him finish the page.

Practice Standard Way: Practice - Worksheets 2 and 3, pages 62 and 63 as independent

Worksheets  work. End the session.

Part 2 Give him practice sessions over the next two days to complete the next two work-
sheets. Insist on neat work and aligned columns. Make sure he is using a sharp
pencil.

Please, do not just tell him to add two zeros when doing a three digit multiplication.
Let him figure this out. Doing this will strengthen his deductive logic.
Patterns in Arithmetic: Multiplication - Booklet 4 Standard Way: Practice
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Begin with Standard Way: Practice - Worksheet 4, page 64.
Draw a large box and solve 837 x 152 the long way. Sum the results.

837x152= 800 + 30 + 7

800 x 100 = 80,000 § 30 x 100 = 3,000 7 x 100 = 700
800 x 50=40,000 | 30x 50=1,500 7 x 50 =350
800x 2= 1600 130x 2= 60 7x2= 14

Do 837 x 152 the short way.
837
x 152
1,674
41,850
83.700
127,224

Discuss the zeros in the partial product.

“How should we record the multiplication of 100 x 7 in the standard way?
What we really want to think about is 1 x 7 to make it easier. Where should we
put the seven?” “You have to put it in the one hundreds place because the answer
is 700.”

¢“So what should go in the ones and tens places?” “Zeros.”

“Why?” “Because when you multiply by a one hundred, you are automatically
going to have zeros in the tens and ones places.”

«Qo if all I want to think about is 1 x 7, what should I do to make sure the seven
gets into the hundreds place?” “Put zeros in the ones and tens places automati-

cally.”

Practice Part 1 - Standard Way: Practice - Worksheets 1 - 3, pages 61 - 63

Worksheets
Part 2 - Standard Way: Practice - Worksheet 4, page 64 and check the answers.
Have him correct any incorrect answers.

Test for Standard Multiplication: Assessment, page 65. The answers are in the Answer

Understanding Key-

Give problem 925 x 357 and ask him to solve it four ways: Write out the boxes, the
arrow pattern in the long way, the distributive number sentences, and the standard
notation. All four answers (330,225) must match.

Frequently review how to do the distributive sentences. Memory of this skill is
very important for algebra.

Standard Way: Practice Patterns in Arithmetic: Multiplication - Booklet 4
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Multiplying Decimal Factors

Purpose The purpose of this lesson is to extend factoring to find the place value of a product
from whole numbers to decimal place values.

Prerequisites Multiplication of Fractions: Booklet 6, Decimal Place Value, and Key to Deci-
mals: Book 2 - See the Preparation below.

Preparation  Purchase Key to Decimals: Book 2. This is not a Patterns in Arithmetic publica-
tion. Key to Decimals can be purchased from www.keycurriculum.com.

Materials Multiplying Decimal Factors - Worksheets 1 - 3, pages 66 - 68
Times Tables Quiz - Worksheets 1 and 2, pages 70 and 71

Warm Up Review factoring by tens. Redo a few problems from Multiplying Factors of Ten
done earlier in this booklet, page 35, e.g., 60 x 80,300 x 20, 4,000 x 300.
Practice several examples. Give problems from Multiplying Factors of Ten and
check the results with the Answer Key.

Review multiplication of fractions with easy examples, e.g., Fxt=t%x3=%=4%
All we want to do here is re-establish the procedure of multiplying the numerators
and then the denominators and simplifying.

Note Multiplication with decimals uses the exact same principles that multiplication with
whole numbers does. A difference is that the place values of the numbers are less
than one. Use the multiplication of fractions procedure to find the answer to seven
tenths times nine tenths, T5 x fo="1v.

Lesson “Use what you know about factoring to find the answer to .7 x 9.”

Wait. Some students will be able to figure this out and some will not. Give her the
chance and time to do it on her own.
Multiplying Decimal Factors - Worksheet 1, page 66 Now, try the procedure on
problems you know the answer to such as Px =1
Change the ¥ to 0.5 and do the factoring procedure. You already know the answer
should be 0.25. The work will look like this:

5x5=05xMxGxD

= (5x5) x (v x )

= 25 x Too

025 = %w

Try problems,suchas8x .5=
“What is 8 x ¥?” “Four.”
“What would the answer to 8 x 0.5 be?” “It would have to be four also.”

Patterns in Arithmetic: Multiplication - Booklet 4 Multiplying Decimal Factors
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“Now use your factoring process to work with the decimal. What will the
place value of the eight be when you factor?” “The eight will be shown as 8 x 1
because the place value of the eight is in the ones place.”

8§ x 05= (8x1)x(5x1)
= 8x5)x(lx®)
= 40 x
4.0
Practice Multiplying Decimal Factors - Worksheets 2 and 3, pages 67 and 68
Worksheets  Times Tables Quiz - Worksheets 1 and 2, pages 70 and 71 Practice on basic times
tables facts. Instructions are on the worksheets.
Test for Give the problem 0.25 x 0.25. See if she can generalize the factoring pattern to
Understanding double digit multiplication.
25% 25= (25x Tw) x (25 % ®w) Tow s
(25x 25)x (o x bo)=625x =
To confirm the answer ask her to change the decimals to fractions and get the an-
swer. She already knows the answer is one sixteenth.
“What is one sixteenth as a decimal?” “.0625”
What do you have to divide a fourth by to get a sixteenth?” “Divide 0.25 by 4
to find out what the decimal answer should be.” 0625
4| 25
Assignments for Key to Decimals - Book 2 are below and on page 69 in the Student
Workbook.
Do these pages in this order:
A. 25 and 26
B. 19
C. 27
D. Discuss why the trick of moving decimal points works. Connect it to what is
done with factoring on the previous pages. Change every problem on page 27 into
a factoring problem.
123 123 9 _1107_
x_9=100 *10~ 1000 ~ 107
Multiply the numbers from the numerators, then set the place value with the de-
nominators.
E. 28-33
F. 35 Connections to two-way multiplication
G. 34 - 42 Practice pages
H. 23 and 24 Getting ready for division
I. 44 and 45 Take the Practice Test.
Multiplying Decimal Factors Patterns in Arithmetic: Multiplication - Booklet 4
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Pre-Assessment: Part 1 Date

Put a question mark next to any problem you don't know how to do.
1. Solve the Short Way. 2. Solve the Long Way.

a. 34 b. 258 c 1,735 a. 34 b. 258 ¢.1,735
X 6 X 3 X 4 X 6 X 3 X __ 4

—————————
nerer———

3. Break up the 57 using tens and ones. Fill in all the blanks.

57 x3 = ( + ) X
= (X )+ (x_)

= +

4. What is a factor? You may use a numerical example to help you explain.

5. What is a prime number?

6. a. Prime factor 120. 120 7. Factor 120 into 120
b. Record the prime 7\ factors of ten. / \\
factors in this box. X

8. Use factoring by tens to show how to get the product of 700 x 9.
700 x 9

/x\ X
( X ) X
X

Patterns in Arithmetic: Multiplication - Booklet 4 Pre-Assessment
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Date

Pre-Assessment: Part 2 - Worksheet 1
1. a. Solve. 400x 30 =

b. Explain how you got your answer.

2. Use factoring by tens to show how to get the answer to 40 x 700.

40 x 700
7\ N

(x_)x(_x_)
(o x ) x(_x__)

X - =

3. There is a trick to solving a problem such as 900 x 500. Multiply 9 x 5 and add
four zeros. Explain why this trick works.

4. Use this diagram to help you fill
in the distribution number

sentences.

13 +

X = ( + ) x ( + )

=( _x )+ _x_)+(_x
+ + +

Y+ x_ )

Pre-Assessment Patterns in Arithmetic: Multiplication - Booklet 4
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Pre-Assessment: Part 2 - Worksheet 2 Date
5. Show the distribution pattern with arrows between the numbers.
Use this diagram to help.

12 =5 + 7 S 12
Xx13 =9 + 4
4X7 =
Write the _
little - 13 +
problems -
here.
Final answer. =

6. You should have gotten the same answer for problems 4 and 5. Explain why.

7. Solve this problem the long way using the arrow pattern.

235
X 46
litle multiplication problems  partial products 8. Solve the same problem
_ the short way.
= 235
= X 46

9. Why do you have to put a zero in the ones place in the second row of the partial
product in problem 87

(Note: The answers are on the last page of the Answer Key.)
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Date

Post-Assessiment - Worksheet 1
1. a. Solve. 400x 30 =

b. Explain how you got your answer.

2. Use factoring by tens to show how to get the answer to 40 x 700.

40 x 700
/N /N

(. x_ ) x(_x_)
(x_ ) x( X )
X et

3. There is a trick to solving a problem such as 900 x 500. Multiply 9 x 5 and add
four zeros. Explain why this trick works.

4. Use this diagram to help you fill
in the distribution number

sentences.

13 +

X = ( + ) x ( + )
= x_ )+ _x_ )+ x_ )+ _x_)

s + ———
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Post-Assessment - Worksheet 2 Date
5. Show the distribution pattern with arrows between the numbers.
Use this diagram to help.

12 =5 + 7 c 12
x13 =9 + 4
4X7 =
Write the _
little - 13 +
problems =
here.
Final answer. =

6. You should have gotten the same answer for problems 4 and 5. Explain why.

7. Solve this problem the long way using the arrow pattern.

235
X 46
little multiplication problems  partial products 8. Solve the same problem
_ the short way.
= 235
= X 46

9. Why do you have to put a zero in the ones place in the second row of the partial
product in problem 87

(Note: The answers are on the next to the last page of the Answer Key.)
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Answer Key Legend

AWV = answer(s) will vary
BUWYV = break up will vary
OWYV = order will vary

Pattern Blocks

r =red trapezoid

g = green triangle

y = yellow hexagon

0 = orange square

b = blue parallelogram
t = tan rhombus

Cuisenaire Rods
1 w = white

2r =red

3 1g =light green
4 p =purple
5y =yellow

6 dg=dark green
7 bk =black
8 bn =brown

9 bl =blue
10 o =orange

Note: Some items and pages are left out of the answer key.

1) Some pages in which the answers are open-ended or will vary.

2) Make your own problems. Since students create their own problems and
solutions, these sections give valuable information about the level of confidence
and competence. It can be a useful source of curriculum for other students.

3) Practice pages.

4) Workboards.

5) The answers are in the Parent/Teacher Guide.
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Multiplication - Book 4
Multiplying Factors - Worksheet 1

X 8 = 6

4 9
VRN 7\ VAN
A x2 2xr4 = Lxb 2Z2xHt= Dy

A 2 x A x H=32 (xl x_ Axk =

What happens when you multiply the factors of a number t @gether‘?
\/ou aet the Same pumber you stacted

Assess menits are on the second fo the last pege-

Multiplying Factors - Worksheet 2

X /8\ = X 8\ - 4 X 8 =
/ / /
Y 4o Ly Lo
Bl 3,3 x 2 x4 T2 2x2x Zx A =32

What happens when you multiply the factors of a number together?

x
b
=
P\\
IS
bo

7 X 6 = 6 X 4 - /10\ X /6\ = 20\ X 4\
. 7 /
Ty £ £ 45 -|ExE Axxo Ax3 Ak
Ax 7x_ZAx 3 =Hz 3x2_ x5 x 3 x 2 =6 4x 5 x Zx 2 =90

20 X '8 30 6 .ﬁ‘e x 1=
= X = ; /\
e L. Fen Lxx B2 Da
X A XA = ¥ Lo X [';0 [d_xi_xlx-‘—- =728
Ax o x _Ax A =l0 B5x & x A x 3=
Change the order of the numbers.
) /130
2x Z x H x 1o =lbo bx5 x 3 x 2 =
Breaking Up Times: Review - Worksheet 1 Breaking Up Times: Review - Worksheet 2
Do these problems with your teacher. Solve this problem three different ways. Estimate the answer first
4x4=( 6 + 5 + 3 )x4 17x3= ( 7 +_ L+ H )x3
Guess Guess 7Xi)+(ﬁ_xg )+(_f£_x3_)
o8 x4 )+( 5 x4 )+(3 xa) (
LY 24 + 20 + 12 5' = 7\1 + [$ + (2
Again, please. Again, please. You draw the lines in the picture this time.
14x4 = ( [} + ;3 ) x4 17%x3= ( 8 + 6 + 3 )x8
= (D x )+ (A x4) = (B x3)+(L x3)+(Dx3)

One more time.

14X4=(5+2+(0+

Sl = ,Z.“/’ -+ Ig

+ _9

()x4

17x3= ( + +

One more time. Break the 17 into four sections this time. 8 ww \/

+ ) x3

= (A x4)+(2x )+ (L x )+ (L xH)

5G_ = 20 +_3% 4

2+ /\f 51 - .

Do all of your products match”__?&ﬁi
Should 'hey?_)LQﬁ___,

(x_)+(x_ )+ (x_)+(__x_)

+ +

314

Do all of your final products match?______

Answer Key: Multiplication - Booklet 4



Breaking Up Times: Review - Worksheet 3

Solve this problem three different ways. Estimate the answer first.
18x4 = ( + + ) x4

Guess

72

(__x )+ (x4 +_x4)
= + +

Break the 18 into four sections.

1Bx4= ( + + + ) x4

[}

(XM )+ (X )+ (_x )+ (__xH)

Breaking Up Times: Review - Worksheet 4

Solve this problem three different ways. Estimate the answer first
13x3= ( + +____)x3

2
(xS )+ (_x3)+(x3T)
(?q = + +

Again, please. Break the 13 lnlo only two sections.
13x3= ( + }x3

= (xS )+(__x3)
= +

M7 39 13
/ = + + + \3
Change 13 X 3 =__ info an addilion problem. Then find thie dnswer, 13
Challenge! Break the 18 into only two sections. Do the work here. “"'3q
18x4=( + ) x_
Chaltenge! Can you break up the 13 and get the answer without a pictura?
18%x 3= ( + + } X3  Usediferent
numbers
= (___X_§)+(_*Xﬁ_)+(___xi) tt:‘amo:esln
= blom at
= (__-X_él’_)'*'(-———x—i—) 3q = + + &r;o?mi:paga.
T2 = N
Do all of your final products match?, 5} / es
516
Arrays: Review - Worksheet 1 Arrays: Review - Worksheet 2
Solve this problem three ways. MV\J\/
Do this problem three ways. B u \\l\/ P v B
36 X7 = 254 One wayisby addiion. gg 43x5=_25 One wayis by addiion. ‘;3
36 43
36 43
36 + 43
36 Another way is by'bre.aking the 43 intosmaller 2|5
Another way Is by _bre_aking the 36 into smaller %QL gt{xg;l;(e&; 'arx:: Eg&g"g&%;ﬁmg;g by 5.
numbers and mulliplying each partby 7. You will need to supply fines and + signs for your
Do this two times. Break up the 36 two different ways. pariial products.
Draw the lines to show each srmall or partial product. ’
Bx7=( 6 + + + + yx7 43x5={ ) x5
=(6x7)+ (x D+ (_xD+(_xD+(_xD) =(__Xx_)+
A5) = _42 + + + + A5 = +
43x5= x5
36x7=( 1X7 ( )
= (_x 1)+ =(__Xx_)+
g 52 , = + U = .t
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Expanded Multiplication: Review Expanded Multiplication: Review

Worksheet 1 Worksheet 2
Study this example: Solve this problem all ways shown on the last page.
237x4= { 200 +30 +7 x4
800 +1120 +i 28 .
357x5= ( 300 + 50 + 7)x§
237x4= 948
500 + 7
Here is the same problem again without the box. Itis important that you /50 ‘2‘50 3 5
remember this way of writing the problem because this is how
rultiplication is done in algebra. The only thing that is different is that you 357x5= l, '7 35
must witte out each fittle multiptication that you did in the box. This is how
you did it when you were first leaming.
237x4= ( 200 + 30 + 7 ) x4
= (200x4)+ (30x4)+(7x4)
= 80 + 120 + 28 357x5= ( 308 + 50 + 7 x5
237x4= 948 = (Bx & )+ (30 x5 )+ (LxE)
Your new way has you do this same problem this way: = ; 500 + 2 50 + 35

Longway Shortway

12 -
237 237 357x6= [ 785

x4 x4

28 948 .
120 Now solve it the long way. The sh_grt way.
800 357 357
22 755
,500
785
9 10 {
Expanded Multiplication: Review Practice - Worksheet 1
\S,\:t‘\:l’er Il(h?shp?oifei ali ways. ’ Long way Sho’rt l‘” ay Long way Sl’}o way
434 434 349 9
1288x4= (1,000 + 200 + 30 + 3 x* X 3 X 3 X5 X5
400D goo | 120+ 32 |7 [3OX H5 ] 7‘7‘5
) o ’ 00 '’
1238x 4= H, 952 /200 __/L._b:D__Q,
|, 30% [, 745
Long way Short way Long way Sh;nrl,t way
1238x4= (1,000 + 200 + 3O  + ¢ x| 506 506 865 865
= (P + (2ox M)+ (Box 4)+(4x ) ——2(4—7- ——-)4—(-% X2 l_)é%
= %OOO + 800 + [L0 + 32 350% B/SIf /é{% /
- e
1238 X 4= iﬂbl 3}547\ /(000
A
Now solve it againthe long way. 1238 The short way. l ) 750
X 4 '3
77 1238
725 gier
956 4152 Long way Shoit yay Longway  Shortway
—H 197 97 426 426
) X ? X3 )é? X7
Y2 2 ‘
5 591 i 2982
11 12 591 29 Ly
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Practice - Worksheet 2

Breaking Up Times: Two Ways - Worksheet 2
BUWYV - Example:

Long way Short way Long way Short way
2’456 2 456 3 247 3’§17 Do the same prablem again but break up the 12 and 13 a different way.
X 3 X 3 X 7 Use the same color patiern you used on the previous page.
Is 7369 HZ 7729 12
/50 : .
/2.0 g I, 40 g
4,00 21,00
—d e a3 Sy
7,344 72,729 |
Long way Short way Long way Short way
& P A
2832 2852 8,765 8,765 i3 -
X8 X8 X4 X4 l
H% 22,656 20 35060
((,Lmo 7{5‘3 13 x1Z =+ yx(_+_)
l(o 600 1 00D Listall e problems = (X __y+ (X Y+ _x Y+ ( X _)
2’)\)67 5l? Sg/béo Final Product B " T M * o
15
Long way Short tyay longway  Shoriway Breaking Up Times: Two Ways - Worksheet 3
2394 2, 394 1,657 1,857 .
X6 X9 X9
?20 ! llc/‘Ql’ % B 4g [ L[" U3 Answer to both problems 156
5500 16
L 00 ) (__1_,,__
L4, 2N 4,913 13
Breaking Up Times: Two Ways - Worksheet 4 Breaking Up Times: Two Ways - Worksheet 5
BUWYV BUWV
Solve these problems two different ways.
Solve these problems two different ways. 2 1
17 *l' 17
lz X = “+*. X + #
List all ﬁlﬂe:r;-i)!unl}= (:__;)(__i; T(,_)_X____) %) ;l_.L K[.j_ = (e )X (L F —)
= o o+ Listall Bl problems = (__x__ Y+ {2 Y+ { _x }+{_x_}
Final Prodilet = + — + + J—
o 1+2 | Final Product _2 1
17 +
+
17
RxlT =+ yx 4
listal fitde probloms = (@ )+ { __x__ )+ {_X y+ (o} :
P S S S ﬂ_xﬂ: (o Ix (v )
Final Prodhct Listafifleprobloms = (__x_ )+ (_x Y+ {(_x )+ _x_)
Final Product ) — T ' " T
17 | 18

Answer Key: Multiplication - Booklet 4




Breaking Up Times: Two Ways - Worksheet 6
BUWYV

Solve these problems two different ways.

+

14 «+

L&xl&t: (et X+ )

Listalifile problems = (Y + (__x Y+ {_x__Y+{ _x__)

_152 R T U
Final Product 1 8
+
+
14 l

(8 x14=(__+ rxi_+__)
Listalllitle problems = {__x__ }+ {_ x_ Y+ {_x__ Y+ {__x__)

[ 252 ] - e s

Final Product

19

Breaking Up Times: Two Ways - Worksheet 7
BUWV

Breal up both numbers in these problems by drawing the lines
and recording the litle problems.

12

15 +

[2 x5 = (v )x C_+_)
Listallfitle problems = (__x__ Y+ (_x Y+ {(_x_ Y+ {(_x_)
= v e

Final Product 1 7
+

—h
=7}
+

[2AxI5 = (v )x (v
Lstallfitio problems = (___x__ Y} + (__x_ )+ {_x__}+{( _x_)

7 =
CJjge 1l - — » — + — »

Final Product

Breaking Up Times: Arrow Pattern - Worksheet 1
BUWY
12
5

Fiit In tho blanks.
Draw arrows between the
palrs of numbers that ere

e
mutltipiied in the little

I § ul

T P pr

TR 12 = (5 +.7.)
4 5en

x13 = (_q'-i-ﬂ 3

, .
- 5xd)+ kb s IxTy + It
= M5+ 20 4+ LR+ 2%
Here is one way to draw the arrows.

12 = (5 _+_7.)

x13 =

21

Breaking Up Times: Arrow Pattern - Worksheet 2
BUWYV

Break up both numbers in these problems by drawing the lines
and recording the littte problems.

Fill In the blanks.
1 8 Draw arrows between the
* pairs of numbers that are
multiplied in the little
l multiplication problems.
18=__+_ .
12+ .
l X12o= o+
Bx12=( + Ix{ + )
List ali little
problems = x_  J+(x_ I+ x_ Y+ x )
= + + +
Final Product
Break up the problem a different way. Find the easlest way to break up the problem.
18
[re— + [ee——
l 18=__ +_
12+
l X12= 4+
18Bx12=( + x( + )
List afi lithe
problems = _de(x e x Y x )
= + . ¥ + I
Final Product

Answer Key: Multiplication - Booklet 4



Breaking Up Times: Arrow Pattern - Worksheet 3 Breaking Up Times: Arrow Pattern - Worksheet 4

BUWV BUWY
Break up both numbers by drawing the lines and recarding the little problems. Break up both numbers by drawing the lines and recording the litlle problems.
Fill in the blanks. Fill in the blanks. :
i8 Draw arrows between the 1 5 ¢ Draw arrows between the
+ pairs of numbers that are " pairs of numbers that are
multiplied in the litlle multiplied in the litlle
multiplication problems. multiplication problems.
18 = JE, SN 15 = -+
17 + 14 + ——
xX17 = S xi4 = ....._.._+.—--
18x17=( + Yx{ + ) Bxtd=( + Ix{ + )
List all fittle List ali little
problems = (X Y+l x )+ x )+ X ) problems = (X Y+ {_x J+(_x_)+ —x_)
- e— = — = - = r— =
Final Product Finaf Product
18 This problem is broken up for you. hil blem is broks f v
10 s 2 Fill in the blanks. Draw arrows [D 1_,,5 5 ;illl?nplrlse ‘l?l:‘nlkss. rgrgglg?ro?lz o
between the pairs of numbers that S—— between the pairs of numbers that
o are multiplied in the lillle Q are multiplied in the little
= multiplication problems. ~ multiplication problems.
17 + 18=;ﬁz_§_ 14 + 15=/0+5
N xt7 = J0+1 * xia = [0+ 4

18x17 = (J0 +% )x (10 +'T)

List all fittle

problems = (JQ_.X_[Q__) +
= “20 +

Final Product

xI0y + d0x 7+ (ExT)
. 26 12

+

23

1Bx14 = (JO +5 )x (O +4)

LeEite 0 x(0) + U0x A + (5110 + S x4
= 100+ Ho + 50 + 2
2 4 Final Product

Using Arrow Patterns to Multiply in Tens and Ones
Worksheet 1

Break up both numbers into tens and ones and draw the lines.

1018 ¢

Use the arrow pattern to fill in the blanks.

‘ 16=10+F

Q x17 =10+ 7_

KL

17 + fZD
2 40
{00

Final Product ——2—-2&

14 14=10 +4_

o A4 x13=10+3

s =
13 + 20

Final Product -J-—g——&—-

‘*/—Q1+8 5 x1158=_l_%:§—

= 7
15+ TS
q e
Final Product —-QJZ-Q—

Answer Key: Multiplication - Booklet 4

Using Arrow Patterns to Multiply in Tens and Ones
Worksheet 2

Break up both numbers into tens and ones and draw the lines.
_LQ__ 1 +3 3 Use the arrow pattern to iill in the blanks.
= 13 = i(_L+%_
Q_I L x17 = {0 + 1

17 +
N s

Final Product

B

|

d

ik

9 %
50

15 + ﬂ()
“”l 100
Final Product —Zgi

18 18=10+93

1o'? 2 14 D kL

9 _ 3,
o)
14 + “’%‘5‘
:t*l /0D
Final Product m—-

26



Using Arrow Patterns to Multiply in Tens and Ones

Worksheet 3

Break up these problems into tens and ones and use the arrow pattern to

solve.

Using Arrow Patterns to Multiply in Tens and Ones

Worksheet 4

Break up these problems into tens and ones and use the arrow pattern to

16=10+ 6 19=_10+9 solve. i3=l0 +3 17=10+"_
x12 =10 +_2, x18 =_{0+_8§ x16 =10 + & _ x12 =10 + 2
12 12, 12 5
_20 ___80 %0 20
[710) a0 30 70
100 100 100 100
Final Product —132-— Final Product -————33—2 Final Product ———ZQL Final Product _22‘:!‘__
14 =10+ 4 13=10+_3 1M =10+_1 16 =_10+ b
x16 =_10 + b x15 =_10+ 5 x19 =_10 +_ 9 x18 =_10+_ 8
— 24 — 15 —q_ - B
_Ho _50 90 __ &0
60 30 10 _ GO
100 loo 100 100
Final Product Ei:’l Final Product [ lg Final Product M— Final Product m——
15 =10 + & 17 =10+ "1 15=10+5 19=10+9
x18 = 10 + & x11 =_10+_\_ x16 =10 + b x14 =-—IQ+—LL
7 — % 30 - _3lb
20 10 _ b0 _Ho
50 20 50 EIO
2 | Rkl
Final Product ——ZZQ—— Final Product —E:z-— 2’7 Final Product —Z-—Q_— Finel Product

28

Using Arrow Paiterns to Multiply Tens and Ones -

Assessment
Show You Know

Show the arrows.

19=10+9
19 EXYEx
{0 x16 =107+ &
3 —
16 + _ 6O
q0
S ' loa
Final Produot _ 305

Filt in the blanks. Break the 14 and 16 into tens and ones.

14x16 = (10 +8 yx (10 +0)

224 %0

xJQ)+(L_x(v)+(4xL) (4 b)
+ HO 24

Solve it without an array. Break  Challengel

the 12 and 13 into tens and ones  Extend what you know to a new problem.
Use the arrow pattern, Write all four little

}[\ ‘SZZV[\ - __LQ_ - —& g;ggljcrtnss below the line and show their
25
X13 =10+ jaf Xrygcrr
3
30 (I,, %-
1 oo o
[56 4%0

5"5 29

Word Problems That Use Parentheses

(3x4)+2

Price Sheet for Honey Apiaries (An apiary is a place that raises
bees.)

Box of 5 queen cells...............$8.00

1 single queen cell
1 jar of honey ..ereeevievsmssnsenss

1 hive of bees + queen....... $50.00

How mugch would it cost to buy:

Three boxes of five queen celis and a jar of honey?

Number sentence = (3 x $8.00) + $5.00 = $29.00

Write two more problems like this using the menu above.

AWV

30
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Breaking Up Times: Three Ways -Worksheet 1
Transition

13 13= 3 +6+4
3 6 4
i X22=6+7+8+2
; Sx5- 15 LM
‘ bx5=30 ¢
29 H x5 =_20
7 ﬁ_.x_l';._:_U_
b x 7= HE
T 4 x =A%
3 x3 =2t
8 Lo x 8 =%
M ox 8 =32
Bx2=_06_
2 b x2 =12
+ 4 x2 =18

Breaking Up Times: Three Ways - Worksheet 2
Transition

11 11 = +5+4
2 5 4
‘ X25= 5+843+9
5 2 X5 = 10 paemee
jfé_.x,ia’éﬁ ¥
x5 =_A0
258 _&Xi: l
45 x8 =40
M x € =32
2x3=_0
3 Ax3=15
_Mx 3 =/R
2 x9q=1%
° 5 x9=%
+ 4 x4 =36
275

31 | 32
Breaking Up Times: Three Ways - Worksheet 3 Multiplying Factors of Ten - Worksheet 2
Transition BUW\/
Break up the 14 and 29 any way you want. Use only as many lines
as you need. Examples of mulliplying factors of ten. Do not use Prime Factors.
14 Y= __+__+__ Step 1 70 x 90 =
Factor into multiples of ten. / / \
= { x 10 x (9«10}
X20=__ 4 & 4 __ Number Place Number Place
x _ List all fittle Value Value Value Value
e problems ) ’
— =
Step 2 70 X 90 =
— = Rearrangs the numbers®. / / \
X = 7«9 x fo, 10
Number Number Place Place
2 9 D SN Value Value Value  Value
X - Sets Number Sets Place Value
X 63 X 100 = 6,300
X =
D ST .
X _ Now, you try it /60 x 80 =
x = N 7N\
t (6x2)x (0x10)
X = Number Number Placs Place
Value Value vawe  Value
% (ﬂ Sets Number Sets Place Value
*When all numbers in an equation are multiplied, does the oider matter? No,
What property of multiplication is this called? sttt
33 35
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Multiplying Factors of Ten - Worksheet 3

Factor each problem by multiplying factors of ten.  #= number value
P.V. = place value

20 X 30 O X 40 =
/ \ \ 7\
(2 dox (34 o) (3 xlOX_(_"I:x__Q)
mﬁ” ! VP;:;:B 33:'3?" ' Vpalue # PV. Py,
0)=
e e R (- AR
[#] =
-N—u%.r * 00 =6ad __lg,x,uzp = 1200
Valug Vaua #

40 X 50 =

60 x 80 =
(_#' LXTSXL“) (__éx\L_)x /x\:l_Q)
U x B)x140xj0)= o S_)x(L_ﬂx_lQ) =

80 x40 = " )
FAYTAY
(_”S; x“_éf’_ l\:_ﬁ 10)=

;%2,_ xml =3,200
36

Multiplying Factors of Ten - Worksheet 4

Factor into multiplies of ten. Rearrange the numbers so the number values
and the place value numbers are together

1.
80 x _70 =

(B x10) x (7 x_10)=

(8 xT) x(lox10)=
AL x _100 =500

2.
60 X 50 =

(bxlo) x (5 x10)=

((bx5) x(l0 x 0 )=
30 x 1060 = 3. 000

3.
50 X 20 =

(5x10) x (2x.10)=
(5 x2) x(10x_10)=

10 x 160 = [,000

37

Multiplying Factors of Ten - Worksheet 5

Factor into multiplies of ten. Rearrange the numbers so the number values
and the place value numbers are togethet

4, 5,
80 x _80 = 30 X a0 =

§xo) x (Fxd0)= | (Bx0) x (A x10)=

(8 x8) x(10 x10)= | (3xD x(1Ox10)=
LN x 100 =bH#oo | 2T x _100 =2700

8. 7.
60 X 70 = 200 X 70 =

(bx10) x (T x10) = | (Axlon x (7 x10)=
(bx) x(lox 10)= | (ZxT) x(lo0x10)=
H2 x 100 =4200| _I4 x _1000 = |4000

8. 9. Make your own. AW\/
800 0 x 200 = X =

(3xl00) x (2 x100 = | (_x_) x{ x_ )=
(3 x2) x(loox lop)= | (—x) x{__x_ )=
_Q, X jQ,QQQ_ =L0000| . X =

38

Factoring - Worksheet 1

Prime factor:  List the factors: Prime factor:  List the factors:

50 55,2 20 %L
0\ /N
K25 2. %10
N /\
5x5 %5

Now take the prime factors of 50 and 20 and multiply them together
6x5x2.x5xxx2 = 1,000

Now factor by tens, rearrange the numbers and multiply the factors.

50
.__/_x\lO X \0
(5 x2) X (_L_x )

[0 X [oo = 1000

Which way is easier for you? th_o "'.“ﬂ 'O\, “\‘en s.

Solve these by factoring by tens;

60 X 40 = l
" u’ﬁ?’; ‘?m). 2,400

300 x 30 = 35(3))(,([,00)“0)
( g x 1,000 = %000

soxo- EXRDXIO
n2 % 10= TR0

20 x 400 = (vp‘kp)x(\oxloo)
g % L000=" 8 000

39
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Factoring - Worksheet 2
Take Them Apart

What is a factor?_Numbees thak are multipled +03Q:'H\g)r,

Factoring - Worksheet 3

Use factoring 1o solve. Change the order to make it easier.

What is a prime factoﬁﬁﬁg&mm.a‘?ﬁm(mbm /40 N x 40 AN = 6 x 70 “5200
Are all factors prime? ne (LALx _JO ) x{( A x 10) =
What are the prime factors of 36?2 _3_, 3 ., 2 . 2 H x l\.L Yx([Ox (0) =
00 = [,00
What are the prime factors of 547 _3 , .3, 3 . Z Lo X l )6
Factors and muitiples of ten. Use only tens!
10=10x1 300 x 20 =(,000 g0 x 30 = /4000
100 = “2 X [“
1,000= 10 x 1Qx |0
10,000= [0 X6 XIO X0
100,000 = [0X 10 X10¥ 10X\0
- (®]
1,000,000 =_10 X0 X{0X 10® 1OX L w x @ =7200 s x 70 = 35000
Write Yes if the statements are equal and
No ifthey are not equal.
*}/QS 10x10x10=100x10
_ino 10x10x 10 x 10=100x 100,000 Watch out! You make up one:
}/£5. 10X 10X 10=100x 10 g0 x 800 = 240,000 — X =
izﬁs 1,000 x 10 x 10 = 100,000
€5 10x10x100=10x10x10x 10
ho 100x1,000=10x10x10x10x10x10
40 4]
e - Factoring - Worksheet 5
Factoring - Worksheet 4 g - I your mind see:
See: r
Show two ways to factor 100. 1. 10 X 10 40 > 40 xx 20
Xx20 & N\ 7N\
2 [ X 100 (4 10)x (2_10)
Show two ways fo factor 1,000, 1. 0% loK 1D (4 x 2) (10 x 10)
- 8 x 100 = 800
2. jox \6o 2K F00 X Number  “Placs
Value Vaiue
Show two ways to factor 4,000, 1. A X L0060 Now you do some.
7 See: @ In your mind see:
. o x20 & / 7
Use factoring 1o solve. Change the order to make it easier. (.3_?( [a) { 2 xd
4,000 X 100 = 4,000 x 1,000 = \ /
VRN 7\ 1,060,066 (3 x2) (o x )
(A xlpx (o x|0) = X N(pb X L?o = LOO
umoer ace
( ‘Z’: x_{0 )XH,DDO D) = Value Value
I‘F() X 10,000 ::I:{-ba' 000 Sees: Co. J@!nyourmmd sea: 20
o 4% (Yo xtoxt,ooa\ 300 300 x 2RO
6000 X 2000 = |7 AX000 200 X 40 = x20 7\ 7\
) {,000 (SXx)x( 2x \Q)_._
b x 2, = (,000
Number Place
Value Value
600 x 300 = I 80/ OOO Do the Facloring - Worksheet 8: Just Look and Know on the next page as
fast as you can,
42 43

Answer Key: Multiplication - Booklet 4




Factoring - Worksheet 6

Just Look and Know

Breaking Up Times: Tens and Ones
Worksheet 1

40 70 80 90 13 13= 10 +3
x2 x3 x6 x5 0
30 Ao 20 Y4 3 X22= 2042
200 500 300 400 22 Bx2=_0
x 6 x1 x8 x3 0 x2 =20
l,200 3,500 2,400 1,200 3 _x20=_60
JO = 200
6,000 9,000 8,000 5,000 iy T Ox20
x 3 x 17 x 4 x_ 2 280
18,000 (3,000 32,000 - 10,000
90 70 80 40
x 60 x 50 x 60 x20
5,400 3500 4,200 200 ie
500 700 200 300
x40 x 60 x50 x 20
20,000 #2000 /0Bss  aTe00 13x22 = (10+3 )x (20+2)
2’000 3’000 8’000 4,000 Lls:all lil:e ) y . N (,3_ .
x_80 x 30 70 x 90 e - o0 2+ (B2l ¢ LTx2)
16301000 quOOO 56 C’@OD 3w 000 Final Product
(i /)
2,000 6,000 9,000 8,000
x 800 %500 x 800 x.900
l,eo0,000 3000000 7700,000 7,200,000
44 | 45
. Breaking Up Times: Tens and Ones Breaking Up Times: Tens and Ones
Worksheet 2 Worksheet 3 Buwyv
1 4 14 = _[Q_ + _/_\_L Now, solve the problem with and without the grid. Yau decide how to break
up the 17 and the 13. Draw lines if you need to.
10 4 X25= 20 +5 17 17=___ +___
M oxm5=2 e A0S
x5 50 ———
M x20 =280 | x_ =
4 (0 x20=200 |13+ + x =
2520 350 27|
= ( L 3 ) X ( + )
=( x )+( % )+( x )+( x )
ZL‘ = + + +
17 '
.
7= ___+___
5 X13= __+
| T
13 *l~ X =
14%25 = (IO + 4 )x (20 +5 ) +__>;_:__
:iith?grlr?ge = (10 x20) + (10 x5 ) + (£ x20) + (£ x5) 27
=_2.QO+.5Q+_.5Q+_7\.Q_ =C + )x( +)
Final Product = x )+( x )+( x )+( x )
27_[ = + + +
46 | 47
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Breaking Up Times: Tens and Ones

Worksheet 4
Fill in the missing numbers. 22= 20 + 2
22
0 . 2 x17= 0+ 1.
EE meie 2 xT=_1%
1710 20x 7 =140
. 2. x[0=_20
., + 20 x 1o = 20
o 374
Fill in the missing numbers. 2= 20 +___
22
20 + X117 = [
i ’_""x--=_"_—
17 — ="
+ —_
_ X =
374

W2x1T=(20+2 yx +1)»
= JOxID) + B0x. 7y + (Axl0) + (2x ]
_:Ezl:é; 200 + MO+ 20 + _LF

Breaking Up Times: Tens and Ones

Worksheet 5
Break up the numbers into tens and ones. W= .3-@. + —_2:—
32
& + _._Z. x19= _LQ‘ + 9
LQ 2 X_i = __I_g
19 30 x 1=270
+ 2 _x(D=_A0
9 + 30 xJ0 = 300
608
32 2= __Q-i;__Q_.'
20 + 2
o xi9=_10+ _9_

19 2.x9 =18
+ 20 x9 =270
i A x0= _..Z.O

<4 30_x[0 = 300
608
49

Final Product
48
Breaking Up Times: Tens and Ones
Worksheet 6
35
30 5
35= _§9+_5_
x26= 204 0
20 5 x b =30
26 30 x G =180
_ﬁ_ X_Z__Q: 1O
=+ 30 x20 = (00
6 q10

36
30 6
36= },Q+__(g
20 X2B= Z.Q_:I-_g_
b x % =48
2 50 & - 2D
'h__le: {2.0
+ 30 x 20 = LD
| : 160%
g .

| 50
| Answer Key: Multiplication - Booklet 4

Breaking Up Times: Standard Procedure
Worksheet 1

Use tens and ones {o break up the numbers.

. 3 =30+ 5
& 9 ofoxoie
o5 X 26= 20 +5_
20 ®5 x_5 =25
" @5 x_30 =/5D
@20 x_5 =100
5 +@..2_9..x__§(_)_=_(¢i30

§75

Yau put in the arows this time.

37

37="30
@ + ! +]7‘
b &

24 X24= 'Z\__Q;Pi_
20 I x4-_28
30 x4 =20

* 20 x7 =140
+ 320 x20 = 600
4 §9%

51



Breaking Up Times: Standard Procedure
Worksheet 2

Use tens and ones to break up the numbers. You put in the arrows this time.

Breaking Up Times: Standard Procedure
Worksheet 3

43 = _/_“[Q + __; Use tens and ones to break up the numbers.
(Mo + 3 ) n 36
28 X 28= J_UD_+_;}\_ (39 +_& ) % =30+ &
20 5 x3-_8 |42 x 2= 4O+ 2
. € =32 |40 axlb=_{2
+ 20 x 3 =_4O + _Lx 30=_00
%- 20 x40 =_R00 4O x_b = 2O
= T |4 + 40 x 30- 1,200
LSIX
o7 You put in the arrows this time.
( 0% 1 )
46 xas= 4o+ G — 3=30+_1
o ) 53 x83= A0+ 3
X = £2
* & x2D= 120 3xl-_3
x 1 =180 50 3 _x3p0=_90
A + 40 x20 = 400 50x =259
Lo | i ot
/ —
3 63
52 53
Breaking Up Times: Standard Procedure Breaking Up Times: Long Way - Worksheet 1
Worksheet 4
m20+ 7 @? %1‘@ Herea3 |§ a sample problem. What is 35 x 737
X19 = _1__0_ +_9 Work space for factoring. .)_(_7.3.
“®_4qyi1=063 15
®_dx20= /80 %0
@_0xT7=T70 350
+ @_l0¥x20= 200 +.2,100
3 2,556
Check your answer with a calculator.
If your answer is incotrect you need 1o check the >
48= 40 + _8 C
X29 = 20 +_9_ ®?®»>€T®‘ Now solve these problems:
) Ixd = 71 Work space for tactoring. 46 29 56
®__9x4 =366 .x.lﬁgé x37 x35
® 20ox8 =160 63 30
+ 0 20 4p=300 4’;’3 D %ng
1,392 23200 270 ,
0 Make your own. o -+ + 4
= __ 0+ = O ar w e ey YV
X __=_0+__ X - o0+ 3,818 Lo'r3 1960
®__+ = ®__+ =_ YOOV
g____ B @_______ o =
et = @____ o=
+®__ L +®___ . =
54 55

Answer Key: Multiplication - Booklet 4



Breaking Up Times: Long Way - Worksheet 2

Breaking Up Times: Long Way - Worksheet 3

Show all work. Show all work.
22 59 41 A 97 27
x 13 x 15 x 16 x39 X 32 x 37
b A b 3¢ A 49
L0 250 240 <10 /%0 O
_20 _90_ 1o 120 20 210
_Z00 599 H0O. | 32,700 2,700 400 _
226 285 5 3,666 3,101 999
56 70 65
X 27 X 28 X 22 56 87 89
) 0 o X 41 x 42 x 46
350 _560 720 | —& _4 5
120 __9 (D0 __ 50 160 _H80
L 501 1960 H30 | =00 _3d00. 300
2,05 25 H 094
56 57
Breaking Up Times: Long Way - Worksheet 4 Long Way to Standard Way
Transfer Page
Show all work
494 197 427 Step3. 42 42
X 35 x 46 x 57 x8- 8
20 H2 4q9 120 + 840
4506 _5H0. _LH0_ + 800 qee
7,000 LDO 2400 qele
(2.0 280 3250 59
1 100 3600 .00
. D 20000 Long Way to Standard Way - Worksheet 2
__{_‘..17_.._&(2%_ o0 et | Transfer Page
17,290 9,067 24,339
6
Step 4. ulti e 3x9, add the
356 = S I S A
_ G -/ 1% 60 + 3330
50 AL 160 +23:(3)?) 3
30D 2400 _ 1400 :
20 Ty Tiigo | goveBiring b ot ol s o
Q 000 ' fQ _}ﬁ ) i 000 answers 1o be sure they match.
Zpco  [Zeo - 35000
596 1€,576 H1,02%
60
58
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Standard Way: Practice - Worksheet 2
1

7 81
x 23 x 15 ;’f‘ ng 32 ) E g;
126 355 X2 XL x 39
84 110 ZZL*BO 138 21 183
o T065 92 1B 2,610
966 ) 2916 2l g49 L
1,058 3,393
34 73 53
x_29 x_55 x 62 o i x‘;é
ey 02 1% €24 234 26
680 E L 2188 | 2o 1630 2,870
a8e 0! 32 3,588 ARG, 3116
44 48 57 238 142 376
2(__52§ x 36 x 34 ﬂ.&q cic_q?.”_l* X 62
352 288 2293 1,30 752
880 1540 L7170 | 14,280 11,360 22,560
1,232 1,728 1,a38 16, 1 55 |2,356 23312
s 148 1 a3 & o
x23 x 45 x.52 X 20 x 73 x93
vy T, TG 2,584 1,270 I
Hidg 543 (x| k0 11980 15886
hvoU ) J 220 7 050 15,996
5)382 6,6670 ‘2’012 l2.,'2.« ’+ lq‘ )
| e oo
v a2 . 513—; 2413 126,084 386,736
13,080 24,480 13,400 51 62
lﬂ;oﬁl 27,336 15,012
Standard Way: Practice - Worksheet 3 Standard Multiplication: Assessment
What ten things you can always count on? Show You Know
::)?\%et t%:tr:‘rj‘; :rea of these figures. Place the ietter in the box below its area tc 4 300x70= 21.00 0 Pomve yo_%r answer with factoring.
2,795 1,190 4,536 2,805 1,998 2,773 3,200 2,408 2,000 2,304 2,464 - (33)( ,gaz;x gqx lo)
Y{O|U|R|F|T|V|G|E|R|S]| 63 _ (3x7)  (loox (o)
: 200 = 21 % {1,000)
Standard Way: Practice - Worksheet 4 2 Whatis 10x10x 10x10=_10.000 3
837 902 748
3 v n id: = 2.
255 0 ol | R o 322 guw
507 375 507
x293 x 327 x 170
148,551 122, 625 86,190 ;
+3 -
2,324 1’63;88 6,237'3 X uzg-r H
x 27 X_ /4 x3=12
23,312 138, 244 Wl ol ‘.5,%,,3%%
19 XAg=240
145 248 367 4. Solve this problem the long way 5. Solve this problem the standard way
H,220 3,446 55,050 x_39 X _64
©3 3%%}1
421 523 925 -3“—2‘{2 3392
J
x 308 x 873 x 357 1.h00
129,668 W56, 579 330,225 t:z&-—‘ 133
)
64

65
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Multiplying Decimal Factors - Worksheet 1

Examples of multiplying factors of 10. Do not use prime factors.

0.9
Sept /\ X/\

Factor into muitiples ofﬁ
7 5 10) x (9 Xm)

Number Place Number Place
Value Valup  Value Value

Step 2 0.7 X 0.9

Rearrange the numbers.* / \\ / \

Multiplying Decimal Factors - Worksheet 2

Factor into multiples of ten. Rearrange the numbers so the

number values and the place value numbers are together.

1.
0.8 X 0.7

!

5‘-

) =

(€ x18) x (T x

'
(8 xT7) x(_ie__x ;“'A):

7« 9)x (36 4 ) 56 x _t - 56
Number Number Place Placs 100
Value Valus Vaiue Value
Sets Number Sels Place Value product 2.
63 L = -63 - 63 0.6 X 0.5 =
Now, you try It. 100 100 L = [
Step 1 0.6 X 08 (bxIo) x (D x10)-=
NN R
(b __)x(___xgo) (b x5) x(1e x 10 )=
I
Numb Pl Numb Pl v—
Vaue Ve  Vals.  Value 30 X 100 =_.53
X 0.8 3.
Step 2 / \l 0.5 X 0.2 =
(_ }_) x (I6 x 1) ! L
Number Number Place Place (_5_X TE) X ( 2‘ X _1o ) =
Value  Valte  valug  Value 1
i
Sets Number Sets Place Value proguct S — _
x o= = Ug = 4] (5 x2) x(_1o_x 16 )=
100 ,
“When all numbers in an equation are multiplied, does the order matter? NO o
What property of muitiplication s this called? ASS'OO(O— Ne, __lQ__ X 100 = -‘

66 67
Multiplying Decimal Factors - Worksheet 3 Times Tables Quiz - Worksheet 1
Factor Into multiples of ten, Rearrange the numbers so the How many problems can you do in one minute?
number values and the place value numbers are together How many problems can you do in 30 seconds?

a. 5. Three Times Table

.08l x .8 = 03 ' X 09 . = 12x3 =3 9x3=_2T 10x3=2330 3=_0_
(_S.X!Z’:Q) X(_Tg_x.&)= (.3_X_7§_) X(ﬁ.xfﬂ)= 5x3=,5 3x3=3 2x3=é 3.—_[2.

oL A L !

(8 x8) x(100 x B)=| (3 xQ) x(i&g_x @)= | 6xs =18 7x3-21 1x3-3 3 -2

1 !
G4 x oo =.0eM| 2T x g =027
Four Times Table
6. 7. - - - ‘Z = “Q
8 x o7 o= o2 x 07 = 0x4 =0 sx4-20 sxa-l 4=
((t7><7'(’7)X(_"Z_x_log)= zX!,‘Q_"ﬁ) x_lx 10) = oxs B0 9xs-3b rexs-HE 42‘%
. x4 =28 7x4-28 1x4= lt 4=
o xT) x(I6_x TG )=| (2_xT) x(,,__'ow x 36 )=
1 1
H2 « 1,000 =_.ON2, g« Lgeoo =004 Five Times Table
AN 6x5 =30 7x5= 4x5=20 5 =_(A
8 9. Make your own.

03 . x 2 o= x = 12x5 =G0 9x5=4K 10x5=50 5=10
(3 xdo0) x ( 2XlﬂQ)= (—x) x(_x__ )= 1x5 =D 5x5-25 ox5-0 5 - HO
(3.x %) X(mb_._x .LQQ_)-— X ) X(___x___)=

Six Times Table

_ﬁlx‘looa‘) X = BX6=_L££ 9x6=5l4' 4X6=2.¢‘& 6'—"—&—-
10x6 =00 5x6=30 12xs="7T2 6 = A2,
sx6 =18 6x6=3b ox6-_0 6=12

68 70
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Times Tables Quiz - Worksheet 2

How many probiems can you do in one minute?
How many problems can you do in 30 seconds?

Pre-Assessment: Part 1 Worksheet 1

1. Solve the Short Way. 2 Solve the Long Way.

a 34 b 258 c 1,735 a 34 b. 268 ¢1,735
Seven Times Table X8 X3 x_ 4 x_ 6 x 3 x__4
12x7=_|§, 9x7= wx7="10 ox7=_0 204 T4 6,940 24 ’éjg ’%
5x7 =35 ax7=2 2x7=H 4x7-28 %‘—ﬁ— L00 2800
6x7 =49 7x7=H4 1x7-_"1 8x7=_50 e __‘f.'.o_e?_-
3. Break up the 57 using tens and ones. Fill in all the blanks. b,q H’I)
Eight Times Table 57x3=(_56 +_"7 yx 3
ox8 =_0 5x8=_l'l:Q 3x8=_Zﬂ‘ 4x8=_32 =(__50(__3_)+(_7__x3>
10xs = 80 oxe8=_"72 12x8-96_ sx8-=04 (7 = 50+ 2l
6x8 = v - 54 1 %8 = 4 2% 8 = “1 4. What is a factor? You may use a numerical e‘xample to help you explain.
xo =48 x8 * X 2%3 grefoctorsof
F ) wh t er foctor
Nine Times Table
6x8 =,5& 7x9=_h3_ 4x9 = 3@ 3x9=2,!1 5.Whatis‘aPrimeNumber? on (]
14 ond 1tself as factors.
2x9 =08 ox9-Bl 10xe-90 2x9- 6. a. Prime Factor120. 120 7. Factor 120 into 120
1 = l = 'iﬁ =_0 = 22 b. Record the Prime factors of ten. /
x9 58 0?9 Bx9 Factors in this box. 2-X (fe 100 x
Two Times Table 5,3,2,22 /(QX‘R OF 12XI0 X0
8x2 =l o9x2-=_18 4x2-_8§ 1x2=_%2
10x 2 =20 % x 2 = ) 12 x 2 = 2“, 7x9 = “l 8. Use factoring by tens to show how to get the product of 700 x 9.
6 3 'LO‘ 700 x 9
ax2="0b ex2=12 ox2=_0 2x2=_H4 s
‘ _'Zx\_!)_t)x 9
(.x 9yx oD
(3 x 100
0
71 (U
Pre-Assessment: Part 2 - Worksheet 1 Pre-Assessment: Part 2 - Worksheet 2
~ 5. Show the distribution pattern with arrows between the numbers,
1. a. Solve. 400)(30—“"2%‘0(')9“ ) Use this diagram to help.
b. Explain how you got your answer Mﬁﬂma 12 =5 + 7 5 12
0. veartnnae, e tacXies G ‘ 1\‘5{ i S
¢ aed 1,600 1) {2,000 x13 =9 4+ 4
2. Use factoring by tens to show how to get the answer to 40 x 700. 4x7 =_R23 <+
40 X 700 Wirite the -
/\ /\ little HXE 20 13 +
(i x to) x (1 x loo) problems 9x7 = 63
R - here. AX5E = U5
(Hx1) x (10 x (60)

L& X

_I_J_mg_ = _28 00

3. There is a trick to solve a problem such as 800 x 500. Multiply 9 x § and add

12
4. Use this diagram to heip you filf ..U.') + ._2.4._

in the distribution number .
sentences.

3

13 +
W\
2 x(B=(f0+2)x(3+10)

(3x2)+(3x10)+ (10x 2) + (L0xL0)
30 + 20 + [00

nou
+

(56

. a0

Post-Assessment is the same as Pre-Assessment: Part 2

Final answer = _l___i_s

6. You should have gotten the same answer for problems 4 and 5. Explain why.

n L ‘ X )
e dnswers™wil| be. the 3ame becauseits the. some problem.

7. Solve this problem the long way using the arrow pattern.

235
X 46
8. Solve the same problem
litle mulliptication problems =parﬁal ptcgucts the. s%ort way.
= _1%0 %35
A00K6 = [ 200 X46
Ax40 - _200 1410
30X40 = 200 %0
200440 = 9,000 16,80
= [0,%(0

9. Why do you have to put a zero in the ones place in the second row of the
product in problem 87

Because He four is in the tens place, so the mul
pl:‘cai"sm problem is 40x5 =200 which haca.

v Zecdin the ones ?\ar\m.

) -
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Expanded Multiplication: Review - Worksheet 4 Expanded Multiplication: Review - Worksheet 5
Knowing 'expanded tables makes it easier to do large muitiplication Use Base Ten Blocks and expanded tables from the previous page.
and division problems.
) 29 x4 = ( 20 +9 x4
Here is the expanded table for the "four times" table. I a3
Use your Base Ten Blocks. t ! HHHR
80 4+ 36
1x4=4 10 x4 =40 100 x 4 = 400 coxa= Il
[wim}n]u
UUUU 3Bx4=( 30 + B Yx4
2x4=_8 20x4=80 200x 4 =_800 § =
noag - 24 + 22
3Bx4= ‘5 2
s7xa=( 50 » T yxa
ax4=12 0x4=_120 300 x 4= _1,200 ‘ : ; ::::'.'L:
ﬁ a cén a 200 + 22
I o7xs- 228
Use your Base Ten Blocks to find the answers 79x4= { _:’Q + .3__ )x4
to the rest of these problems. I f ; ! ! f f FEEHH
I = = 1
axa=10 40 x4 = 10 400x4=_1,600 79x4= Sl
SX4=E 50x4=@9 500)(4:‘2"‘0“—“0 Try 56x4=(5Q+__(Q)x4 You draw the box.
ex4=24 60 x 4= 240 600 x 4 = 2,400 : 1
7x4=28 70x4 =280 700 x 4 = 2,300 r {
8x4=32 80x 4=320 800 x 4 = 3,200 soxa= 228 200  + 24
9x4=3 50 x 4 = 360 900 x 4 = 3,600
22 23
Expanded Multiplication: Review - Worksheet 6 Pages 22,23 an 4 24 ore from the Parent/ Teacher
Use Base Ten Blocks and expanded tables to solve these box 0‘9 !
probiems. Example: G—u,fd@».
87x4= ( 80 + 7 )x4
320 + 28
. 87
87 X4 = 348 x4
28
320
348
79x4= ( 70 + 4  Hxa
280 + 3o
79x4= 3lb 72
X4
3l
47 x4 = ( HO + T yx 4
16D + 23
47x4=_198 47
x4
£33

24 .
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