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Pre-Assessment - Part 1 Name Date
Put a question mark next to any problem you do not know how to do.

1. What multiplication problem is shown in this drawing? 0000
X = 0000
OO0

2. Draw a picture like the one above for 7 x 3 = :

3. Write this multiplication problem as an addition problem and solve: 23 x 4.

4. Skip count by fours from 0 to 40.

5. Solve these problems.

a. b. C.

6 5 9
X 4 X5 X 3
d. e. f

7 8 9

6 8 X 6

6. Write all multiplication problems that equal 24.
You may use Cuisenaire Rods and a meter stick if you like.
Hint: There are more than two.

Patterns in Arithmetic: Multiplication - Booklet 2 Pre-Assessment
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Pre-Assessment - Part 2 Date

1.

Fill in the missing numbers.

a. 14 b. 14 x4 = ( + + + ) x4
X 4

Co (. x__)+(__x_)+(__x_)(__x_)
e. =d. + + +

Show how you would break up the 63. Label the partial products in the
box. Show the final product below the box on the line.

63 x 8 = ( ) X8
63 x 8 =

3. Break up the 38 into tens and ones; fill in the missing numbers.
a. 38x4=( +_ ) x4
= b. (. x__) + (__x__)
d. = C. +
4. In problem 3, what number is being distributed?
5. Solve these problems the Long way and the Short way.
a. Long way b. Short way
1,43 1,4
X, g X, 35,9) 6. Solve. a. 138 b. 2375
X 6 X 4
Pre-Assessment Patterns in Arithmetic: Multiplication - Booklet 2
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Assessment Guide

Purpose

Prerequisites

Materials

Instructions

Assessment
Guide

The purpose of this guide is to assess the fundamental knowledge necessary for
success in this booklet. Pre-Assessment: Part 1 is review material from Patterns in
Arithmetic: Multiplication: Booklet 1. Pre-Assessment: Part 2 is a preview of the
new material presented in this booklet and is used to set the baseline for what the
student already knows at the beginning of instruction.

The Post-Assessment is administered to determine if the student learned the material
that was presented in this booklet. A comparison of the score on Pre-Assessment:
Part 2 to the score on the Post-Assessment will give both you and your student a
sense of growth. The Post-Assessment is the same as Pre-Assessment: Part 2.

Multiplication: Booklet 1

Multiplication: Booklet 2 - Pre-Assessment: Part 1 and Part 2, pages 1 and 2
Pre-Assessment: Part 1 and Part 2 Score sheets, pages 7 and 8 in this booklet
Cuisenaire Rods

Meter stick

Post-Assessment (Student Workbook, page 77, and page 41 in this booklet)

Instruct the student to attempt all the problems. If he does not know how to do a
problem, he should put a question mark by it. This will let you know he looked at
the item and decided he could not do it.

It is acceptable to read the items to a student. We are assessing math, not reading.
Do not explain any items to him. If he does not know what the question means, tell
him to put a question mark on that item.

Do the assessment in two parts. Give Pre-Assessment: Part 1 and check it for readi-
ness for this booklet. The answers are in the Answer Key. If he is not ready for
this booklet, there is no point in giving Pre-Assessment: Part 2. If he passes all the
readiness items, then give Pre-Assessment: Part 2.

After scoring Pre-Assessment: Part 2, use the Booklet Selection Guide to determine
the correct booklet for your student based on the results of the assessment.

This Assessment Guide explains what concept each item on the test is assessing.
The item numbers match the item numbers on the student test page. The title of the
lesson and Booklet number tell you where the concept is taught. In the Assessment
Guide, under each lesson title are several assessment criteria. Each criterion is la-
beled with capital letters ‘A,’ ‘B, etc. These criteria tell you what to look for in the
student work. On the student test, sometimes multiple problems are used to test a
concept. These multiple problems are labeled with small letters ‘a,” ‘b, etc.

Score sheets that match the Assessment Guide for both Assessment: Part 1 and Part
2 follow.

Patterns in Arithmetic: Multiplication - Booklet 2 Assessment Guide
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Assessment Criteria for Part 1

Can the student:

1. Multiplication Concept (Multiplication: Booklet 1)
A. identify a multiplication problem from a drawing?
B. record the correct product?

2. Multiplication Concept (Multiplication: Booklet 1)
A. draw a picture of a given multiplication number sentence?
B. record the correct product?

3. Multiplication by Addition (Multiplication: Booklet 1)
A. show 23 x 4 as 23 + 23 + 23 + 237

If he shows the problem as 23 x 4 and solves it with the standard procedure, mark this item a No.
B. give the correct answer?

4. Building Times Tables (Multiplication: Booklet 1)
A. skip count by fours to forty? There may be a few errors.
B. insert the correct numbers?

The items in criterion 5 are broken into lower times tables 2 - 5 for problems a, b, and ¢ and into upper
times tables 6 - 9 for problems d, e, and f.

5. Building Times Tables (Multiplication: Booklet 1)
A. give the correct answers for two of three lower times table problems a, b, and c?
B. give the correct answers for two of three upper times table problems d, e, and f?

6. Factoring: Recording (Multiplication: Booklet 1)
A. list three of the four pairs of factors for twenty-four?
B. use the Cuisenaire Rods to do it ? No score on this item. Just a note.

Booklet Selection Guide

Use the score sheet to record the results.

Readiness for Multiplication: Booklet 2 is based on results of Pre-Assessment: Part 1. If the student’s
score is 7 or less, don’t give Pre-Assessment: Part 2 and begin with Multiplication: Booklet 1. If his
score is 8 or more give, Pre-Assessment: Part 2.

Assessment Criteria for Pre-Assessment: Part 2
Can the student:
1. Breaking Up Times
A. write the correct answer for problem a?
B. fill in line b correctly?
C. fill in line ¢ correctly?
D. fill in line d correctly?
E. fill in the correct product at e?

Note the procedure used by the student in problem a. Did he use repeated addition or the standard
multiplication procedure?

Assessment Guide Patterns in Arithmetic: Multiplication - Booklet 2
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This format for a multiplication problem may be unfamiliar to you. If so, simply use the Answer Key
to determine if your student wrote in the correct numbers or not. After you teach this section in the
booklet, it will make sense to you.

2. Box Multiplication
A. break up the sixty-three in the parentheses?
Example: 63 x8=(30+20+10+3)x8

The way the sixty-three is broken up will vary. Check to see if the addition is correct.

B. draw the same number of sections in the box as the number of addition terms he wrote in
the parentheses? For example: If he wrote 63 x 8 = (30 + 20 + 10 + 3) x 8—in the parentheses he used
four numbers to break up the sixty-three. The box should be divided into four sections also.

C. write the correct partial product in each section of the box? For example: If he wrote 63
x 8 = (30 + 20 + 10 + 3) x 8—in the parentheses on the top row, he would multiply 30 x 8 in his head
and write 240 in the first section of the box. The second section would contain 20 x 8, or 160; the third
section 10 x 8, or 80, and the last section 3 x 8, or 24. The numbers will vary, but the pattern should
be the same.

D. write the correct product of 63 x 8 on the last line?

3. Expanded Tables

break the thirty-eight into 30 + 8 in the parentheses on the top line, line a?
write in the correct little multiplication problems on line b?

write in the correct partial products on line c?

. write in the correct final product on line d?

o0w>

4. Distributive Property ,
A. identify the number four as the number being distributed in problems 37

5. Expanded Multiplication and Short Notation
A. use the long, expanded notation correctly in problem a?
B. give the correct answer to problem a? Note any place value errors.
C. use the short notation correctly on problem b?
D. give the correct answer on problem b?

6. Short Notation
A. give the correct answer to problem a?
B. give the correct answer to problem b?

Patterns in Arithmetic: Multiplication - Booklet 2 Assessment Guide
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Booklet Selection Guide (based on results of Pre-Assessment: Part 2)

If the student scores 80% or better on Pre-Assessment: Part 2—this is 16 or more Yes items—move on
to Multiplication: Booklet 3.

If the student gets a Yes on the following items: 1E, 2D, 3D,5C, 6A, 6B, and a No on items 3A, 3B,
3C,4A, and 5A, you have a student who knows how to multiply but does not understand it. You have
two choices.

First, you could take the time to do Multiplication: Booklet 2, which is what you should do if you have
an eight- or nine-year-old student. Follow Multiplication: Booklet 2 with Multiplication: Booklet 3,
which is on factoring and prime numbers.

Second, you could begin Multiplication: Booklet 4, which teaches the same concept with problems
like 35 x 27. This may be a good choice for a strong fifth-grader.

Multiplication: Booklet 3 can be taught concurrently with Multiplication: Booklet 4.

Whenever remediation is needed, rely upon the following process, which is used throughout the Paz-
terns in Arithmetic series to develop understanding of a concept.

1. Introduce the concept with a manipulative. Orally discuss it. Build it. Verify it. Practice it. Re-
peat the experience with a different manipulative (oral manipulative).

2. Use manipulatives to explore the concept again. This time record it with pictures (pictorial/repre-
sentation). Practice it. Use worksheets.

3. Record the problem with numbers (abstract/symbolic), which links the pictorial with the abstract.
4. Practice fluency.

5. Practice for speed.

Begin each lesson with a warm-up and review. Always end a lesson with a success before the student
is tired. It is best to end while the student is still enjoying the lesson.

Ask questions or make statements such as, “Are you sure?” or “Build it,” or “What gave you the
clue?” or “Show me how you got that,” or “Prove it,” even when a student is correct. This is
important to do often. Many students will ask an adult, “Am I right?” rather than answer definitively.
Confidence in a student’s response must come from within. A student needs to self-check and have
confidence in his or her ability and knowledge. Asking the student if he or she is right, even when
correct, will encourage self-confidence and the ability to self-check.

Please note that the dialogues in most lessons are idealized with a student giving all the correct an-
swers. The dialogue you have with your student will be unique. What’s most important is to listen to
the student and figure out the model of the world she is presenting. From your understanding of what
she says, continue to ask probing questions or statements, such as, “How did you get that? “Show
me what you mean,” “Build a model of that,” ‘“Tell me more.”

~ Assessment Guide Patterns in Arithmetic: Multiplication - Booklet 2
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Pre-Assessment: Part 1 Score Sheet Name Date

Can the student:

1. Multiplication Concept (Multiplication: Booklet 1)
Yes No A. identify a multiplication problem from a drawing?
Yes No B. record the correct product?

2. Multiplication Concept (Multiplication: Booklet 1)
Yes No A. draw a picture of a given multiplication number sentence?
Yes No B. record the correct product?

3. Multiplication by Addition (Multiplication: Booklet 1)
Yes No A. show 23 x 4 as 23 + 23 + 23 + 237
Yes No B. give the correct answer?

4. Building Times Tables (Multiplication: Booklet 1)
Yes No A. skip count by fours to forty?
Yes No B. insert the correct numbers? There may be a few errors.

5. Building Times Tables (Multiplication: Booklet 1)
Yes No A. give the correct answers for two of three on a, b, and ¢?
Yes No B. give the correct answers for two of three on d, e, and ?

6. Factoring: Recording (Multiplication: Booklet 1)
Yes No A. list three of the four pairs of factors for twenty-four?
B. use the Cuisenaire Rods to do it? No score on this item.

Items Correct = = % 72% needed to begin Booklet 2
Items Possible 11 This is 8 or more Yes items

Patterns in Arithmetic: Multiplication - Booklet 2
Parent/Teacher Guide
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Pre-Assessment: Part 2 Score Sheet Name Date

Can the student:
1. Breaking Up Times

Items Correct
Items Possible

Yes No
Yes No
Yes No
Yes No

Short Notation
Yes No
Yes No

Assessment Guide

8

A
B

C.

D

A
B

20

write the correct answer for problem a?
fill in line b correctly?

fill in line c correctly?

fill in line d correctly?

fill in the correct product at e?

break up the sixty-three in the parentheses?

draw the correct number of sections in the box?

write the correct partial product in each section of the box?
write the correct product of 63 x 8 on the last line?

break the 38 into 30 + 8 in the parentheses on line a?

write in the correct little multiplication problems on line b?
write in the correct partial products on line ¢?

write in the correct final product on line d?

Yes No A.
Yes No B.
Yes No C.
Yes No D.
Yes No E.
. Box Multiplication
Yes No A.
Yes No B.
Yes No C.
Yes No D.
. Expanded Tables
Yes No A.
Yes No B.
Yes No C.
Yes No D.
Distributive Property
Yes No A.

identify the number four as the number being distributed?

. Expanded Multiplication and Short Notation

. use the correct long, expanded notation in problem a?
. give the correct answer to problem a?

use the correct short notation on problem b?

. give the correct answer on problem b?

. give the correct answer to problem a?
. give the correct answer to problem b?

= % 80% needed to move on to Multiplication: Booklet 3
This is 16 or more Yes items.

Patterns in Arithmetic: Multiplication - Booklet 2
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Post-Assessment Score Sheet Name Date

Can the student:
1. Breaking Up Times

Yes
Yes
Yes
Yes
Yes

2. Box Multiplication

Yes
Yes
Yes
Yes

3. Expanded Tables

Yes
Yes
Yes
Yes

No
No
No
No
No

No
No
No
No

No
No
No
No

moQw>

oaw»

oCOow>

4. Distributive Property

Yes

No

A.

write the correct answer for problem a?
fill in line b correctly?

fill in line ¢ correctly?

fill in line d correctly?

fill in the correct product at e?

break up the sixty-three in the parentheses?

draw the correct number of sections in the box?

write the correct partial product in each section of the box?
write the correct product of 63 x 8 on the last line?

break the 38 into 30 + 8 in the parentheses on line a?

write in the correct little multiplication problems on line b?
write in the correct partial products on line c?

write in the correct final product on line d?

identify the number four as the number being distributed?

5. Expanded Multiplication and Short Notation

Yes No A. use the correct long, expanded notation in problem a?
Yes No B. give the correct answer to problem a?
Yes No C. use the correct short notation on problem b?
Yes No D. give the correct answer on problem b?
6. Short Notation
Yes No A. give the correct answer to problem a?
Yes No B. give the correct answer to problem b?
Items Correct = = %o 80% needed to begin Multiplication: Booklet 3
Items Possible = 20 This is 16 or more Yes items.
Less than 80%-do additional practice in the
areas missed and retest.
Patterns in Arithmetic: Multiplication - Booklet 2 Assessment Guide

Parent/Teacher Guide
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Introduction to the Distributive Property of Multiplication

Why does this booklet take so long to teach such an easy operation as long multiplication? Why all
the square grids and crayons? Why do I see pages with the same problem over and over? Why not do
it the easy way and get it done in less than a week?

645
x3

Remember this? You probably learned this back in third or fourth grade. It was pretty easy for most
of us. The talk went something like this: Multiply the three by the five to get fifteen. Put down the
five and carry the one. Then multiply the three by the four to get twelve and add one to get thirteen.
Put down the three and carry the one. Finally, multiply the three by the six to get eighteen and add
one to get nineteen. Put down the nineteen. The answer is 1,935. Easy. Well, this little pattern you
learned so easily is a shortcut. This shortcut completely obscures one of the most important patterns
in arithmetic, the Distributive Property of Multiplication. For most students, the lack of understanding
of this fundamental pattern results in general weakness in mathematics overall. You gain little by
teaching the shortcut only, and stand to lose much in the long run.

a(b+c+d)=ab+ac+ad

Remember this? If you are fluent in algebra you recognize this as a multiplication of a polynomial.
If you are not fluent in algebra, maybe you sort of remember seeing it in ninth or tenth grade. If you
did not do very well in algebra, there is a good chance that not understanding how 645 x 3 works is a
major cause.

Do you understand that 4 x 3 =3 x 4? Or that 645 x 3 =3 x 645?. You probably do.

Do you understand that 3 x 645 is the exact same thing as a (b + ¢ + d)? For most of you the answer is
no. If you can understand the first, then you understand the second. If you cannot make the connection,
it is because you were not taught to understand the Distributive Property of Multiplication back in
grade school. This booklet will help you correct this loss in yourself and prevent it in your student.

Here is a preview of the connection.

3 x 645 can be broken up into 3 x (600 + 40 + 5). Each part inside the parentheses is multiplied by
the three to get 1,800 + 120 + 15. The sum of these is the answer. The 645 does not even have to be
broken up into hundreds, tens, and ones. You can break it up any way you want to, but the rule of
multiplying each of the parts by the multiplier (the three in this case) is always the same no matter
what the number is. That is why we can show the general pattern with letters: a (b+c+d)=ab+ac
+ ad. The a is the multiplier, and the b, c, and d are the large number broken up into parts. If putin a
vertical format you will recognize it now.

645 600+40+5 B+C+D
_x3 —x3 —x A
1,935= 1,800+ 120+ 15 AB+AC+AD

Introduction to the Distributive Property of Multiplication Patterns in Arithmetic: Multiplication - Booklet 2
10 Parent/Teacher Guide



Algebra is just the general pattern written with letters to stand for numbers. If you understand the
numbers in third or fourth grade, you will understand the algebra in eighth or ninth grade.

Most of us simply memorized the shortcut, and then when we encountered the same kind of problem
in algebra, we did not recognize it and had to memorize again. Those of us who memorized, or tried
to memorize, our way though algebra did not do very well when we had to do word problems or use
the pattern in an unfamiliar form or use it to divide. Higher mathematics and science classes became
huge hurdles for us. This is very unfortunate because understanding takes a little longer to develop,
but it is not that hard.

One of the big, big ideas in arithmetic is that to add with large numbers, the big addition problem is
broken into a bunch of little addition problems, and then they are all added up at the end.

In a problem such as 645
+ 324,

the ones are added first, then the tens; in other words, the problem is broken into ones, tens, and one
hundreds, and each part is added. Then all the parts are pushed together to get the answer. This is
done in subtraction, multiplication, and division. All arithmetic procedures work this way. There are
rules for how the numbers can be broken up and recombined, but the big idea is always the same. A
student who understands this big pattern has power to do problems in multiple ways and thus has more
mathematical strength overall.

In multiplication and division, the guiding rule for breaking up large numbers to multiply or divide
them is the Distributive Property.

Understanding the Distributive Property of Multiplication is fundamental to algebra. Not understanding
it is one of the major reasons students fail in algebra. Why would one set students up to fail when
learning to understand this critical concept is not that hard? It takes only a few extra weeks.

That is why this book has all those drawings, blocks, and crayons. In the end, your student will not
only be able to solve multiplication problems, she will understand how the general idea works and will
then be able to apply it to the general algebraic form later.

This book teaches the general pattern of distribution using very small numbers such as 7 x 4. The
student already knows the answer is twenty-eight. She will break up the seven in multiple ways and
use the Distributive Property to get the answer. She will know the pattern works because she will
always get the same answer, twenty-eight, which she knows and can confirm for herself. We stay
connected to the concrete every step of the way. It is only when the pattern is understood concretely
that it is extended to the abstract, and we then look for the shortcuts.

In addition to learning to understand a critical concept in mathematics, she will also have fun. Most
students really enjoy this book. It makes sense all the way and uses pretty blocks and fun colors.
Enjoy.

Patterns in Arithmetic: Multiplication - Booklet 2 Introduction to the Distributive Property of Multiplication
Parent/Teacher Guide 11



Purpose

Prerequisites

Materials

Lesson
Session 1
Manipulative

Worksheets

Session 2
Recording

Worksheets

Arrays: Manipulative

The purpose is to introduce the concept of an array and to begin breaking up
multiplication problems and to identify the little problems created by breaking up the
larger problem. '

' len
Mastery of basic multiplication
Arrays: Manipulative - Worksheets 1 - 6, pages 5 - 10
Cuisenaire Rods or tiles in several colors i
Crayons or markers wi
7x4

The student builds models of an array with Cuisenaire Rods in the first two
worksheets. Inthisbook, the longer side of an array is called the length and the shorter
side is called the width.

Arrays: Manipulative - Worksheets 1 and 2, pages 5 and 6

In this session, the student first builds an array with one color of Cuisenaire Rods. The
same array is built with two colors of rods two different ways and then with three
differentrods into little multiplication problems. She figures out that a problem can
be broken up many ways and this does not change the final answer. After studying
the example problem on Worksheet 6, page 10, the student records the multiplication
number sentence for the arrays on Worksheets 3 and 4, pages 7 and 8.

Arrays: Manipulative - Worksheets 3 and 4, pages 7 and 8 Keep these worksheets.
They will be used again in the next session.

4%3 4%3 5%x3 3x3 2x3 6x3

7x3 1x3 1x3 2x3 5x3

6x6

Arrays: Manipulative

12

1x6  5x6 3x6 3x6  2x6 4x6

Patterns in Arithmetic: Multiplication - Booklet 2
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Session 3 Begin by reviewing the physical models for various basic multiplication problems.
"Build 3 x 5 = ? with blocks. What is the answer?" Give two or three of these.

Warm Up Give 7 x 4 = ? as your last problem. The model for this problem is shown below.
Example: 7x4=28 Keepthe7x4 =28 model on the table. It will be used again.
7x4=28 7x4=28
Tiles Cuisenaire Rods

If the student shows the problem as a ‘'train," after he finishes measuring the length to
get the answer, have him change it to an array.

Train Array
| I I | I
Lesson Give the student Arrays: Manipulative - Worksheet 5. ""Build a seven with
Cuisenaire Rods (or tiles) using two different colors." See below:.
CICE

Cuiséneﬁre ARc’)ds Tiles
""Do you still have seven blocks?' "Yes."

"How have you broken up the seven?'" "2 + 5 (for the example above)."
""How many blocks of each color?" "One red and one yellow rod."

"Build three more rows of seven exactly as you
made the first row." There will be a total of
four rows of seven, shown in two colors.
Example:

Cuisenaire Rods | Tiles

""Place this new, two colored model of 7 x 4 = 28 on top of the array." From this
he can see that the two are equal, that breaking up the 7 x 4 into two smaller problems
has not changed the total amount.

"Look at the model of the problem in two colors. Do you still have 7 x 4 =28?"
"Yes . "

"How can you tell?'"" Most students say something such as, "You can tell that you
still have 7 x 4 because it fits over the other blocks (the other blocks being the single-
colored, original, non-broken-up 7 x 4 = 28). The other blocks made 7 x 4, so these
do too because they are the same amount."

""What big multiplication problem do you have?" "7 x4."
""Separate the colors a little bit." See the illustration below.

Cuisenaire Rods Tiles

""When you broke up the seven into red and yellow rods, how many little
multiplication problems did you make?" "Two."

""What little multiplication problem is shown by your first color?" (Point to the
red rods.) "2x4."

Patterns in Arithmetic: Multiplication - Booklet 2 Arrays: Manipulative
Parent/Teacher Guide 13



""What little multiplication problem is shown by your second color?'" (Point to
the yellow rods.) "5 x 4."

Have him repeat the procedure twice, breaking up the seven differently each time and
identifying the little multiplication problems. See the illustrations below for the other
ways he can break up the 7 x 4 with two colors.

The little multiplications are:
(Ix4) (6x4) 3x4) 4x4)

Cuisenaire Rods Tiles Cuisenaire Rods Tiles

One block of one color and six of another Three blocks of one color and four of another
""Break the seven into three different colors."
(1x4) 2x4) (“4x4) (1x4) 2x4) (4x4)

: :

Cuisenaire Rods Tiles

Repeat this session with several different multiplication problems that can be made
with centimeter graph paper. Students can also make their own problems on graph

paper.

Worksheet Arrays: Manipulative - Worksheet 5, page 9

Practice Times Tables with Merry Mix Up Drill, pages 3 and 4

Arrays: Manipulative Patterns in Arithmetic: Multiplication - Booklet 2
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Purpose

Prerequisites

Materials

Lesson
Warm Up

Test for
Understanding

Arrays: Recording

The purpose is to identify and to label the little multiplication problems created by
breaking up the larger problem in an array.

Mastery of basic multiplication, familiarity with the basic facts in the multiplication
times tables two through six, Arrays: Manipulative - Worksheets 1 - 5 (completed in
the Arrays: Manipulative lesson)

Completed Arrays: Manipulative - Worksheet 3, page 7
Cuisenaire Rods or tiles in several colors

Crayons or markers

Meter stick

"Build 8 x 3 = ? with the blocks using only one color and find the answer to the
problem." Keep this model on the table. See the first illustration below.

"Take out Arrays: Manipulative - Worksheet 3 and build the models just like
the ones you did on that page."

Single color model Two and three color models

There will be four different models of the same problem. Keep all of the models on
the times table.

""What is the BIG problem?" "8x3=24."

"Will the two and three colored (broken up models) fit exactly on top of the single
colored (non-broken-up one)?"

Watch for sureness of his response. Does he know that they will fit on top of each
other exactly without having to test it? If he is unsure, ask, ""How could you find
out if they were the same?" "Try it."

Then do more problems orally until he is sure that all the models of the same problem
will be of equal size. He should be sure enough that the models are exactly the same
size to "bet his lunch" or some other prized possession on it before you go on.

If he is sure, ask, ""How sure are you on a scale of 1 to 10? How do you know you
are right?" If he says, "I know because the models are all eight, three times." Or,
"Because it's the same problem every time." Or, "Because it is always eight times
three, and when you break it up it's still the same." The last answer is an even stronger
answer. You know that he is beginning to build an understanding of the Distributive
Principle of Multiplication. That is, when you break up a big multiplication problem
into little multiplication problems it does not change the answer or the sum total of
blocks you have. '"Prove it, or show that they are the same." Be sure to ask the
question, "How sure are you?" even when the student is correct, thus eliminating the
student's dependency on your reactions to check his work.

Areplysuch as "Because they always fit before" indicates a physical rather than an abstract
understanding. The physical understanding precedes the abstract understanding. Expe-
rience and time will move the student from the physical level to the abstract level.

Patterns in Arithmetic: Multiplication - Booklet 2 Arrays: Recording
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Session 1

Session 2

Materials

Arrays: Recording

Look at Arrays: Manipulative - Worksheet 3, page 7. Have the student identify
and label each little multiplication problem in the model and on the picture. As
he identifies each little multiplication problem, he writes it under the picture.

The completed worksheets will look something like this if the student broke up
the problems like these examples. Actual answers will vary.

The BIG problem is 8 x 3 = 24. The BIG problem is 6 x 4 =24.

3x3 5x%x3

6x3 3x4 3x4

4x3 3x31x3 5x4 1x4

If after he completes both sheets, you feel he needs more practice on this work
before going on, make up problems and have him draw them on centimeter grid
paper.

Keep these worksheets; they will be used in the next session.

In this session, the student will find the answers to the partial products (the little
multiplication problems) and sum them to find the final product (the BIG
multiplication problem).

Completed Arrays: Manipulative - Worksheet 3, page 7
Manipulative

"Look at the first multicolored drawing on Worksheet 3. What is the BIG
problem? What is the answer?" "8 x 3 =24."

Under each picture, he has labeled each little multiplication problem. ''Point to
the little multiplication problems." Putin( ).

"In order to keep the numbers from getting mixed up,
since often they are very close to each other, we will put
'fences' or parentheses ( ) around each of the little ==

multiplication problems." Bx3) +(5

|

x3)

Write in answers.
"Find the answer to the first little multiplication prob- ‘
lem and write it on the worksheet under the little
multiplication problem it goes with."

"Find the answer to the other little multiplication (3x3)  (5x3)
problem, record the answer in the same way." 9 15

Patterns in Arithmetic: Multiplication - Booklet 2
Parent/Teacher Guide



Worksheets

Note

"How could you use the answers to these little multiplication problems to find
the answer to the BIG multiplication problem?" "Addthem." For most students,

this is not a difficult question to answer. Add and place + signs.

"Write plus + signs between the little problems and between
the answers." Then he adds them and writes = 24.

The = 24 can be written on either the right or left end of the
sentence. & Bx3) +(5x3)

9 + 15 =24

After he has added the two answers to the little multiplication problems, ask, ''Does
your answer agree with the answer you got for the BIG multiplication prob-
lem?'" "Yes." ""What if the answers aren't the same?'" "There is an error
somewhere."

Repeat the same procedure with the other two problems on the page.

""What patterns do you see?" "The answers to all four problems are the same."
""Why does it make sense that they would be the same?"' "Because all the problems
are eight times three. They are just broken up differently. Breaking up the eight in
different ways doesn't change the answer."

Many students may not know why it makes sense at this point. If they don’tknow, tell
them to think about it when they do these kinds of problems again. Do not explain
to them the sense of the answers all being the same. 1t is important for this recognition
and understanding to grow within the student. Resist explanations on your part.

Another pattern he may notice is that the 'x 3' appears in all the little multiplication
problems. He might also observe that the first numbers in the little multiplication
problems (2x3 and6x3) or (5x3 and3 x3 ) on each problem add up to eight.

Encourage him to find more than one pattern. Don't press if he can’t and suggest that
he keep his eyes open for patterns as he does the other worksheets.

Arrays: Manipulative - Worksheets 6 - 8, pages 10 - 12 The first problem on
Worksheet 6 is an example. Do the second problem together to make sure he
understands the procedure. Give only what help he needs.

Many students will want to stop building the models at this point. It is important to
build the models. Tell them that you know that they can do the problems without the
blocks but that they will need a clear memory of the models to do the harder problems
later. It is important that their hands and minds work together to build a strong mental
picture.

Use centimeter graph paper to make additional problems if more practice is needed.
You might want to putin all the ( ), +, s and = signs for him. Some students
can do this for themselves.

Patterns in Arithmetic: Multiplication - Booklet 2 Arrays: Recording
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Purpose

Prerequisites

Materials

Note

Symbolic/
Recording

9x3

Breaking Up Times

The purpose is to build a physical model for the Distributive Property of Multiplica-
tion and to record pictures of the models in the form of an array and to identify and
label the little multiplication problems contained in the larger problem.

Mastery of basic multiplication, familiarity with the basic facts in the multiplication
tables of two through six, Arrays: Manipulative

Arrays: Manipulative - Worksheet 6 - 8, pages 10 -12
Completed Arrays: Manipulative - Worksheet 3, page 7
Cuisenaire Rods or tiles in several colors

Crayons or markers

A large index card or blank piece of paper

In this session, we will add the final piece of this process called Distribution. The
student has already learned to physically break up the first number of a BIG
multiplication problem, to record and solve the little multiplication problems, and to
add the parts to get the final product. To complete the process, he must learn to
symbolically record the breaking up of the first number.

In the problem 9 x 3 =27, for example, the nine is brokenup into4 + 5. Itis recorded
as follows: 9x3=(4+5) x3. Both the four and the five are multiplied by three
and the results are added. The entire process is recorded like this:

= (4+5)x3 = (4x3)+(5x3) = 124+15=27

The BIG problem  Breaking up the 9  Multiplying the parts of the 9 by 3 Adding the parts

Lesson
Session 1

The index card
will cover what
is in this box.

Breaking Up Times
18

Notice that equality was maintained in every step. Try it again yourself. Break up the
nine in a different way. In algebra, we learned this same process expressed like this:

(a+b)c = (ac)+(bc)
Breaking up the problem, multiplying each part (a and b) by ¢, and adding the results

When you break up the numbers in a multiplication problem, multiply the parts
together, and sum the results to obtain a final answer, you are using the Distributive

Property of Multiplication. It makes long multiplication and algebraic multiplication
possible.

""Look at the first problem you did on Arrays: Manipulative - Worksheet 6.
What is the Big problem?" "9x3 =27."

""How is the nine broken up?" "Into two colors, green and yellow."
The BIG multiplication problem is 1 ¥ 3 = A}

4 _+ 9

Addition

Patterns in Arithmetic: Multiplication - Booklet 2
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Have him take the index card or blank paper and cover all but the top row of the first
picture. It is important that he use the index card to cover all but the top row of the
drawings. This focuses him on the first number, the nine, of the multiplication
problem and covers the repeated rows of rods. It helps avoid distraction and
confusion.

""How is the nine broken up?'" "4 +5."
""Above each color in the drawing, write the numbers that show how the nine is
broken up."

Worksheets Have him repeat this same process with all of the problems on all of the Arrays:
Manipulative - Worksheets 6 - 8, pages 10 - 12.
Session 2 Equalities
An investigation of equalities at this point would be useful. Start with a simple
equation like 5+4=9. Then play around with it. Here are some changes you might
make: 2+3)+4=9,5+4=7+2;5+4=15-6; (6-1)+(2x2)=3x3, and
soon. The variations are endless. Ask each person to find ten or twenty ways to write
5+ 4 =9. Repeat it with equations like 7 x 4 = 28.
You can also give equations with missing numbers. Try thisone: (6+1)-_7 = 2
x 2. Students enjoy writing these kinds of puzzle problems for each other. This
activity will strongly increase the understanding of mathematical notation. They like
it and it is a good math lab.
Session 3
Worksheets  Breaking Up Times - Worksheets 1 - 8, pages 13 - 20
Give the student Breaking Up Times - Worksheet 1, page 13. ""Build seven with two
colors. Color the picture to look like his blocks and write the number sentence."
Example:
'""What BIG multiplication problem have you built?" "7 x 4."
Have him record that on his worksheet where that question is asked.
"Color the picture on the worksheet to match the blocks." The top row of
numbers is already labeled as an example.
This labelling of the top row is new material. Tx4= (2 + 5) x4
""Remember, the ( ) are like fences that keep T
numbers together: in this case, the seven. | L&
Notice that the two is above the first colorand | =
that the five is above the second color." =Cx)+(Cx)
"In this equation 7x4=(2+5) x4, how are 28 = +
the two sides the same and how are they differ-
ent? Where is the seven on the right side of the
equation?' "In the (2 + 5)."
'""What little multiplication problem is made
l ? " .H
by each color? "(2 x4)and (5 x 4) Qx4+ Gx4)
See Estimation Note on the next page. 28 = +
Patterns in Arithmetic: Multiplication - Booklet 2 Breaking Up Times
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Worksheets

Estimation
Note

Practice
Worksheet

Breaking Up Times
20

"How much does each little multiplication prob-
lem make?" "(2x4)=8and(5x4)=20"

""How do I find out how much there is in both
sections?"" "Addtheeightandthe twenty.""What =2x4)+(5x4)
is the final product?" "Twenty-eight."
28 = 8 + 20

""Here is Breaking Up Times - Worksheet 2. We'll do the first problem together
with a different expansion of the seven." Here are two completed examples.

If at this point the student is tiring of coloring in the squares he can simply outline the
squares in the appropriate color to show the break ups.

Tx4= (3 + 4) x4 7x4= (1 + 6) x4

Ed

Bxd+H@Ax4) =(1x4)+(©6x4)

28 12 + 16 28 = 4 + 24

Give Breaking Up Times - Worksheets 3 - 7, pages 15 - 19, to be completed
independently. Most students will be able to complete the rest with little assistance.

On Breaking Up Times - Worksheet 1, the estimation face appears.
""Guess what the final answer will be and record your guess in the
face. After completing the problem, compare your guess with the =
results. Evaluate this guess by drawing an arrow in the target. The
closer to the correct answer, the closer the arrow is drawn to the
bull's-eye." A good guess should be within fifteen of the right answer.

Breaking Up Times - Worksheet 8, page 20 The student writes a problem. The first
number should be no larger than fifteen and the second no larger than nine.

He builds the problem with the blocks, breaking the first number into three sections.
He then records the problem on the worksheet using the same process as he did on the
last three pages of Breaking Up Times. He does not have to draw the picture if he
builds a model but may draw a picture or record on centimeter graph paper.

He then builds the problem a second time, breaking the first number into four sections, and
a third time into two sections. A challenge problem is given. In this, he must break the
problem up in his own way, write in all the lines, parentheses, signs, and numbers.

Sit quietly beside him the first time or two through the worksheet. After he has
mastered the process, he should do one of these practice sheets per week until he
reaches Arrays to Boxes. After afew weeks he may want to drop the use of the blocks
and draw grid pictures on centimeter grid paper instead.

Watch for the use of tens and ones expansions (breakups), especially when the student
is breaking the problem into two sections. Using tens is a sign that the student is
finding easier ways to do the problems. This is an important discovery. Do not tell
the student to use tens and ones at this time. If he does not discover this on his own,

Patterns in Arithmetic: Multiplication - Booklet 2
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Session 4

Oral/ Mental
Math

Notes

it will be suggested to use them at a later time.

In this session, the first number is broken up in our heads, the partial products are
found, and the final product is added.

Start off with easy problems, such as 5 x 4 = 20. "Break up the first number."
A possible response is 2 + 3. Write the 2 + 3 on a paper or the board.

""What are the little problems?" "2 x4 and 3 x4."

""What are the answers and what is the sum of both of them?" " Eight and twelve
equals twenty."

The goal is for the student to be able to do a problem like 8 x 7 by thinking 4 x 7 is
28 and there are two fours in eight, so I double the twenty-eight to get fifty-six.
Breaking the even number in half and doubling the partial product (the answer to the
little multiplication problem) to obtain the final answer is a common mental math
strategy for these types of problems. Formally written, this problem looks like this:
8xT7=(4+4)xT7=@Ax7)+(4x7)=28+28=56.

Another strategy is to break a number into 5 + something. Five is always easy to
multiply by. Take this problem for example, 9 x 8 =? The student might think 5 x
8is40and 4 x 81is 32,40 + 32 is 72.

Some people like to break up the second number when doing mental math. That's OK,
too. When seeing or hearing the problem 7 x 6 = 7, they think 7x 3 and 7 x 3 is 21 +
21, 0r42.

Have the student describe his strategy when he has finished the problem. Help him
learn to recognize his own strategies for finding answers.

If you are working with a large class, have several students describe their way of
finding the answers. Write their answers out on the board (or have them do it) using
a format like the one shown for 8 x 7 above.

Have the student practice doing the problems mentally every day. One or two a day
as a warm-up is good mental exercise. Gradually increase the difficulty of the
problems. Try ones like 12 x 4 and so on.

Large groups: For Sessions 1 and 2: Instead of having everyone do the problem
several ways you might simply have them compare each other’s work. Have them
look at the different small multiplication problems that were created by the different
colors. Have each student identify, aloud, how the little multiplication problems were
made. In Session 2, have the students each make 8 x 3 a different way. Let them use
each other’s models to do the worksheets. This works well if the supply of blocks is
limited.

Checking these worksheets can be very time-consuming if you have a large group.
Itis suggested that you teach the students to check each other’s work. A way to check
in four steps:

First, check the addition in the top row. Do the 'breakup' numbers add up to the first
number in the problem?

Second, check the little multiplications in the second row to see if they are the correct
problems.

Third, check the partial products to the little multiplications.

Fourth, check the final addition.

The checkers should lightly circle each row after they have checked it. Have the

Patterns in Arithmetic: Multiplication - Booklet 2 Breaking Up Times
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Test for
Understanding

Extension

Breaking Up Times
22

person who checked the page sign his or her name to the paper. Praise accurate
checking. The use of a calculator for checking is fun.

One thing you will have to watch for is glossed-over small multiplication and addition
errors. As the student comes to realize that the answer to a problem being done several
ways is always the same, there is a tendency to ignore or override arithmetic errors.
Simply looking at his paper to see if all the final answers match is not a routinely safe
practice. But if the students are checking each other, a little practice will allow you
to scan quickly to see how each student is progressing.

It is critical for the understanding of long multiplication, long division, and algebra
that the comprehension of this basic idea is deep. This takes many exposures over
a long period of time. In everyday practice this is not difficult, as the work is easily
done independently by most students.

1. Inthe problem below, the top row says, 7x4=(2+5) x4. The (2 +5) tells how
the 7 is broken up, but why is the x 4 written again?

Cuisenaire Rods Tiles
Tzd= 124 §) x4 7x4=
T7x4= 2x4)+(5 x 4) 7x4=2x4)+0B x 4

In terms of the given problem, x 4 is written again because we’ve multiplied both parts
of the seven by four. Or in terms of the idea of an equation, so that the two sides of
the equation will be equal. 7 x 4 does not equal (2 + 5). The (2 + 5) is another way
to write seven. The seven is being multiplied by four, so (2 + 5) must be multiplied
by four also.

2. "If I do the above problem again, but I break the seven up into 3 + 4, what
will happen to the final answer?"" "It will not change the final answer."

3. "Explain your answer to number 2." "It does not change because in both
problems you are multiplying 7 x 4. The only thing that changes is the way that the
seven is broken up."

4. Challenge Question: "If you did a problem two different ways and the two
answers came out differently, what happened?' "I made a mistake." "What
things can you check to find the error?"

Check the expansions (breakups) on both problems. Are they broken up right? If so,
then check the multiplications. If they are correct, check the addition. If that doesn’t
work, get someone else to look at it.

Concurrent work on basic times tables should be going on. Use Merry Mix Up Drill,
pages 3 and 4.

Spectrum Mathematics - Grade 3, pages 86 through 95, drills facts and word
problems. Grade 4, pages xi and xii, drills facts in all times tables.

Patterns in Arithmetic: Multiplication - Booklet 2
Parent/Teacher Guide



Purpose

Prerequisites
Materials

Warm Up

Lesson
Session 1

Session 2

Arrays to Boxes

The purpose is to extend the model of distribution developed in Breaking Up Times
to larger problems, to move from a physical model to a picture, and then to a box with
a grid.

Breaking Up Times, Times Tables - Mastery of the 1 - 5 times tables is helpful.

Arrays to Boxes - Worksheets 1 - 5, pages 21 - 25
One-fourth inch grid paper

Before beginning this lesson, review the student's ability to break up a problem such
as 9 x 4 = __ with blocks and recording.

Give Arrays to Boxes - Worksheet 1. The first problem is done as an example.
""What is the BIG multiplication problem?" "14 x 4."

""Where is the fourteen shown in the picture?'" "Across the top."

""Where is the four shown in the picture?" "Down the side (or up and down)."
""How is the fourteen broken up?'" "Into 6 +5+3."

If astudent has difficulty seeing how the fourteen is broken up, cover all but the top
line of the picture with another piece of paper or your hand. This will leave only one
row of fourteen squares showing. This makes it easy to see just the fourteen. The
student can then see how the fourteen is broken up.

This technique also works on problems where the student has to break up the number
on her own. Sometimes the student gets confused on which way to draw the lines.
Have her cover up all but the top line of the picture and break up the row into sections
like she used to do with the rods. Then she simply extends the lines downward
through the picture.

""What are the little multiplication problems?"
"6x4),(5x4),and 3x4)."
"What do you think the answer will be? Write the estimate in the

face."

"What are the little multiplication problems below the pictures?" "The
answers.” "Whatdo youdonow?" "Add up the answers." The completed problem
will look like this:

14x4= (6 + 5 + 3) x4
Gx4)+(5x4)+(3x4)
24 + 20 + 12

56

Have her evaluate the estimate by drawing an arrow in the target. The closer to the
correct answer, the closer the arrow is drawn to the bull's-eye. Solve the second
problem together. The problem is already broken up, but one of the numbers, the 5,
isnot written in. The third problem has the fourteen broken up into four sections. The
numbers are not written in.

Do Arrays to Boxes - Worksheet 2, page 22, together. The first two problems have
been broken up for the student. In the first problem, the student supplies the numbers
used in the expansion. In the second problem, the numbers are given and the student
must draw in the lines on the picture without a grid. The third problem has no grid,
and the student supplies all the numbers for the breakup and the lines to show how

Patterns in Arithmetic: Multiplication - Booklet 2 Arrays to Boxes
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Worksheets

Note for
Large Groups

Test for
Understanding

Arrays to Boxes

24

the problem was broken up.

If the student has difficulty with the first two pages, continue working together. Then
try to have her work the rest of the pages alone. If a student is having extreme
difficulty with this material, resume practice on the Breaking Up Times type
problems with blocks, grids, and recording.

Give Arrays to Boxes - Worksheets 3 - 4, pages 23 - 24 if the student has been
functioning easily. The Challenge problems are optional. If the student did not do
a Challenge problem, ask the student if she read and understood the problem. Some
students will skip the Challenge problems without even reading them. The Challenge
problem on the bottom of Arrays to Boxes - Worksheet 4 is often skipped by many
students (do not push on this one).

Arrays to Boxes: Show You Know - Worksheet 5, page 25

If you have a large group, you may want to have one student make up the problem for
the whole group. Even better, have the students break up into groups of four. Have
one person in the group give the problem for that group. The people in the group check
each other’s work. For some groups, you will need to require that no two people use
the same expansion.

Oral Test for Understanding

1. "You are given this problem,19x 6=__. Youdecide tobreak up the problem
like this: 19x6 = (12 +7) x 6. When you start to find the answers to the little
multiplication problems, you discover that you don’t know the answer to 12 x 6.
What can you do? Think of two ways to get yourself out of this difficulty (other
than looking up 12 x 6 on a table or asking someone else for the answer)."

If you wanted to break it into only two sections, you could try a different expansion
like 10+9 or 11 + 8. You could break the nineteen into more sections so the numbers
would be smaller, 5 + 6 + 4 + 4 for example. You could also break up 12 x 6 into (6
X 6) + (6 x 6) or some variation of that. You could also find the answer to 12 x 6 by
addition, although this is not a preferred way because it’s slow.

2. Challenge Problem: "Find the answer to this problem: 59x3=__ ?"

The student would need to breakup the fifty-nine into many sections, do the little
multiplication problems, and sum the results. It is not as important that they get the
right answer as it is for them to know how to attack the problem. The answer is likely
to be wrong because of the massive number of possible arithmetic errors. (It is this
problem that leads the student to try to find more efficient expansions like 50 + 9. A
student who uses a series of tens in their expansion is already discovering this. Do not
tell the student to do this. Most will figure this out as aresult of the upcoming activities
and more experience.) If the answer does come out wrong, tell the student what kind
of error or errors she made. Then have her try to find the errors.

Patterns in Arithmetic: Multiplication - Booklet 2
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Distributive Property

Purpose The purpose is to develop the formal vocabulary to fit all the manipulations and
pictures the student has been doing with arrays and boxes. The mathematical pro-
cedure of breaking up the number to be multiplied, doing the small multiplications,
and then adding the results is called the Distributive Property of Multiplication.
This lesson connects the old process to a new word and then connects the new word
to the concept of distribution as it is seen in the retail world and on the freeways.

Prerequisites Previous lessons in this book

Materials Distributive Property, page 26
A large piece of white paper (12 x 18 works best)
Crayons

Social Studies Connection: Have her write the word ‘Distribution’ at the top of the
large white paper. Have a conversation such as:

“We go to the store (you can put in a specific store like Safeway or Target)
to buy summer supplies. How did those summer supplies get to the store?”
“They get there in a truck.”

“Where did the truck pick up the summer supplies?”” “From the place where
they are made.”

“Do you think that one truck went first to the sunglasses factory, and then
over to the flip-flop factory and then to the towel factory?” “Maybe.” (Many
students will not know.)

On the left hand side of her large paper, have her write the word ‘Manufacturers/
Factories.’

Under the words draw four 2 x 3 inch rectangles down the left hand side of the pa-
per. Label each box as a factory for sunglasses, flip-flops, and towels.

On the right hand side of her paper have her write the words ‘Retail Stores.” Under
the words draw three 2 x 3 inch rectangles down the right hand side of the paper.
Label each box as a local store in three nearby towns like Target in Redding, Target
in Anderson, and Target in Chico.

In the center of the paper, draw a large 6 x 6 box. Label it the ‘Distribution Cen-
ter.” She may have seen one of these huge buildings with rows and rows of trucks
backed into them.

Now have her draw a road from each factory to the Distribution Center. Have all of
the roads come into the left hand side of the distribution box. Then have her draw
a truck on each road. On the side of the truck, give the name of the factory it came
from. Just inside the distribution box, where the truck docks, have her draw and
label the product that was unloaded. Draw three boxes of sunglasses. In the next
truck bay, draw three boxes of flip-flops, in the next truck bay draw three boxes of
towels.

The drawing should now look like this:

Patterns in Arithmetic: Multiplication - Booklet 2 Distributive Property
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Lesson

Distributive Property
26
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Draw a box in the top dock on the right side of the distribution box that has a box
from each of the three products. Now we will load the trucks that will go to each
store. Draw three trucks with the store label on them (I drew Target), on the right
hand side of the Distribution Center. Draw and label one box of sunglasses, one
box of flip-flops, and one box of towels in each circle. Then draw lines from each
circle in the Distribution Center to the Target trucks. These are loaded into the
trucks going to specific stores.

-

7\ Manufactwrers <

Facloies B AR " Retail Stores
- ) . .~ Digtribution Center
Sunglasses | pren ; . .
Fagl i I o P Target
oy | ] ([ DL - foig
L o . ISunglusses . Towels g Shopper
- 'ﬂ - S 1} Flip-ops - / g " X Eo—y
Favory | kD H—=>> || Fipters Fiprfops ) [® Th->]| chto
S : ol Fipteps o\ Towols. o0 " | Shopper
L Towels - {" . /[Sunglasses \ | - Toreat
Towel . Towals | (| Fip-tops ) @ h— Andorson
Faclory CTowsls - | 0 N] Towas Y] O @ Shoppser

This is what distribution is in the retail world. The pieces coming from the factories
are broken up and then distributed to the trucks going to individual stores.

When you are traveling around, look at the trucks. Many are not marked by brand
but by the hauler. These are usually trucks carrying loads to the distribution centers
from the ships and trains that brought the goods to your area. The trucks going out

of the distribution center to the stores are frequently carrying the logo of that store
on them.

If you travel to larger towns, you may see on the outskirts of the towns the huge,
windowless distribution centers.

This same process takes place with newspapers. How do the papers get to all the
homes and to the stores where people buy newspapers? Do you have them distrib-
uted to your home? The entire mail system works this way also.

After you have developed the general idea of what distribution is, have her do the
Distributive Property, page 26. She will look at all the steps of the process she uses
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to multiply numbers and write it out in words. The number being distributed is the
five. It is delivered to each of the parts of the broken up number.

The Distributive Property is the fundamental property of multiplication that under-
pins all of our algorithms for multiplication and division.

Practice None

Worksheets

Test for Write these words on a piece of paper:
Understanding

Commutative Associative Distributive

Then write these three problems. See if she can identify the properties being used

in each problem.

1. John earned thirty-seven dollars each week for four weeks. How much did he
earn? (Distributive) One hundred forty-eight dollars

2. There are two posters. One is five feet long and four feet wide. The other is
four feet long and five feet wide. Which one has more area? (Commutative)
Both have equal areas.

3. There are three sizes of boxes at the post office. One is five inches high, ten
inches deep, and eight inches wide. The second is eight inches tall, five inches
wide, and ten inches deep. The third is ten inches high, five inches wide, and
eight inches deep.

Which one has the greatest volume? (Associative)
They have different shapes, but equal volumes.
)5x10x8 2)8x5x10 3)10x5x8
Patterns in Arithmetic; Multiplication - Booklet 2 Distributive Property
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Purpose

Prerequisites

Materials

Lesson

43 x5 =

Arrays: Easier Ways

The purpose is to extend the model of distribution developed in Arrays to Boxes
to discover easier ways to break up numbers, i.e., into tens and ones, base ten
numeration.

Arrays to Boxes

Arrays: Easier Ways - Worksheet 1, page 27
One-fourth inch grid paper

Give Arrays: Easier Ways - Worksheet 1, page 27. On Worksheet 1 the student
solves 36 x 7 three different ways. First by addition and then by breaking up into
grids two different ways.

The same process is repeated on Arrays: Easier Ways - Worksheet 2, page 28,

with different numbers. Be sure the student is drawing in the lines for the break-
ups and writing the partial products.

20 + 20 + 3 )x5

=(20x5)+ (20x5)+(3x5)

215 =

Practice
Worksheets

Arrays: Easier Ways
28

100 + 100 + 15

Check her progress on Arrays: Easier Ways - Worksheet 3 to see what type of
breaking up she is doing. Give suggestions on easier ways only if needed. Allow
her the time to figure out breaking up by tens and ones for herself. Anin-between
step may be to break up in multiples of ten, such as breaking up fifty-four into 10
+40 +4 or 30 + 20 + 4. By the time the student completes Arrays: Easier Ways
- Worksheet 4, she will have realized easier ways to break up larger numbers.

Arrays: Easier Ways - Worksheets 3 and 4, pages 29 and 30

Patterns in Arithmetic: Multiplication - Booklet 2
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Arrays to Boxes: Breaking Up into Tens

Purpose The purpose is to lead the student toward the standard method of breaking up num-
bers, which is to use tens and ones. Some students will have discovered this short-
cut on their own in their explorations in past lessons.

Prerequisites Previous lessons

Materials Arrays to Boxes: Breaking Up into Tens - Worksheets 1 - 3, pages 31 - 33
Colored pencils
Cuisenaire Rods
Meter ruler

Warm Up Arrays to Boxes: Breaking Up into Tens - Worksheet 1, page 31 Remind him that
he can not use numbers in his breakup greater than twelve. These are the numbers
in the six times table. I would recommend he doesn’t use numbers larger than ten.
Remind him to write in all the numbers, plus signs, parentheses, etc. Check the
work before you go on.

Lesson Study Arrays to Boxes: Breaking Up into Tens - Worksheet 2, page 32. Help him
examine the examples.

“How is the 43 broken up?”’ “Into ten, plus ten, plus ten, plus ten, plus three.”
“What is 10 x 8?” “Eighty.”

“Why is this way of breaking up 43 easier than some other ways you could do
it?” “Because breaking up by ten and multiplying by ten are really easy.”

If he notices at this point that the four eighties can be quickly added by doing 80 x
4, give him a high five!

Draw his attention to the box in the middle of the page. It is the same exact problem
with the grid removed. This is a shortcut. It allows us to simply write the partial
products in the boxes and skip all the parentheses.
Do the problem at the bottom of the page with him. Watch to see if he knows what
to do. Help only if needed and check the answers.

Practice Arrays to Boxes: Breaking Up into Tens - Worksheet 3, page 33
Worksheets
Test for The test is to check the work on Arrays to Boxes: Breaking Up into Tens - Work-

Understanding sheet 3 and see that he put in all the pieces. Make sure he put in all the plus signs,
parentheses, etc. The process is more important, at this time, than the correct an-
swer.

“Which number is being distributed in the problem on Worksheet 3?” “The
four.”

Patterns in Arithmetic: Multiplication - Booklet 2 Arrays to Boxes: Breaking Up into Tens
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Note

Practice
Worksheets

Test for
Understanding

Box Multiplication

Box Multiplication

The purpose is to move the student into using tens to decompose the numbers and
to use the shorter version of the Distributive Property offered by the boxes.

Previous lessons and readiness to drop the graph paper boxes shown in the arrays
in previous lessons

Box Multiplication - Worksheets 1 - 3, pages 34 - 36
Word Problems: Review, page 37

Guide her to study the example at the top of the page of Box Multiplication - Work-
sheet 1, page 34. It is a problem she has already done in the previous lesson.
Watch her work the first problem 39 x 8 and watch for any difficulty. If there are
no difficulties, go to the next page and save the last two problems on this page for
independent practice.

Box Multiplication - Worksheet 2, page 35 This is left blank on purpose. She must
put in the 10 + 10 + 10 + 4 in the parentheses above the box. Then she draws the
lines down through the box under each plus sign. Have her write 10 x 6 in each
box for now. Later she will drop this and just write the sixty. Have her write the
sixties in and then the 4 x 6 = 24 in the last box. She will then add 60 + 60 + 60 +
24 on the side and add it up. Watch to see if she uses 3 x 6 when she is adding the
tens column.

Do not tell her to get the total by multiplying 6 x 3 and adding a zero. She will dis-
cover this on her own.

If she has no difficulty, have her finish the previous page and the rest of this page on
her own. Check the work immediately and correct any errors. Do not let her write
the breakups in a slap dash way on the top line.

Box Multiplication - Worksheet 3, page 36

Word Problems: Review Watch her process on problem 2. She must do the prob-
lem 215 x 4. which is a much larger problem than she has done before. Watch to see
how she approaches it. First,can she write the problem that needs to be done? Can
she write it as an addition problem? How does she solve the problem? Does she
extend what she has learned with box multiplication to include hundreds. or does
she add? Either solution is fine. This problem opens the door for her to generalize
if she is ready to do so.

Patterns in Arithmetic: Multiplication - Booklet 2
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Expanded Tables

Purpose The purpose is to extend the times tables into the tens and hundreds places, an
important part of the multiplication of large numbers.
Prerequisites  Times Tables, Breaking Up Times, and Arrays to Boxes
Materials Expanded Tables Worksheets, pages 38 - 45
Base Ten Blocks, or beans, or Cuisenaire Rods (whites and oranges only) and paper
10 cm. x 10 cm. squares to stand for hundreds
Lesson Using the ones blocks, have the student build models of small multiplication
problems such as 2 x 4 or 4 x 3, etc. Remember that 2 x 4 =says, "How much is two
added four times?" A model of 2 x 4 looks like this:
Cuisenaire Rods  Base Ten Blocks
o O Odd
Ooooo
Now you build a model of a problem and have the student identify what problem it
is. If you have a group, have students make models for each other to identify. See
the example below.
| ’ s | | | 0 O oo
O oo
O ood
3x4 3x4
Cuisenaire Rods Base Ten Blocks
Give the student a blank piece of paper.
Just to the left of the paper, have the student build amodel of 2x 3= ___ (using the
ones blocks). Next to the model have the student record the problem and its answer.
OO0 2x3=6
Oo0o0o
Just to the left of the paper, have the student build amodel of 20x3 = ___ (using the
tens rods). Next to the model have the student record the problem and its answer.
[ ] I ] 120 x 3 =60
| ] | ] |
Repeat the procedure for 200 x 3 = ___ (using the hundreds flats).
200x 3 =600
""What patterns do you see in the answers?"
"The first number is always the same but the number of zeros following it are
different." "The six is always there but its place value changes."
Patterns in Arithmetic: Multiplication - Booklet 2 Expanded Tables
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Worksheets

Test for
Understanding

oo oo oo

Extensions

Expanded Tables
32

Repeat this process for 4 x 2,40 x 2 and 400 x 2. '""What patterns do you see in
the answers?"

Then give 3x4,30x4,and 300x 4. "Predict the answers and then find them with
the blocks." The answers to these problems read as follows: 3 x4 =12, or twelve
ones; 30 x 4 = 120, or twelve tens; 300 x 4 = 1,200, or twelve one hundreds. See
Extensions for further play with this important place value concept.

Expanded Tables - Worksheets 1 - 8, pages 38 - 45 are to be completed independently.
Complete the Expanded Tables Flip Book and then have the student do Expanded
Tables - Worksheets 9- 11, pages 46 - 48. Then give Box Multiplication - Worksheet
1, page 50. Box Multiplication - Worksheet 2, page 51, is a blank practice page to
copy and give additional problems if needed.

1. Give a series problem suchas3x4=12, __ x4 = , 300x4=1,200.
"Fill in the missing numbers in the series." "3x4=12, 30 x4=120, 300x4
=1,200. "How do you know which numbers to putinto the blanks?" "I justadded
a zero to the first and the last numbers."

2. "Build it with the blocks to show what you mean." This will test if the student

understands what it means to add a zero to a number in an expanded fact such as
2x3,20x 3, and 200 x 3.

3. "How many groups of the six ones blocks would it take to make the same
number as the six tens blocks?'' Another way to ask this: Point to the group of six
ones blocks and ask, '"How many groups of these would it take to cover this?"
Point to the group of six tens rods as you say, ''...cover this?"

The answer should be a prompt and sure 'tens'. If he is unsure or needs to build to find
the answer, his understanding of what is happening in an expanded table is not
complete. Whatis happening inthe expanded tables is that 20 x 3 has the same answer
as (2 x3)x 10. Each time a zero is added to a number it is multiplied by ten. If the
student needs to use blocks (and he probably will the first few times you ask the
question), have him answer the question using the blocks. Make this into an activity,
repeating it for different facts. Keep asking the question as the weeks go by until you
get a sure, firm ten as an answer.

4. "How many groups of six tens blocks will it take to cover the group of six one
hundreds blocks?'" "Ten."

1. Names of Numbers. Play around with the names of numbers to increase
understanding of place value. It is common (especially on car commercials) to call
the number 1,500, fifteen hundred. It could also be called 150 tens or one thousand-
five hundred (ones). Sometimes students have difficulty seeing that a number such

Patterns in Arithmetic: Multiplication - Booklet 2
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as 540 is the same as five hundred forty ones and fifty-four tens. This idea
becomes important when learning long division.

To illustrate this idea, have the student build five hundred forty with the Base Ten
Blocks. Usually, he will do so with five one hundreds blocks and four tens blocks.
""How many tens blocks would it take to build this number if you had no one
hundreds blocks? Record three ways to build five hundred forty with these
blocks." 1. Five hundreds blocks and four tens blocks. 2. Fifty-four tens blocks.
3. Five hundred forty ones blocks.

2. It is important for the student to learn to recognize constant patterns. 2,20, 200
is one of those patterns. To get from two to twenty, you multiply by ten. To get
from twenty to two hundred, you multiply by ten. In the series 3 x 10=30, 4 x
10 = 40, 5 x 10 = 50, each number is being multiplied by ten.

When you are looking for a pattern that uncovers a hidden operation, you look at
what you start with and what you end with and try to figure out what happened
to the number in between. In the expanded tables patterns the answers look like
this: 2,20, 200 or 4, 40,400, etc. An interesting problem is figuring out how
to get from two to twenty, or from four to forty. What's the pattern?

Have your student write out this series of numbers:

| R 10
2 i, 20
3 30
L 40 and soon to 10 ....... 100.

""What do you do to the first number to get the second number?"

There are two solutions to the problem.

There are several things a student will try. One of the most common responses
is, "I could add 9 to the one to get ten.” ''"What would you have to add to two
to get twenty?' Pushing this approach further reveals a very nice pattern.

It is a very rare eight-year-old who will think to subtract two from twenty to get
eighteen. This seemingly obvious reversal of operations is a major conceptual
leap for any student under nine or so (unless he has had extensive work in Families
of Facts and has internalized him). Don't tell him to do this. He may not
understand, and it will pull him off the task at hand. If the student gets bogged
down in the arithmetic, allow him to use a calculator to figure this out. The
computations will get in the way of enjoying the pattern. If you don't have a
calculator, use money or Cuisenaire Rods. To use the rods, the student puts the
red rod against the meter stick and adds rods until he gets to twenty. He then
measures the length of the entire string of rods that was added to the first two rods.
It measures 18 cm. The answer is eighteen.

Continuing the pattern, "What do you add to the three to get thirty?"
"Twenty-seven."

Patterns in Arithmetic: Multiplication - Booklet 2 Expanded Tables
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Expanded
Tables
Flip Book

You now have this series:
1+ 9 =10
2+18 =20
3+27 =30 What is the lovely pattern that is emerging?

Here's apuzzle for youto try to explain. Why would this series produce the nine times
table? The answer is at the end of the lesson. |

Another response the student could give is to multiply the one by ten to get ten and
the two by ten to get twenty and so on. This is the obvious response for an adult to
give but a rare one for a student. Students are more familiar with addition, so they
will tend to think of it first. After the student has explored and been validated for the
addition pattern, ask him to find another solution. If he needs a hint, suggest that he
try another operation. If that doesn't help, tell him to try multiplication. If he needs
more help, ask him how many twos it takes to make twenty, threes to make thirty (use
the Rods to find answers if the student does not know). Give as few hints as you can.
Give the student ample time to think between hints.

Answer to the teacher's puzzle.

The reason the nine times table appears in the addition series above is because when
you move from two to twenty you have done this problem: 2 x 10 =20. It takes ten
twos to make twenty. When working with the addition pattern you have this: 2 +
___ =20. You have already added one two here: 2+ ___=20. So youmust add
nine more twos in the second number, the eighteen, to make the ten twos, or twenty.
You could rewrite the problemas 2+ 18=20 (2x1)+(2x9) =(2x10). The general
pattern for all numbers in the seriesis X +9X =10 X.

This is a separate book and is not included within this booklet.

Begin filling out the multiplication part of the Expanded Tables Flip Book.
Directions: The first page is best printed on heavy card stock that when cut becomes
the front and back covers.

The inside pages are printed double sided. Cut the pages inhalf. The top half of page
17, Expanded Division - 9s has these directions. Remove this page from the stack
and place page 9, Expanded Division - 5s, and the rest of the cut stack under the first
half of cut pages. The first page is the title page and is followed by Expanded
Multiplication - 2s, page 2. The pages should follow in numerical order. Place the
front and back covers on the outside of the stack of papers. Staple the left side of the
booklet together. Students fill out the booklet a page or so at a time.

1x2=2 10x2=20 100 x 2 =200
2x2=4 20x2=40 200 x 2 =400
2+2=1 20+2=10 200 =2 =100
4+2=2 40 +2 =20 400 + 2 =200

Keep this booklet - it is used for several years.

Expanded Tables
34
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Purpose

Prerequisites

Materials

Lesson
Session 1

Practice
Worksheets

Expanded Numbers: Vertical Way

The purpose is to link the model of distribution developed in Expanded Tables to a
vertical format.

Arrays to Boxes, Arrays: Easier Ways, and Expanded Tables

Expanded Numbers: Vertical Way - Worksheet 1, page 52, and a copy of Expanded
Numbers: Vertical Way - Practice, the last page of this lesson

Give Expanded Numbers: Vertical Way. On Worksheet 1 the student breaks up 28
X 5 in the expanded format using an array on a grid. The student is asked to study

- the example and explain the reasoning behind the new vertical format.

In this format the factors in the ones column are multiplied first and the product is
written under the line. This relates to this model in the grid:

28
X5 8.x'5 =40
40

Secondly, the factors in the tens column are multiplied and the product is written
below the first product. This relates to this model in the grid:

28 e \ ;
X 5 205 =100
40
100

The products are added together and the final product is recorded.

28x5=( 20 +8 ) x5

o1
I

nS

20 X5="100 e

28 x5 = 140

New way: Explain how this new way
X2 g works.

1

1

Expanded Numbers: Vertical Way, Worksheets 2 and 3, pages 53 and 54. For
additional practice use Expanded Numbers: Vertical Way: Practice - Worksheet 5,
page 56. On this page the student reviews expanding numbers with boxes and
expanded numbers. An additional copy is on page 37, at the end of this lesson.

SN (@
@] (@)
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Session 2 On Expanded Numbers: Vertical Way - Worksheet 4, the student breaks up 23 x 4
in the expanded format using an array on a box as in the previous worksheets. The
student is asked to study the example.

23x4 = ( 20 + 3 ) x4

80 + |12

23x4 = 92

In the second example the first factor (23) is broken up into 20 + 3 (tens and ones).
Each number is then multiplied by the second factor (4).

23x4 = ( 20 + 3 ) x4 23
X 4

= (20x4)+(3x4) 12

= 80 + 12 80
23x4 = 92 oY)

O
N

The factors in the ones column are multiplied first and the product is written under
the line. This relates to the model in the box and the little multiplication problem:

12 (3x4)

Secondly, the factors in the tens column are multiplied and the product is written
below the first product. This relates to the model in the box and the little multiplica-
tion problem:

80 (20x4)

The products from the little multiplication problems are added together and the final
product is recorded. 80 + 12

23x4 = 92

The standard breaking-up into tens and ones is easier and requires less multiplication
and addition. Standard procedures have developed over time because they are usually
the quickest way to solve problems. It is important for students to know there are
different ways to solve problems, and they may discover a way that they understand
or works better for them other than the standard procedure.

Test for Expanded Numbers: Vertical Way - Show You Know - Worksheets 1 and 2, pages
Understanding 57 2nd 58

Expanded Numbers: Vertical Way Patterns in Arithmetic: Multiplication - Booklet 2
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Expanded Numbers: Vertical Way Date
Practice - Make multiple copies.

Do this problem five ways.

First do it with addition.

Then write a multiplication word problem to go with this problem.
Then do it with a box.

Then do it with a box again, but this time break up the large number differently.
Then use your new vertical way.

X = Do it with addition here.

{

Write your word problem here.

Solve it with a box.

Xx__=( )X
X =

Solve it with a box but with the numbers broken up a different way.
X = ( ) X __
X =

Try it the vertical way:

Patterns in Arithmetic: Multiplication - Booklet 2 Expanded Numbers: Vertical Way
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Purpose

Prerequisites

Materials

Warm Up

Worksheets

Lesson

Practice
Worksheets

Test for
Understanding

Expanded Multiplication

The purpose is to integrate all the forms of distribution to multiply that the students
have used to date. The box multiplication is a simple graphic that represents the
problem they are doing, the distribution number sentence is the abstract statement
of the basic rules of multiplication as the student will see it in algebra, and finally
the vertical way is the method students will use when they actually calculate prod-
ucts. In a later lesson, this vertical way will be shortened to include the carrying,
which is the shortcut algorithm we all learned in school.

Previous lessons

Expanded Multiplication - Worksheets 1 - 5, pages 59 - 63

Practice: Two Digit - Worksheets 1 - 3, pages 64 - 66

Expanded Multiplication: Practice - Worksheets 1 - 3, pages 67 - 69
Practice: Three and Four Digit - Worksheets 1 and 2, pages 70 and 71

Review the worksheets the student has already completed to remind the student
of the parts he is now controlling. First, study Box Multiplication - Worksheet 2,
page 35. Remember when the numbers were broken up into tens? Review what
the lines in the box refer to. Now go to Expanded Tables - Worksheet 8, page 45.
“How were you doing the problems on this page?”” “I was breaking the large
numbers into tens and ones.”

“What did you do on the next page?” (Expanded Tables - Worksheet 9, page 46)
“I dropped the pictures of the tens blocks and just used lines to show the divisions
of tens and ones.”

“What was added under the boxes?”” “The vertical way of writing the problem.”

Give Practice: Two Digit - Worksheets 1 - 3, pages 64 - 66

Study Expanded Multiplication: Practice - Worksheet 1, page 67. Make sure he
answers the question at the bottom of the page. Do Expanded Multiplication -
Practice - Worksheet 2, page 68, together to be sure he knows how to do all the
problems. Check the work immediately with the Answer Key. The ‘new way’ is
the vertical way showing each partial product.

Expanded Multiplication: Practice - Worksheet 3, page 69

Do several problems together on Practice: Three and Four Digit - Worksheet 1,
page 70. Have him complete this page on his own. Then give Practice: Three and
Four Digit - Worksheet 2, page 71.

Draw a box like the one shown on Expanded Multiplication: Practice - Worksheet 3.
Give the problem 89 x 4 and ask him to break the eighty-nine into four parts to fill
in the four sections shown on the worksheet. Then ask him to write out the distribu-
tion number sentence for that breakup. You are checking to see that he has not forgotten
that the number can be broken up into numbers other than hundreds, tens, and ones.

Expanded Multiplication Patterns in Arithmetic: Multiplication - Booklet 2
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Purpose

Prerequisites

Materials

Lesson

Short Notation

The purpose is to teach the student the short notation commonly used for multipli-
cation. The ‘long way’ shows each partial product under the line and then sums
them at the end. The short notation combines the multiplication and the addition.
It obscures the Distributive Property somewhat, which is why it hasn’t been used
up until now, but the short notation is fast because there is less writing and you do
not have to worry about the place value of your partial products.

Previous lessons

Short Notation, page 72 and Practice, page 73
Show You Know, page 74

Real World Math, pages 75 and 76
Post-Assessment, page 77

Do a few problems as they were done in the last lesson. Have him use a box, show
the distributive number sentences, and do the problem the vertical way using the
long format shown on the practice pages.

As you do this lesson, use a one-to-one transfer process. This means you make one
calculation using the old long way, then stop. You then make that same calculation
using the short notation.

The talk on the second problem would sound something like this:

Looking at 245 x 3:

“Start with the long way. What do you do first?”” “Multiply the three times the
five, which is fifteen.”

“Where do you record that?” “Write the fifteen under the line.”

“Now switch to the short way. When you multiply the three times the five, you
get fifteen. How do you record this in the short way?”” ‘“Put the five in the ones
place and carry the ten into the tens place.”

“What is the second step in the long way?” “Multiply the three times the forty
and get one hundred twenty. Record that by putting the one hundred twenty under
the fifteen.”

“What do you do in the short way? Do you add the one ten to the four in the
tens place before or after you multiply? Study the long way to figure this out.”
“To get the one hundred twenty, I multiply the forty and the three. Then I would add
the ten on from the fifteen. So in the short way, I multiply the three times the four
to get twelve and then add the one to get thirteen.”

“How do you record this?” “Put the three in the tens place and carry the one into
the hundreds place.”

Patterns in Arithmetic: Multiplication - Booklet 2 Short Notation
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Worksheet

Test for

“How can you tell that the one you carried into the hundreds place is in fact a
one hundred?” “I can see that it is a one hundred by looking at the long way. The
one in the one hundred twenty is obviously a one hundred.”

“What is the last step in the long way?” “Multiply the two hundred by the three
to get six hundred. This is written under the one twenty, and now all the numbers
are added up to get seven hundred thirty-five.”

“How is this done in the short way?” “The two is multiplied by the three to get
six and then the one is added to get seven. This seven is placed in the one hundreds
place.”

“What makes the short way easier?”’ “You do not have to write so many num-
bers, and you do not have to think about the place value at all. You just fill in the
slots as you go across.”

“Where is the Distributive Property showing in the short way?” “The three is
still distributed, multiplied by each number in the top row. The partial products are
added as you go.”

Look at the first problem 34 x 7 on Practice, page 73. Have him do it the long way
and the short way step by step. There is space to do it the long way in between the
problems. Once you are sure he understands the connection between the long way
and the short way, let him practice for speed and accuracy.

Give Show You Know, page 74. Do not help him. Press for clear explanations of

Understandjng the questions. If he is uncertain, reteach that aspect.

Practice
Worksheets

Short Notation
40

Real World Math, pages 75 and 76

Then have him complete the Post-Assessment, page 77.
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Post-Assessment Date

1. Fill in the missing numbers.
a. 14 b. 14x4 =( + + + ) x 4
X 4

C. (X )+ (__x__)+(__x__)+(__x_)
e. =d. + + +

2. Show how you would break up the 63. Label the partial products in the
box. Show the final product below the box on the line.

63 x 8 = ( : ) x8
63 x8 =
3. Break up the 38 into tens and ones; fill in the missing numbers.
a. 38 x4 =( + ) x4
= b. (__x_) +(__x__)
d. = C. +

4. In problem 3, what number is being distributed?

5. Solve this problem the Long way and the Short way.

a. Long way b. Short way 6. Solve. a. b.
1,439 1,439 138 2,375
X 5 X S X 6 X 4
Patterns in Arithmetic: Multiplication - Booklet 2 Post-Assessment
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Multiplication - Booklet 2 Pre-Assessment is on the last page of the answer key.

Arrays: Manipulative - Worksheet 1

Train Wreck i
A I R I )

— RIS Raasna O

Use Cuisenaire Rods to make a twenty eight train with four black cars, if
you run the train of the track, you would get a train wreck. Go ahead and
do this with your Cuisenaire Rods.

Now take the train to the train wreck fix-it shop and rebuild the cars to fit
into the following shape or array.

On the centimeter graph paper below use four biack rods and bulld the
shape. Color the area covered by the four rods.

Examples: Coloring will vary. 5

Arrays: Manipulative - Worksheet 2
Number Sentence

This is called an array in mathematics.

The longer side is called the length.

The shorter side is called the width.

Wirite the name of each side on the lines below

_Tlength

.
width

Use Cuisenaire Rods and place black rods to cover the array

The length is seven. The width is L” .
The number sentence for this array iIs 7 x 4 = 2_8_ .

In arrays the length is always written first and the width is always written
second. This number sentence is called the BIG multiplication problem.

Cover each array with one color rods.
Write the number sentence for each

5x3= 15 yellow  AxM=20 yellow

Bx2.=b brown

X (=4 pucple,
HEEN

6

Arrays: Manipulative - Worksheet 3
The BIG multiplication problem is 3 x 3 = 2;“["

Build this array with
Cuisenaire Rods of only
one color. Color the
picture to look like the
rods.

Build this array using two colors. Color the picture the same colo
as the rods

el et ’ . C .
=(Bx%3) +(5%3) Liltle md*'t])\\caho‘f\f\)mb\e“‘
Build this array using two colors different than the array above.
Color the picture the same color as the rods.

=(0x3) + (Tx3)

Build this array using three colors. Color the picture the same
color as the rods.

. :
1
-

Arrays: Manipulative - Worksheet 4

Use Cuisenaire Rods. .
The BIG multiplication problem is __{o_ x b - 36).

Build this array with
Cuisenaire Rods of only
one color. Color the
picture to look like the
rods.

Build three more
arrays using two
colors, each
broken up a
different way.
Color the picture
to look like the
rods.

Examp\eﬁ

=(31) +(x) = (5%6) & (IXb)
8

Answer Key: Multiplication - Booklet 2



Examples: Coloring will vary.
Arrays: Manipulative - Worksheet 5

Multiplication Problems - Seven with two colors

Build seven with two colors of Cuisenaire Rods.

2+ &

Color the picture to look
like your rods.

Now make three more sevens with the blocks
Make them just like the first one and arrange
them in an array.

What BIG multiplication problem do you
now have?

7 x H

Build two more arrays using two different colors.

Color the picture to look
like your rods.

Build one array using three
different colors.

Examples: Coloring will vary. RuWv 9

Arrays: Manipulative - Worksheet 6

Use Culsenaire Rods. Color the plcture the same color as the rods.

The BIG multiplication problemis _9 x_3 = _27.

Study this example.
Go back to
Worksheels 3 and 4
and label all the little
multiplication
problems before

= (4.x3) + (5 x_3) doing this page.

little multiplication problems
27 = A2 + 15
Final Product Answaers lo the little multiplication problems

Build this array using two different colors

= (3 x3) + (LXx3)

little multiphication problams
l l = 9 + lﬁ

Final Product Answers 1o the fitite multiplication problems.

Bulld this array using two different colors.

= (1 x3) + (2_x3)

little rultiptication problems
A= 2 + b
Final Product

Answers lo the little mulliplication problems.

Are the answers the same? ?(ﬁs

Arrays. Manipulative - Worksheet 7
The BIG multiplication problem is __LZ._ x & = 1,_"‘_’_ .
Use Cuisenaire Rods. Color the picture the same color as the rods.
Build this array using two colors.

(N x )

fitfe multiplication problems

(& x2) +

M= e+

Final Product A to the little multiplication pr

Build this array using two different colors.

(1.x2)

fitde multiplication problems

M= 10+

= (Ex2) +

Final Product to the fitle iplication pr

Build this array using three different colors.

= (B x2Z)+ (Ix2)+

fitde multiptication problems

(A x2)
24 = b + 14 + N
Final Product A to the litte i jion probl

Are the answers the same? __y_es_________
Explain? MamLp_enﬂﬂmJmekenup_miA_SM&u&r
Lh G tw t

0dded up) the anSoer stays the Same . 11

Answer Key: Multiplication - Booklet 2

Examples: Coloring willvary.  Buwv

Arrays: Manipulative - Worksheet 8
The BIG multiplication problem is _g_ x i =32

Use Cuisenaire Rods. Color the picture the same color as the rods.
Build this array using two colors.

= (3 xH4) + (5 x4
Iitlle rmulliplication probloms
3& = l& +

Final Product Answers io the fittle multiplication problems

Build this array using three different colors.

(A x M) + (S xi)+ (LX)
Elie mulliplication problems
3L = ¢ :- 1,6 + _H

Final Product Answers o the litle multiplication problems

Build this array using three different colors.

(LxH) +(3 xH)+ M xi

fittle multiplication problems
Gy S S S I
Final Product Answers to the litle multiplication problems

12 Are the answers the same? _AJ€3



Breaking Up Times - Worksheet 1

Build 7 with a red and a yellow Cuisenalre Rod.
Write In the numbers to show how you broke up the 7.

7= 2 + 5

Color the picture to look
fike your rods.

Now make three more 7s with the rods,
Make them just like the first one.

What BIG multiplication problem do you now have?

7 x_4

Color the picture below to look fike your rods.

7x_4

BlG
multiplication
problem

= (2x4) + (5x4)

iitde multiplication problems

= _8 + __20

FINAL
PRODUCT Check - draw an arrow, the closer
the answer, the closer to the

Product is the name for the answer to a multiplication problem.

13

Breaking Up Times - Worksheet 2

Do the same problem again. Break up the 7 differently.

7 = 3 -+ L{'

Color the picture to look
like your rods.

What BIG multiplication problem are you working on? X

= (e xH) + (Lx4)
28 = 2-4 + 4

14

Breaking Up Times - Worksheet 3
Builld 9 with two colors. Write in the numbers to show how you broke up the 9.

9= 0 +_ 3

Color the picture to look
like your rods.

What BIG multiplication problem are you working on? j__ X 3
Cotor the picture below to look like your rods. Fill in the blanks.

(x3)+(3x3)

litde multiplication problems
+

FINAL
PRODUCT

Now bulld 9 with three different colors. Fiil in the blanks.

9= H" + 2 + ,Z-

Color the picture to look
like your rods.

Now solve the problems on the next page.

15

Breaking Up Times - Worksheet 4
Bulld your three colored 9 twomore times.
What BiG multiptication problem do you have? __3_ X _3_
Color the picture below to look like your rods. Fill in the blanks.
9x_3
BIG

{multiplicatiol
el problem

Hx3)+ (B3 x3)+(2x3)
+ _@

litde multiplication problems

217 [2. +

FINAL
PRODUCT

9= _A + '+ ()

Solve the problems below. Color the plctures

problem

)+ (Lx_3)+ (L x_3)

itte multiplication problems
o Ig

= (__Z_X

27 =

FINAL
| PRODUCT

16
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Breaking Up Times - Worksheet 5

Break Up Will Vary (BUWV)
Break up 10 Into three rods.
10x4= ( + + ) x4
BIG Muitiplication
Problem
Guess

S (x B+ xH)+(__x M
little multiplication problems

4o - + .
Final product partlal products

Check

Break up 10 a different way.
10x4= ( + + ) X4

BIG Muttiplication
Problem
Guess

= (x )+ x__)+(—x__)
litte multiplication problems
LPO = + +

Final product partlal products

Do your answers match? >Z§$

Breaking Up Times - Worksheet6  (BUWV)
Break up 9 info three rods or numbers.
9x_58 = + + ) x5
BIG Multiplication
Problem
Guess

(x5 )+(__x8)+(__x_5)
fittle multiplication problems

HE = + +

Final product 25 partial products
Check

Break up 9 a different way.
9x_ 8 = + + ) x

BIG Muttiptication
Problem
Guess

= (_x_8)+(__x S)+(__x_9)
littte muttiplication problems

Final product partial products

Do your answers malich?

17 | 18
Breaking Up Times - Worksheet 7 (BUWV) Arrays to Boxes - Worksheet 1
Break up 12;“3 three rods or numbers. Do these problems with your teacher.
12 x_2 = ( + + Y X -
BIG Multipiication taxa=( 6 + 5 + 8)x4
Problem @
Guess .
Guess _ 3 4
=(_xB)+(__x_3)+(_x3) 5, - (exa )+( 5xa )+(3x4)
£ - N + 50 24 + 20 +__ 12
Final product
(0)}1] Check
Break up1 2 a different way. Again1. 4p!ea:e-.. 9 5 4
12x.3 =( + + )X x4=( + ) x
( NP 3 3 = (A x4 )+(Sx*4)
=(__ X 2 )+( X9 )+(__X
3 (P = + + 5& = 3 ‘0 + 2.0
Final product One more time.
Solve th bl in a diff ith rods. You d e
o B e o yout work el e e e xd=( 5+ 2+ & + 1 )x4
12x38 = + + ) X
= (Ex ) +(Ax )+ (L x 4)+(Lx4)
. = (x3)+(__x3)+(_x3) 56 - 20 + 4+ 24 + %
3 = + + Do all of your final products match?. ..}QL
Should they? yQES
Do your answers match? 19 21

Answer Key: Multiplication - Booklet 2



Arrays to Boxes - Worksheet 2
Solve this problem three different ways. Estimate the answer

17x3= ( 7 +_ 6 +_M )yxs

Guess = (1 x_D)+( b x 3 )+(H x 3)
51 = 2] + _ls + ]2

Check

Again, please. You draw the lines in the picture this time.
17x3=( 8 4+ 6 + 3 )x3

(8 x 3 )+(_x_3)+(3 x F)
8] = + +

Arrays to Boxes - Worksheet 3

Solve this problem three different ways. Estimate the answer first. BUw\/
18x4 = ( + + ) x4

Guess
TR __
Check

Break the 18 into four sections.
18x4=( + + +

it

(L x M)+ (x4 )+(_xH)
+ +

) x4

]

(_x M) +(_xH)+(_xH)+(_x4)
T _= + + +

Challenge! Break the 18 into only two sections.

One more time. Break the 17 into four sections this time. B(A\A}V'
17x3= ( + + + ) x3 18x4=( + )X
= (x3)+(_x3)+(_x3)+(_x3) S x M)ye(_x4)
51 = + + + N2 - +
Do all of your final products match?_\J£.3 Do all of your final products match? __Y_-Q_i
22 23
Arrays to Boxes - Worksheet 4 Arrays to Boxes: Assessment - Worksheet 5
Solve this problem three different ways. Estimate the answer first. Show You Know Guess

18x3= ( + +__)x3

Again, please. Break the 13 into only two sections.
13x3= + yx3

=(__x_3)+(_x3)

39 - +
Change 13 X 3 = ___into an addition problem. Then find the answer.
Do the work here. 13
13
+13
—
39
Buwv
Challenge! Can you break up the 13 and get the answer without a picture?
183x3= ( + + } x3 Use different
R —_— — numbers than
= (____X_3_)+(_X_3__)+(___X_3_) the ones in the
problem at the
3 q = + + top of this page.
24

Estimate the answer. Do you think the answer will
be more than 1007
Record the way this problem is broken up and solve.

24x5=(_B +_1_+ +_2 ) x5
My Way. C.‘f.;e(:k
= (8 x&)+(IxE)+(Ix 5)+(AX_S)
120 = H0 + _35 + _35 + (0
Estimate the answer. Draw the lines and solve.
Guess

2Ax7=( _9 +_.8 + _4 )x7

My Way.

= (AxZ2)+(8x7)+( 4x7T)
7T = 63 + 56 + _A¢9

BUuwy

Break it up your own way into three sections. You putin the lines. Guess

19x6= ( + + }x5

Your
Own
Way,

Answer Key: Multiplication - Booklet 2



Distributive Property
You have just used another law of multiplication, probably without realizing you were

It is called the Distributive Property. It is very important. It is the law that allows us to break
big numbers into little numbers, multiply the little numbers and add it all up at the end.

Get a dictionary. Look up the word distribution.

Whatdoositr.nu‘n?
\. To dinide a.mggg .s:cug.:a.l g.:mn&f

2 T'osgread outl; Scaftfer

What does it mean when we say the newspaper is di: every day to all the customers?
are a e
where a_customer livey

Solve this problem. Break up the 13 into two numbers. £ xample :

3xbw (0.3 -3 x5
(1ox5) + BkS)
S z50 + IS

Arrays: Easier Ways - Worksheet 1

Do this problem three ways.

36 x7 =252  One way is by addition.

Another way is by breaking the 36 into smaller

numbers and multiplying each part by 7.

Bx7=( 6 +

+

+

36
36
36
36
36
36

+ 36
ASA
Do this two times. Break up the 36 two different ways.
Draw the lines to show each small or partial product.

+

) X7

What did you do first? : =(6xZ)+(xT)+(_x7)+(_x +(_x7)
Broke up the 13 mJCo 5ma,ﬂgc Pac{:s
252 = _42 + + + +
Then what did you do?
i yo e Then adddinsd “
o7 e 36x7=( )x7
What number got "distributed" to all the little parts? 3
What would happen if you distributed that number to only some of the parts but not to all
them? SRR !JQ b = (_x17)+
251 = +
26 27
Arrays: Easier Ways - Worksheet 2 Arrays: Easier Ways - Worksheet 3
Solve this problem three ways. H3 Break up this problem three ways. You will need to supply the
5 45 lines and + signs for the partial products.
43x5=_2/5  One wayisby additon. 43 Find the easiest way to break up the problem. 54x7=_378
-
28 54x7= x7
215 ( )
Another way is by breaking the 43 into smaller
numbers and multiplying each part by 5.
Break up the 43 two different ways.
You will need to supply lines and + signs for =(_xX ’7 )+
your partial products. By
43x5=( yxs | R = 4+
54x7=( ) X7
=(_x3)+
s - + =(—xD)+
S = s
43x5=(
IxX§ 54x7=( )X7
=(_x5)+ =(_xD)+
2/5 = + 3.L8 = ____+
29

28
Answer Key: Multiplication - Booklet 2




Arrays: Easier Ways - Worksheet 4

Break up this problem three ways. You will need to supply the
lines and + signs for the partial products.

Arrays to Boxes: Breaking Up into Tens
Worksheet 1

Break up and solve these problems the easist way you know. You wi il
need to supply the lines and + signs for the partial products.

Find the easiest way to break up the problem. 62X6 = _3:7_&_
48x6=_288
62 x6=( b 48 x6=( )xb
=(_xb)+ =(_xb)+
372 = + 288 = +
62x6=( )x(o .
42 x 6 = ( YXb
=(_xb)+
= b
372 = + ( —X ———) *
252 - +
62 X6 = b -
45x 6 =( )X b
=(_x@)+
572 = + = ( X _&L) -+
270 = +
30 31
Arrays to Boxes: Breaking Up into Tens Arrays to Boxes: Breaking Up into Tens
Worksheet 2 Worksheet 3
Study the example below.
43x8=( _10 +_10 +__10 +_10  +3)x8
43x8=( 10 + 10 + 10 + 10 +3) X
Remamber] 1058
You ean
dothis parl;t> BOX 80 80 80 24‘
your head.
=(10x8)+ {0x8 +(10x8) + {0x8) +(3.x8)
s44- 80 , 80 , 80 ., 80 , 24 43 x 8 = 344

Now we will do the exact same problem again, But this time we will drop
all the little squares. We will just use lines to show about how we would
break the 43 up. We can also do the muitiplication right in the box and
save some space.

43x8=( 10 + 10 + 10 + 10 + 3)x8
10x8
Tao" 80 80 80 |24
Try this problem using the array and then the box. Do the problem the same
way both times.
34x7=( 10 + W0 & 10+ y x7
= (LX 7) + (10X + o =7\ +(#X)
238 = H0 4 M0+ 0 + 23
34X7= 0 + 10 + 0 +4)X7 ) x7
37 70 70 v
(0% 4 C1ox7Y + (tox D w(B+*7)

3% =70 4+ 1o + Ho 4+ 2%

We will use the array {grid) and the box together one more time. Then we
will drop the arrays and use only the boxes. If you have difficulty dolng the
problems with just the box, draw the array you need on graph paper.

Do this problem with the array.

Saxd=( (o £10 & 10 + 10 410 +8, 4

;(Lgxi)+(1oxuj Hoxa)+(oxay  + (He4)

216 -

Now do it with the box.

Bax4=( 10+ 10 + 10 + 10 10 +H )4

ot

1o Ho yo Ho o 1o

(oxd] + (10X + (P¥® § (oxa) + (10xa) Ew)

SUNY=HO & o + Ho + 4o & 4o + 10
210 =

33
Answer Key: Multiplication - Booklet 2



Box Multiplication - Worksheet 1

43x8=( 10 + 10 + 10 + 10 + 3)x8
\F{iememget. 1ox8
ou ca
mxspa?t n ‘ 80 80 80 80 |24
your head.

43%x8=344

Wao will use the same sized box for all the problems, even though the numbers will
change. Solve these problems,

39x8=( 10 + 10 + 10 + 9 )x8
20 | 80 30 |72

39x8= 31

46x8=(10 + 10 + 10 + 10 + 6 )x8
20| g0 | O | 30 |48

46 x8= 3%

53x6=(10 + 10 + 10 + 10 + 10 + 3)x6
GO | O | 60| LO | 6O |18

53x6= 31%

Box Multiplication - Worksheet 2

34x6=( yx6
34x6= 204

27x5= ( x5
27x5= 135

56x7 = ( X7
56x7= 3924

43x9= ( }x9
43x9= 37

63x8= ( }x8
63 x 8= 504

35

34
Box Multiplication - Worksheet 3
68x3=( 1x3
68x3= 20N
37x4=( x4
37 x4=INg
HUx5=( x5
34 x5= |70
42x4 = ( x4
2x4= 163
53x8= ( }x8
53x8= 414
36

Answer Key: Multiplication - Booklet 2

Word Problems: Review

27 11[23 X5
.- ’43 U5
43 <& Wirite the addition problem.
+43

1. Mary had five nests for her large flock of chickens. Each nest had
forty-three eggs. How many eggs did she collect?

2. She sold the eggs for 4¢ each. How much money were all of the eggs
worth? [#)

Write the multiplication problem two ways for the second problem.

Also write it as an addition problem. 5
s e

X 4  AUs x4 =80 +U5
260 %60

Make up your word problem and then write three number sentences
that go along with the word problem.

37



Expanded Tables - Worksheet 1

Knowing expanded tables makes it easier to do large multiplication

and division problems.

Here is the expanded table for the "two times" table.

Expanded Tables - Worksheet 2

Use Base Ten Blocks and expanded tables on the previous page to solve

these box problems.

Use your Base Ten Blocks 56x2= ( 50 ) + 6 )x2
1X2=2 10x2=20 100x2=200 f I F T ] HHH
oo [| H 100 + A2
56x2= “Z
2x2=4 20x2=40 200x2=400
E 8 Uu HU e8x2=( _(a0O + & xe
120 + I
3x2=_{p 30x2=_L0 300x2=_L0OO e8x2= 136
SR ;
0o o
73x2= ( (6] +_ 3 xe
Use your Base Ten Blocks to find the answers 40 + —lo
to the rest of these problems.
73x2= _[Hlo
4x2=_% 4ox2=_R0 400x2=_200
5x2=__LQ sox2= 100 500x2= /.00 Try 89x2=( 80+9)x2 Youdraw the box.
ex2=12, gox2=_J20 600x2=1, 200 : : ] ! I ] !
7x2=1 70x2=1%0 700%2=_1 g
89x2= 2 89
8x2=1ls 80x2=_[6O 800x2=_1, (000 %
7
ax2=18 gox2=_{86 900x2=1 200
38 39
Expanded Tables - Worksheet 3 Expanded Tables - Worksheet 4
Knowing expanded tables makes it easier to do large multiplication
and division problems.
Use Base Ten Blocks and expanded tables on the previous page to
Here is the expanded table for the "three times" table. solve these box problems.
Use your Base Ten Blocks.
54x3= ( 50 +4  )x3
1x3=3 10x3=30 100x 3=300 , . . ! . _—
o oo [ i T f ] H+H
il B 8
2x3=6 20x3=60 200x 3 =600 54%3= lQZ
SR | 5
o og
47x3= ( KO + )x3
3x3=9 30x3=_40 300x3 =900 120 + 2
| S I ]
g on g
[ mm st
Use your Base Ten Blocks to find the answers 62x3= ( L0 v & )x3
to the rest of these problems. f I ] T 1 ] H
(8 + b
4x3=12, 40x3=_]20 400x3=1,200 62x3= (20
5x3=[5 50x3=150 500x3= Try 78x3= ( 70+3)x3 Youdraw the box.
6x3=18 60x3=140 e00x3=1% 5 i ; ; ; ] s FH
7x8=21 70x3= 210 700x3=_2.100 73x3=_2J9
8x3=24 80x3= 24D 800x3= 2,400
ox3=2"7 sox3=~70 900x3=_2,700
40 41
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Expanded Tables - Worksheet 5

Knowing expanded tables makes It easier to do large multiplication
and divislon problems.

Expanded Tables - Worksheet 6

Use Base Ten Blocks and expanded tables from the previous page.

20%x4= ( 20 +9 x4
Here Is the expanded table for the "four times" table. [ T  anuuRnng|
Use your Base Ten Blocks. ! t RENNNN R
B0 4 >
1x4=4 10x 4=40 100x 4 =400 “[ _— =
aooo nu H u 29)(4=
3Bxd= ( 206 + % x4
2x4=_E 20X4=_8_O 200x4=_R00 I T I PR
EBEE HHUUHHHH [» T -‘I- PTG
38x4= [5R
axa=_{2 30x4=120 300x4=1,200 57x4= ( S0 +_7_ ixa
i M ==
- 2
Use your Base Ten Blocks to find the answers 57x4= 22
fo the rest of these problems.
79%4= ( 70 + 4 x4
axa=_llp 40x4=100 400x4=_60O E ! 5 i | E | FeEEEEEE
5x4="20 s0x4=_200 s00x4="4, 000 3 220 + At
oxa=24F sox4=2HD 800x 4= 4, H00 79x4= 3llp
7x4=2% 70x4=230 700x4= 2,800 Try 56x4= (SD+_lo)x4 You draw the box.
8x4=32 gox4=320 Boox4=_3,200 ; : ; : ; S
oxac 3 - - : : : i i 2HEd
x4=3b sox4=360 900x4=_3 40O 760 - o
sex4=_22%
42 43
Expanded Tables - Worksheet 7 Expanded Tables - Worksheet 8
Knowing expanded tables makes it easier to do large multiplication Use your Base Ten Blocks and expanded tables on the previous page.
and division problems. ’ 86x5= ( 80 +6 )x5
Here is the expanded table for the five times table. % : ; : ; : : : =i§§§§
Use your Base Ten Blocks I 1 L k 1 t I 1 2aes
1x5=5 10x5=50 100X 5= 500 = * =
ooonog HU ﬂ n I-J BEX5= N30
73x5= ( 70 + D )xs
2x5=10 20x5=100 200x5= 4000 : : T T 7 ] ] TH
ogoggg f ! } ! ! ! ! b
IR v &
73x5= 305
axs=/5 30x5= 150 300x5= 4,500 63x5= { L0 + 3 )xs
EEEL ===
ggoggd £ } } i } } HH
000 0 oy o+ b
Use your Base Ten Blocks to find the sax5=315
answers to the rest of these problems.
saxs=( 20 + A x5
4x5=20 40x5=_200 400x5=_,000 5 : ? : ] ] 7\10 ; Fri
5x5= 45 50x5=_250 500x5=.2,520 Oﬁ@ +
B4x 6= ZZ
6x5=30 60x5=_300 800x5=2 (00 i
Try 87x5= (39+l)x5 You draw the box.
7x5=35 70x 5= 350 700x5=3,500 P T T I T : T aaans]
8 5:17(0 5= - 0 t t 1 ) 1 i t t HiH
x5="10 80x 5=_4H00 800x5=AL DO w7xs- 035
ox5=46 90x5= H50 oox5="E,500
44 45
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Expanded Tables - Worksheet 9

Use Base Ten Blocks and expanded tables booklet to solve these box
problems.

87x4=( (o A e
20 + o
o7x4- 343 4
I
79x4=( ‘1O + 9  )xa
2490 - 36
79x4= ;3[{‘; 3
3ie
47 x4= ( 40 + R )R

&0 + 23

47x4= _[32 ,g

143

46

Expanded Tables - Worksheet 10

Use Base Ten Blocks and expanded tables booklet to solve these box
problems.

7x5= ( ﬂ +87 )x5
350 + HO
mxs=_390 X8
390
61x5= ( L0 ¢+ T
360 + &
Bix5= 308 S
1ex6=( 100 + 30 + 24 )x6
00 + | /80+|_10
132x5=b0 13_25
éeo

Factor these to prime numbers. List the prime factors in the box. Remember to put them in
order from largest to il Put b the prime numbers.

I -3 B LUR RN L5453 |

42 36 75
&N N N
= o o b X @ 5% 5
/\ % N /N
3x7 R2x3 2x3 3x5

Expanded Tables - Worksheet 11

Use Base Ten Blocks and expanded tables booklet to solve these box
problems.

Sixe=( DO + ¥ “un
30 + wid

saxe= 324  x¢

82x6= ( g0 + B 0Ne
480 4 A2

B2x6= 492 f%

arxes( - MO+ 30 .+ T jue

£00 | B0+ 42

137
137x6= $212 X 6

322

How many one inch tiles could you put in a space that was 6 inches wide
and 125 inches long? ‘750 Show your work.

¢l J
125

What would be the perimeter of this shape? 2.6 2
What would be the area? 750

48

Word Problems: Two Step 200000

Use money to help you solve these.

Menu
soup $1.50 salad small $2.50
cracker $0.60 salad large $5.75
sandwich $2.50 cookie §0.95
milk $1.00 juice $0.95

1. Sam bought soup, a sandwich and a glass of milk. Mrs. K paid with a $5 bill.
How much does Sam owe Mrs. K7$ 5.00

25 00

2. How much change did Mrs. K get? Q

3. Andrew, Michael, Karly and Cossette each bought a cookie fora snack. Mrs.
K gave them a $5 bill also. How much change should they bring back? #'/. 20

95 5.00
g3 380
$1.20

4. Trudy bought a large salad, a sandwich, a cookie and some milk. Kaela had
the same thing Sam bought.
How much more did Trudy spend than Kaela? _f A0

15,75
.50 10.22

9 - 5.00
Lol #5202

H020
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Box Multiplication - Worksheet 1

96x6=( }x6
96X & = 576

49x 5= ( yx86
49x5= N5

1568x8= ( )x8

158 X8 =7, 269

158)(4:( )X4
158 x4 = (32
209x8= ( )x8

209x8= /14,71
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Expanded Numbers: Vertical Way - Worksheet 1

Now let's learn a new way to write down what we are doing In an expanded
multiplication problem. Shown below Is the box way you have been using.
Under the box there Is a new way to write the problem down.

Figure out the pattern.

28x5=( 20 +8 )1x5
ey =4
b iy 5]
28x5= 140
Newway: 28 Explain how this new way works.
X
40
100
140
Try another one. Solve it the box way and then the new vertical way.
HMx4b= ( 30 + 4 ) x4
R o
FH T t T X 4
Y xh= [l
4 '_3‘4’“‘ HAO

Solve this problem. Show your work. 3
if you sold 35 pupples for $4 each and sold 27 kittens for $3 each, how
much money would you take In?

35 27 140
X A ¥ 3 +g|
20 21 2.2
+l a0 +620
2
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Expanded Numbers: Vertical Way - Worksheet 2

Do this problem five ways.

First do it with addition.

Then write a multiplication word problem to go with this problem.
Then do it with a box.

Then do it with a box again, but this time break the large number up
differently.

Then use your new verlical way.

37x4=_|N2 Do itwith addition here.
Write your word problem here. a7

37
37
37
L8
Solve it with a box. )
37x4=( 30 + 7 yx4
37x4= 144
Solve it with a box but with the numbers broken up a different way.
37 x4=( yx4
37x4=_|N3
Try it the vertical way: 37
X
+iq0 53
143

Answer Key: Multiplication - Booklet 2

Expanded Numbers: Vertical Way - Worksheet 3

Do this problem five ways.

First do it with addition.

Then write a multiplication word problem to go with this problem.
Then do it with a box.

Then do it with a box again, but this time break the large number up
differently.

Then use your new vertical way.

43x5=_25 Do it with addition here.
3

Write your word problem here. N
43
43
43
+43
115
Solve it with a box, use standard tens and ones expansion.
43x5=( Ko + 3 )x5
43x5= _1l5
Solve it with a box.
43x5=( HO 4+ 3 )x5
43x5= L5
Trythese the vertical way
Try itthe vertical way: 43 without the boxes.
38 29
15 ?S3—4 x 3
[} 2 7
15 ~=7
54 152 37



Expanded Numbers: Vertical Way - Worksheet 4

Before you do this page, do an Arrays to Boxes Praclice Page with boxes
and expanded numbers.

Study this example.
23x4= ( 20

80 + d2

+3 )x4

23x4= 92

Here is the same problem again without the box. 1t is important that you
remember this way of writing the problem because this is how
multiplication s done In algebra. You will use this a lot in coming years.
The only thing that is different Is that you must write out each Iitile
multiplication that you did in the box. This is how you did it when you were
first learning.

Expanded Numbers: Vertical Way
Show You Know - Worksheet 1

Solve this problem with addition. Use the Vertical Way to
32 solve this problem.
32 x7= 224 32 57
; 32 X 3
i iy
32 +150
+32 171
2RH
Solve this one with a grid. BUwv
43x6 = ( + + ) x

23x4 = (20 + 3 ) x4
= (20x4)+(3x4) = (xb)+(_xb)+(__xl)
= .._8..Q.. + .i__._ — + +
23x4 = 92 258 =
Your new way has you do this same problem this way: 23 g‘é'V; %wi:o(ne without _t:e grid. . . Yx_7
x4
12
.80
92
$here argtm%ny a(:(ther wayg you hciculd break up the 23 also. .
‘ou used to break up nui rs this way: =
10+10+30r59+5380!l‘1?..e 4 (_X__)+(_X__Z)+(___Xl)+(__X_Z)
= + + +
Why don't you use these ways much anymore? Thhepe Ore more. _
IE{H& pwblgms which makes it harder and A5 =
there are wmore thances for mistakes.
55| 51
Expanded Numbers: Vertical Way Expanded Multiplication - Worksheet 1
Show You Know - Worksheet 2 .
Fill in the blanks. You may use graph paper.
26 x4 = ( 20 + A ) X L'L Be sure 1o attach it to this page if you use it.
1. 21 21x4=(20+_1 )x4 .
x4
3 =2 x4)+ (Lx4)
QM
26x4 =  (2xH4)+(Lx H) =_60 + _4
= 0
. 3 g + 2—"" - gf ’
Remember, tens and ones expansions are not the only way.
Break it up with a nonstandard expansion.
26 x4 =( + + ) X 2. 91 2ix4=(_+__+_)x4
—’%—3 S x4+ x )
26 x4 = + +
= (xA)+(xA)+(xi) .o
= + + -
[0 fﬁ =
Solve using the Vertical Way.
26 Wirite a word problem to go with the numbers in problem 2.
X 4
24
Q06
lo%
59
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Expanded Multiplication - Worksheet 2

Fill in the blanks. You may use graph paper. Buwv
Be sure to attach it to this page if you use it.
s 25 25x3=(R0+ & )x3  Evanpl
X3 _@xa)e(5x3)
=_bo _+ 15
= s
4. 25
25x3=(__+__ +__)Xx3
x3 ,
s = x3)+ (_x3)+ (_x3)
= + +

=_ 15

Write a word problem to go with the numbers in problem 3.

60

Expanded Multiplication - Worksheet 3

Fill in the blanks. You may use graph paper. Be sure to attach it to this
page If you use . Then solve the problem in the vertical way.

1. D4 24x6=(20+_ M4 )x6

X8 _(0x )+ (k)

i;%’—,% = |20 + _24
= __ |44

2. 23 23x5=(20+_3)x5

X (20 X 5)+ (3.x5)
=_ 100 + _I&
=_[I5

3. 96 26x3=(20+ o )x3

X3 ~(20%3)+ (b_x3)
=_60o + __[2
=__ 7%

ol

Expanded Multiplication - Worksheet 4

Fill in the blanks. You may use graph paper. Be sure to aftach it to this
page if you use it. Then solve the problem in the vertical way.

1. 97 27x5= (20 +_7_ )x5

X5 = (20x5)+(1x5)
033 = _jo + 35
135 =_135
2. 05 25x4= (20 +_5_ )x4
x4 = (20xH)+ (5 x4#)
{ﬁ%g = g0+ 20
J00 =-lon.

3 28 28x3= (20 + € )x3

27{?3 = (x3)+(%x3)
+b6 f e

4 B
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Answer Key: Multiplication - Booklet 2

Expanded Multiplication - Worksheet 5

Fill in the blanks. You may use graph paper. Be sure to attach it to this
page if you use it. Then solve the problem in the vertical way.

1. 91 21x7= (20 +_1 _ )x7

x7 (2xZ)+(Lx7)
H’i‘z [HO + 7

T = _I47

2 29 29x3= (20 +_9 )x3

_%3 = (20x3)+(4x3)
£60 = 00+ 2
%7 =2
s 27 27x5= (20 +_7 )x5
"é‘? = (x5)+(Ix5)
135 - 0 + 35
135 = 135

b3



Practice: Two Digit - Worksheet 1 Practice: Two Digit - Worksheet 2
23 22 31 27 16 15 29 30 24 15
x4 X7 x5 x3 X7
X4 XL X9 X2 XL x3 x6 x4 X6 x4
q2. Is4 155 3/ 7ve _/\}} |32, 129 o4 %)
32 19 25 24 29 | o 38 o4 % 38
x5 X6 x3 x 8 X2
X5 X0 X9 xeo 2= | x5 x7 x8 x4 X3
160 I 75 192 R | Y20 266 192 144 IT%
27 28 13 17 24 35 57 12 18 o5
X2 X3 X9 x4 X x4 X3 x 8 X5 X6
iy | x4 X3 X8 X5 X6
135 gt T €d 40 3l g a0 Iso
18 34 32 16 34
X8 X3 X2 X8 x4 X1 Z X3g XS“:- X1g X3$
0% 0 /A% /3¢ o oL St o= =
! o2 b 25 46 (24 gt  as%
21 26 23 24 29
x9 x6 x8 x7 x5 Zg 2; 32 Zj 23
139 156 [ 84 162 5 | X8 X/ X6 X4 Xo
160 s 204 /00 oA
o4 £ L5
Show Your Know Expanded Multiplication: Practice - Worksheet 1
. Before you do this page, do an Expanded Numbers: Vertical Way -
Solve t;ese problems \évnhout any helpl.l 6 8 Practice page with boxes and expanded numbers.
X 3 X 2 X 4 X 5 X 2 Study this example.
2 12 I 30 To 1. 237x4= ( 200 +30 +7 yx4
800 + {120 + |28
5 8 3 4 5 .
X 2 X 5 X 3 X5 X 3 237 x4= 948
lD A[D CI ZO /5 Here is the same problem again without the box. {t is important that you
remember this way of writing the problem because this is how
5 6 9 3 9 multiplication Is done in algebra. You will use this often in coming years.
X7 X 3 X3 X 4 X5 The only thing that is different is that you must write out each litile
25 [ 3 27 ll /7[5 :?rls]{t;ggﬁ‘l;?; that you did in the box. This is how you did it when you were
4 7 3 8 7 2, 237x4= (200 + 30 + 7 ) x4
X2 x4 X8 X2 X2 (200x4)+ (30x4)+(7x4)
ol = + +
3 2%. A 32 35 = 800 + 120 + 28
3 7 6 5 4 -
X5 X 2 X 4 X 5 X 9 237 x4= 948
/5 I~ A 25 3 3. Your new way vertical or standard way looks like this: 237
How long to finish? Working rate %
35 12 26 120
X 4 X5 X 3 800
20 2 g 94
|20 +50 +lL0 There are also many other ways you could break up the 237, -+
10 WD 78 Taddlobrakup o e vay
37 29 132 Why don't you use this way much anymore? Aw V\
2 30
a 7 L 67
A2 7%
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Expanded Multiplication: Practice - Worksheet 2

Solve this problem all three ways as shown on the last page.

378x5= ( 300 + 70 +8 )x5
1500 350 Ao
378X5=l‘8q0
378x5= (_300 + _70 + _% x5
= (36ox 8§ )+ (7o0xE)+(8:x5)
= (500 + 350 4+ Ho
378x5= _ /840
Now solve it again the new way. 378
x 5
Ko
350
1500
,g90
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Expanded Multiplication: Practice - Worksheet 3

Solve this problem all three ways as shown on Expanded Multiplication:
Practice - Worksheet 1

1238x4= ( 1000 &+ 200 + 30 + g x4
4,000 300 [20 32,
1238 x 4= 4,952
1238X4= (1,000 + 200 + 30 + €@ )xM
= (600X ) + (HOX M)+ (30X M)+ (L x4)
= Moo + 300 + [20 + 32
1238 x 4= 52,
Now solve it again the vertical way. 1 233
X
32
1820
W0
4000
£
69

Practice: Three and Four Digit - Worksheet 1
4 See how fast you can solve these problems

>~ Show all the partial products.

Example:
422 349 641
X_3 _X5 X6
45
N 248 240
1260 1500 2%
= 775 3k
506 470 865
X7 X8 X2
3542 3,760 4730
494 197 427
X9 X3 X7
Ko 591 1,939
70
Answer Key: Multiplication - Booklet 2

Practice: Three and Four Digit - Worksheet 2

3,247 2,468
X5 X 6
(4]
g
00
(%oo 5,000
7,356 16,235
2,832 3,675 8,765
X7 X8 X2
19,824 59,400 /47,530
2,394 1,697 1,357
X9 X4 X7
26,546 b,183 7,499
71



Short Notation

In the long way, you multiply then add. This is also true in the short way

Now you must multiply the 3 x 4, then add that 1.

3x4=12plus1=13

You do not need to be concerned about the place vaiue.

But just to check your understanding, in the short way you multiplied (3 x 4) +

1= 138, This 13 is actually what number? 13 ones
13 tens
11 Finish this problem. Why is there a "1" 13 hundreds
24D aboweteRTp  ouging 100 From (20 (4o )
X 3 ) up. 3 rom K

‘7 3 5 How much is that “1* worth?_iQ_O_____

72

Show You Know
1. Explain how you would find the answer to this problem: AWV

400x7= 2,800 & (:0?0)517
Add Hoo sevenTimes = (4x
or Muiﬁpl\f 4y = 280nd 0dd fwo zeros i('{::)\z:ooo

2. Explain how to do a long multiplication problem such as this one 325 x 4.
What are the procedures that you _!({SB over {a.nd ovecrl again? W\u(.i! ﬁo\
Rreak ypthe 328 nio parts and Py
mu(+fp[\/P§ad\ part by % Thenadd iFallup.
Exeumple: 3253 430""")"'(@);5)1@22’53

LO
lvs;g)?and tr;'é shop way.
1439

x 5 x 5

2,000
gooo '35

4. What does it mean when we say that multiplication is "distributive"?

e numbers are brokenup into smaller nuwmbers
and” the Simaller numbers are multiplied by ore.
humber, This number {5 distribuded,orspread.ouf,

74 1o all the smoller problems.

Le25 =
3. Solve this probie’rﬁ the long

Practice
34 39 79 55
x17 X3 x 3 x 8
238 195 37 HH4D
64 29 88 39
x9 x 8 x3 x 1
576 232 264 213
85 32 79 45
x 7 x6 x4 x9
595 laz Sl 405
93 138 335 186
x 2 x 8 x17 x 9
86 I, Jo% 2,345 |74
275 358 128 538
x_ 4 x 8 x 7 x. 9
L1100 2,864 Qb 4842,
167 234 845 236
% 8 x 3 x 7 x 9
1,336 702 5915 2,124
2,375 3,583 2,284 1,385
X 4 x 8 x 17 x 9
q, 500 28,664 15, 98¢ 12,465 4

Real World Math - Worksheet 2

You took all the stuff you bought from 21st Century Electronics down to
the local flea market. This is what your price list looked like.

Real World Math - Worksheet 1

You are in business seliing older (therefore inexpensive) computers and
printers. What will you call your business?

You buy your merchandise (your stuff) from the 21st Century Electronics
Company. You then sell the computers to families. You sell the equipment
for more than you paid 21st Century Electronics for it. The difference
between what you bought it for and what you sell it for is calied your profit.
Your profit is what buys everything your family needs to buy.

Here is the price list for 21st Century Electronics Company

iMac  $700 $500
s Printer 1 $400 mEy Printer 2 $150
Here is the order you sent into to 21st Century Electronics.
l2=t1! Isitn %%né?% k[-él'ectronics Company Order Form.
Quantity Item Unit Price Total Price
3 iMac $_T00 $2,100
6 PC $_500 $_3,000
4 Printer 1 $__NOO $ _17;_@_9_01_
2 Printer 2 $ (50 $ 300
Total Order Cost  § 000

75

iMac  $800 | . PC $600

TR

Printer 1 $550 = Printer 2 $200

You sold all of the stuff you brought.

How much money did you take in that day? Show all your work.
You may use a calculator.

3x 900= 2, '100
& % Goo= 3,600
Ay 550= 2,200
2% Hoo=
%4, 300

How much is your profit? Show your work. To get profit, subtract what
you paid for the computers from  what you received when you sold the

them.  ¢6 9300
7,000
672,300
This is the amount of money you made that day. Was this a good day?

If you worked every Saturday of the year and averaged this much profit,
how much would you make?4l4,6¢0 _ (You may use a calculator.)

It
Make your own problem. 2,300 52.=%1/9,600
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Pre-Assessment - Part 1

1. What mumgiication problem is shown in this drawing? o000
H x 3 = 0000
2. Draw a picture like the one above for 7x3 =
000000
0000000 23
0000000 23
3. Write this multiplication problem as an addition problem: 23 x 4. 23
+23
R AR
q2
4. Skipcountbyfoursfromoto40. O 4 % 12 _1b 20
24 28 32 36 HO
5. Solve these problems.
a. b. c.
6 5 9
x4 X5 x 3
24 25 2
d. e. f.
7 8 9
X 8 x.8 X6
H2 2 54
6. Wiite all multiplication problems that equal 24.
You may use Cuisenaire Rods and a meter stick if you like.
Hint: There are more than two.
1x24=24
2x12=24
3x8=24
4x6=24 1

Pre-Assessment - Part 2

1. Fill in the missing numbers.

a 14 b. 14x4=(8 + 2+ _b+_\)x4
x4
56
o (B xl)r(2xts(bx )y Lx¥)
o 5b_=d 26 o+ & w_2d v &

2. Show how you would break up the 63. Label the partial products in the
box. Show the final product below the box on the line. Examfk’«:

63x8=( 24 + 32 + T )xs

63x8=_ HOH

3. Break up the 38 into tens and ones; fill in the missing numbers.

a. 38x4=( + ) x4
[ I NN NN
[ T 0}
: f rHHH
= b (30xH) + (&xH)
d. 152= ¢ 120 + _32
4. In problem 3, what number is being distributed? "'
5. Solve these problems the Long way and the Short way.
a. Long way l-)z Spo t way 32
24
1,439 1,439 6. Solve. a. 138 b. 2375
x_._55_ X 5
q 95 x_6 x4
159 ' 28 q,500
2,000

S

0
19

jl'm

Post-Assessment is the same as Pre-Assessment - Part 2

Answer Key - Multiplication - Booklet 2
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