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Pre-Assessment - Part 1 Date
Put a question mark next to any problem you do not know how to do.

1. If the is equal to —%— , which of these figures is equal to one whole?

2. Change to an improper fraction. 8. 3% =—— b. 6% =—2=C 7% =—

3. Change to a mixed number. & 152'= b. %9'= C. %8- =

4. Fill in the missing numbers. a.% =55 b= ;—O— c. % — 18

5. Simplify. a%% =— b. 1521—= — c. lg.=_...... d. _%,% =

6. Multiply. a'%X%=_b6X%=__C§'-X%=“

7. Usecanceling a % x Z= b %Xj—g-:_—_— c %X%—_—_—m
to solve.

8. Multiply.  a. Q%X 2%: b. 7-;-x 3%:

9. If 25¢ is one-seventh the cost of a piece of ribbon, how much does the ribbon
cost?

3 4 4
10. Solve. a. 4~ b. B C 9
2 1 3
+ = + + =
3 3 5
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Pre-Assessment - Part 2 - Worksheet 1 Date
Put a question mark next to any problem you do not know how to do.
1. What question does each problem ask?

a. 12+3
b. 6-:——%
c. 3+4

d. Circle the problem whose answer will be less than one.

2. Solve each problem. Make a drawing that clearly proves the answer.

a 2+ 4=

b6+%=
3 1_

C. 4+ 3~=

d. 73{ + ‘29; =1 “;— . Explain where the %‘ comes from. Why is it -Jg ?

3. Solve each problem. Make a drawing that clearly proves the answer.

. 1
a. Will the answer to 71( + T be greater than or less than one?

b. How do you know?

Pre-Assessment Patterns in Arithmetic: Fractions - Booklet 8
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Pre-Assessment - Part 2 - Worksheet 2 Date

1 . 3
d o+ 74 =
1 3
e 4 ~ g =
4. Write a fraction and its reciprocal. a. b.

5. Explain why 12 = ‘;j =12x2.

6. Does the pattern shown in problem 5 work for this problem 73( + ‘%‘ ?

a. Prove it with a drawing.

b. Explain or draw why the 'invert and multiply' formula works in this division
of fractions problem.

7. Solve these problems.

3. 2_ 5 4 _ 3 1 _
a 4+ 3=__ b. 8+ 5= 6 7+ 792 =___
8. Solve these problems.
1 2 1 4 1
a.5+27%5 = b.23+17 = c.6gF5+97 =
Patterns in Arithmetic: Fractions - Booklet 8 Pre-Assessment
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Purpose

Prerequisites

Materials

Instructions

Assessment Guide

4

Assessment Guide

The purpose of this guide is to assess the fundamental knowledge necessary for
success in this booklet. Pre-Assessment: Part 1 is review material from the past
fraction booklets and is used to determine student readiness for this booklet. Pre-
Assessment: Part 2 is a preview of the new material presented in this booklet and
is used to set the baseline for what the student already knows at the beginning of
instruction.

The Post-Assessment is administered to determine if the student learned the materi-
al that was presented in this booklet. A comparison of the score on Pre-Assessment:
Part 2 to the score on the Post-Assessment will give both you and your student a
sense of growth. The Post-Assessment is the same as Pre-Assessment: Part 2.

Patterns in Arithmetic: Fractions - Booklets 3 - 7, or proficiency with proper and
improper fractions, equivalence and simplification of fractions, common denomi-
nators, and multiplication of fractions

Fractions Booklet 8: Pre-Assessment - Worksheets 1 - 3, pages 1 -3
Score Sheets

Colored pencils

Patterns Blocks

Fraction manipulative

Instruct the student to attempt all the problems. If he does not know how to do a
problem, he should put a question mark by it. This will let you know he looked at
the item and decided he could not do it.

It is acceptable to read the items to a student. We are assessing math, not reading.
Do not explain any items to him. If he does not know what the question means, tell
him to put a question mark on that item.

Do the assessment in two parts. Give Pre-Assessment: Part 1 and check it for
readiness for this booklet. The answers are in the Answer Key. If he is not ready
for this booklet, there is no point in giving Pre-Assessment: Part 2. If he passes all
the readiness items, then give Pre-Assessment: Part 2.

After scoring Pre-Assessment: Part 2, use the Booklet Selection Guide to deter-
mine the correct booklet for your student based on the results of the assessment.

This Assessment Guide explains what concept each item on the test is assessing.
The item numbers match the item numbers on the student test page. The title of
the lesson and Booklet number tell you where the concept is taught. In the Assess-
ment Guide, under each lesson title are several assessment criteria. Each criterion
is labeled with capital letters ‘A, ‘B, etc. These criteria tell you what to look for
in the student work. On the student test, sometimes multiple problems are used to
test a concept. These multiple problems are labeled with small letters ‘a,” ‘b,’ etc.

Patterns in Arithmetic: Fractions - Booklet 8
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Score sheets that match the Assessment Guide for the Pre-Assessment: Part 1, Pre-Assessment: Part
2, and Post-Assessment follow.

Assessment Criteria for Pre-Assessment: Part 1
Can the student:
1. Changing Wholes (Fractions: Booklet 2)
A. identify that the red block will be equal to the whole if the blue block is designated as %

2. Improper Fractions to Mixed Numbers (Fractions: Booklet 3)
A. give the correct answer two of three times? Answers do not have to be simplified to be
correct. We want to see if he can perform this operation.

3. Mixed Numbers to Improper Fractions (Fractions: Booklet 3)
A. give the correct answer two of three times? Answers do not have to be simplified to be
correct. We want to see if he can perform this operation.

4. Equivalent Fractions (Fractions: Booklet 4)
A. supply the correct missing number in two of the three items?

5. Simplification of Fractions (Fractions: Booklet 5)
A. give the correct answer to three of the four problems?

6. Multiplication of Fractions (Fractions: Booklet 6)
A. give the correct unsimplified answer for two of the three items?
B. give the correct simplified answer for two of the three items?

7. Cancelling (Fractions: Booklet 6)
A. supply the correct simplified answer in two of the three problems?
B. use cancelling to simplify the numbers before he multiplies?

8. Multiplying Mixed Numbers (Fractions: Booklet 6)
A. supply the correct simplified answer in one of the two problems?
B. use cancelling to simplify the numbers before he multiplies?

9. Word Problem (Fractions: Booklet 6)
A. supply the correct answer?

10. Addition of Fractions with Unlike Denominators (Fractions: Booklet 7)

A. give the correct unsimplified answer two of three times?

B. give the correct simplified answer two of three times?

C. use forty-five as the common denominator on item c? If he used ninety, have him practice
finding the least common factor of two numbers. This will be important when drawing division of
fractions problems.

Booklet Selection Guide based on results of Pre-Assessment: Part 1
All of the skills in this assessment are needed in Division of Fractions. There must be a Yes on all
items before proceeding. Any No items must be remediated before beginning this booklet. If the score

Patterns in Arithmetic: Fractions - Booklet 8 Assessment Guide
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is 75% or greater, you can probably begin the Division of Fractions Booklet and remediate needed
items concurrently. This is not the case if he receives a No on multiplication of fractions, Items 6, 7,
and 8. These items must be remediated before the booklet can be attempted. Begin with Fractions:
Booklet 6.

Assessment Criteria for Pre-Assessment: Part 2
All items in this section are taught in Fractions: Booklet 8
Can the student:
1. Understand the question asked by a division problem?
A. give the answer, ‘How many groups of 3 are in 12’7
B. give the answer, ‘How many groups of % are in 6’7
C. give the answer, ‘What part of 4 fits into 3°?
D. circle 3 +4?

2. Solving Problems with Pictures
Solve a division of fractions problem with a picture where the dividend is larger than the divisor?
A. give the correct answer on two of three problems using any method?
B. make a drawing to prove each answer that clearly shows both the dividend and the divisor?
C. show some kind of marking in the drawing that clearly indicates the counting of the number
of divisor units in the dividend?
D. use a common denominator to clearly show each fraction?
E. explain that the remainder of +z is % of the group of % with a clear drawing to support the
answer?

3. Solving Problems with Pictures
Solve a division of fractions problem with a picture where the divisor is larger than the dividend?

A. state that the quotient to ¥+ Fwill be less than one?
B. give the answer that it will be less than one because 7 is larger than *and thus only part of

the $will fit into the +?
C. give the correct answer to two of three problems in items c, d, and e?
D. make a drawing to prove each answer that clearly shows both the dividend and the divisor?
E. clearly show the answer in the drawing?

4. Introducing Reciprocals
A. write a fraction and its reciprocal?

5. Using Multiplication to Solve Division Problems

A. explain why these two problems give equal answers? 2 Points: These two give equal
answers because when you solve 12 + ¥, you are asking how many halves fit in twelve. Since there are
two halves in each whole, it makes sense that the total number of halves would be gotten by multiply-
ing 2 x 12. 1 Point: Because they give the same answer.

6. Using Multiplication to Solve Division Problems
A. give the answer ‘yes’?
B. explain or draw a clear picture to show that % + Y2 is 1 %, which is equal to % x 27

Assessment Guide Patterns in Arithmetic: Fractions - Booklet 8
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7. Standard Procedure

A. give the correct answer in two of the three problems?
8. Division with Mixed Numbers

A. give the correct answer in two of the three problems?

Booklet Selection Guide based on results of Pre-Assessment: Part 2

If he can give correct answers when he calculates Items 2A, 3C, 4A, and 8A but is not able to explain
or prove understanding with a clear drawing, then you have some choices:

Move on because he can do division of fractions and leave it at that.

Know that he does not understand the nature of division with fractions.

Or you can have him complete this booklet to investigate why the procedure works the way it does
and develop understanding of the physical process that is occurring when fractions are divided. One
teacher gave a student a choice of understanding division of fractions and working through this book-
let or just being given the recipe for the Standard Procedure. This enlightened student chose to do this
booklet. Completing this booklet may take three to four weeks for most students.

Whenever remediation is needed, rely upon the following process, which is used throughout the Paz-
terns in Arithmetic series to develop understanding of a concept.

1. Introduce the concept with a manipulative. Orally discuss it. Build it. Verify it. Practice it.
Repeat the experience with a different manipulative (oral manipulative).

2. Use manipulatives to explore the concept again. This time record it with pictures (pictorial/repre-
sentation). Practice it. Use worksheets.

3. Record the problem with numbers (abstract/symbolic), which links the pictorial with the abstract.

4. Practice fluency.

5. Practice for speed.

Begin each lesson with a warm up and review. Always end a lesson with a success before the student
is tired. It is best to end while the student is still enjoying the lesson.

Ask questions or make statements, such as: “Are you sure?” or “Build it.” or “What gave you the
clue?” or “Show me how you got that.” or “Prove it.” even when a student is correct. This is im-
portant to do often. Many students will ask an adult, “Am I right?” rather than answering definitively.
Confidence in a student’s response must come from within. A student needs to self-check and have
confidence in his or her ability and knowledge. Asking the student if he or she is right, even when
correct, will encourage self-confidence and the ability to self-check.

Please note that the dialogues in most lessons are idealized, with a student giving all the correct an-
swers. The dialogue you have with your student will be unique. What’s most important is to listen to
the student and figure out the model of the world she is presenting. From your understanding of what
she says, continue to ask probing questions or statements, such as: “How did you get that?” “‘Show
me what you mean.” “Build a model of that.” ‘“Tell me more so I can understand what you are
saying.”

Patterns in Arithmetic: Fractions - Booklet 8 Assessment Guide
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Pre-Assessment: Part 1 Score Sheet Name
Can the student:

Date
1.

Changing Wholes (Fractions: Booklet 2)

Yes No A. identify that the red block will be equal to the whole?

2. Improper Fractions to Mixed Numbers (Fractions: Booklet 3)

Yes No A. give the correct answer two of three times?

3. Mixed Numbers to Improper Fractions (Fractions: Booklet 3)

Yes No A. give the correct answer two of three times?

4. Equivalent Fractions (Fractions: Booklet 4)

Yes No A. supply the correct missing number in two of the three items?

5. Simplification of Fractions (Fractions: Booklet 5)

Yes No A. give the correct answer to three of the four problems?

6. Multiplication of Fractions (Fractions: Booklet 6)

Yes No A. give the correct unsimplified answer for two of the three items?
Yes No B. give the correct simplified answer for two of the three items?

7. Cancelling (Fractions: Booklet 6)

Yes No A. supply the correct simplified answer in two of the three problems?
Yes No B. use cancelling to simplify the numbers before he multiplies?

8. Multiplying Mixed Numbers (Fractions: Booklet 6)

Yes No A. give the correct simplified answer in one of the two problems?
Yes No B. use cancelling to simplify the numbers before he multiplies?

9. Word Problem (Fractions: Booklet 6)
Yes No A. supply the correct answer?

10. Addition of Fractions with Unlike Denominators (Fractions: Booklet 7)

Yes No A. give the correct unsimplified answer two of three times?
Yes No B. give the correct simplified answer two of three times?
Yes No C. use forty-five as the common denominator on item c?

Items Correct
Items Possible

= %

1

15

Assessment Guide
8
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Pre-Assessment: Part 2 Score Sheet Name Date
Can the student:
1. Understand the question asked by a division problem?

Yes No A. give the answer, ‘How many groups of 3 are in 12’7

Yes No B. give the answer, ‘How many groups of % arein 6’7

Yes No C. give the answer, “What part of 4 fits into 3’7

Yes No D. circle 3 +4?

2. Solving Problems with Pictures
Solve a division of fractions problem with a picture where the dividend is larger than the divisor?

Yes No A. give the correct answer on two of three problems using any method?

Yes No B. make a drawing to prove each answer that clearly shows both the dividend and
the divisor? '

Yes No C. show some kind of marking in the drawing that clearly indicates the counting
of the number of divisor units in the dividend?

Yes No D. use a common denominator to clearly show each fraction?

Yes No E. explain that the remainder of fis ¥ of the group of % with a clear drawing to
support the answer?

3. Solving Problems with Pictures

Solve a division of fractions problem with a picture where the divisor is larger than the dividend?
Yes No A. state that the quotient to ¥ + % will be less than one?
Yes No B. explain why?
Yes No C. give the correct answer to two of three problems in items ¢, d, and e?

Yes No D. make a drawing to prove each answer that clearly shows both the dividend and
the divisor?

Yes No E. clearly show the answer in the drawing?

4. Introducing Reciprocals
Yes No A. write a fraction and its reciprocal?

5. Using Multiplication to Solve Division Problems (for points see Assessment Criteria on page 6)
2 1 Opt.A. explain why these two problems give equal answers?

6. Using Multiplication to Solve Division Problems
Yes No A. give the answer yes?
Yes No B. explain or draw a clear picture to prove his answer?

7. Standard Procedure
Yes No A. give the correct answer in two of the three problems?

8. Division with Mixed Numbers
Yes No A. give the correct answer in two of the three problems?

Was he able to score Yes on items 2A, 3C, 4A, and 8A but No on many other items?
Items Correct = = %

Jtems Possible = 21

Patterns in Arithmetic: Fractions - Booklet 8 Assessment Guide
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Post-Assessment Score Sheet Name Date
Can the student:
1. Understand the question asked by a division problem?

Yes No A. give the answer, ‘How many groups of 3 are in 12’7

Yes No B. give the answer, ‘How many groups of $arein 6’7

Yes No C. give the answer, ‘What part of 4 fits into 3’7

Yes No D. circle 3 +47

2. Solving Problems with Pictures
Solve a division of fractions problem with a picture where the dividend is larger than the divisor?

Yes No A. give the correct answer on two of three problems using any method?

Yes No B. make a drawing to prove each answer that clearly shows both the dividend and
the divisor?

Yes No C. show some kind of marking in the drawing that clearly indicates the counting
of the number of divisor units in the dividend?

Yes No D. use a common denominator to clearly show each fraction?

Yes No E. explain that the remainder of is § of the group of % with a clear drawing to
support the answer?

3. Solving Problems with Pictures
Solve a division of fractions problem with a picture where the divisor is larger than the dividend?
Yes No A. state that the quotient to T =+ § will be less than one?
Yes No B. explain why?
Yes No C. give the correct answer to two of three problems in items ¢, d, and e?
Yes No D. make a drawing to prove each answer that clearly shows both the dividend and
the divisor?

Yes No E. clearly show the answer in the drawing?

4. Introducing Reciprocals
Yes No A. write a fraction and its reciprocal?

5. Using Multiplication to Solve Division Problems (for points see Assessment Criteria on page 6)
2 1 Opt.A. explain why these two problems give equal answers?

6. Using Multiplication to Solve Division Problems
Yes No A. give the answer yes?
Yes No B. explain or draw a clear picture to prove his answer?

7. Standard Procedure
Yes No A. give the correct answer in two of the three problems?

8. Division with Mixed Numbers
Yes No A. give the correct answer in two of the three problems?

Was he able to score Yes on items 2A, 3C, 4A, and 8A but No on many other items? See choices on
page 7 in Booklet Selection Guide based on results of Assessment: Part 2

Items Correct = = %

Items Possible = 21

Assessment Guide Patterns in Arithmetic: Fractions - Booklet 8
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Introduction to Division of Fractiomns

A teacher can teach any ten-year-old how to divide fractions by telling her the procedure and then hav-
ing her practice it for about a, hour. The procedure itself, however, makes no sense to most people,
including most adults. The sad thing is not only are they missing out on understanding why ‘invert the
- divisor and multiply’ works, but more important, they are missing the chance to develop mathematical
power and the delight that comes with it.

And even more sadly, they are learning that their understanding is not important. Just memorize it and
confirm your answer with only the authority of an Answer Key.

To understand division of fractions, one must explore the physical process of it. Using fraction ma-
nipulatives, the student can explore what it means to solve a problem such as this:

F+ %=

What question does this problem ask? What do I need to understand to process this question? First,
to approach understanding, a student must understand the basic nature of division itself. In the op-
erations of addition, subtraction, and multiplication, the answer is a number of objects that can be
counted. In division this is not the case. In division, the quotient (answer) is always an expression
of the relationship between the dividend and the divisor. It is not a quantity, but a relationship. This
makes division uniquely challenging to understand. I will repeat that packed sentence.

In division, the quotient (answer) is always an expression of the relationship between the dividend and
the divisor. I failed eighth grade math because I could not understand what that sentence meant. So
let’s look at this a minute.

Dividend + Divisor = Quotient For example consider these three problems:
8§+2=4 12+3=4 20+5=4

In all three cases the quotient is four. But the number four is not a quantity. It is four groups of what-
ever the divisor is. In 8 + 2 =4, the four means four groups of two. In 12 + 3 = 4, the four means four
groups of three, and in 20 + 5 = 4, four groups of five. The relationship between the dividend and
the divisor is called a ratio. In the problems above, it is the ratios that are equal, not the quantities of
objects in the groups. All three dividends and divisors have a ratio of 4 to 1. In other words, there are
four groups of the divisor in each dividend. This is hard to get your head around with whole numbers;
it is even more so when working with fractions.

In looking at 8 + 2 =7 or # + % =29, the question is the same. That question is how many groups of
the divisor, in our first case two, are in the dividend, eight?

The answer is that there are four groups of two in eight. To answer this question, one must think of the
divisor, two, as a whole group. We must think of the two as the whole. Mathematicians can define a
whole to be whatever they want it to be. This concept is taught as the Changing Wholes. In the second
problem, 12 + 3, the divisor defines the new whole as a group of three. In 25 + 5 the divisor defines one
whole as a group of five. The size of the group being made, as defined by the divisor, will always be
the new whole. This is easier to understand if you look at the division problems as improper fractions:
%, "}Z, £ When one looks at the problems as fractions, it is easy to see that the whole is two, three, and

Patterns in Arithmetic: Fractions - Booklet 8 Introduction to Division of Fractions
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five respectively. It is the denominator of a fraction that tells the size of the whole. The definition of
the whole changes depending on what the denominator is.

Now consider this concept with respect to a division of fractions problem. 4+ %=

Looking at this division problem as a fraction will make most people’s heads spin.

3
ir

%

For most, this approach is not immediately understandable. In this fraction, the whole is now defined
as %. Itis quite difficult to get your head around the idea that a fraction, %, can be defined as the whole!
Try explaining that to a student!

An easier way to understand it is to ask the same question we ask for any division problem. How
many groups of $arein?? #+ %=+ A=

In order to answer that question, one must think of the % as a whole group. The student therefore must
have a good grasp of the fact that a whole can be defined as anything, including a fraction. She must
also see that since the % is larger than the %, the % will fit into the % one time with a little left over. Now,
even if the procedure of invert the divisor and multiply has been memorized, she is not likely to be
able to explain why the answer is more than one, in fact is one and one-eighth! Where in the world
did the one-eighth come from?

To build a model of the process of division of fractions and then construct a pattern that will allow
someone to calculate an answer and prove it requires patient construction with physical objects and a
search for number patterns.

The pursuit of understanding of this concept is fortunately fun for most people. Given the chance to
construct understanding of this whole process, most people feel invigorated with lots of ‘ahas!” echo-
ing around the classroom.

Teachers, do not be afraid to teach this unit with your students if you do not understand division of
fractions. You will both learn it as you go. Trust me on this. That is how I, Alysia Krafel, learned it.
These problems feel like puzzles. Have fun!

Introduction to Division of Fractions Patterns in Arithmetic: Fractions - Booklet 8
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Embedded
Assessment

Test for
Understanding

Changing Wholes: Review

The purpose of this lesson is to review the concept of Changing Wholes using
three different manipulatives. This concept is critical to the understanding of the
division of fractions. The student must understand that a whole can be defined as
any quantity since a fractional part is determined by the size of the whole, and its
value will change when the whole changes. For example, if the whole is defined
as twelve, three equals one-fourth of it. But if the whole is defined as six, three is
now equal to one-half of the whole. The amount of stuff in a fraction is determined
by the size of the whole.

Previous lessons on fractions

Changing Wholes: Review - Worksheets 1 - 5, pages 4 - 8
Cuisenaire Rods

Pattern Blocks

Prism Fractions

If it has been longer than a month since the student worked with the blocks, have
him freely explore with them before beginning the lesson.

Changing Wholes: Review - Worksheet 1
“How many red blocks fit into the hexagon?” “Two.”

“SQo one red block is what fraction of this whole?”” “One-half.” Record that.
Repeat this question with each of the blocks.

The second figure is twice the area of the first. Pay attention to see if he recognizes
that and uses it to find answers for the fractions. If he realizes that the new whole is
twice as large as the first, then he may be able to reason that the red trapezoid would
have half the value with this whole than it did with the first. In the first whole, the
red block had a value of one-half. In the second whole, it will be only one-fourth.

Math Journal Question
Explain why the value of the red block is cut in half, from one-half to one-fourth,
when the size of the whole is doubled.

Answer: The value of the red block is cut in half when the size of the whole is
doubled because the size of the red block did not change. It will take twice as
many of them to fill the area of the new whole. The denominator of the fraction is
determined by how many blocks it takes to fill the whole. Since the whole is twice
as large, there will need to be twice as many red blocks to cover it. Doubling the
number of the red blocks in the new whole will cut each red block’s fractional value
in half.

Have him finish the page on his own. Check his answers with the Answer Key. He

Patterns in Arithmetic: Fractions - Booklet 8 Changing Wholes: Review
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may be able to complete this worksheet correctly without using the blocks. This is
okay as long as he is getting the correct answers.

Worksheets  Changing Wholes: Review - Worksheet 2, page 5, using Cuisenaire Rods
Changing Wholes: Review - Worksheets 3 and 4, pages 6 and 7, using Prism Frac-
tions
Changing Wholes: Review - Worksheet 5, page 8 - Division - Relationships

Test for 1. Watch carefully to see what he does when he confronts the problems on the

Understanding Changing Wholes: Review - Worksheets 3 and 4, pages 6 and 7. In the second
problem, the red rod is defined as the whole, or one, which causes the white piece
to be worth two. Hopefully, there is no hesitation at this change from fractional
values to whole numbers. This issue becomes pronounced on Changing Wholes:
Review - Worksheet 4, page 7.

“This page works with fractions. Where are all these whole numbers coming
from?”

He should be able to explain that if a small piece is defined as one, then larger pieces
must have values greater than one.

2. Looking at Changing Wholes: Review - Worksheet 5, page 8:

“Which number in a division problem is the whole?”” “The divisor.”

“Which number changes in a division problem when the value of the whole is
changed?”” “The quotient.”

Changing Wholes: Review Patterns in Arithmetic: Fractions - Booklet 8
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Purpose

Prerequisites

Materials

Warm Up

Math Journal
Topics

Lesson
Part 1

Division of Fractions into Whole and Mixed Numbers

The purpose of this lesson is to begin the development of the ability to use a divisor
that is a fraction. Using blocks to build models, the student will investigate divi-
sion with a fractional divisor as a physical process. How many of those blocks can
I fit into this space? All the quotients are whole numbers, and the patterns in the
answers are obvious. Many students will see immediately that the multiplication
tables are evident in the sequence of answers.

Patterns in Arithmetic: Division - Booklet 2 or mastery of Single Digit Division
from another curriculum, for example, 4,578 + 8. Mastery of division with double
digit divisors is not necessary.

Key to Decimals: Booklet 3 is helpful as it demonstrates how the fractional divisors
can be converted into different units using the Identity Property (the Mighty One)
for ease of calculation. This may be taught concurrently.

Division of Fractions into Whole and Mixed Numbers - Worksheets 1 - 6, pages
9-14

Cuisenaire Rods

Two sets of fraction pieces of any kind for each pair of students

Division of Fractions into Whole and Mixed Numbers - Worksheet 1, page 9
Let the student work down this page and complete the first two sets independently
if possible. Require her to write out what patterns she sees.

1. Edit answer to what patterns she sees.
2. Explain why the three times table appears in the answers to the problems in Set
2, on Division of Fractions into Whole and Mixed Numbers - Worksheet 1, page 9.
Require her to use the proper vocabulary.

Answer: The definition of one-third is that the whole is divided into three equal
pieces. Each time another whole is added, the number of thirds increases by a fac-
tor of three (times three) each time. Or, each time another whole is added, three
more pieces are added. The pattern shows that to find the total number of pieces in
a given number of wholes, you multiply the number of wholes by three.

Enrichment Question: Let x be the number of wholes, and y be the number of
thirds. Write the function for this relationship. Answer: y =3x

The lesson begins with Set 3 on Division of Fractions into Whole Numbers - Work-
sheet 1, Page 9. Please note that the dialogues in most lessons are idealized, with
a student giving all the correct answers. The dialogue you have with your student
will be unique. What’s most important is to listen to the student and figure out the
model of the world she is presenting. From your understanding of what she says,
continue to ask probing questions or statements, such as: “How did you get that?”’
“Show me what you mean.” ‘“Build a model of that.” ‘“Tell me more so I can
understand what you are saying.”

Patterns in Arithmetic: Fractions - Booklet 8 Division of Fractions into Whole and Mixed Numbers
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Note

Test for

“When writing a division problem such as 8 + 2=___, what question is being
asked?” “How many groups of two are in eight.”

“The worksheet asks, ‘How many fourths are in one?’ What division problem
is that?” “One divided by one-fourth.”

Have her study the next two problems and then continue the pattern to complete
Set 3. Move on to the next page.

One dark green rod is defined as the whole, or one. The rectangle on the right that
has six long rectangles in it is equal to six wholes. Some students will interpret the
large rectangle as a whole as was done in the Changing Wholes exercises. Make
sure she understands that the whole, one, is a single dark green rod.

Division of Fractions into Whole and Mixed Numbers - Worksheet 2, page 10
“If the dark green rod is one, then what color rod is equal to one-third?” “The
red rod.”

“If the dark green rod is one, then what color rod is equal to two-thirds?”
“One purple rod or two red rods.”

“Record this on the line on the left side of the worksheet.”

Critical Concept: She must see the two-thirds in her mind as a single piece or a
single group. Many students have difficulty looking at two blocks and thinking of
it as one group. They see two groups because they see two pieces. In this exer-
cise, using the purple rod helps students overcome this perceptual problem. She
is counting how many purple rods fit into the big rectangle. The attachment of the
name of the block, two-thirds, and the size of the rectangle, six wholes, happens
after she understands that she is trying to see the divisor in the division problem.

“How many groups of one-third are in six?” It is important that she builds this,
even though she can easily use her multiplication pattern. “Eighteen.”

“How many groups of two-thirds are in six?”” Wait. Let her work this out.
“Nine.”

“The first quotient is eighteen; the second one is nine. Explain why it makes

Understanding/ sense that the quotient of the second problem is half of the first.” “It makes
Math Journal Sense because we doubled the size of the divisor, which halves the size of the quo-

. tient.”

Question
Continue in this way to finish the worksheet. Do not help unless assistance is
needed. Check the answers immediately. End the session.

Note Cuisenaire Rods or fraction pieces can be used for this exercise. If you use the Cui-
senaire Rods, use the dark green rod as the whole and the purple rod for two-thirds,
or tape two red rods together. If fraction pieces are used, it is important that two

Division of Fractions into Whole and Mixed Numbers Patterns in Arithmetic: Fractions - Booklet 8
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¥ pieces are taped together so she will see the two pieces as a single divisor.

Some students will benefit if the fraction names of the pieces are dropped and just
the colors are used. Example: “How many groups of two red rods fit onto a dark
green?” “One and one-third.”

“Build one and one-third. How many groups of one-third are in one and one-
third?” “Four.”

“So how many groups of two-thirds would there be in that same amount?”
“Half as many, or two.”

“Show that with the blocks to prove your answer.”

Lesson Division of Fractions into Whole and Mixed Numbers - Worksheet 3, page 11

Part 2 The sequence of questions appears on the worksheet. Sit with her while she com-
pletes these. Do not help unless assistance is needed. Use the Answer Key to be
sure she is doing it correctly.

Some teachers like to work the problems right along with the students. This is
particularly important and totally acceptable if the teacher is also constructing un-

derstanding of this topic.

Worksheets Division of Fractions into Whole and Mixed Numbers - Worksheets 4 and 5, pages

12 and 13
Test for Division of Fractions into Whole and Mixed Numbers - Worksheet 6, page 14
Understanding Watch her do this page. If you are working with a class, use this in an individual
test format.
Note In the diagram to the right, be sure she sees the dark line grouping the thirds =

together. 2+% = 3
Have her circle each group of % with a colored pen to be sure she e
understands the drawing. Some students will miss this connect- :
ing bar and not see the new fraction as a whole. ~

1 2 3

Before she begins to work, point out the Prediction Lines in the bottom half of the
page. Require her to use a predicted answer by calculating it using the patterns she
has noticed before. Then require her to confirm her answers with the manipulative.
If you are in a one on one situation, watch her do the work and have her explain her
predictions to you.

Application Have her copy the problems into the Math Journal and explain how she is calculat-
ing each problem. Then have her use a drawing similar to the one on the worksheet
to confirm her answer. If you are working with a group, use this Math Journal prob-
lem.

Use the Answer Key to check the work. If you are scoring these, make up a rubric for
points on a 1 - 3 scale for the clarity of the explanations and precision of the drawings.

Patterns in Arithmetic: Fractions - Booklet 8 Division of Fractions into Whole and Mixed Numbers
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Purpose

Prerequisites

Materials

Warm Up

Math J ournal

Lesson

Fractions as Divisors: Whole Number Quotients

The purpose of this lesson is to model the physical process of division with a frac-
tion as a divisor and to teach students to make representational drawings of that
process.

Previous lessons

Fractions as Divisors: Whole Number Quotients - Worksheets 1 - 3, pages 15 - 17
Paper Square Prism Fractions (Do not use fraction circles for this lesson as they are
too difficult for students to draw accurately.)

Colored pencils

Have the student explore the paper square Prism Fractions for as long as she needs.
Give her a chance to figure out how to manipulate and then draw a division with a
fractional divisor on her own.

“Pick up the ¥ and ¥ pieces. How many groups of tare in £?” Wait. Give her
time to figure out how to model this. “There are two groups of tint”

“How did you arrive at that answer?”> Have her explain her idea to you or to her
classmates.

“Pick up the Y and ¥ pieces. How many groups of t are in 7? Draw the pieces.
Use the colored pencils to help you make a clear drawing. Explain how you
decided on your answer.”

Answers will vary. You are looking to see if she counts the number of one-fourth
pieces that cover or match up with the one-half piece. Listen to hear if she uses the
concept of equivalent fractions to justify her answer, such as one-half equals two-
fourths. This would be an indicator of developing understanding.

Examine how she drew the problem. If the drawing does not make sense to you,
have her redraw it while she explains her thinking.

Fractions as Divisors: Whole Number Quotients - Worksheet 1, page 15

Read the top box together. Discuss it to be sure she understands how the problem,
¥+ ¥, was drawn this time, and how it compares with the drawing from the Warm
Up. Have her color the page to match the color of the pieces she is using.

Continue reading the worksheet together. Use both the pieces and drawings as you
work.

Watch her solve problems 1 - 4 at the bottom of the page. Check the answers for
problems 5 - 8, page 15 and correct them. Check these answers. Make sure the
answers are correct before proceeding.

Fractions as Divisors: Whole Number Quotients Patterns in Arithmetic: Fractions - Booklet 8
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Practice Fractions as Divisors: Whole Number Quotients - Worksheet 2, page 16. Correct it.
Worksheets

Test for Use Fractions as Divisors: Whole Number Quotients - Worksheet 3, page 17, as a

Understanding test. You are looking for correct answers and clear drawings that show the divi-
dend, the divisor, and the quotient. Require her to use the colored pencils to support
her in making the drawings clear.

Example: #+ ¥=_3
| 4 % #
¥ ||%| %
1 2 3
Patterns in Arithmetic: Fractions - Booklet 8 Fractions as Divisors: Whole Number Quotients
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Quotients with Remainders: Whole Number Dividends

Purpose The purpose of this lesson is to build a model for division problems whose divisor
is a fraction and where the quotient has a remainder. We review problems with both
the dividend and the divisor as whole numbers, with a quotient that has a fractional
remainder. Then we move to a fractional divisor. The student develops the abil-
ity to see the remainder as a fraction of the divisor even when that divisor is also a
fraction.

Teacher When there is a remainder in a division problem, there are three choices as to how
Background to express it. Example: 22 +4 =7

The first way is to show the number of groups with a remainder: 22 +4=5r12.

The second way is to show the quotient as a mixed fraction with the remainder as
a fraction of the divisor,e.g.,22 +4 = 5%. The remainder of two is half of a group
of four. So there are five and a half groups of four in twenty-two. Another way to
think of it is: There are twenty-two really good, soft moist cookies and four chil-
dren. How many cookies does each child get? Each child gets five cookies. No
children I know would leave those extra cookies on the table! The children will
take the last the two cookies and divide them up into four equal pieces. OO Each
child will get a half a cookie more. So each child gets a total of 5% cookies and a
tummy ache. Notice that in the first problem, we thought of the divisor as the size
of the group. In the second problem, we thought of the divisor as the number in
each group. Either way of thinking about it will produce the same quotient. Most
of the time when dividing with fractions, we think of the divisor as the size of the
group because it is easier to build it that way.

The third way is to show the quotient as a decimal. The decimal also shows a
mixed fraction but in a different form. A good example of this would be twenty-
two dollars divided between four people. How much does each person get? Five
dollars and fifty cents. Note that the remainder is two dollars divided between four
people. Each person gets fifty cents of that remaining two dollars.

The identical thought process is applied when the divisor is a fraction. The ques-
tion posed about the remainder is the same. “The remainder is what fraction of the
divisor?” To answer this question, one must see the divisor as a whole group, even
when it is a fraction. This can be quite confusing for children and adults alike. You
will get better at it as you go. It feels great when you get it.

Prerequisites Previous lessons, and being able to show remainders as fractions in whole number
division is helpful. Patterns in Arithmetic: Division - Booklet 3, first lesson

Materials Quotients with Remainders: Whole Number Dividends - Worksheets 1 and 2. pag-
es 18 and 19

Soft cookies are very helpful and fun. Paper ones will do as well; so will drawings

Quotients with Remainders: Whole Number Dividends Patterns in Arithmetic: Fractions - Booklet 8
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Warm Up

Lesson

Note

of cookies.
Fraction manipulative - most students prefer fraction circles for this activity.

Place twenty-two cookies on the table.

“Show me how four hungry children would share these cookies.” “They would
give each person five cookies and then cut the last two cookies into halves and give
each child another half. So each child will get 5 ¥ cookies.”

“Do the same problem again with a different way of seeing the divisor. Now
the four will be the number in each group, not the number of groups as it was
in the first problem.”

Do the top problem on Quotients with Remainders: Whole Number Dividends -
Worksheet 1, page 18. Do22 +4=___ .

“How many dots are there?” “Twenty-two.”

“What is the size of the group being made?”’ “Four.”

“Circle the groups of four in the picture.” The student circles the groups of four.
“How many groups of four are in twenty two?” “Five.”

“What is the remainder?” “Two.”

“The remainder is what fraction of the group being made? Or what fraction of
four is the remainder of two?”’ “The remainder of two is half of a group of four.”
Use the graphic to help him see this.

““What is the quotient of the problem written as a mixed fraction?” “54
Have him fill in the answers to these questions on his worksheet.
Repeat a dialogue with 15 + 4.

Do Problems 1 - 4 above the line on Quotients with Remainders: Whole Number
Dividends - Worksheet 1, page 18. Show the remainders as fractions.
Answers: 1. 7% 2.3% 3.5% 4.7%

Read the section below the line on page 18 together. The remainder is %. The quo-
tient can be shown as 4 r %. To show the quotient as a mixed fraction, the remainder
must be seen as a fraction of the divisor. The group we are making is %. The remain-
ing piece is 5 of the group of %. This perception is tricky for many. What he sees
is ¥ sticking out at the end. You as a teacher must keep asking the question, “What
is the group being made, and what fraction of that group is this remainder?”
Sometimes it helps to pull away a group of two-thirds from the problem and place
the one-third piece beneath it as we did on page 15. This makes it more obvious
that the remainder piece is one-half of the group above.

Answer the questions on the page. The answers are upside-down on the bottom of the page.

Do not give up if this is confusing for you. You will get it. That lovely ‘aha’ will

Patterns in Arithmetic: Fractions - Booklet 8 Quotients with Remainders: Whole Number Dividends
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Worksheet

Note

Test for
Understanding

Math Journal

happen. Just keep going.

Turn the page and try the next problem. 2 + #. Look at the remainder of two-
fourths. Place them under a group of three-fourths. This makes it much easier to
see that the remainder is two-thirds of the group of three-fourths.

This is a mind-bender sure enough, but isn’t it interesting to start to understand
why the answer to the problem 2 + # =2 %7 Before, when you just used your
memorized procedure, you might never have stopped to wonder why the answer
had a two-thirds in it. How does that make sense? Now you know.

Do Quotients with Remainders: Whole Number Dividends - Worksheet 2, page 19.
Check his answers (upside-down at the bottom of the page) as soon as he does each
problem to be sure he is thinking correctly.

Great insights! A pattern a very few students will see is that the denominator of the
remainder matches the numerator of the divisor. This pattern makes sense because
the numerator of the divisor tells you how many pieces will be in each group. If
the problem is 2 + #=2 %, the size of the group being made is three pieces. It does
not matter that those pieces are fourths. So if the size of the group is three pieces,
each piece then becomes a third of the divisor. This is why the denominator of the
answer matches the numerator of the divisor.

Some students will realize that the easiest way to calculate these is to turn the
whole number into an improper fraction where the denominator matches the de-
nominator of the divisor. Then all you have to do is divide the numerators and treat
it like a whole number division problem. This works well. Do not tell him to do
this unless he sees it on his own. It will get in the way of what comes next.

Here is a list of more practice problems. Answers are below.*
a.1+% b.1+% c1+% d1+% el+?% flz+% gl+% hl=z%

If he can do problem f, 1 + 1z = 2%, on his own, you know he understands.

Math Journal Question: Copy this sequence of problems.

1+%=2% 1+% =1% 1+3=1%

Explain why the denominator of the fraction in the quotient is the same as the nu-
merator of the divisor.

Answer: This pattern makes sense because the numerator of the divisor tells you
how many pieces will be in each group. In the problem 1 + 2 =11%, the size of
the group being made is three pieces. It does not matter that those pieces are fifths.
So if the size of the group is three pieces, each piece then becomes a third of the
divisor. This is why the denominator of the answer matches the numerator of the
divisor.

%3.1+% =1%,b.12% =2%,c.1+2 =1%,d. 1+ % =1%, e. 1+ ¢ =17,
fl+¥z=2% gl+2 =15 h1+¥ =17

Quotients with Remainders: Whole Number Dividends Patterns in Arithmetic: Fractions - Booklet 8
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Note

Worksheets

Test for
Understanding

Quotients with Remainders: Fractional Dividends

The purpose of this lesson is to continue the work of constructing understanding of
remainders when working with divisors that are fractions. This lesson progresses
from the last lesson with whole number dividends to fractional dividends. For
example: 1 + % =2%to 7+ #=1%. The student uses the same models as before.

Previous lessons

Quotients with Remainders: Fractional Dividends - Worksheets 1 - 5, pages 20 - 24
Fraction pieces

Read Quotients with Remainders: Fractional Dividends - Worksheet 1, page 20 and
the top section of Worksheet 2, page 21.

Work on the problems on Quotients with Remainders: Fractional Dividends -
Worksheet 2, page 21, Set 1. Build each one with the fraction pieces.

It is often easier for the student to use the names of the colors of the pieces rather
than the number name. If the fourth pieces are yellow and the halves red, for exam-
ple, you can ask; “How many red pieces fit into three yellows?”” The answer to
that question is the same as if you were using numbers. There are one and one-half
reds in three yellows. It is a large leap of understanding to see that it is the physical
sizes of the pieces in relationship to each other that reveal the answers.

It is on this page that most students begin to feel some confidence in the process.

Quotients with Remainders: Fractional Dividends - Worksheets 3 - 5, pages 22- 24
If the student is able to do the problems in Set 4 on Quotients with Remainders:
Fractional Dividends - Worksheet 5, page 24, independently and get the correct

answer 80% of the time, it is a demonstration of the understanding of fractional
remainders.

Patterns in Arithmetic: Fractions - Booklet 8 Quotients with Remainders: Fractional Dividends
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Worksheet

Fractional Quotients

24

Fractional Quotients

The purpose of this lesson is to extend the previous lessons to construct under-
standing of quotients that are less than one; in other words, the entire quotient is a
fraction.

Previous lessons, and knowing how to change a fraction into a decimal is a helpful
skill to have to address this concept. A brief lesson follows in the Warm Up section
below.

Fractional Quotients - Worksheets 1 and 2, pages 25 and 26
Paper square Prism Fractions or other rectangular or square fraction pieces
Do not use fraction circles; they are too hard to draw.

To change a fraction into a decimal, divide the denominator into the numerator.
Example: To change the fraction # to a decimal, divide four into three.

O 0.7 Ou75
30 4300 30
28 Tp

20
00

Give the student several more examples to practice. Change these fractions to
decimals: Jz,%,%

Answers:
0. 0.5 0. 0.6 0. 0.33..%
2100 2100 57300 s[3.00 3[T00  3[T1.00
- 30 9
10
9
10

Fractional Quotients - Worksheet 1, page 25
Read page 25 together and discuss the answers. Most students will see that these
problems, especially when shown with the graphics, are simply fractions.

This is a good time to impress upon her that a fraction is a division problem.
“How do you think a fraction is like a division problem?” “One over two means
one divided by two, or one of two parts. It also means one divided by two. One
divided by two is %5 . They are the same thing.”

Have her write this in her Math Journal.

Fractional Quotients - Worksheet 2, page 26

Use the Answer Key to be sure you are doing these problems correctly. Check each
problem immediately to prevent incorrect models from forming.

Read the top of the page and study the examples. Have her build the examples with
her fraction pieces.

*repeating decimal
Patterns in Arithmetic: Fractions - Booklet 8
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Note

Practice
Worksheet

Test for
Understanding

Begin Set 1 problems. The problems are in pairs to plant the seed that it is helpful
to use common denominators to help find answers.

If you have a mathematically talented student, give problems 2 and 4 on a piece of
paper. Do not give her the hint that common denominators will really help. Let
her discover this.

In problem 1 of Set 1, build the problem as is shown in the picture to the right.
The denominators match, so it is easy to see that & of the 1z fits under the ¥z. The
answer is three-fourths.

Problem 2 is exactly the same problem as problem 1, except that the fractions are
simplified and shown as single pieces. The student must look at the empty space to
the right of the * and see what fraction piece will fit into the space to match up with
the fraction below, in this case the . It is not unlike the thinking pattern we used
to show remainders. The twelfths piece fits into the space. This clues the student
to see that the one-third must be thought about as four-twelfths, just like it was in
problem 1. Have her cover both pieces with twelfths to see the relationship.

The same strategy is used in problems 3 and 4. The two problems are exactly the
same problem. The first uses a common denominator; the second uses simplified
pieces. When she solves problem 4, wait to see if she builds it with the larger
pieces and then covers them with twelfths. If she does not, suggest it.

Watch to see what she does on problems 5 and 6. Have her explain her thinking as
she works on these problems. After she builds them, have her sketch each problem.

Fractional Quotients - Worksheet 2, page 26, Set 2

If the student can solve problems 9 and 10 in Set 2 without assistance, she is dem-
onstrating that she understands how to think about these problems.

$ad=t fed=1

Patterns in Arithmetic: Fractions - Booklet 8 Fractional Quotients
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Introducing Reciprocals

Purpose The purpose of this lesson is to introduce the concept of reciprocal fractions and
discover an important rule that the product of any pair of reciprocal fractions is
equal to one. Later in Using Multiplication to Solve Problems, this important rule
will be used to develop the algorithm for division of fractions and to solve equa-
tions where division terms appear.

Prerequisites Previous lessons

Materials Introducing Reciprocals - Worksheets 1 and 2, pages 27 and 28

Lesson The lesson is presented in the Student Workbook and needs little explanation.
Answers to the questions on Introducing Reciprocals - Worksheet 1, page 27

1. The student studies the example.

2. The fractions in each set have the same numbers in them, but they are upside-
down from each other.

3. Have her practice saying and spelling this word. Have her enter it in her Math
Journal glossary and write an example.

4.Yes, % and % are reciprocals. 5. No 6. Yes 7. No 8. Yes 9. No

In problems 10 to 12, mixed numbers must be converted to improper fractions.
10. Yes 11. No 12. Yes, but the fraction must be simplified to see the reciprocal.

Check the work now to be sure it is done correctly. Answer any questions.

Continue with Introducing Reciprocals - Worksheet 2, page 28
Follow the worksheet as written. Use the Answer Key to be sure she has done prob-
lems 1 - 12 correctly before going on to Item 13.

13. Let her experiment with multiplying both the mixed number and then the im-
proper fractions when multiplying the pairs.

14. The answer to every single product pair is one. Make sure she simplifies each
answer and converts it to one. It is acceptable for her to use cancelling to get the
answers.

15. The rule is best stated: The product of any pair of reciprocal fractions is equal
to one.

Test for Ask her to write the reciprocal of 3% and check the pair by multiplying them to-
Understanding gether. Itis . xk =1

Introducing Reciprocals Patterns in Arithmetic: Fractions - Booklet 8
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Solving Problems with Pictures

Purpose The purpose of this lesson is to teach the student to solve problems with graphic
representation instead of manipulative pieces. This will move the student from the
concrete stage of working on division with fractions to the representational stage,
which is more abstract.

Prerequisites Previous lessons

Materials Solving Problems with Pictures - Worksheets 1 - 4, pages 29 - 33
Colored pencils

Warm Up Solving Problems with Pictures - Worksheet 1, page 29

Lesson Solving Problems with Pictures - Worksheets 2 and 3, pages 30 and 31

Math Journal Use problems 3 and 4, Solving Problems with Pictures - Worksheet 3, page 31, to

Topic explain the pattern in the quotients in the pair of problems. Answer: They are re-
ciprocals of each other. Every time!

Practice Solving Problems with Pictures - Worksheet 4, page 32

Worksheets  Problems 7 and 8 are an embedded assessment.

Solving Problems with Pictures - Worksheet 5, page 33

Test for 1. Watch the student do problems 7 and 8 on page 32. If he can do these without

Understanding assistance and find the correct solutions, he understands the procedure for making
drawings to solve problems.

2. Using a piece of blank graph paper, ask him to draw this problem and solve it
with the drawing. He can not solve this one with the pieces. Require him to use
colored pencils to show the different fractions. Ask him to explain his answer in
words. il 2 3 y
t+% = Answer: t +%4=1% = 1% fr—-\/—?\m
HEEREENE | |
\%T”/ -
1f=14%
Explanation: The common denominator of three and five is fifteen. So I used
fifteen boxes to show both thirds and fifths. In the divisor, the % used ten boxes to
show the whole group of 4. The % is larger than the %. There are two little boxes
left over. Since the % uses ten boxes, those two remainder boxes from the tare two
tenths of the % , which is simplified to 1%,
Patterns in Arithmetic: Fractions - Booklet 8 Solving Problems with Pictures
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Purpose

Prerequisites

Materials

Warm Up

Lesson
Part 1

Note

Finding Patterns
28

Finding Patterns

The purpose of this lesson is for the student to find a number pattern that will work
for solving all division of fractions problems. The student is guided through several
groups of problems and solves them first with fraction pieces and/or drawings. A
number pattern will emerge in which a general rule is developed using a calcula-
tion. The same solution may not work for every group, which allows the student to
refine the rule over time and practice.

Previous lessons. The teacher needs to read and do all the worksheet pages before
giving them to the student.

Finding Patterns - Worksheets 1 - 8, pages 34 - 41
Paper Prism Fractions pieces

Graph paper

Colored pencils

Vocabulary words to practice, spell and discuss: Dividend + Divisor = Quotient,
Denominator, Numerator, and Product. This will make it easier for him to explain
his ideas.

In each successively harder group of problems the student solves the problems with
fraction pieces or drawings. The student looks for a pattern that can be applied to
solve all of the problems on that page. Then the rule is tested on a set of problems.
If the rule works for a group of problems, see if the same rule works for the previ-
ous groups.

Each of these patterns can be directly linked to the standard ‘invert and multiply’
algorithm. Although some students will have discovered standard procedure from
their explorations and will practice that pattern with these problems, please do not
push other students to see that pattern. They need to explore their patterns first. By
the end, all students will be able to derive the standard algorithm and understand
why it works.

Here is an explanation of the reasoning behind the Finding Patterns worksheets.

Finding Patterns - Worksheet 1, page 34

Group 1 ted=7

A pattern that most students will see is to divide the second denominator of the divi-
sor into the first one to make the denominator of the answer. Since both numbers
are one, bring the one over for the numerator of the answer.

Finding Patterns - Worksheet 2, page 35

Group 2 frrt=¢

The first pattern will work for denominators. Divide the second denominator (of
the divisor) into the first one (of the dividend) to make the denominator of the

Patterns in Arithmetic: Fractions - Booklet 8
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Worksheets

answer. There is a slight change for numerators. Bring the larger
numerator into the numerator of the answer or multiply numerator m
times numerator. ¥+ 1=}
Calculated answers will come out as unreduced fractions. /w
Manipulated answers will come out as simplified, lowest term frac- \ divide
tions.
Pattern for Groups 1 and 2

Finding Patteréls ~6W0r3ksheet 3, page 36 dividend = divisor = quotient
Group 3 tre=%=1
These problems are different because now the larger numbers in the numerator and
denominators are in the divisor rather than the dividend.

Group 2 Group 3

157 + ’} % + % uotient
N N divisor | dividend

Larger numbers
Old pattern will not work

Discuss ‘why’ does it make sense, in problems 2, 3,4, and 5, that the denominator
of the answer is fifths, for example, 4+ §=19 The divisor defines the new whole,
or size of groups being made. Locate it on each problem.

A pattern to see for calculation is to take the numerator of the divisor and put it into
the denominator of the answer. Divide the denominator of the dividend into the
denominator of the divisor to determine the numerator of the quotient.

Finding Patterns - Worksheet 4, page 37

Group 3 continued

Some students will notice that if you change the fractions to have a common de-
nominator (which is what the drawings do), you can divide the numerators to get
the answer, e.g.,6 + 7 or 4.

YrTm=tw+m=4
“Check to see if the pattern works with other groups of problems.”

Finding Patterns - Worksheet 5, page 38

Group 4

The pattern for Group 4 involves using the numerator of the divisor with the two
denominators.

%+ % =% Divide 4 into 8 = 2. Take that 2 and multiply by 3 (numerator of the
divisor) and put the product as the denominator of the quotient.
Put 5 in the numerator of the quotient.
Above is the reason for this specific problem.
This statement applies to any problem: Divide the denominator of the

Patterns in Arithmetic: Fractions - Booklet 8 Finding Patterns
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Test for

divisor into the denominator of the dividend, multiplying by the
numerator of the divisor to be the denominator of the quotient.

Place the numerator of the dividend as the numerator of the quotient.
Figure out why this works. Analyze the drawn figure too.

Finding Patterns - Worksheet 6, page 39
Group 5
The pattern for Group 5 involves using the numerator of the dividend with the two
denominators.
N
. - Divide 3 into 6 = 2.
D\%N{} Multiply by 2 in numerator 2 x 2 =4,
Move 5 to denominator of answer.

divide

multiply

This statement applies to any of this type of problem: Divide
the denominator of the dividend into the denominator of the
divisor, multiply that quotient by the numerator of the dividend
to equal the numerator of the quotient. Move the denominator
of the divisor to be the denominator of the quotient.

What other groups of problems does the pattern work on successfully? Group
3.

Finding Patterns - Worksheet 7, page 40

Group 6

The pattern students find will vary. What is important is that she tests it on a prob-
lem and verifies it works. One pattern is shown by the drawing. The squares col-
ored in are the answer or quotient. For example:

trt= § B

Finding Patterns - Worksheet 8, page 41. This is an embedded assessment.

Understanding Group 7

Finding Patterns
30

The patterns a student finds will vary. Do not help her unless she asks for help.

Remember to ask questions or make statements, such as: “Are you sure?” or
“Build it.” or “What gave you the clue?” or ‘“Show me how you got that.” or
“Prove it.”” even when a student is correct. This is important to do often. Many
students will ask an adult, “Am I right?” rather than answering definitively. Confi-
dence in a student’s response must come from within. A student needs to self-check
and have confidence in his or her ability and knowledge. Asking the student if he
or she is right, even when correct, will encourage self-confidence and the ability to
self-check.

Patterns in Arithmetic: Fractions - Booklet 8
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Patterns with Reciprocals

The purpose of this lesson is to use the concept of an inverse operation and recipro-
cal numbers to create equal number sentences. This pattern forms the base of the
standard algorithm for division of fractions—our old friend ‘invert and multiply.’

Previous lessons

Patterns with Reciprocals - Worksheets 1 and 2, pages 42 and 43
Blocks

Have the student do the top half of Patterns with Reciprocals - Worksheet 1. The
point of this exercise is to demonstrate that multiplication and division ‘go togeth-
er’ or ‘reverse each other.” The math words for this are inverse operations.

Add inverse operations to the Math Journal Glossary.

The puzzle does not use the Families of Facts. It does use a change from division to
multiplication-inverse operations. He may be stumped by a problem that asks him
to come up with a number sentence that uses multiplication to produce the same
answer as a division problem. Have him think about it a while.

Put eight blocks on the table. Ask him to pick up half of them.
“Did you think half of eight is four? Or did you think eight divided by two is
four?” The answers will vary.

“Write the words, ‘half of eight is four’ as a number sentence. Write the an-
swer also.” “Of means to multiply, so % x 8 says half of eight, T x8=4"

“Write the words, ‘eight divided by two’ as a number sentence. Write the an-
swer also.”” “8§ +2=4"

“So both of these number sentences have the same answer.”
Here is similar problem said with different words.
“What number can you multiply by eight and get two?”” Wair. If he doesn’t

know, a possible dialogue follows.

“Two is only a part of eight. What number word means ‘part of’?”
“Fraction of.”

“Can you multiply with a fraction?” “Yes.”

“What fraction could you multiply by eight that would give the
answer two? Or, two is what fraction of eight?” “One-fourth.”

“Testit.” “8x ¥ =1 =27
Wait again and see if he can finish all four problems.

Patterns in Arithmetic: Fractions - Booklet 8 Patterns with Reciprocals
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“What patterns do you see?”” He may or may not see the reciprocal pattern. The
operation changes from division to multiplication.

Note The pattern he is looking for is that dividing by four produces the same answer as
multiplying by ¥. Give him time to notice that two things happen. First, the second
number ‘flips over.’” In the division problem, the four is in the numerator; in the
multiplication problem, the four is in the denominator with a one in the numerator.
Second, the operators always switch from + to x (from division to multiplication).
After he does all four problems, ask again if he can see the pattern.

The worksheet prompts, ‘Each puzzle pair can be written like this:
8 ++=8xt. Inother words, the whole number operator, x 4, can be written .
Have him write the other three pairs of problems in this same format.

It is easy to see the inverse operation and the use of the reciprocal.
“Is this pattern always true?”” “Yes.”

Patterns with Reciprocals - Worksheet 2 explores this pattern further. The problems
are easy so that he can confirm the truth of the relationships with arithmetic he al-
ready knows how to do.

The first set is partially completed. If he needs help on 6 + =%, ask:
“What number fits into six only a half a time? Or, six is half of what number?”
“Twelve.”

“If you put twelve in the blank, does it make a true number sentence?” “Yes,
6+12=1%"

Have him work on the rest of the page as independently as possible.

Problem 5 is a Test for Understanding. In the past, this kind of problem has re-
quired him to use drawings and deep thinking about division to find the answer.
The problems in these sets ask him to use the reciprocal and this inverse operation
of division (which is multiplication) to obtain matching answers. These problems
are also introducing a fractional dividend.

Look at Problem 5-Set 3. The first problem in the set is # + +=1%. The second
problem in the set uses the inverse operation of multiplication and the reciprocal of
% to make # x ¥ = 1%. The second problem in each set is much easier to solve than
the first.

End the session at this point. This new pattern and how to use it is continued in the
next lesson Using Multiplication to Solve Problems.

Practice None

Worksheets

Test for After the next lesson there is a Test for Understanding.

Understanding

Patterns with Reciprocals Patterns in Arithmetic: Fractions - Booklet 8

32 Parent/Teacher Guide



Purpose

Prerequisites

Materials

Warm Up

Lesson

Practice
Worksheets

Test for
Understanding

Math Journal

Using Multiplication to Solve Problems

The purpose of this lesson is to further develop the pattern of using the inverse
operation and the reciprocal of the divisor to solve division of fractions problems.

Previous lessons

Using Multiplication to Solve Problems - Worksheets 1 - 3, pages 44 - 46
Colored pencils

Using Multiplication to Solve Problems - Worksheet 1 is a review of the last part of
the previous lesson. Use it as a warm up.

Follow the instructions and problems on Using Multiplication to Solve Problems
- Worksheets 2 and 3. Using Multiplication to Solve Problems - Worksheet 3 re-
quires the student to use both the pattern and the drawing. Insist on clear, clean
drawings.

If you can multiply with a reciprocal and get the same answer to those problems
you had to draw, why not do it the easy way? You get the same answer!

This is the core of the standard procedure commonly used to calculate the answers
to division of fractions problems.

Now you have been shown why you ‘invert and multiply.’

Go back to Finding Patterns, Group 7, page 41, and try this new pattern on the
problems on that page to see if it works.

Explain the pattern of using multiplication by the reciprocal of the divisor to solve
division of fractions problems. How could you use this pattern to make division of
fractions problems easier?

Answer: I have found that when I get a fraction division problem, such as %+ 1!r,
instead of puzzling it out or drawing, I can flip the ¥ over, or take its reciprocal, t,
and multiply it by the dividend and get the same answer. 2 +% =% x 1. The
second problem is so much easier to do than the first one. This makes division of
fractions much easier because some problems, such as P %rsr, would be impossible
to draw. Multiplying is so much easier, and I can cancel too.

Explain the pattern of using multiplication and reciprocals to solve division of frac-
tions problems. Use the answer above in Test for Understanding if she needs help
clarifying her thoughts.

Patterns in Arithmetic: Fractions - Booklet 8 Using Multiplication to Solve Problems
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Purpose

Prerequisites

Materials

Lesson

Practice
Worksheets

Standard Procedure

34

Standard Procedure

The purpose of this lesson is to rebuild the division problems with Cuisenaire Rods
to integrate the physical process of dividing by a fraction with the computational
‘invert and multiply’ pattern. Then the student begins the practice process to attain
fluency and mastery.

Previous lessons

Standard Procedure - Worksheets 1 - 6, pages 47 - 52
Cuisenaire Rods

Review the procedure with a physical model of easy division problems. Have the
student build the physical solution to each of the division problems and then calcu-
late it with the multiplication of the reciprocal.

In the first problem, the whole is defined as the yellow rod. Have him fill out the
chart on the left to show the color of each rod that matches the fraction asked for.

One-fifth = white two-fifths =red three-fifths = light green four-fifths = purple

To solve 4 +#, have him cover the rectangle with red blocks. Two have to be turned
sideways to fit. The answer will be ten.

To model the other fractional divisors, some trading for whites may be needed to
make them fit and show the remainder.

Build 4 + 2. “What is the size of the new group?” “Three-fifths.”

“How many groups fit in?” “Six.”

“What is the remainder?” “Two white blocks or two- thirds of the group.”
Have him finish Standard Procedure - Worksheet 1, page 47

Standard Procedure - Worksheet 2, page 48, continues using Cuisenaire Rods. The
student builds and then calculates the problem to connect the standard procedure
with a physical model.

Standard Procedure - Worksheet 3, page 49, has a Test for Understanding that asks
him to draw three of the problems to prove that his answers are correct. Have him
do this before he checks his answers with the Answer Key.

Standard Procedure - Worksheet 4, page 50, continues the discussion of why the
Standard Procedure of ‘invert and multiply’ works. The example given assumes
the solution of this > pattern was discovered by the student on Finding Patterns,
Worksheet 8.

Give the problem % + # =%, If the student has figured out the solution of ‘invert

Patterns in Arithmetic: Fractions - Booklet 8
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Math Journal
Topic

and multiply’ from Patterns with Reciprocals and Using Multiplication to Solve
Problems, then this pattern will be recognized.

o =t$

The next example given, 2+ %, explores how to deal with the problem of an answer
in the form of an improper fraction. The student uses a drawing on graph paper and
then changes the improper fraction to a mixed number.

Standard Procedure - Worksheet 5, page 51, is a formal explanation with drawings
of why—‘invert and multiply’ procedure works. It gives an example of a formal
proof.

Standard Procedure - Worksheet 6, page 52, is a practice page using the standard
procedure.

Explain why the answer to 4 + £ is 6 4. Use Cuisenaire Rods to prove your answer.

Answer: The divisor is the green rod, a group of three-fifths. Six green rods fit. A

white rod is one-third of the light green rod. So the two remaining white rods are

two-thirds of a group of three-fifths. The answer is not because 4 x5 + 3 is 6 3.
divisor | 2 |

Er RS E RS R R

Have the student record her definition of and process for solving the standard pro-
cedure for the division of fractions.

The standard procedure refers to the frequently taught method of attaining the an-
swer. In division of fractions, the standard procedure is: Invert the divisor and
multiply it by the dividend.

Patterns in Arithmetic: Fractions - Booklet 8 Standard Procedure
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Practice
Worksheet

Math Journal
Topic

Division of Mixed Numbers

The purpose of this lesson is to extend the division of fractions procedure to work-
ing with mixed numbers.

Previous lessons

Division of Mixed Numbers - Worksheets 1 and 2, pages 53 and 54

Solve the multiplication of mixed numbers problem at the top of Division of Mixed
Numbers - Worksheet 1. “How did you solve the first problem 5% x 3% ?”

“I changed both mixed numbers into improper fractions and then multiplied.”

Yx =20

“Will the same strategy used for mixed numbers in multiplication work for
mixed numbers in division too?” “I don’t know. Maybe?”

“Draw Problem 2.” 1%+ 1% = 'I\‘?e remainder is ¥ of the divisor.

“How many times does 1% fit into 12?” “One whole time with three boxes left
over.”

“These three boxes are what fraction of the 15 (which takes nine boxes)?”
“They are one-third of it. So the answer is 13>

“Now calculate the answer knowing everything you know.”

Did he figure out that you can change both mixed numbers into improper fractions?
Then he can invert the divisor just like before and then multiply to get the correct
answer. This has been confirmed by his drawing. Now that is what mathematicians

RN Sy 60 S Y

Give Problem 4 as a Test for Understanding. 1%+ 2% = $+8=3x¥=1%

“To draw and prove Problem 4, where you have to show thirds and also almost
three wholes, what size do you have to draw the whole?” “The whole will be six.”

Division of Mixed Numbers - Worksheet 2, page 54

Write out the procedure for doing 3§+ 1 ¥ . Have him confirm his answer by mul-

tiplying his answer by the divisor. He should get back to 3 2. This is a tricky bit of
arithmetic and may take more than one try.

Answer: Change both numbers 3%and 1% to improper fractions. That gives
18+ %, Invert the % to $and multiply. ¢* x % = % =2%.
He can confirm his answer by multiplying 2 % x 1%. The correct answeris 3 % .

Division of Mixed Numbers Patterns in Arithmetic: Fractions - Booklet 8

36

Parent/Teacher Guide



Post-Assessment - Worksheet 1 Date
1. What question does each problem ask?

a. 12+ 3
b. 6—:—‘%
c. 3+4

d. Circle the problem whose answer will be less than one.

2. Solve each problem. Make a drawing that clearly proves the answer.

4. 1
a o+ g4 =
2
b6—:~"§=
3 . 1
C. 4+ 3=

d. “f’( + —;23' =1 '%“ . Explain where the %- comes from. Why is it %— ?

3. Solve each problem. Make a drawing that clearly proves the answer.

, 1 1
a. Willthe answer to 7 + 5 be greater than or less than one?

b. How do you know?

Patterns in Arithmetic: Fractions - Booklet 8 Post-Assessment
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Post-Assessment - Worksheet 2 Date

1, 3
d 2+ g =
1, 3
e. 4 * 8 =
4. Write a fraction and its reciprocal. a. b.

5. Explain why 12 + —;' =12 x 2.

6. Does the pattern shown in problem 5 work for this problem % + %- ?

a. Prove it with a drawing.

b. Explain or draw why the 'invert and multiply' formula works in this division
of fractions problem.

7. Solve these problems.

3, 2 5 4 I A
8. Solve these problems.
a.5+:2% = b.22+14= c.6 5 +97% =

Post-Assessment Patterns in Arithmetic: Fractions - Booklet 8
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BUWYV =break up will vary 1 w = white the answer key.
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Pattern Blocks 4 p =purple 2) Make your own problems. Since

r =red trapezoid 5y =yellow students create their own problems and

g = green triangle 6 dg=dark green solutions, these sections give valuable
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0 = orange square 8 bn =brown and competence. It can be a useful source
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t = tan thombus 10 o =orange 3) Blank practice pages
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Fractions - Booklet 8 - Division Answer Key
Pre-Assessment - Part 1

1. If the is equal to% , which of these figures is equal to one whole?

2. Change to an improper fraction.a. 32 =%§ b. 6% :-.-5%—50- 74 =—%7
3. Change to a mixed number & 15'/_:‘.‘% b. 242'= jj‘ G % = J_J’;
4. Fill in the missing numbers. a. % = % bé?— = % c %: 128,7—
5. Simplify. a.%:—g— b. %Zf% c. %_%_1_\2% d %:.Z_
6. Multiply. a'%x%=_’(£'__b'6x%=l_+:‘i_ °'§x§=§__
5
e oxde 2 ofutl= I Bude
8. Multply. a 22 21= o b. 71 x 32= 65 = 27%

9, 1t 25¢ s one seventh cost of a plece of ribbon, how much the does the ribbon cosl?ﬂ_/_-jﬁ_

Pre-Assessment - Part 2 - Worksheet 1
1. What question does each problem ask? . ?

a 12+3 \Larouns o 320(#9, '2
b. 6+3 oups of £ X :

c. h}ha’rnar‘l' of 4 fits nto 3°

d. Circle the problem whose answer will be less than one.

2, Solve each problem. Make a drawing that clearly proves the answer.

foY (] I RY LY e
«©

<
d. 4—.-'%:

The re mm inder of

B2
| hﬂ new) u)b\o‘& Ll Rl
3. Solve each problem. Make a drawing that clearly proves the answer
. be greater than or less than one? \efls

comes from. Why is it J— ?

T of the groupo€ ¥}

£ 1
1 E

xplain whel ri‘tlxe‘ )

12. 45 3

a, Willthe answer 7 + %

2

b. How do you know?

e,z‘s eafee th ly

10. Solve. a. % b Tg’— c. ‘3“' 'Da.r'\' of 'H'lt Z will £it in the ﬁ‘
2 1 3 J_ JE
+ 5 + 5 + 5 C. 2= -3- _;__
.‘_Z.. 15 ’rl 4 qu = l-g‘—- L ofnewwhole
R5 EclE wmTE |, 2
Pre-Assess &T £t Part 2 - Worksheet 2 Changing Wholes: Review - Worksheet 1
3.6°3 '
if: 1 yellow = 1
;%__:.Zg Then: 1red = '/2
e‘%—+%= 3 1 blue =1173
4, Write a fraction and its reciprocal. a. 1 green = /—
5. Explain why 12—% =12x2, 9:03
b ik 0 are 2 holvesineads| If: 2vellows = 1
ole, the ot ves ¢ b 2. Then: 1red = 1-7——1/ 4
6. Does the pattern shown In problem 5 work for this problem & + 4 7 Y€S toko =l
. Does e'pa 'ems ow? n problem & work for this problem 3~ + 5 Y 1green = l/12
a. Prove it with a drawing. 1
1 yellow = _/2
b. Expl draw why th rt d li ly' formul s iy fhis di
O);[;(E;I;Ig;sfsxg;/e% a,tp\ve an mu |py ormuawor_lj_ QLIS ivision
+ 3
e o {2 Ny ens GX2.
If: 3yellows = 11 |
Then: 1red = /6
. . Bx3 _ - _ .
GOl et s e il et e ke Ml 1blue = /9
7. Solve these problems. 1 36 1green = 18
ad:2-18 pE.4-(24 2.3 -39 1yellow= _/3
8. Solve these problems.
2 o8 lf: 1green = 1
3.5-1-2']2': gg b2'§-ﬁ-1j4'= 245 CG%%‘Q‘%‘: qs Then: 1red =301' 3/1
1blue =2 or %/
1yellow =6 or %1
31 4
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Changing Wholes: Review - Worksheet 2

| Iftnis =1, twelve |
then the red rod = e
the lightgreenrod = /4
thedark greenrod = 1/o
1 purple rod =13
1 white rod =1
fthis =1, twenty- four
then the red rod = Y
the light greenrod = g
the dark greenrod = s
1 purple rod =Yg
1 white rod =t/
RN I —
then the red rod =3
the light green rod = 7
the dark green rod = !/
1 white rod =Y
lfthis =1,
[ sixteen |
then the brown rod =1
the purple rod =y
the red rod =173
1 white rod =16
If this =1, thirty-two
then  the brown rod = s
the purple rod = 3
the red rod = /16
1 white rod = 3 5

Changing Wholes: Review - Worksheet 3

1 white is 1 whole
1 red = 1 if 1 red = 1 whole, then:
=2
1 orange = 1 1 white =2
3 1 1
1 é?gg:}v_ 14 1 yellow =
T 5
1 blue = 1 1 blue = %
1 indigo = 1 N |
1 violet = STL 1 indigo = 4
1 black =
1 magenta = 11-6 If 1 orange = 1 whole, then:
1 white= 3
1
1 blue = 2
1 black = 1
43
1 yellow ==
y 4
If 1 blue = 1 whole, then:
1white= 6
fred= 3

1orange = 2

1
6 1 black = 5

Changing Wholes: Review - Worksheet 4
If 2 black pieces = 1 whole, then:

If 2 oranges = 1 whole,
one white =5

2 whites = 3
1 d= 1
*1 white =1 2 onered =, 1
1 blue = i one orange =¢
i _ 1
2 blues = ) one yellow = P
3 1
*Tred= — one green = -
re ? g 10 1
1 black = g . one blue = E
=3 yellows ==or 11 | one indigo= -
Y g3 g 16
one violet = =
20
one black = -
24
one magenta =-lé
If 3 yellows = 1 whole, then:
1
1 white =1 3
2
1green= =
g 3
1 black =1
- 9 8
**2 =0
Hint. Use the oranges 9
black pieces **4 blues = 8
to help. 9 1
1indigo= ¢ 7

Answer Key: Fractions - Booklet 8

Changing Wholes: Review - Worksheet 5

Review Pattems in Arithmetic: General Math: Booklet 5, Division - Relationships
quotient

Solve these problems divisor | dividend

N 2
6|24 12124
iz b 3

S a P

3. Whatls changlng In each sel'? .
Isar oubli
quot sentis_holving.

4. Make a set of problems that change In the same way. A w v

5. What will happen to the answer {quotient) of a division problem if the size of the
divisor Is doubled?

7+ will be halved.

1. 3124

Q..

6. State It as a relationship. Keeping the same dividend,

if you double the divisor, it will lm\vg the quotient.
If you halve the divisor, It will (A OQ&A& the quotient.



Division of Fractions into Whole and Mixed Numbers - Division of Fractions into Whole and Mixed Numbers -

Worksheet 1 Worksheet 2
Use the fraction pieces to help you find or prove the answers, Look for pattems. i one l 1
6+ =
1. Howmany 1/2s in 1? 2.: T_u) o 3‘_; es \_ a\>\ e, if the dark green ro1d is equal to one, 3
How many 1/2s in 27 ’_‘E Q * b {’ then what rod is 3 ? m__-_— 6 +2 =
OUR v wWos. 3
H
ow many 1/2s in 37 (ﬂ _— ’\3 Y then what rod Is %? 2 thlS or T
How many 1/2s in 47 __8_____ Pu.r‘ ?I@/ 2 }%
3
Howmany 1/2sin5? _ [0 I . y 7
one Try trading. r
How many 1/2s in 67 I L 3 8
if the brown Is equal to one,
2. How many 1/3s in 17 3 What pattems do you see? then what rod is % 7 mé or 2,(.«1/\ Hﬁ €s
How many 1/3s in 27 __6_“._ T‘\V'QQ, 'HW\ es *'O‘HQ . ) -
. then what rod is & ? 2‘ gés or_‘_P_u_lpf,\&fx
How many 1/3s in 37 ___S____ QOM{TW‘ﬂ h" H/\rees_ 4
How many 1/3s in 47 | 2. MW“" P\‘i %Q’ 4"/\ then what rodis 2 7 _____5._3 V"QA or __li@ﬂi_gf een
* aov b e £ 4
) 15 denomin o
Howmany 1/3sin57 ____ 1D [ ¥ 1 32
whole number. 8+l =
How many 1/3s in 67 ____l_g_____
Write as a division problem. 8 = 2 - l (p
/i 8 *4
3. How many 1/4sin 17 1414 = 4 i
2
How many 1/4s in 27 g N sx1a= 8 8 '5“% = lo—i
How many 1/4s in 37 _l&___ 3+1/;1= ‘L s s
L — 2 9
How many 1/4s in 47 _1_‘&__ 4 <K= l@ -
How many 1/4s In 57 20 5 = Tlt =20 . \
5 10
How many 1/4s in 67 & 1 6 - _}_f = 2[/4, 6 /
. 7
2
9 10 8 J 3
Division of Fractions into Whole and Mixed Numbers - Division of Fractions into Whole and Mixed Numbers -
Worksheet 4 .
Worksheet 3 Use The 174 fraction pieces. Wite as a division problem.
) ) 9. How many groups of 3/4_in 37 _i xample:
Use any fraction set to help you find the answers. Look for patterns. 1 1 1 3+ % or % [ 3
1. Build 1 1/3 with fraction pieces. J X
How many groups of 2/3 are in 1 1/3?7 2.4 _Hl +l+ H+
10. How many grgupsz of :(33/4 ﬁ‘l 41/27 (D L{ L ‘_.%t
2, Build 2 with fraction pieces. 10141 (1 3 I i 2
How many groups of 2/3arein 27 3 T -H-| "i ‘IF “z
POTTETINT
! 1234 56
3. Build 2 1/3 with fraction pleces. - 11. How many groups of 3/4 in 3/47
How many groups of 2/3 are In 2 1/37 3 2 3 - 3
4. Build 3 1/3 with fraction pieces. 5 _q [ }Q 4 kf
How many groups of 2/3 are In 3 1/37 1 8
5, What number has 6 groups of 2/3 in it? l+ . 12 Howamany groups of 3i4in67 8
. = AN R R R L I O
6~ 216
6. What number has 9 groups of 2/3 in it? 6 * q b 'H'!' l‘h ['H' 'H']' H’I'H
Guess! 13. How many groups of 3/4 in 1 1/27 2. 123435678
. 111
7. How many groups of 2/3 do you think will be in 5 1/37 A W \/ \'!j_ '.‘%_ 3 l 'l“_u_‘ ! 2
Now try it. ylta -H-I--i-
How many groups of 2/3 are in § 1/37 g 15
14. How many groups of 3/4 in 3 3/47 _5_
Guess again! 3. 11141
- 32 [IRIRR AR
8. How many groups of 2/3 do you think will be in 4 2/37 [ !W\/ 3 * % 4 3‘3 '1‘ L ,' . '3 'LI 'sl
Now try it. )
How many groups of 2/3 are in 4 2/3? 7 15. How many groups of 3/4 in 2 1/47 __:g_w 11 |j& -i—
A ;3' IRRRARN
W 3 2
= 2
o 7 T 12 3 .
16. How many groups of 3/4}:5 1742 11” 111 CLL jH -+1H- < 4
11112 547-}} T
?f[ 5.4_ 1234667
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Division of Fractions into Whole and Mixed Numbers - Division of Fractions into Whole and Mixed Numbers -
Worksheet 5 Worksheet 6

On Division of Fractions into Whole and Mixed Numbers - Worksheet 1 you
found a pattern that would allow you to caiculate the answers to a kind of o
division problem with fractions. Explain how you can find the answer to this Here are two division problems, What will happen to the answer when tha divisor

problem without having to use the fraction pieces. is doubled? (ﬂ
18+3=
How many groups of—é— are in 37 or 18:6=_3 A
Do you think this pattern will be true for fractions also? WV
Try it.

Now check your answer with the fraction pieces. Does your pattern work? __
Use your pattern on these problems.

2.

Use fraction pleces to make a group of %‘ Nowmake a groupsof  ~g3%

1. How many groups of —‘15- arein4? 4+ % = ZD

2. How many groups of _16_ areind? 4= % - 2'4 Howmany groups of %—aremﬂ lg . Howmany groups ol '%‘ara(nZ'I__B__ .
3. How many groups of JE arein3? 3+ -?3— =2
4. How many groups of ‘{%are in3? 3+ -115 = BO
5. H s aein2? 2:-% = 24
. HOW many groups of 12 are in +qy = 4&1 What happened to the answer when éou doubled the size of the group you were
1 1 3 making? T+ wla. X
6. How many groups of g arein2? 2+-—g5 = L the _smalley the a'un bient.
Hh
7. Why are ta‘ere more 16ths in 2 than 12ths in 27 (b ase 5m9_<llg: Use your patterns to predict the answers to each set of problems. Then use
WL fraction pieces to check if your pattern worked.
Set 1 Predict  Check Set2
8. In a division problem, this number is called a divisor. P 2 w:af‘j,;[‘;,’a‘g:e‘j;“,‘j‘f;fé{jgﬂf:niﬁg" doubled.
4 & Predict  Check
3+5=" 2+% = L KN
3:g = 2N
What will happen to the answer of a division problem If the size of the divisor - %- = 3
is doubled and the dividend remains constant?__ AU\ 8= g
Extend the pattern. Challenge Set s
Fill In the missing fractions. J+g = ‘
16:1=_llb 16:2=_R 16:4=_4 16:% =2 l * 2 8
\ 2+° =10 and2 + =5 H
What pattern do you see in the answers?__] ‘31 quah en. f: bﬂ_&lues 5 I Was your prediation correct?
Fractions as Divisors: Whole Number Quotients - Fractions as Divisors: Whole Number Quotients -
Worksheet 1 Worksheet 2
Use fraction pleces to help you figure out the answers. Use fraction pleces to solve these problems. Record your answers.
All the answers will be whole numbers.
, 1.1 .2 3.1 . 8.1 - i
Example Problem: 478 & 4ty __b_ 4775 ﬂ_.. 7773 _‘3.
This problem —32- £ —‘31- =____ asks you, "How many groups of -f; areln -;- ”
Putthe -1 plece on the table tke this: 5. %_716. = b 1_72__% =l %~T% = %_TI% =12_
Now put the -‘1’- plece like this;
Somsatimes the group you are making will have more than one pieca in it.
3.3 _ . 3 3o
You can see that It will take two:‘; pleces to fit under the _;_ plece. Look at this problem. AT — The quastion Is, "How many groups of 8 are in ) ?
So th 1o the question, "How many groups of +  arein -+ 7" is 2. i Il
: & answer o eqis On_L y groups of 5 arein 1 7" Is Build 3 QIH Now bulld a group of 3 E]ﬁ]@
There are 2 groups of " In 7 il 8 lﬁ]
Now yau try ore. Put your pieces fike this: mmmmum Now build a another group of %
The problem -;— + Ja- =____ asks, "How many groups of % are ‘n% ?2- E}%%
Take outa -;' plece and several 'é' pleces. 3. 3
There are 2 groups of £ in &
Put them on the table ike this, How many groups 0,% fit under the .;_7 8 4
i Therefore, _;_ - _18_ - /+ ) Use your fraction pieces to solve these problems. Record your answers, 5
1}
:_3. ES §_ -3 § ..'...:_3.. = 3 ey _1_,. = §- - —2—- =
0. 8:3 = [ 10 2:8 2 131 -3 128:2 =0

Solve these problems. Use fraction pleces to find the answers. Record the answers on the fine.

[ - 1.2 . 3.3 _ 5.1 o
ffeteB 2 dede b o hedo 54 bodog || O Fed cHw faE T e3.8 =20 8o <10

6

Ao

5, %+%=_{g 6. _%__:,sz_=_@_ 7.—g—+ﬂs—=iQ 8. —35-+1—16-=__(9_

15 | 16
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Fractions as Divisors: Whole Number Quotients -
Worksheet 3

Solve these problems. Draw your solutions or check the answers with fraction pieces.

Example:
P -
" 186 g

N—

]_..
i

03—
e
N

i

2o ake

-
hhel

N

N
EN)
.l.
(]
1
dko sk

”
wio
oo
N

o
3l
o

-
TN
o
sk

o«
a5
oo
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Quotients with Remainders: Whole Number Dividends
Worksheet 1
Sometimes the answers to division problems do not come out evenly. They have

remainders. How do remainders work in problems when the divisor is a whole
number?

Inthe problem 22 + 4= ___:

What is the size of the group being made? 4
. How many groups of 4 are in %27
What is the remainder? ) €
The remainder is what fraction of the grOlf being made?%0r 2,
Wirite the quotient as a mixed number .

In the problem 23 + 4 = ____

What Is the size of the group being made? _ﬂ__
How many groups of 4 are in237 _5___

What is the remainder?
The remainder is what fraction of the grou% being made?i_

Write the quotient as a mixed number.

Solve these prol?lems Write the quotient as a mixed number.

1152~'72 2. 15+4= 5% 4 23:3-= 73

o

[\

~
<k

+ 5=
°
°

soso
soee
tsoee

oso

When the divisor is a fraction, how do you think remainders wifl work?

Try this problem. 8+ € =

Count the groups of %

S
with a one third piece left over.

There are 4 groups of % {

—
That % remainder Is what fraction of thegroupwe are ma‘king? 2,
% Is what part of% ?_2

Answer
‘Jley 8UD PUE NG} S| BMSUE BYL
"SR O] JO ey 8UC S| PIY 8UD

We are makmg groups of

K37
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Quotients with Remainders: Whole Number Dividends
Worksheet 2

Another more dificult example;

ro3 = [rvon [ ]

There are 2 groups of %

%% % g with two pieces left over.
NN

1 a2 1
- 213 These two pieces are what fraction,
the group being made? _ta “\WJS

Use fraction pieces to help you figure out the answers to these problems, The
pictures are to remind you how to arrange the pieces. Watch for patterns.

Therefore, 2 + %

1whoie
1. 1—2
ULIE:III
2 2:2 -3
Tl = e S
1 whole
3. é.§ = lIIIIIII
1+3 24 E=3E=aN)
s 2:3 5%
8 T
]
5 05 4:5 1 whole
s T
6. 225 2o [Twhoe [T whoe )
6 Ex==SE===3gy
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Quotients with Remainders: Fractional Dividends
Worksheet 1

We have been working with problems which divided fractions into whole
numbers, Now we will look at problems which divide fractions into fractions. This
may sound hard to you. Fortunatelythe basic ways of doing problems with whole
numbers also works with fractions.

All you have to do is count the number of times one fraction fits into another

fraction. _L
In the problem L. =___, the question is, "How many groups of ~L are in -3-?"

Take out the 2 and J‘ fraction pleces . l

Place them on the table like this: Count how many groups of 3 fitin

1
under the 2

You can see there is one group of % and a little more.

2
l
3

Is the answer Js' ? _NO Remember, you are making groups of '}5’ .

Find a fraction piece that will fill the space left under the ‘12' piece.

The piece that fits in the space is the ‘f.; piece, D

The Js" piec‘:e that filis the space left is what fraction of the group you are
making?___Z_

!
' .
The JB' piece is what fraction of 'é‘ ?_2 O'F 3

J_
Zrott 4

1.1
The answer to the problem Tt 3 __ist -

20
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Quotients with Remainders: Fractional Dividends
Worksheet 2

Set 1 \ '
_§__-___1_= _2_._-.._1_= _1_.._.1.: A
L A |38 -1 =172
a v A
4 3 4
L A1
T 7| ! ||
-1
8.1 ME 51.1 .79% sl.2 o |L
4 3 Nz 5L+l =27 6.2.5-.“{
A 4
all 1 :
Lhr
il ¥ +
7 L3 :l—\-— 8..4_....1—. = 9~5--—1—- = "‘"
278 3 82 8" 2 H

=t op  poje
oF op
=
wh b
=

3
wlN
nl.

4'-
o~
s

ko

l

sk sk FN
sk SE

o=
il
T|w
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Quotients with Remainders: Fractional Dividends
Worksheet 3

Use the fraction pleces to solve these problems. Look for patterns. Find a
connection between the numbers in the problem and the numbers in the answer.

Set 2

12
13.—3—+—‘1‘—=1232 14,%+—‘1{= 2“12%
L, \
15.—%—+—§;=32~ 2 6. T4 = 2’{=%
5

T

18.-j—+-]-=_j_‘§= 4
354 3

1

5.1 =
20. 5 T4

D T
24. 997+ y

2
3
21. 4 +1 = 2471‘:% 22. &+
1
3

"
bbb

3
23, —75 +—} - 23"

Explain any pattern you noticed in your work. Do the pattems work on every
problem? Record your discoveries in your Math Journal also.
The answer will vary. There Is no 'right answer'. Do not push the pattem of

the standard procedure. Just notice how the thoughts are constructed.
Here are some patterns that have been found.

If the divisor has a 1 as & numerator and | can divide the denominator of the
divisor into the denominator of the dividend evenly, it then equals the
quotients denominator. To get the numerator of the quotient, multiply the two
numerators together. _ai - _‘1‘. ____g_ = 2_;_. g+4=2 5X1=5

If the dividend is doubled and the divisor is the same, the quotient doubles.

S I P 5
']a'*'l'“’a %"1"23

22

Quotients with Remainders: Fractional Dividends
Worksheet 4

Use the fraction pieces or a drawing to solve these problems. Look for patterns.

Record each answer as both an improper fraction and a mixed number.

Set3 q 1 ‘ 3
':l’s’ .L- orad
ek & witege g=l%
12 5
== |2 15\
72t 27T migey-g=\d
32
o o2 o 12
2. F+f =8 w Frf- L5 ='3
o 2 2% 0_5
1.3 == &3 . - 2 2
31.?7ﬁ=_:ﬁ— 3 32.%—‘-‘1—36— ““(-3"3
s, E_6.)\L b4
33, 32—+1-§=_LQ 5 5 34.—2-+%= "5=\'5"
- |2 B_q_ 4
s 4:4-57 15y 8 p-pm2sly

23

Answer Key: Fractions - Booklet 8

Quotients with Remainders: Fractional Dividends
Worksheet 5

Use the fraction pieces to solve these problems. Look for patterns.

2?.4—% +-1-% = -&=|~35- 38.—3— _g_ ;%il%’
o 3.5 -S=1E w11 %
41-% o =_Z—% 42%_12_ Z =_L'_%
4. 5+ 35 =_'%E‘% 44,5 L =é]ﬁ
5. £ 35 =_‘%_=l'\'7 6.1 2 =32'1
47. %—:—-125 =_L:7/£ 48.% % =ﬁ

Find patterns that would help you calculate the answers.
The patterns found will vary. Here are some patterns that have
been found.
Apattern: -+ + & 16+2=8
PRS2 U6 gy tege5ob =1 3
Take 2 into 16 which = 8. Take that 8 and multiply it by 1 which equals 8.
Take the 8 and divide by § which equals 1 35 .

Or, take the denominator of the first number {dividend} and divide it inlo the
denominator of the second number (divisor), Take that quotient and multiply it
by the first numerator, Take that product and divide It by the second numerator.
This pattern will work for all bl whose first inator is smaller than,
and a factor of the second denominator,

: s o= =
Or, change Into common denominators. -{- f‘,sg = '1857 16" § =1 %

numerator of dividend
quotient = rmETter of disor

24
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Fractional Quotients - Worksheet 1

Sometime a division problem divides a larger number into a smaller number.

— or4r2-

The question this problems asks Is: "How many fours are In two?" You may t
there are no fours in two. Four does not go into two. But part of four will go
or fit into two. Study this picture.

Study this problem. 2 +4 =

i di p e e What part of the four fits under the two?*
Y eeee One half of the four.
z

Therefore, 2 + 4 =—%— or 4 ]"é"' . Four "goes into" two one half of a time.

Solve these ?roblems. Use the pictures to help you.

1. 1:a=% 4T Show your answers in the lowest term.
1 L
dvides & 4.1:8=8 o
4 (R XN ] . 0006000
3 5.2:8= @O ______
2.3:4=T 43 3 ©esseses
a 6.3:6=% oee
dvides 2@ @ CELEE)
4 5000 7.9—12:% ceo00000e
2 2 TC6e000006E00
3. 2+3= 32 8. 6+9=% ogeecoe
=3 [z 3 600000060
2
divided !——.—
3 X X ]

Fractional Quotients - Worksheet 2

it Is possible to divide a larger fraction intp a smaller one. What can you predict
about the answer? AWV

Study these problems.

Jh T Place the fraction pleces - R
47 2%—  onthe table like this: T4

1
2
7
2

What part of the %‘

[

111]
4 4|
What part of thei’-

fits under the '3,7 ( fits under the Jg' ™ '3

Solve these problems. Use fraction pieces to figure out the answers.
Draw pictures of the pieces to show how you did it.

s

—~—

Set 1 Examples: Set2 Draw the pictures.
3 .4 2 5 “2"3"

L y3¥ys T I 7. 3755
ls1c= 3:1=

22%3 B 8 §%2

10.

i fao oo |

1:28 =
4573

POk

1.&
5 3*

(=21

1
4

“Answer: jeUsu)  **Answer: SPJL OML

25
Introducing Reciprocals - Worksheet 1 Introducing Reciprocals - Worksheet 2
. 3 Write the reciprocal of each of the following numbers.
In this exercise, write all whole numbers as fractions. Example: 3= 7
5 9 1
Convert afl mixed numbers to improper fractions.  Example: 3% = % 1 8 & 2 B "%“ 5 6 "é"’“ 4 % ‘ﬂ'q‘“
. 5 _8.46 Sy&-8. b by q 4 3
1. Study the pairs of fractions In each set. 3 Xg L =l %7 e { T %% r X a°3C° I
Set 1 Set 2 Set 3 ‘
8 2 12 3 s 8 5. & 61—%—% 7. 223 8.{5__1%_
4 8 3 12 . a;
26 2 3.2 L. =%ﬂ-=| L2 2
o e*s=! FIXGT IV ¥

2, What pattern do you see in each set ? Emc'hnn&m_egnh_sét_

ame.
ea.cka her.

3. Pairs of fractions that have this pattern are called reciprocals.

& ‘de

Write yes or no on the iine to tell whether the fractions in each pair are
reciprocals.

.—md—%—_¥_€5 5.
-ho

3 g 4
g Sand 4 )

cn[m
]m
o

4 &
6 1

Ft

_Q_
12

A]-»

10, 24 and 5 yes 1. adsl

0 12 36 and 4 -1 .¥f_5

Write three pairs of reciprocals. Awv
13. 14, 15.

9.18% 1 %—-%— 11 3—3—_(%_ 12 Jg;"’—_%__
12 5| 38, BS. g0 155,75
Rag=l  x3=l oxp=Pe1 BxZeel

13. Under each pair of reciprocal fractions above, rewrite the pair as a
multiplication problem. Find the product. Simplify.

§rb-gge

14. What patterns did you notice in the products? A” Pm duc"s are i,

Example:

15. Write this pattern as a rule. Use proper mathematical vocabulary with
correct spelling, too. Add the rule to your Math Journal

The Produd‘ of any pair of rect ?roca\ Sradions
\5 9_c1un. *0 one.

This rule will be used later to solve division of fraction {xrmh\ﬂms.
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Solving Problems with Pictures - Worksheet 1

Mathematicians can create any and all size wholes to picture fraction problems.
Example:

1. Make three different size box

wholes and shade -‘J; of each,

Draw a line around the whole, then - mn =
shade in the fraction. Record the
fraction next to the drawing. T B

2. Draw four dif ferent size wholes

% of each one.

and shade in

3, Create a whole that can show

both ¥ and % .

Solving Problems with Pictures - Worksheet 2

dividend + divisor = quotient
One way to solve division of fraction problems is with a drawing.

The example problem is: 32~ + 43- = . You solved this with manipulatives
on page 20.

The whole needs to have parts so both fractions can easily be shown.
is the Least Common Denominator for one half and one third, so it is best

to make the whole have squares in it.
The top row shows the -. [ Dividend
N Divisor

The bottom row shows the 3

Draw a heavy line at the end of DIVISOR. The divisor is shown on the boftom

whole. iﬂﬁﬂ!ﬂ[ﬂi il Dividend
.12. *"?3' = Divisor

Mﬂ <_J remalnder

The question this problem asks is, "How many groups of one third are in one half?
The drawing shows that there is one group of one third and one square left over.
That one square is what part of the divisor?*

The drawing shows the answer to the problem is 1 ‘23“ There are 1‘%‘ groups

3 Ny

4. Create a whole that can show

both %‘ and -}; .

When there are two fractions In a problem, how many little boxes or fractional parts
should the whole have to show both frachons? In other words, how do you find
the common denommator? Mo ina;ol

S wator

29

Now reverse the dividend and the divisor -?3- + %— =

The top row shows the Ja- .

EEER Dividend
The bottom row shows the-%— . “ﬂmmwm Divisor
What part of the one half is under the one third? 3- i

%‘ of the—%— fits lnto%— . 8o the answer to the problem is Ja- + -;- = 23- .

*Answer; 'HP-U auwg

“Answer’ = =2 + £

f 2 siusnod sy o BMsue By o8 .f_

aung & g0 £

30

Solving Problems with Pictures - Worksheet 3
Here is another example of how to solve a division of fraction problem with a

picture,
5/"”—\

The example problem is: i -.-

The Common Denominator for
these two fractions Is twelve, This 3 5
means the whole will have twalve You can ses that the 4 Tits under the &
squares init. .

one time with a small remainder. The

The % Is shown in the top row. .
remainder square Is one ninth of the group

3

The —2- Is shown in the bottom row, 3 5
of -3, Therefore, &+ =

Now reverse the process.

Only part of the - fits under the 2. Notice that the &

uses ten squares. Only nine of the ten squares fit under the %—
This show that % of the group of & is in & Theretore, & + ¢ = 5

Use pictures to solve‘ these

1,3 L =__LL2

4 76
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Solving Problems with Pictures - Worksheet 4

Solve these problems with pictures. Change any quotients that are mixed
numbers to improper fractions to see a neat pattern.

1. 2 2. Reverse problem 1
=T .2 .
Zz.1 - 270 ++% = Z

8. Reverse problgm 7
5 .3 2
2ty = g2

32



Solving Problems with Pictures - Worksheet 5

Hhe i 'har of thedtuisor which becomesthe numerator
Else on y your pa ttern to predict the answer to the next two problems.

Predicted Predicted
l-i answer 5 answer

5 3+d =[G 6 T+ =8

Now draw each problem to see if your predicted answer was correct.

ﬁ__.__ﬂ__ =
475
dlo.4
2 %5
What did you find out?

e [s}

' *
L 33

Finding Patterns - Worksheet 1

You have found that you can use fraction pleces or plctures to find the answers
to division of fractions problems. Doing this helps you understand the sense of
your answers, but it is a slow process. Itis much faster to calculate the answers.
In order to calculate the answers, we must find a number pattem that works for all
the problems.

First we wiil use our fraction pleces or drawings to find the answers. Then we
will fook at all the numbers in the problem and try to spot a pattem that will allow us
to calculate the answaers,

Sometimes you will find a pattern that works for ane group of problems but not
for another group. When this happens, try to define how the two kinds of problems
are different, Sometimes you can make a smalf change in how you work the
pattern to make it work for the new group of problems.

Eventually, we want to find one pattem that works for all division of fractions
problems. ThisIs not always easy, but the search is interesting and fun,

This Is the work that mathematiclans do.

GROUP 1

Here is your first group of similar problems. Find the answers with your fractions
pleces or with drawings. Look for a pattern.
All of the answers to the problems in this group will be fractions.

[
.+ +d = z What patterns do you see?
. ig&mjfs_onﬂmi_pg%ﬂ.
2. -JB_ -:'%" = _z
11 iy How can you calculate the answers?
3 gy =4
]
A B
4 "fé - [ - _gt_ T
est your pattern on these two problems. Use
1.1 _ =+ pattern to get the answers. Then check with the
5 %7 = 3 fraction paper p|eces
1 7 _1_ 1 Does your pattern
8 —115+J4- = _3 et work?
1 o
8 Jx+g = _2.
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Finding Patterns - Worksheet 2

in the first group of problems, all of the numerators were 1. You probably noticed
that the second denominator could be evenly divided into the first denominator.

What will happen if one of the numerators is changed to a number other than
one? Do you think your pattern will still work? AWV

Try it and find out.

Predict what the answer to this probler_;o will be.
1. ‘%‘ -:-‘]2— = ——

prediction  check

Now check your answer with the fraction pieces.

Does your old pattern work? \'

Solve these problems with fraction pieces or drawings and look for a pattern.

GROUSP 2_1. .l.Q . _5'_ Can you see a pattern that would allow you to
2. 5+5 =125 G calculate the answers to these problems?
L L Explainit
3 . _ =
3 L+f = L:Z %
4 &+ = 1607¢
5 Test the pattern on this problem Calculate what the
5. _% N _12~ = 10 = ? answer should be. Then check it.
§ 7. &1 = F
6 Zsl - ]% n 7 =5
672 €

Did your pattern work?

Challenge. Use the pattern you found above to calculate the answers to these
problems. First predict what the answer should be. Then check it out with the
fraction pleces.

5 _ L
g S+l = -22

Hint: Check to see If the value of

+3 _

6 pred!ctlon check your predicted answer equals the

g -S.1 = answer the pieces gave. The an-
© o127 4 T prediotion Iﬂ h__:; .2. swers may be in a different form.
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Finding Patterns - Worksheet 3

Group 3

Predict what the answer to these iwo problems will be. 4

1 1.3 - 2 1l.5 . =
478 " prediclion  check 278 T prediction ~ check

EEER

Does your old pattern work?

Solve these problems with a drawing. Watch for a pattern.
3 L:8 - A 4 L:5 =
. TR -2 6

B 5

i

|
!
6 ¥+ =%

5.
Do you see a pattern that could help
7. calculate these answers?

If so, explain it. It not, keep thinking.

See notes on Yhe  next

i eVs 1))
P dJd

li you see a pattem, use it to predict the answer o the next problem. Then check it.

8 1.5 =
3 72 —

prediction chEck
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Reasoning behind Finding Patterns worksheets

Finding Patterns - Worksheet 1 (page 34)

Group 1

A pattern that most students will see is to divide the second denominator into the first one
to make the denominator of the answer. Bring the top one over for the numerator of the
answer.

Note! Each of these patterns can be directly linked to the standard invert and multiply
algorithm. Although some students will have discovered this from their explorations and
will practice that pattern with these problems, please do not push other students to see that
pattern. They need to explore their patterns first. By the end, all students will be able to
derive the standard algorithm and understand why it works.

Finding Patterns - Worksheet 2 (page 35)
The old pattern will work for denominators. There is a slight change for numerators. Bring
larger numerators into the numerator of the answer.

5 .1 _5

Group 2 12 "2 6
Calculated answers will come out as improper fractions. Manipulated answers will come
out as mixed, lowest term fraction.

Finding Patterns - Worksheet 3 (page 36)
These problems are different because now the larger numbers in the numerator and de-
nominators are in the divisor rather than the dividend.

Group 2 Group 3

S+ 1 1+ 35
12 2 2 6
4 T

Larger numbers ot
Old pattern will not work. quotien

dividend + divisor = quotient divisor l dividend

A pattern to see for calculation is to take the numerator of the divisor and put it into the
denominator of the answer. Divide the denominator of the dividend into the denominator
of the divisor to determine the numerator of the quotient.

Discuss "why" does it make sense, in #2, 3, 4, and 5, that the denominator of the answer is
fifths. For example: _%_ - _g_;- 4

5
Finding Patterns - Worksheet 4 (page 37)
Group 3
Some students will notice that if you change the fractions to have a common denominator
(which is what the drawings do), you can simply divide the numerator 6 ~7or &
to get the answer. " This one is hard. P Y 7
2 712 12712 Pattern for groups 1 &2is: (12 = 2 6
divide
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Finding Patterns - Worksheet 5 (page 38)
Pattern for Group 4 involves using the numerator of the divisor with the two denominators.

Divide the denominator of the divisor into denominator of the dividend,
S+ 3 -3 mutiply it by the numerator of the divisor to be the denominator of the
8 4 6 quotient. Place the numerator of the dividend as the numerator of the
quotient.

Finding Patterns - Worksheet 6 (page 39)
Group 5

The pattern goes like this: —é“ + "‘1'7'2‘>Q—g—
divide

For this one the numerator of the dividend works with the two denominators as they did for
Group 4.

answer Divide the denominator of the dividend into denominator of
/——\v the divisor. Multiply that quotient by the numerator of the
2 . 5\;i dividend to equal the numerator of the quotient. Move the

3 '+6 > 5 denominator of the divisor to the denominator of the quo-

tient.
divide

multiply

Finding Patterns - Worksheet 7 (page 40)
Group 6

The pattern students find will vary. What is important is that she tests it on problems and
verifies it works. One pattern is shown by the drawing. The squares colored in are the
answer or quotient. For example:

This set also has the familiar% pattern. %‘X%x%
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Finding Patterns - Wog«sheet 4

L
2 7

9. 1.l = =
12 by pattem check [T
P A
10 L+ =
1.4 o
1 Ledl =
..1.._'_-11- =
2 g by pallern check [ [
A
13h_;~+_%=ml€§'0l [TT1TT]
by pattern check M T T T T T T T[1]
e 2
1.1 . 22 _1I
L R T T —bypattem check [ | [ [ 1.1 ] L1 NN
LA30 o
15 L% =
.15 o
16 L +33

37

Finding Patterns - Worksheet 5
Group 4
Solve using a drawing. The pattern to look for is related to the one you found

for the problems in Groups 1 and 2.
Go back and study the patterns you found for those groups.

Caution! This pattern is not so easy to see. The problems in Groups 1 and 2
had at least one 1 in the numerators, These problems have no ones in the
numerators. Can you adapt your pattern to work for these? It Is possible.

4327
5. g o= = [
23 2"4 predict  check
5 4
6 L+-2-T= .
63 L{‘ _L“‘ predict  check |

If your predicted answer Is different from the one in which you got from the
picture, check to see if the prediction is equal in value to the answer you got
from the picture.

38

Finding Patterns - Worksheet 6
Group 5

Solve using a drawing. The pattern to look for is related to the one you found
for the problems in Group 3.
Go back and study the patterns you found for that group.

Caution! This pattern is not so easy to see. The problems in Group 3 had at

least one 1 in the numerators. These problems have no ones in the numerators.

Can you adapt your pattern to work for these? It is possible.

2 .. =
5. + = = I
3 12 '1 predict - check
q_,2 '
6 2ol |
4712 7 7 predict  check l

If your predicted answer is different from the one in which you got from the
picture, check to see if the prediction Is equal in value to the answer you got
from the picture.

39
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Finding Patterns - Worksheet 7
Group 6

Solve using a drawing. This pattern is fairly easy to see.

21
-4

pradict

If your predicted answer is different from the one in which you got from the
picture, check to see if the prediction Is equal in value to the answer you got
from the picture.
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Finding Patterns - Worksheet 8

Group 7
Record the pattern you found, Show how the pattern works with a diagram,

Solve these problems using this pattern. Draw a picture to prove four problems.

41

Patterns with Reciprocals - Worksheet 1

Review Families of Facts for multiplication and division,

LG DAD [
DAD-[] ©AD-[5]
BAD-® A
HA®-® EIA®-O

Multiplication and division are called inverse operations. What do you think
inverse operaﬁon means? 00005\“‘2.—
Add ‘inverse' to the glossary in your Math Journal.

Fraction Puzzle with Inverse Operations
Put the inverse operator, 'x' or *+', in the second operator triangle. Then find a
number to put in the blank that will make a true number sentence.

Examples: A@=2 @A@=4
OA®D-2 @OA®-+

Solve these puzzles.

Wnte the whole numbers operators as fractions, and show the puzzle pair
relationship like this: g .,.:4__ =8 x.L =2

Write the other pairs in this format; . 4
8+%=—§!x“}r-=2 T 3=[2x3:4
6 7= GrE=3 125 = 12%3=3p

) *diu\‘dins the b ink 2 groups,

Patterns with Reciprocals - Worksheet 2

Fili in the blanks, 4

Write all whole number operators such as x 4 as fractions x T

Example:

' 12%% =2 418+ F =0
12x B_= 2 18x T =2
or £ -4 9 ii-%
6x __‘Ez_%_ 9x _R_= !

2. 10+ £= 5 ﬁé%seﬁg‘ri &:‘;fsr'n to solve

{ Set1
10x &5 =2
5+ i"%=%
5x =%

2 &_ ‘
=4 4&. l =12 1
Circle the problem in each set that was the
easiest to do. What did you discover?

The.second peablem (s easier!
‘!l \ +0d0 “ . [x ]DESMQ
"t

S S

Using Multiplication to Solve Problems - Worksheet 1

Here is a review of the very interesting relationship between inverse operations,
muttiplication, division, and reclprocat fractions.

4
Remember to show all whole number operators , e.g., x 4 as fractions, —3~.
Put in the correct sign and fraction to make these true number sentences.

5 1
o[f0 10+%=5->10/A\%=5
3
4z 12¢4=3-> 12\ =3

8
648 48+—$~=8-—>48&—15—=8

Does this pattern work with fractions too? guess yQﬁ
Try it.

Does—;—--i-—}l—:—.‘-alsoequallx————- _¥_£’.S_‘0I’HO

Does this pattern also work on a more complicated fraction?
Use a pattern to get the answer

-g—- d —%— = —Lé Does —- = —ut equal the same answer? 7{2 (<3

Draw a picture to prove the answer.

You have learned that sometimes the pattern and drawings produce answers
different forms, but they are equivaient.

Since ‘25‘ + ‘;— =ither one can be used to find the answer

Circle the one that is the easiest to solve.
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Using Multiplication to Solve Problems - Worksheet 2

Let's test this relatlonshlp one more time w:th patterns and drawings.

What partof 2 fits into '3- ? 5T 2= ——L-
paltem
drawing

Using Multiplication to Solve Problems - Worksheet 3

Solve these problems. Simplify all answers. You must prove each answer with

a drawing. a
[~ %altem

1, 2+l=
TrY

Now if the new pattern holds true, we should be able to find the answer to e
2
Lo 2= with multipfication. Try it g 2
3 -
2 8 fedot QB -RE
_2_~_g.=_2‘&_'_= G 47877 3 paem
3 1 A 3 2 drawing ]
£ % .5
o Gebeh AR ICE [TTTTTT]
Does it work? %;es | pattem
) 2 2 drawing [TTTTT1]
Which problem is easiesttodo? -5+ -% or o
3 1 4‘ k.
5, Lodol N G
e 8 478 3 pattemn
6 &+
1
7. -+
Explain what you found out. ”!Q dn}lﬁmc can bg H PPQA
mchﬁig#iﬂammglhply_ﬂ:_mﬁdend_q_ B 4+
ib_&__epgdc_LLduMmL_re__@m__)__igg/_t_ “Gawing
the answer
45 46
Standard Procedure - Worksheet 1 Standard Procedure - Worksheet 2
Cuisenaire Rods Cuisenaire Rods
1t the ysllow rod is equal to one, 4+ _;_ = 20 =1
h i
then what rod is %? white 4 X_?_ = 20 6 2
then what rod Is %? red
then what rod Is g,? light.graen— Bulld # Calcutate it Build . Calculate it
thenwhatrodis 4?7 purple -})-._—'6-=—_‘7-—x-%= b3 ~};+—5—=—é—x—}—.—. %—:—Z‘L
5 3 3 2
4+%=10 4++= 6% 4+d_ 5
i =20 . 3 - gt 4X Iz We=sg .2
xjeferoaxmedr  axisd Peioxg=deriaik | 3ededxi=doi
L3 _lyb_6_
1 v e =g Xy=g=1 %—%:%X%=%=1
‘The black rod Is equal to one,
2
then whatrodis 57?7 red
! Jz“‘:'%= X%=%=% —"'~—-§-=—"f-x3==—3—=1-2-_—_1—1—
then what rod Is —7i7 fight green 672767176 6 3
then what rod Is %7 purple
then what rodis 57 L3 ly 6. 6.3
7 Yellow T =TXE= 1= 3 e S L CRL TS
e A
8 7= 17 3
7 35 This process of solving a divislon problem and tuming it Into a multiplication problem Is
5 Xy =5=17 'é' commonly called Ynvert and muliply'. How would you desoribe it using the word ‘reciprocal?
7t _ 3 the divisor ouer, that makes it the recinrocal
Buldi. 5 +2 =-§3 5 +3 =15 s +4 -85 +8 =T | ofthis wisor, and muﬂaol\/ rHs\l the. dvidend.
2 ) 92
Calcutate 5 x ] =224T35 x%:jilgs xi:i’ﬂqs x 7 = 357]
" 2 4 5 5
48
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Standard Procedure - Worksheet 3

gescr)sbe the standard producure for dividing fraction (which you have been
oing]

Solve using the standard procedure for dividing fractions.

1. 8 +3=10%

2 10++4 =162

A S
© T nogeded
S S i3 2 feded
o 3edep B g
noFehed o geget

Standard Procedure - Worksheet 4
Solve this problem using the Standard Procedure of Invert and multiply.
_2. - l
3" 4
This Is the pattem that clever Kelly Delap, a Farm School student, {igured out.

P —

Multiply the first numerator by the second denominator, Put the product on top (numerator
of the answer), Muiliply the first denominator by the second numerator and put that product
on the bottom (denominator of the answer).

How Is Kelly Defap's pattem like the ‘invert and muitiply' pattem?

v agenty She_cp0ss ultiplied instead o€ fligaing ouer
(m\l gs the d;msor.

Try the pattem on this problem.” -— = -l = -%
alchi

Now do the problem on graph paper and see if it m

0. 42 . 4L
18_" 1 18~ 1 9 5
Solve these problems, 1. 152- .5--%- =_l_9‘2§

S| lawsue 8
-m:- | Ulu

Standard Procedure - Worksheet 5
Why It Works

Now we will figure out why the tip over and multiplication pattermn works.
2
6+ F=

The problem is Start with six wholes,

In order to find out how many groups of -%— there are, we

have to divide the six into thirds.

1. How many little pleces do we have now? ‘%

Wa have Increased aur pleces from 6 to 18,

2. How many times more plécas do we than before? 3

3. Why do we muliply the 6 x 3 Thewhole has been dindef

info I8pieces.
4. Then what do we do with our 18 pleces?

5. why? Because we are divid ith 'olv two thirds.

wo Hird s.

6. When you group the 18 pleces into groups of two, N
what operation ara you doing +, - X, or+ 7 ____Q‘lLS_LQﬂ_

=
e
You are going to divide by 2. ;é S
7. How many groups?__g_ ) ;2
6+5= 6X3 =
This Is what it looks like when recorded, 1x 2
Look what happened in tha last step. 6X3 = 6x 3
8. Have you seen this bafora? Wé‘ 1 2
So now you know how to divide fractions. 6 X 3_6 .2
1 2 178

This Is a formal proof. Kelly Dalap and Alysia discovered this. This Is the first formal proof
you have besn shown..

51

Standard Procedure - Practice - Worksheet 6

Solve using the standard procedure for dividing fractions.

Loasd-tdegest o 2.1 34228
2 5.2 FFT 283 5.4 DEZL
o deg Redefel by g
4 B.2 =£x%=% 2. B+ d,%xg-:%%%
I e LAt W LB 8 5

=[g14. F

R _3b_ (5= 15
7 —g—~%=%x§'?5é=‘2515
s A2 %oy
o gepdrgeird
52
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Mixed Fractions - Worksh‘ie;c 1 240
5 -
1. Solve. 5-—13-)(373‘-: 20 ‘3_)%:..'_1—-‘_20

Describe how to solve a problem like this. Change both mixed numbers
Into improper fractions, multiply the improper fractions, then simplify.

{
2. Solve.1~—;—-:- 1—33—= |3

3. Draw. * T

Challenge
4, Solve,

5. Draw.

What would be an easler way to solve this problem? Change both mixed
numbers Into improper fractions. Then use cancelling after inverting the divisor.

. I 3 .43 ‘&
Write a rule for dividing this problem. 3~5— + 1= 2 5
Change both mixed numbers Into Improper fractions. invert the divisor, —g-to -%—’
Then multiply using the standard procedure.

6
33 sql=18.3_ M2 - 1252
5 e 52758 B 5

Confirm your answer by multiplying the quotient by the divisor. You should get

S—g—as a product.
=23
=3 3

12 x .8 =36 =
ogx1f=tx5=4=3

3k

53

Mixed Fractions - Worksheet 2

Solve. Write each answer in simplest form.

.25 +L =10
2 2% + =2
3 3 +13= 2
4.6 + 14=47
5.4 + 1t=3
6 15+ 3 = 2

54

Write the equations.

8. Casey practices basketball +- hoursa
day. How many days wili it ta'?ke for him to
practice 15 hours?

It wili take 10

oq -3 . =30
15+1F =163 3 =15x 4 == 10
9. Rice comes in twenty-five pound

If each person wants 1;‘( pounds, how
many people can get rice?

20__ people can get rice.
25 +1F =25+ 5 =25X 5 == 20

10. If each person wants 24- pounds, how
many people can get rice?

10___ people can get rice.

25+ 2+=25: 5 =254 =2 = 10

The Post-Assessment is the same as
Pre-Assessment - Part 2

Answers are on the first page of the Answer Key.
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Predator Game | Date

2 - 4 players

Use yellow, red, green, and blue pattern blocks, a Predator Game board for each
player, and one die.

Take turns rolling the die and take as many green blocks as rolled. Trade blue
blocks (or any other color block) for green blocks whenever possible. If you do
not trade immediately, your opponent can take your two greens. Cover the board
with yellow blocks. The first player to cover the board is the winner. Remember,
if you do not trade ASAP, your opponent can steal them on his or her turn.

N
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