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Purpose

Prerequisites

Materials

Warm Up

Lesson
Part 1

Lesson
Part 2

Parts of Wholes: Review and Fractions as Parts of Wholes

This lesson’s purpose is to review a topic originally taught in Fractions: Booklet
2 of this series. For many students the gap between that book and this may be a
year or more. For a student beginning the series at this point, it is important to use
a manipulative to establish the physical concept behind the procedure. This lesson
assumes the student discovered the following procedure in previous lessons. The
lesson reviews the idea that to take a fraction of a set, you must count the number of
members of the set, divide it by the denominator of the fractional unit you are using
and then multiply the number in that set by the number of sets the numerator indi-
cates you need. For example, tof10= (10 +5) x 2. If this is a new concept, have
the student go back and do Parts of Wholes in Fractions: Booklet 2. The following
dialogue is from a student who is just reviewing what was previously figured out.

Fractions: Booklet 2 - Parts of Wholes

Parts of Wholes: Review - Worksheets 1 and 2, pages 4 and 5
Fractions as Parts of Wholes: Worksheets 1 - 3, pages 6 - 8
Blocks and fraction pieces

Give Parts of Wholes: Review - Worksheet 1. Watch while the student does the
work. Notice if she counts the total number of pictures in the set and then divides it.

“How do you know how many fish to color in?” “There are ten in the set and I
need to divide it into half, so I divide by two.”

“How do you know how many squares to color in?” “There are four in the set
and I need to divide it into half, so I divide by two.”

“How do you know how many stars to color in?” “There are fifteen in the set and
I need to divide it into thirds, so I divide by three and get five. Then, since it asks
for two-thirds, I need to take two groups of five to make ten. So I color in ten stars.”

If by the end of the Warm Up she can’t remember or is not able to construct the
procedure for these problems, reteach this concept. Use blocks or another manipu-
lative to pose the same problems. Let her divide them in half, prove it is half, and
verify her answer. It also appears in the last part of Fractions: Booklet 2: Parts of
Wholes of this series, or make up more problems like these. For example, draw a
group of nine objects and have her circle one-third of the objects.

“Do the first two problems on Parts of Wholes: Review - Worksheet 2. How
can you use a pattern to figure out the answer?” “If I know what one-third of
fifteen is, which is five, then all I have to do is go up by fives for each new part.”
Have blocks available for her to work with if needed.

“Does this pattern also work for the next four problems on Parts of Wholes:
Review - Worksheet 2?”” “If | know that one-fifth of fifteen is three, then all I have
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Parts of Wholes: Review - Worksheet 2

Date

How can you figure out what 551— of 15 is if you know what % of fifteen is?
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Make up a set.

Explain in words how you find out what 2 of 20 is.

Step 1

5

Step 2
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Purpose

Prerequisites

Materials

Warm Up

Lesson

Note

Parts of Wholes Meet Iterative Addition

The purpose of this lesson is to review the previous strategy to find a fractional
part of a set, e.g., % of 10, by partitioning a set into equal groups as indicated by the
denominator and then multiplying by the numerator. Writing the mathematical sen-
tence for this process is also reviewed. We also introduce the idea that the problem
can be seen as iterative addition of a fraction. Both procedures produce the same
answer but have different physical applications. It hones the mind to see both; how
they are alike and how they are different.

Fractions as Parts of Wholes, Reduction of Improper Fractions and the multiplica-
tion tables

Parts of Wholes Meet Iterative Addition - Worksheets 1 - 3, pages 9 - 11

Review the number sentence that you did on Fractions as Parts of Whole - Work-
sheet 2, page 7.

Give this word problem: ‘‘A recipe you are making for a big cake calls for nine
cups of flour and six eggs. But oops you only have four eggs. You will have to
cut your recipe down. So if you only use four eggs, how much flour should you
use?”

Parts of Wholes Meet Iterative Addition - Worksheet 1, page 9

“What does iterative mean? Look at problem 2 and see if you can figure it
out.,” “Iterative means the same thing done over and over.” “Make up another
iterative problem.” “2 +2+2 +2”

“How is the first addition problem, 2 + 3 + 4, different from 3 + 3 + 3 + 3?”
“The first ones add different numbers. The second one adds the same number over
and over.”

“How is iterative addition connected to multiplication?”” “They are the same
thing. Multiplication is a shortcut for adding the same number over and over again.”

“Do you think taking two-thirds of twelve will have the same answer as two-
thirds added twelve times? Try it.” Many students will be surprised that the an-
swer is the same. He will add two twelve times to get twenty-four thirds. He must
then simplify the twenty-four thirds using division, which is twenty-four divided by
three. Twenty-four thirds is equal to eight.

Most students will need help to translate adding the two twelve times and then
dividing by three into the number sentence. Do not help any more than is needed.

“How do you write what you just did as a number sentence?” “First [ multiply
the numerator, the two, times the whole number, twelve. I would put that inside the
parentheses. That gives me twenty-four. Then I would divide the twenty-four by
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Parts of Wholes Meet Iterative Addition - Worksheet 1 Date

1. What does iterative mean?

2. This is addition: This is iterative addition:
2+3+4= 3+3+3+3=
also known as multiplication.
IxX4d=
2

of 12 can be done as a part of a whole.

OQOO0OOOOO0OO0O0

Shade in —g of the 12 circles.

% x12 = You did these in Fractions: Booklet 2.

2

“= x12 can mean two-thirds added twelve times.

3

2
Do you think iterative addition (adding 3 12 times) will give you the same or a

different answer as taking two-thirds of 127 .

2
Try it. How many thirds so you get if you add 3 twelve times?

Ex12=( X_ )+ =+ =

Now, simplify the answer.

Patterns in Arithmetic: Fractions - Booklet 6 Parts of Wholes Meet Iterative Addition
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Purpose

Prerequisites

Preparation

Note

Materials

Warm Up

Lesson
Part 1

Multiplication

The purpose of this lesson is to use a manipulative to construct the concept of what
multiplying a fraction means. In the previous lessons the student worked with the
idea that the *of”" in a parts of wholes problem, two-thirds of twelve, for example, is
the same thing as two-thirds added twelve times or two-thirds times twelve. In this
lesson, this idea is extended to a fraction of a fraction, which is what multiplication
of fractions is. Again, the inverse quality of fractions is encountered. When you
multiply a fraction, it feels like division because you are taking a part of a part. The
product of a multiplication of fractions problem always comes out less than either
of the numbers you started with. Those who memorize this simple procedure will
not notice or question this.

Parts of Wholes

Read through the lesson and try the problems yourself. Most teachers are not fa-
miliar with this way of seeing multiplication of fractions. Check the Answer Key
to be sure you know how to record the problems. Read Multiplication - Worksheets
1 and 5 carefully.

Allow the student to play with the clear acetate pieces before you begin the lesson.
She will want to hold them up to the light to see the pretty colors.

Multiplication - Worksheets 1 - 11, pages 12 - 22

Scratch paper and scissors

Colored pencils

Clear and colored acetate Prism Fractions, or Translucent Overhead fraction pieces
if you are working with a class

Review basic multiplication like 5 x 4 = 20 and Parts of Wholes with problems like
¥ x 20.

“Why does the answer come out with less than you started with? When you
multiply, don’t you usually get an answer that is larger than either of the num-
bers you start with?”” “It comes out less because you are taking a part of some-
thing away, or, since you are only adding *, your total will be four times less than
twenty.” She may say something such as “It’s like division” but not be able to
clearly articulate why.

“How is ¥ x 20 like division?” “You are dividing the twenty up into four groups,
and that is division. So multiplying a fraction is like going backwards of whole
numbers.”

“If + x 20 means ¥ of 20, then what do you think ¥ of a + might be?” Wait for
her to think about it. She may draw it, use the pieces, or, more likely, picture it in
her head. “If I cut a half into four parts, then each part would be an eighth.”

“Prove it with a piece of paper. Can you prove that one of these small pieces is

Multiplication
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Date
T

Multiplication - Worksheet 1
\OO’

Use clear Prism Fractions acetate squares to find the solution to 1

these problems.
Start with the square divided into two parts and place the square
divided into three parts on top of it. Rotate one of the squares 90°. « T » |

halves thirds thirds on top of halves rotate thirds 90°

How many little rectangles are there after rotating the squares?
What fraction of the whole is the little rectangle?

Now do several more rotations and record the number of rectangles.
Record here.

strips___ x strips

little
rectangles

Patterns in Arithmetic: Fractions - Booklet 6
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Date

Multiplication - Worksheet 2
to@’
Use colored Prism Fractions acetate squares to find the solution ’
to these problems.

Start with the square divided into two parts and place the square
divided into three parts on top of it. Rotate one of the squares 90°. ¢ TP

halves thirds thirds on top of halves rotate thirds 90°

I
i

This shows halves divided into thirds.

How many little rectangles are there after rotating the squares?
What fraction of the whole is the little rectangle?

What happens to the color at the intersection of the two squares?

The intersection of the colors shows 1/3 of 1/2. What fraction of the whole is in
the intersection?

Now do several more rotations and record the number of rectangles.
Record here. Color with colored pencils.

strips____ x strips =

little
rectangles

Patterns in Arithmetic: Fractions - Booklet 6 Multiplication
©2013 Pattern Press Student Workbook 13



Parts of Wholes: Review - Worksheet 2

Look for a pattern to solve these problems.

Fractions as Parts of Wholes - Worksheet 1

Solve. Look for a pattern.

150f15= 3 1/20t20= [0
2/50f15= b 140f20= 5
3/50f15= 9 2/4 of20= |0
4/50f15= IR 3/40f20= |5
170t 14= 2. 15 0f20= A
270t 14= A 2/5 of20= 8
370t 14= (o 3/50f20= |2
47of14= § 4/5 of 20= [(p
5i70f14= [0

670t 14= IR

Whit,Eanems do you see?

i5=3 then & —24330re—ﬁ'—3x30'q

Once T find the size of the ﬁmdwvxa,[
har‘f I-mUJhDI\J it h\f how manv

Y sckisnel nau%s ko, Tt suberater,

120f48= _ 2% 1/20f64= _ 32,
1/30f54= _ |€ 1/40f64= |G
2/30f54= _ 3l 3laofea= MR
V6ofa2= T _ 150f40=
s/60f42= _38 a/s0t40= 24
190f72= _ 8 1120 of 80= 4

4/90f72= _32
1/180f36= _ 2

: 4
Write out a procedure for calculating trhe answer tog of 20.

Diyide the denaminator of the fraction
N\fo the w(/\oL& nu.mBEr H\E’_h wa l’snlu‘ Hne_

his mewa‘l’or b,g ﬂ\ai q;mﬁ‘eni‘ ( 3,[ m;.l_,l ttPi;[ /ﬂm
mm\cohr_hy_&l_d\dg_u.mh_,jh_a&;

3/20 of 80 = [2

® e n er 2 ‘uide
by the denominator,

6

Fractions as Parts of Wholes - Worksheet 2
In fractions the "of " is written with a X sign.

t99- §x9

Write the procedure with a number sentence.

2% Q- (9.+3)x2 = &

1%8- (B+4)x =2
o

1X8- (B2+4)x3

1%25= (28+ 5)x 1L =_5

(2£+ 5)x 3

1
5

1%25-
iX24- @+ L)x5=20

Answer Key: Fractions - Booklet 6

Fractions as Parts of Wholes - Worksheet 3

1 1 i 1 1 =2
2 X 2 can also mean 2added2 times. 2 =+ 3 =5
This is called iterative addition.
Write these problems as iterative addition problems and solve.
1 £ 1
1 = 1 1-2 =1
§X2=2 3+3=%=3
1 = 1,1,1,1_4 -
e
1 = 1,11 s T [ |
§ XD =_& gtgtgtgtg=2
Z
2 =3 2424242 -92
3 L{‘L
3 x6 =12 3,3,3,3,3,3=-14_42
2 X6 =72 a4 g2 4 2= 4114
| 0745
5 = 3 5 5 15 3 1
5X3=2%2 §+3+§=F¥ =2fx2]
8



Parts of Wholes Meet lterative Addition- Worsheet 1
1. What does iterative mean? jg re {:»E aj'

This is iterative addition,

3+3+3+3=_12

also known as multiplication.

3x4= I2=

_:23 of 12 can be done as a part of awhole.

OOO00

2. Thisis addition:

2+3+4= 9

Shade in %ofihe 12 circles.

—% x12= i You did these in Booklet 2.

% x 12 can mean two thirds added twelve times.

2 e 2 2.2 2 2 2 2 2. 2 2.
3t gtatgtaztatagtaztatatatec

Do you think iterative addition (adding % twelve times) will give you the same
or a different answer as taking two thirds of 127 ._ Sﬂ wme., .-
¥

2
How many thirds do you get if you add 5 twelve times? 3

§x12= (1ax2)+3 =%+3= ¢

thd
3-8

Try it.

Now, simplity the answer. 8

9

Parts of Wholes Meet Iterative Addition- Worsheet 2
of
% X 9 can also mean % added 9 times. This is called fterative addition.

2 —2.,2,2,2,2,2,2 2,2 _
3X Q= 5+3+5+5 4545454548 -

ix9=(9x2)+3-18+3= _6
Wirite as an iterative addition problem.

Write the procedure with a number sentence.

of j

i o B e T T T B
PX 8=+ +i+i+i+i i+ 7+ 2

1X 8- @xl)- 4 4= 2
o

[t

24
1)

of
1% 8= 3+i+deiedeiedei-
5% o= hipe
ix8-Bx)- Y4 L
i 1,1
1% 15 = R v arar

+1+l = _‘_g: 5
(5x1)+5=15§+5=3

1% 15
1% 15

i+t
242 = %—52‘?

2% 15 = (5x2)+ 5-#5:5= 1

10

Parts of Wholes Meet lterative Addition- Worsheet 3

Look at this figure. What do you see?

Some people see a big big cube in back and a small cube floating in front.
Other people see a big cube with the corner taken out.
Can you see both? giugs Can you see both at the same time? _n O

Notice, your mind has to "pop" between the two images.

249536
These two ways of solving the same problem are just like the cube above.

They fade and feel different but produce the same answer.
Try another one.

Parts of wholes

and
£
, B89 0 8.9, 8.8.9.8 3.9 >,
herative 2434343+ 34343 +3+ 3434343 =21
11

Multiplication - Worksheet 1

Use clear Prism FractionsAcetate squares to find the solution to
these problems. I
Start with the square divided in two parts and place the square
divided into three parts on top of it. Rotate one of the squares9p°, - "~

thirds thirds on top of halves rotate thirds 90

This shows halves divided into thirds.

How many little rectangles are there after rotating the squares? t'g
What fraction of the whole is the little rectangle?

halves

Now do several more rotations and record the number of rectangles.

Record here.

slripsi X stripsi = “{_le
ittle
rectangle

12

Answer Key: Fractions - Booklet 6



Multiplication - Worksheet 2

Use colored Prism Fractions Acetate squares to find the solution k I
to these problems.

Start with the square divided in two parts and place the square !
divided into three parts on top of it. Rotate one of the squares 90" s~

halves thirds

rotate thirds 90

thirds on top of halves

This shows halves divided into thirds.

How many litile rectangles are there after rotating the squares? [p

What fraction of the whole is the litlle rectangle? ___ /&

What happens to the color at the intersection of the two squares?
Cha nﬁrp s Color

The intersection of the colors show 1/3 of 1/2. What fraction of the whole is in

the interection? _!_/((__

Now do several more rotations and record the number of rectangles.
Record here. Color with colored pencils.

str‘rps& X strips ’:l: = 3
little
rectangle

13

Multiplication - Worksheet 3

Use clear Prism Factions Acetate squares to find the solution to these problems.
Do several more rotations and record the number of little rectangles.

Record here.

strips A x stips & = _[5
little
rectangles

stips A x strips 4 = _20

little rectangles

stripsg_xstrips = _]g

little rectangles

Make your own.

strips 5 x strips 5 - 245
little rectangles strips___ x strips =
little rectangles

14

Multiplication - Worksheet 4

Use colored Prism Factions Acetate squares to find the solution to these problems.
Do several more rotations and record the number of little rectangles.

Record here.

strips_3 x strips_5_ = |5
little
rectangles

strips_3_ X

hR-Y strips 4 x slrips_“*[—_ = _2-_0

little rectangles little rectangles

Giee

Make your own.

strips 4 x strips & = AR
little rectangles strips___ x strips =
little rectangles

15

Answer Key: Fractions - Booklet 6

Multiplication - Worksheet 5

Prism Fractions Acetate colored squares must be used to see the crosses.

of
X1 -

1
Learn to draw these. -
4 2

[
o

Start with the second number the 7 .

A chunk is going to be taken out of this -;“ .

Rotate the -l- 90°. Put lhei- piece on top of
2. the 1 piece.
2
1
4
Look at the overlap where the colors from
a % and the % are both in the little rectangle.

This is called “cross shading”.

% of the whole is tross shaded.
1l _d 1Lt
4 of 2738 2 X 5 = %
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