Math Mammoth
Grade 7-B Worktext

‘ atios and proportions

By Maria Miller



Photo credits:
p. 163 Louvre; photo by Alvesgaspar; licensed under CC BY SA3.0

p- 217, map of Nashville © OpenStreetMap contributors
Licensed under the license at www.openstreetmap.org/copyright

Copyright 2015 - 2019 Maria Miller
ISBN 978-1-942715-25-2

Edition 6/2019

All rights reserved. No part of this book may be reproduced or transmitted in any form or by any means, electronic or
mechanical, or by any information storage and retrieval system, without permission in writing from the author.

Copying permission: For having purchased this book, the copyright owner grants to the teacher-purchaser a limited
permission to reproduce this material for use with his or her students. In other words, the teacher-purchaser MAY make
copies of the pages, or an electronic copy of the PDF file, and provide them at no cost to the students he or she is actually
teaching, but not to students of other teachers. This permission also extends to the spouse of the purchaser, for the purpose of
providing copies for the children in the same family. Sharing the file with anyone else, whether via the Internet or other
media, is strictly prohibited.

No permission is granted for resale of the material.
The copyright holder also grants permission to the purchaser to make electronic copies of the material for back-up purposes.

If you have other needs, such as licensing for a school or tutoring center, please contact the author at
https://www.MathMammoth.com/contact.php



Contents

Foreword

Chapter 6: Ratios and Proportions

Introduction

Ratios and Rates

Solving Problems Using Equivalent Rates ........ccc.c....
Solving Proportions: Cross Multiplying .........cceeeeeenes

Why Cross-Multiplying Works

Unit Rates ..

Proportional Relationships

Graphing Proportional Relationships—More
Practice

More on Proportions

Scaling Figures

Floor Plans

Significant Digits

Chapter 6 Mixed Review
Chapter 6 Review

Chapter 7: Percent

Introduction

Review: Percent

Solving Basic Percentage Problems

Percent Equations ...

Circle Graphs

Percentage of Change

Percentage of Change: Applications

Comparing Values Using Percentages ..........cceeeuneenee

Simple Interest

Chapter 7 Mixed Review

Chapter 7 Review

12
15
17
23
24
29

35
37
41
47
51
57
59
62

67
72
75
78
83
85
88
92
96
102
105



Chapter 8: Geometry

Introduction

Angle Relationships ......

Angles in a Triangle

Basic Geometric Constructions

More Constructions

Drawing Problems ..

Circumference of a Circle

Area of a Circle

Proving the Formula for the Area of a Circle ....................

Area and Perimeter Problems

Surface Area

Conversions Between Customary Units of Area .......cceeuee

Conversions Between Metric Units of Area ........ccceeeeeeeeeees

Slicing Three-Dimensional Shapes

Volume of Prisms and Cylinders

Chapter 8 Mixed Review
Chapter 8 Review

Chapter 9: Pythagorean Theorem

Introduction

Square Roots ....

Equations That Involve Taking a Square Root ........c........

The Pythagorean Theorem ...

The Pythagorean Theorem: Applications ........ccceeceeeueennee

A Proof of the Pythagorean Theorem

Chapter 9 Mixed Review

Chapter 9 Review

Chapter 10: Probability

Introduction

Probability .....

Probability Problems from Statistics

Experimental Probability
Counting the Possibilities .....

Using Simulations to Find Probabilities

Probabilities of Compound Events

Chapter 10 Mixed Review
Chapter 10 Review

107
113
118
123

129

134
141
144
147
149
154
158
161
164
171
175
178

186
189
193
198
203
210
211
214

217
222
225
227
230
236
242
246
249



Chapter 11: Statistics

Introduction

Review of Data Analysis

Random Sampling

Using Random Sampling
Comparing Two Populations

Comparing Two Samples ....

Chapter 11 Mixed Review ....

Chapter 11 Review

251
255
260
264
271
279
285
289



Foreword

Math Mammoth Grade 7 comprises a complete math curriculum for the seventh grade mathematics studies. This
is a pre-algebra course, so students can continue to an algebra 1 curriculum after studying this.

The curriculum meets and actually exceeds the Common Core Standards (CCS) for grade 7. The two major areas
where it exceeds those standards are linear equations (chapter 5) and the Pythagorean Theorem (chapter 9). Linear
equations are covered in more depth than the CCS requires, and the Pythagorean Theorem belongs to grade 8 in
the CCS. You can access a document detailing the alignment information either on the Math Mammoth website or
in the download version of this curriculum.

The main areas of study in Math Mammoth Grade 7 are:

e The basics of algebra (expressions, equations, inequalities, graphing);
o Integers;

e Ratios, proportions, and percent;

e Geometry;

e Probability and statistics.

This book, 7-B, covers ratios and proportions (chapter 6), percent (chapter 7), geometry (chapter 8), the
Pythagorean Theorem (chapter 9), probability (chapter 10), and statistics (chapter 11). The rest of the topics are
covered in the 7-A worktext.

Some important points to keep in mind when using the curriculum:

e The two books (parts A and B) are like a “framework”, but you still have a lot of liberty in planning your
student’s studies. The five chapters in part 7-A are best studied in the order presented. However, you can
study the chapters on geometry, probability, and statistics at most any point during the year. The chapters
on ratios & proportions and percent (in part 7-B) are best left until the student has learned to solve one-step
equations (in chapter 3).

Math Mammoth is mastery-based, which means it concentrates on a few major topics at a time, in order to
study them in depth. However, you can still use it in a spiral/ manner, if you prefer. Simply have your
student study in 2-3 chapters simultaneously. This type of flexible use of the curriculum enables you to
truly individualize the instruction for the student.

e Don’t automatically assign all the exercises. Use your judgment, trying to assign just enough for your
student’s needs. You can use the skipped exercises later for review. For most students, I recommend to
start out by assigning about half of the available exercises. Adjust as necessary.

e For review, the curriculum includes a worksheet maker (Internet access required), mixed review lessons,
additional cumulative review lessons, and the word problems continually require usage of past concepts.
Please see more information about review (and other topics) in the FAQ at
https://www.mathmammoth.com/faq-lightblue.php

I heartily recommend that you view the full user guide for your grade level, available at
https://www.mathmammoth.com/userguides/

Lastly, you can find free videos matched to the curriculum at https://www.mathmammoth.com/videos/

I wish you success in teaching math!

Maria Miller, the author



Chapter 6: Ratios and Proportions

Introduction

Chapter 6 reviews the concept, which has already been presented in previous grades, of the ratio of two quantities.
From this concept, we develop the related concepts of a rate (so much of one thing per so much of another thing)
and a proportion (an equation of ratios). We also study how tables of equivalent ratios can help to solve problems
with rates, and how cross-multiplying can help to solve problems with proportions.

The lesson Unit Rates defines the concept of the unit rate, shows how to calculate one, and gives practice at doing
so, including practice with complex fractions. We also consider rates as two quantities that vary, graph the
corresponding equation in the coordinate grid, and tie in the concept of unit rate with the concept of slope.

The concept of direct variation is introduced in the lesson Proportional Relationships. Writing and graphing
equations gives a visual understanding of proportionality. In two following lessons, students also practice solving
rate problems in different ways, using the various methods they have learned throughout the chapter.

The lessons Scaling Figures, Floor Plans, and Maps give useful applications and more practice to master the
concepts of proportions.

Before the Chapter Review there is also an optional lesson, Significant Digits, that deals with the concept of the
accuracy of a measurement and how it limits the accuracy of the solution. It is optional because significant digits
is not a standard topic for seventh grade, yet the concept in it is quite important, especially in science.

Keep in mind that the specific lessons in the chapter can take several days to finish. They are not “daily lessons.”
Instead, use the general guideline that seventh graders should finish about 12 pages a week in order to finish the
curriculum in about 40 weeks. Also, I recommend not assigning all the exercises by default, but that you use your
judgment, and strive to vary the number of assigned exercises according to the student’s needs.

Please see the user guide at https://www.mathmammoth.com/userguides/ for more guidance on using and pacing
the curriculum.

There are free videos matched to the curriculum at https://www.mathmammoth.com/videos/ (choose 7th grade).

The Lessons in Chapter 6

page span
Ratios and Rates .........ccoeeveeiiriiriiiie e 12 3 pages
Solving Problems Using Equivalent Rates ..................... 15 2 pages
Solving Proportions: Cross Multiplying ...........ccccecuveeee. 17 6 pages
Why Cross-Multiplying Works .........cccccevvervenienvenenene 23 1 page
UNit RAES ..oovieiieieieiee e 24 5 pages
Proportional Relationships ..........cccceeveevienienieneenieienne 29 6 pages
Graphing Proportional Relationships—More Practice ..... 35 2 pages
More 0N Proportions ..........cceeeveeeeveerieerveesveeeereeeveeennes 37 4 pages
Scaling Fiures .......ccceccvveviieriiieeie e 41 6 pages
FIOOT Plans ......ccvevvieviieiieiieiieieeeee e 47 4 pages
IMADS ettt e e e 51 6 pages
Significant Digits .......ccceoveereerienienieneeneereese e 57 2 pages
Chapter 6 Mixed ReVIEW ........cccoeevvveviiieriieiiecee e 59 3 pages
Chapter 6 REVIEW ......ccoccvieiiiiieiicieeie et ereeee e 62 5 pages



Ratios and Rates

A ratio is a comparison of two numbers, or quantities, using division. ' '
For example, to compare the hearts to the stars in the picture, ' '
we say that the ratio of hearts to stars is 5:10 (read “five to ten”). '

The two numbers in the ratio are called the first term and the second term of the
ratio. The order in which these terms are mentioned does matter! For example,
the ratio of stars to hearts is not the same as the ratio of hearts to stars. The former is 10:5 and the latter is 5:10.

We can write this ratio in several different ways:

. . . .3
e The ratio of hearts to stars is 5:10. e The ratio of hearts to stars is T
o The ratio of hearts to stars is 5 to 10. e For every five hearts, there are ten stars.

Note that we are not comparing two numbers to determine which one is greater (as in 5 < 10). The comparison
is relative as in a multiplication problem. For example, the ratio 5:10 can be simplified to 1:2, and it indicates
to us that there are twice as many stars as there are hearts.

We simplify ratios in exactly the same way we simplify fractions.

L4 44

Example 1. In the picture at the right, the ratio of hearts to stars is 12:16.

We can simplify that ratio to 6:8 and even further to 3:4. These three ratios L 4 4 4
(12:16, 6:8, and 3:4) are called equivalent ratios. VY9
The ratio that is simplified to lowest terms, 3:4, tells us that for every three "'

hearts, there are four stars.

1. Write the ratio and then simplify it to lowest terms. A A A

The ratio of triangles to diamonds is : = : .
: A
In this picture, there are triangles to every diamonds. ‘ ‘ ‘ ‘
2. a. Draw a picture with pentagons and circles so that the
ratio of pentagons to the total of all the shapes is 7:9.
b. What is the ratio of circles to pentagons?
3. a. Draw a picture in which (1) there are three diamonds for
every five triangles, and (2) there is a total of 9 diamonds.
b. Write the ratio of all the diamonds to all the triangles,

and simplify this ratio to lowest terms.

4. Write the equivalent ratios.

a.5to45=1to b. 3: =9:60 c. 280:420 = 2: d —=——

12



We can also form ratios using quantities that have units. If the units are the same, they cancel.

Example 2. Simplify the ratio 250 g : 1.5 kg.

. . . 250 250 250 1
First we convert 1 kg to grams and then simplify: £ - g - = —.
1.5ke 1,500 g 1,500 6

5. Use a fraction line to write ratios of the given quantities as in the example. Then simplify the ratios.

a. Skgand 800 g b. 600 cm and 2.4 m
Skg _
800 g

c. 1 gallon and 3 quarts d. 3ft4inand 1 ft4 in

We can generally convert ratios with decimals or fractions into ratios of whole numbers.

Example 3. B ltiply both terms of the ratio by 10, et = <0
xample 3. Because we can multiply both terms of the ratio by 10, km - 20km
15k 15 3
Then: ——— = — = — S the ratio 1.5 km : 2 km is equal to 3:4.
20 km 20 4

You can also see that the ratio is 3:4 by noticing that both 1.5 km and 2 km are evenly divisible by 500 m.

Example 4. Simplify the ratio % mile to 5 miles.

First, Yami : 5mi= Y% : 5. Multiplying both terms of the ratio by 4, we get % :5=1:20.

6. Use a fraction line to write ratios of the given quantities. Then simplify the ratios to integers.

a. 5.6 kmand 3.2 km b. 0.02mand 0.5 m
c.1.25mand 0.5 m d. 1/2Land 7 1/2L
e. 1/2miand3 1/2 mi f. 2/3 kmand 1 km

13



Chapter 7: Percent

Introduction

In this chapter we review the concept of percent as “per hundred” or as hundredth parts and how to convert
between fractions, decimals, and percents. The lesson Solving Basic Percentage Problems is intended for review
of sixth grade topics, focusing on finding a known percentage of a number (such as 21% of 56) or finding a
percentage when you know the part and the total.

We take a little different perspective of these concepts in the lesson Percent Equations. Students write simple
equations for situations where a price increases or decreases (discounts). This lesson also explains what a percent
proportion is. Personally, I prefer not to use percent proportion but to write the percentage as a decimal and then
write an equation. I feel that approach adapts better to solving complex problems than using percent proportion.

Here is a quick example to show the difference between the two methods. Let’s say an item is discounted by 22%
and it now costs $28. Then, the new price is 78% of the original. If we let p be the price of the item before the
discount, we can write the percent proportion $28/p = 78/100 and solve for p. If, we write the percentage 78% as
the decimal 0.78, we get the equation 0.78p = $28. Personally, I consider percent proportion to be an optional
topic, and the reason I have included it here is to make this curriculum fully meet the Common Core Standards for
seventh grade.

The lesson Circle Graphs provides students a break from new concepts and allows them to apply the concept of
percent in a somewhat familiar context. Next, we delve into the percentage of change. Students sometimes view
the percentage of change as a totally different concept as compared to other percentage topics, but it is not that at
all. To calculate the percentage of change, we still use the fundamental idea of percentage = part/total, only this
time, the “part” is how much the quantity in question changes (the difference) and the “total” is the original
quantity.

Tying in with percentage of change, students also learn to compare values using percentages, such as how many
percent more or less one thing is than another. Once again, this is not really a new concept but is based on the
familiar formula percentage = part/total. The percentage difference (or relative difference) is the fraction (actual
difference)/(reference value).

Simple Interest is a lesson on the important topic of interest, using as a context both loans and savings accounts.
Students learn to use the formula / = prt in a great variety of problems and situations.

The text concludes with a review lesson of all of the concepts taught in the chapter.

You can find matching videos for topics in this chapter at http://www.mathmammoth.com/videos/ (grade 7).

The Lessons in Chapter 7

page span
Review: Percent .........ccoceevveevieeieeieeneennen, 72 3 pages
Solving Basic Percentage Problems ......... 75 3 pages
Percent Equations .........ccccceevvevvenvenenennen. 78 5 pages
Circle Graphs ......cccccceeeeeeverciencienvenienenns 83 2 pages
Percentage of Change ............cceevveveennnnnn. 85 3 pages
Percentage of Change: Applications ........ 88 4 pages
Comparing Values Using Percentages ..... 92 4 pages
Simple Interest .......cccceevveverieecirecieeieenee, 96 6 pages
Chapter 7 Mixed Review ........ccccccveeunnnne 102 3 pages
Chapter 7 ReVIEW .....cccveevvveviieeiieereenne 105 2 pages
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Review: Percent

Percent (or per cent) means per hundred or “divided by a hundred.”
(The word “cent” means one hundred.) So, simply put, percent means
a hundredth part.

five
per

100 cent

To convert percentages into fractions, simply read the “per cent” as “per
100.” Thinking of hundredths, you can also easily write them as decimals.

Therefore, 8% = 8 per cent = 8 per 100 = 8/100 = 0.08.
Similarly, 167% = 167 per 100 = 167/100 = 1.67.

= 5%

1. Write as percentages, fractions, and decimals.

a. 52% = — = b. % =

d. 109% = —— = e. % = —— = f. 200% = —— =

A decimal number with two decimal digits is in hundredths, so it can easily

. — 0 1 91
be written as a percentage. For example, 0.56 = 56%. But even if we have 3 or 0091 = 9.1% =

more decimals, we can still convert into percent. 1000
Example 1. The number 0.564 is 564 thousandths. As a percentage,

0.564 = 56.4%. Compare this to 0.56 = 56%. The decimal digit “4”that 0387 = 38.7% = 27
follows the digits “56” is in the thousandths place, so it becomes 4 tenths ’ e 1000

of a percent (56.4%).

This is how to convert percentages with even more decimal digits:

decimal decimal

0.38429 =

percentage
38.429%

percentage
3.0281930 = 302.81930%

Think of it this way. Since 0.38 = 38%, any decimal digits that we have beyond 0.38 (the digits 429) simply
become decimal digits for the percentage. In effect, we move the decimal point two places to the right.

2. Write as percentages, fractions, and decimals.

a.282% = —— = b.6.7% = —— = c. % = —— = 0.891
1039 3409

d.09% = —— = e % = —— = f. % = —— =
10000 1000

g. 45.39% = 0. h. 2.391% = h. % = 0.942834
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