L?wm PASSPORT TO ADVANCED MATH

Zeros & Factors of Polynomials s
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M ost V/ aluable P oints

€ zeros and factors

(1) a is a |zero| of the polynomial p(x)

For polynomial p(x)
if 2 is a real number @) (x—a) is a |factor| of the polynomial p(x)

and p(a) =0 = (3) @ is a |x-intercept| of the function y=p(x)

4) x=e is a |solution(root)| of the equation p(x)=0

@) Function interpretations
(1) The point (a, b) lies on the graph of y=f(x) = b=f(a)
(2) The intersection point (a, b) of two graphs of y=/(x) and y=g(x)

— r=a is the solution of f(x)=g(x) = ‘f(a) =g(a)=>b ‘

M ost V aluable P roblems

Lesson
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: For which of the following graphs of 7 is : : The function f is defined by :
: h(x)=—h(x)| for all values of x shown? : : flx)=2’+bx’+cx+d. If the graph of f :
: : crosses the x-axis at —2, —1 and 3, then :
: : what is the value of ¢? :
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From h(zx)=—1h(x)l,
h(z)+1h(z) =0 . h(x)<0
.. The graph y=/h(x) lies under the x-axis.
.. The graph of B) satisfies the relation of
h(x)=—|h(x)]|
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flx)=(—2x-2)(2*+x)
How many different zeros does the function
y=/(x) have?
6 A) One
\ B) Two
C) Three

In the graph of y=7(x) above, which of the
following represents all values of x for
which f(x)<1?

A) x <3

B) —3<z<—-1,x>4

C)x<—3 —1<zx<4

D) All real values of x

: For a polynomial p(z), the value of p(5) is 2.!

: Which of the following must be true about
y-intercept at 4. : plx)?

Which of the following could define f(x)? I A) x—7 is a factor of p(x).

A) flx)=2x(x+2)(x—1) I B) p(x—2) is divisible by x—5.

B) f(z) = (z—2)*(z+1) : C) x—5is a factor of p(x)—2.

C) flx)=2(x—2)(x+1)* : D) The remainder when p(x) is divided by
D) f(z) = 2(z+2)(z—1)" i
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* K
p(x)=2x"-3x"+x—4 If f(x)=3x2"+2x—1, at what x-coordinate
Which of the following is a factor of the do the graphs of y=f(z)—1 and y=f(2—1)

polynomial of p(x) above? intersect?
A) x+1 A) 0

: If one zero of the function of
: flx)=2’-6x"+3x+10 is 5, then what is the
: difference of the other two zeros of f(x)?

: A) 1

1 B)2
1

1

1

1

=

1 The figure above shows the graphs of a

: quadratic function 2 whose maximum value C)3
: is 7(2). If h(k) =0, which of the following
: could be the value of k£?

1A)0

1B)1

104
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Goluions JXER

If x+2 is a factor of the polynomial
224+ (k+3)x°+3(x+1)—2k, then what is the
value of &7

In the graph of y =g(x) above, how many
zeros exist in the function of g(x)—17

A) None

B) One

If the function f(x)=—x'+bx’+cx’+dx+e
has two distinct positive zeros, which of the

W S

following could represent the complete

,_.
Q

graph of fin the xy-plane?
A) y

W
e

N

The figure above shows the graph of

y=h(x), where % is a function. How many
distinct positive integer values of ¢ satisfy
the equation %(c¢) =h(2¢)?

A) None

B) One

C) Two
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Goltions [

I How many distinct zeros does the graph of
flx)=x'—2x*+2x—1 have?

A) One

B) Two

C) Three

2(z)
12 3 4 5

X

The graphs of the functions f and g are
lines as shown above.

For which values of x does f(z) <2g(x)?
A)0<zx<1

X

2 4 6 8 10

The graph of y=g(x) is shown above. 1

1

I graph crosses the x-axis at x=—2, r=="
If g(1) =k, which of the following values of | !
x such that g(x)>g(k)?
A)0<x<0.5

B)5<x<8

: and x=1. If the equation for this polynomial
: is written in the form y=ax’+bx’+cx+d,

: which of the following could be the

I equation?

: A) y=—22-2’+x+2

: B) y=—2x"+x"—x+2

1 Q) y=—22"+32"—32-2

| D) y= 27" 32 +32+2
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glx)=6x"-2"—=x

h(x)=32"+x
The polynomials g(x) and h(x) are defined
above. Which of the following polynomials
is divisible by 2x+17?
A) g(x)
B) ii(x)
C) gz

v

1 2 3 4

X

The shaded region in the figure above is
bounded by the x-axis, the line x=4 and +2h(x)
the graph of y=/(x).

If the point (g, b) lies in the shaded region,

which of the following must be true?

)
D) g(x)—2h(x)

La<4 ILb<a M. b < f(a)

A) I only

B) I only

C) I and T only
D) I, I and I

' The cost in dollars, ¢, of producing a
I ! custom-made T-shirt with a team logo is

: given by the formula c=110+£, where z

1
: is the number of T-shirts produced.
I When every T-shirt produced is sold, the

1
I revenue from selling the customized T-shirts
I

' is given by R=15x— 10

| Which one of the following would be the

: formula for the profit from producing and

: selling x T-shirts?
: A) ——+%x 110
The figure above shows the graph of 31

B ——+— ~110
1 ¥ =f(x) for all values of x. If the equation )

10
1 f(x) =k has distinct four solutions, what is ) f—;—% +110

Aol s bdn e

: the sum of all integer values of % ?
1A -1
1 B) -2

Lo
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' What is the x-intercept of the graph
I of flx)=2"-52"+2x—107

1 The functions f and g graphed above are
| defined for —2<x<3.
: What is the sum of all values of x that

| satisfy the equation f(x)—2g(x)=07

=t

N=O RN W O e

: The figure above shows the graph of

: y=g(z). If the function / is defined
: h(x)=g(2x)—1, what is the sum of all
: values of x such that 2(2x) =g(4)?

The graph above shows the function g,
where g(x) =a(x+1)(x—2)(x—5) for some
constant a. If g(k+3.2) =0 and 2> 0,

then what is the values of % ?
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M ost V aluable P rocesses

From g(x) =/f(x+3),
Translate left 3 units
y=/f(x)

y=g(x)

y=9g(x) y=f(x)

4_‘_1
3units:
(¢]

Since the range of y=g(x) is unchanged,

glx)> % («— The least possible value)
D £ (-1.75)

From the circle 2* +y° +2y—3=0,

2+ +2y+1)—4=0 .. £*+(y+1)*=2

.. The center of the circle is (0, —1) and
the radius is 2.

If the center (0, —1) is translated 1 unit

up, the new center is (0, 0).

If the radius of 2 is increased by 50%,

the new radius is 2(1 + ﬂ>:2-§ =3

100 2
.. The equation of the resulting circle is
2y =3
From 2° +¥* + ax + by =,
a=0,b=0and c=3"=9
Satbt+c=0+0+9=9

y=2 Reflect the x-axis

1 unit left, 5units up

y—5=—(z+1)’
Ly=—(xt1)45= —2'-2x+4

2

From {y= —x*—2x+4,
S22 24 =0

“(x+2)(x-1)=0

x'=—x"—2x+4
X x—2=0
Tr=-2,1
". The intersection points of the two
parabolas are P(—2, 4) and Q(1, 1)
". The distance of two points of
intersection P and Q is

0 0 (46~85) copy.indd 59

d=](1-(-2))+(1-4)" =/ 3+(-3)
=/18=3/2. ..d°=18 D> 18

554 From f(x)=f(x+5), y=f(x) isa
periodic function with a period of 5.
In the graph, ¥y = f(x) has four different

1 3 7 7
roots (x = 35185 )where 0 < x <5,
(3% 4+3=)15 x-values satisfy f(x) =0

where 0<x<18. I 15

PASSPORT TO ADVANCED MATH
zeros & Factors of Polynomials

Since the function f(x) crosses the
x-axis at —2, —1 and 3, f(x) has x+2,
x+1 and x—3 as its factors.
L flx)=(x+2)(x+1)(x—3)
= (2’ +32+2)(x—3)=x"-T2x—6
=2 +bx’+cx+d
“b=0,c=—7and d=-6 > C)
From f(x) <1, y=f(x) is below the
graph of y=1.
In the graph, f(z)<1 when —3<z<-1
and x> 4. B)

Since the function f(x) has x-intercepts
at —2and 1, f has x+2 and x—1 as its
factors.
Since f(x) has y-intercept at 4, f(0)=4
L flx)=2(x+2)(x—1)" [=22"+

could be the function.

559 From f(z)=(-22-2)(2"+x),
flr)=—2(x+1) - 2(x+1)=—2x(x+1)*
.y =f(x) has two different zeros such

B)

as x=0, —1. («Two zeros)

560 Since p(5) =2, the remainder when p(x)
is divided by z—5 is 2.

.. x—5is a factor of p(x)—2. C)
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M ost VV/ aluable P rocesses

561 From p(x)=2x'-3x"+x—4,

p(=1)=2(-1)"=3(-1)"+(-1)—4
=2+3-1-4=0
". p(x) has a factor of x+1. A)

Since /(2) is the maximum value in the
graph, the axis of yr x=2

symmetry is x=2, h(2) y=h(x)
Since 2(1)=h(3)>2, )
h(0)=h(4)=2,
h(—1)=h(5) could 0
be the value of zero.

From f(x)=3x"+2x—1,

flx)—1=3x"+2x—2

and f(z—1)=3(x—1)"+2(x—1)-1

=3(x*—2x+1)+2x—2—1=3x"—4x

From 3x° +2x—2=3x"—4x, 6x=2
1

.. The xz-coordinate of the intersection

point of two graphs is % C)

Since one zero of the function
flx) =x*—6x"+32+10 is 5,
f(x) has a factor of x—5.
v flx) = (z-5)(x—2—2)
=(x-5)(x—2)(x+1)
“x=5,2and —1
". The difference of the other two zeros
is (2—(—1) =) 3. D C)

In the graph,
g(x)—1=0where y=g(z)

__3
r=-- and

0<z<1 3
2

.. The function of ¥ = g(x)—1 has
infinitely many zeros. D D)

010 (46~85) copy.indd 60

566 Since the coefficient of the 4th degree

term is negative, the graph is finally
downward.

Since the function has two distinct
positive zeros, the graph intersects the
x-axis at two points as shown below.

Since x+2 is a factor of the polynomial

24 (k+3) 2" +3(x+1) —2k,

x = —21is a solution of the equation.
(=24 (k+3)(—2)°+3(—2+1)—2k =0
. —8+4(k+3)-3-2k=0
. —8+4k+12—-3—-2k=0

1

" k=—§

In the graph of y = h(x),

i) f(2) =f(4) =0 where c=2
ii) f(4) =/(8) =0 where c =4
From i) and ii), c=2 and 4
[« Two values of c]

In the graph,

flx)<2g(x)
where 0<x <2,

In the graph,
g(1)=5 . k=5
From g(z)> g(5),
where g(5)=6

y
8
6
4
2

. g(x)>6 where
Hh<x <8 O 2 4 6 8 10 x
D B)
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M ost V aluable P rocesses

571 From f(x)=x'—2x"+2x—1,
flz)=(2'-1)—2x(2*~1)
=(2*-1)(2*+1)—2z2(x*-1)
(2°-1)(x*—2x+1)
(x—1)(x+1)(x—1)=(2—1)*(x+1)
. f(x) has distinct two zeros such as 1
and —1. B)

572 Since the x-intercepts of the graph is

x=-2,x= —% and x =1, the equation

has factors of x+2, 2x+1 and x—1.
If x = o, theny=—c ..a<0
Soy=—(x+2)(2x+1)(x—1)
= —(22°+52+2)(x—1)
=—(22"+3x°—3x—2)
Ly=—2x"—3x"+3x+2

y
4
3
2

1

)

In the graph, the given statements I, Il

D D)

and I must be true.

574

—pNWwhoQ

U4 ®

t
~— )

In the graph, y=/(z) and y =k have
different four intersection points,
k=-2and k=1

.. The sum of all values of & is (—2+1=)

-1 A)

010 (46~85) copy.indd 61

575 g(x)=6x"—2"—x=z(6x"—2—1)
=x(3x+1)(2x-1)
h(x)=32"+x=2x(32z+1)
From @ and @, g(x) =h(x)(22—1)
g(x)+2h(x) =h(x)(20—1)+2h(x)
=h(x)(22x—-1+2)=(2x+1)h(x)
soglx)—2h(x) = (22—1)h(x)—2h(x)
=h(x)(22—-1-2) = (2x—3)h(x)
. g(x)+2h(x) is divisible by 2x+1.
C)

576 Since the Profit is [ (Revenue)—(Cost) |,
2

p(x) = 15x—f—0 (110+§>

2
2129 0 110

10 2 LD A)

577 Since the x-intercept of f(x) is the
value of x such that f(x) =0,
=52 +22x—10=0
Since the possible rational roots of the
equation are x = +(1, 2,5, 10), if £=5,
5'—5:5°+2:5-10 = 125—-125+10—10 =0

5

S.x=5H

T
—_

N=O| =N W\ e

In the graph, g(4) =2
From h(2x) =g(4), h(2x)=2
Since 7(2x) =g(2-2x)—1=g(4x)—1,
glaxr)—1=2 .. g(4x)=3
In the graph, 4x = —2, % and 5
11 b
r=-9,3 and 1
.. The sum of all values of x is

1,1,5 \7 7
<—§+§+Z*>8 8(_0875)
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579 From the graphs of f and g,

1

-2 -2 | 1-2(-2)=5

-1/ 0 0 0-2:0=0

0] -1 1 | (-1)-2-1=-3
1| -2 -1] —2-2(-1)=0
2 0 | 2| 0-2(-2)=4

30 1 | 1] 1-2(-1)=3

On the table above, f(x)—2g(x)=0
where r=—-1and 1
.. The sum of all values of x such that
flx)—2g(x)=0is (-1)+1=0
0

580 In the graph of g(x) = a(x+1)(x—2)(x—5),
the xr-intercepts are x=—1, 2 and 5.
wg(-1)=2(2)=2(5)=0
From g(k+3.2)=0, k+3.2=-1,2and 5
S k=-4.2,-1.2and 1.8

Since £>0, k=1.8 [Ansy 1_8(:%>

e55 D\

PORT TO ADVA D MA
Ratiomal / Radical Equations

582 From the equation y z+8 +/x—8 =8,
(Jx+8+/x-8)"=8
ozt 842/ (z+8) (z—8) +x—8=64
L ox+ 2/ —64 =64 . [2"—64=32—x
X 64=((32 — 1)"=)1024—64x + x°
" 64z = (1024+64 =)1088 .. =17
" Jbr—4=J517T-4=J85-4=9

Y A)
583 From the equation g TT=1L
60 16 o
= 01 . z—8=16
L x=24
.64 o 64 64 .
'x+8+7_24+8+7_32 +7=2+7=9
I®» D)
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[

584 From the equation é - yTll = yflg,
y+tl—y _ 1 . 1 1
y(y+1) y+3 y(y+l) y+3
Sy ty=y+3 cyf=3 y=+3
Since >0, y =3 B)

2d°—d—10  d*—4d+3

585 From s o0 = Fad—15

(2d—5)(d+2) _ (d—1)(d=3)
(d+2)(d+5) (d+5)(d-3)

3 ?;55 :%;é s2d-5=d-1 .. d=14

D B)

20+1  2x+3 _ 20+1  2x+3

586 From ° —o— 5 =0, 55~ 9r—7

oo (2241)(22-7)=(22+3) (22—5)

co A 122 -T=47"— 4215 .. 8x =8
Sox=1 I D)
r 2 3
587 From 20—1  4x°—1 2x+1°

xr 2 __ 3
2x—1  (2x+1)(2x—1) 2x+1°

cox(2x+1)—2=3(2x—1)
L2+ x—2=6x—3 .. 2x°—5x+1=0

Since x# + 1 the sum of two values of x

+5,
—5 5
IS(*T )7. I D)
2 a_, z3a(adl)
588 From ~11 3 =1, 3(zt1) =1
L6—x'—x=3r+3 .. x+4x-3=0

Sox=—2+[2P-1-(-3) =247
x1+x2:(_2+ﬁ)+(_2_ﬁ) =—4

[ 5t=4]

1 D D)

1
— <
589 From 73 <1,

w(x-3)<(2—3)" (x#3)
“(2-3)"—(2—3) >0
(2=3)(z—3-1)=0

(x—s)Z-ﬁ <1-(z-3)°

So(x-3)(x—4)=0
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