CONCEPT

6 * B relationships | TRIGONOMETRY

(Ylain()heory)s(@oncept)

0 Reciprocal identities
@ cscH =
® secO =

1 . .
sin 0 («-Same sign and period)
cos 0 («-Same sign and period)
(«Same sign and period) Trigonometric Identities

sin@ <o COSQ

© coto = tane

@ Quotient identities

_ sinfh ,_ secH
@ tany - cose(_ csce)

_ cosf (_ csch
® coto = sin @ (= sece)

Pythagorean identities

. oy cos?f =1 -sin’H
@ sin’6 + cos?0 =D "[sin26= 1 —cos?p
®tan’0 + 1 = sec’0 =p sec’p -tan’6 = @D
© 1 + cot?f =csc?h =» csc?-cot’0 =D

Proofs of the identities

»
e 9<uu|u CSCQ

Simplifying the trigonometric expressions

.ﬁ—p\ fro@-

@ Reciprocal identities

1
sin10°
®sec20°-cos20°=1

© cot30° =

@cscl0” =

Reciprocal of tan30°

@ Quotient identities

sin 40°
cos40°
cos50°
sin 50°
=log cos50° - log sin 50:

@ tan40° =
®logcot50" =log =2~

@ Pythagorean identities

{(@sin’60° + cos?60° = 1
d@sec?70° -1 = tan?70°
© (csc80°+cot80%)(csc80°~ cot 80°

= ¢sc?80° - cot?80° = 1

J/

e cos?x = 1 —sin?x
’ smx i o
@sin‘“x + cos“x = 1 =p

SeCX = (ii)
COS pd
»

sinx
VIO = COS X ®

COS X
SO, = sm 5

sin’x = 1 - cos?x

) 5 (iii)
+ cos“x =p In terms of (tanx)

(iii) fIn terms of (sin x)

In terms of (cos x)

2 2 (ii)
tan“x + 1-} Sec X mp ———

= sin’x+ cos’x =1 =
1 + cot’?x mp CSC’x =mp

1nx

cos2 ](m) (iv) [sinx

COS x

Simple
.Samp le '
1. Which of the following is equivalent to
(A) 1 (B) seco
(D) cos @ (E) sin’p-1
2. If sinx + cosx = 1.2, then what is the value of sinx-cosx?
(A) 0.8 (B) 0.4 (€) 0.2
(D) 0.11 (E) 0.22

cos’6
ino
(C) csco

+sin@?

3 . Which of the following is equivalent to the expression of
g q p
1 1
?
sin’6 + cos?6 + tan?0 sin?0 + cos?6 + cot?H

(A) 1 (B) 2 (C) 4
(D) sec?6 (E) csc?6

@ proofs of the identities
tan@ - csc’f
1 + tan’g

tan - csc )

H

LHS = 1 + tan’0 sec’o
sing 1 1 )

_ oSO sin’p =(sine-cose)'coS 9

1 1 el
cos?0 (tosie.) cos4
~€0SO _ ¢org = RHS

sin 9

1. cos ) + sing = €os 29 + sin’Q
sing sing

= coto

tanB CSC ‘0

__1
sin@

2. (sinx + cosx)?
= sinx + 2sinx cosx + cos®x
=1 + 2sinx cosx = (1.2)?
o 2sinxcosx =1.44 -1 =0.44

-~ sinxcosx = 0.22  pEB (E)

3. Since sin’6 + cos?6 = 1,
1,1
1+ tan’0 1+ cot?6
1, 1
sec’d  csc’o
= cos?0 +sin’f =1

=CscO [ Ans J(®)

LTD (A)




Ve

pattern guide | Ace of Base

. . ags I
o Reciprocal identities Which of the following is equivalent to the expression
@ csch= g sec26 + csc20? @
® e 1 (A) sec?0-csc?0 (B) sin2@ - cos 20
SeCt = —+
cos® (C) tan26 + cot20 (D) sin2@ — cos?0
© coth =——+
tan6 1 1 sin?@ + cos?0
1 2 2p _ _
(Sol) sec®6 + csc*@ cos’p  sin‘f  cos?@-sin?p
_ 1 IS S DO
~ cos?f -sin?f cos’f sinlp SecT9-escto
LD (A)
9 Quotient identities Which of the following is equivalent to —SS€X___9
Sin g tan x + cotx
@tanx= .59 (A) sin x (B) cos x @
® cotx = % (C) tanx (D) cotx
1 1
(Sol) cscx _ sinx _ sinx
tanx + cotx sinx , cosx sinZx + cos?x
1 cosx — sinx sinx-cosx
_ sin x _ Sinx.cosx _
= 1 —. COSx
sinx-cos x YD (B)
e Pythagorean identities J @RV expression is equal to (tan26 + 1)(csc?0 — 1)?
a2 20 _
[@sin’6 + cos’h = 1 | (A) 1 + cot20 (B) 1 —tan20
tan?6 + 1 = sec?p
D e | (C)1-sec?0 (D) 1 + sec?0
|© 1 + cot?g = csc?0 |
(Sol) (tan’0 + 1)(csc?0—-1) = sec’O((X + cot?0) - 1)
_ 20 20 _ 1 . cosq 1
= sectfrcotd cos4g.  sin’g  sin’@
— 2n 2
=csc =1+ cot 0 D (A)
G Proofs Which expression is equivalent to __sin + cotf?
Addition of fractions 1+ cos6
= Common denominator (A) csco (B) seco
Single fraction (C)tano (D) coso
= Reduction [« Factoring] - ]
i) Express in terms of sin (Sol) % +coto = 1 ilrclgs 0 (s:?r? g

or cos 9
ii) sin%6 + cos?6 = 1

_ sin%6 + cosO(1 + cosh)

_ sin%0 + cos O + cos’H

; (1 + cos)sin @
T+-coes8 __1
sin@ (T Feosfh) sind

sin@(1 + cosh)

=Csch

EYDy (A)
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pattern drill | Ace of Base

ANSWERS --- P. 135
—

1 (1) Which of the following is equivalent to the expression Sil’ll 8 ? )
g (A) coso (B) coto (C) seco (D) csco
%' (2) Which of the following is the multiplicative inverse of secx?
§ (A) cosx (B) cscx (C) sinx (D) —sinx
o (3) What is the value of tan36°-cot36°?
(A) 1 (B) -1 (C)V3 (D) ~/3
(4) Which of the following is equivalent to the expression %gg?
(A) sin@ (B) cos® (C) tano (D) coto
»h (1) Whicl} of the following expressions is equivalgnt to cotx?
Q (A) 205% (B) Sy (©) - 2osx (D) cosx-sinx
% (2) Which of the following is equivalent to the expression %?
=) (A) sing (B) cos @ (C) coto (D) csco
(3) If 2sin @ = cos @, then what is the value of tan9?
(A) 2 (B) 3 (©) -2 () -+

sin@ — cos?0 ;
sinf-cos@
(A) tanO- cotd (B) cotO- secH (C) secO - coto (D) cscO - tan@

(4) Which of the following is equivalent to the expression

(1) What is the value of sin? % + cosZ% ?

(A)O (B) 1 (C) 0.75 (D) 1.5

. o . . 1 1 ;
(2) Which of the following is equivalent to the expression T cosA T T+ cosA

(A) 2sin’A (B) 2csc?A (C) 2sec?A (D) 2cot?A
(3) Which of the following is equivalent to the expression (1 — cos?A)(1 + tan?A)?
(A) sin?A (B) cos’A (C) tan’A (D) csc?A
(4) Which of the following is equivalent to the expression (tanx + cotx)*?
(A) 1 (B) 2 (C) sec?x + csc?x (D) sec?x-csc’x
(1) Which of the following is equivalent to the expression tanA + cotA?
. 1 . 2
(A) sinA-cosA (B) SIOA - CosA (C) 2sinA-cosA (D) SIA - CosA
1-sinx »
1-cscx
(A) sinx (B) —sinx (C) cosx (D) —cosx

uealobeylifd w

sjooid

(2) Which of the following is equivalent to the expression

QD HD2ABRAGHCO (1HB2)DB)BH CO (1)B(2)BB)C4)C@ (1)B(2)B((3)C(4)B

(3) Which of the following is equivalent to the expression %?

(A) tanx (B) cotx (C) sinx-cosx (D) secx

(4) Which is equivalent to (- + 1)( ==+ 1)( = - 1)( Ly - 1)?

(A)O (B) 1 (C) tan*0 (D) cot?0 y
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Relationships

c
||

— 13~ . G o . . .
-\sMk/!- Simplifying the trigonometric expressions

tan’x + 1 (-1)) sec’x (-12

(iii)
sin’x =p 1 — coS2x suup f(COSX)
Cos’x mp 1 —sin’x==ap f(sinx)

cos’x

1 + cot’x mp CSC2x mp —L

] = (sin’x + cos’x=1) =>[
sin’x

Which of the following is equivalent to the expression

1 ___cosB
1 -cos6 1 - cos?6

(A) sin260 + cos?6 + tan?6 (B) sin20 + cos20 + cot?’6
(C) sin20 + cos?20 - tan?0 (D) sin?0 — cos?0 + cot?0
(E) sin20 - cos?20 + tan?0

@ @ sin’f +cos?’f=1 ®@tan’f+ 1 =sec’d @1 + cot?H =csc’o

Simple 1 __cosfB _ 1 _ cos 0
1-cos® 1-cos?0 1-cosO® (1-cosH)(1+cosHh)

_ 1+ cosO _ cos 6 _ _1 + Cosf8 - cos8
(1 -cosB)(1 +cosB) (1-cosB)(1+cosb) (1-cos8)(1 +cosB)
— 1 __1 _ 20 _ 20 _ (qin? 2 2
=T cos?0 ~ sinlo csc?O =1 + cot?O = (sin“O + cos“0) + cot“O
= sin?@ + cos?0 + cot?0 LUEy (B)
I— 0660606006 ANSIER = P‘—I136
(1) If 0° < x < 90° and cotx = 2, what is the value of log.cosx + log tanx?
A) 2 B) L c) L
(A) (B) © L
(D) - (E) -2
2
(2) What is the value of the expression (sinx — —L— )%+ (cosx - —L— )?— (tanx + —L_)%?
sinx CcoSXx tanx
(A) -5 (B) -3 (C) -1

L (D) 1 (E) 3 J

6. TRIGONOMETRY




)

o

— Super" Model ===

o Pythagorean identities [) sin’A + cos’A =1

cos 8 B sin @ . . cos 6 _ sin 6 _ _CcosB _ _sinB
It Jtan?0+ 1 ycot?0 + 1 = 1, in which Jtan?0 + 1 +cot?0 + 1 Vsec?0  ycsc?o
quadrant does the terminal side of 6 lie? - lcosg - |Sin(2) | _ cols 0 _ Sil’ll 0
sec csc
(A) II only (B) III only |cosO| |sin@ |

If cos® >0 and sinf < O ----- @,
Ccos 0 -cos 0 — sin B(-sin B) = cos?0 + sin’6 = 1

|
|
|
|
|
|
I
(C) IV only (D) II and IV only i = cosf|cosO|-sinB|sinf| =1
|
I
: From @, the terminal side of 0 lies in
|
|

quadrant IV only. e (C)
@ Pythagorean identities ) @ sin?0 + cos?’6=1 ® tan’0 + 1 =sec’0 ©1 + cot?0 = csc?0
If tan @ = 7, then what is the value of i 1 + 1 _ 1+sin8+1-5ino
1 1, ! 1-sinf 1+sinf (1 -sinf)(1 + sino)
1-sin® ' 1 +sinf° -2 2 _o. L1 __oscp
(A) 10 (B) 50 ! 1 —31{1 6 cos 92 cos-0
l=2(tan"0 + 1) =2(7°+ 1) = 2(49 + 1) = 100
(C) 100 (D) 200 | (C)
_ 1 1 _ Sina 02 2, _
6 Proofs ) csca = Snar SeCU= oeg tAna= 2o = sinfa + cos’a = 1

Which of the following is equivalent to (cscO - cotB)(csch + cot) — 2sech (sect + tanb)

_ _ 2 _ 20 ~at20y .1 1 sin 6
(csch-coth)(csch + coth) — 2secH (sech + tanb)? (csc*B —cot“0) -2 oS0 ( Y )
(A) sin 0 -cos 6 (B) sin @ — cos 6

= ((1 + Cot2q) - cotg) — 2 . 1+sinf

|
|
|
|
|
() Sinb+ 1 (D) €080 - 1 | cos6 ~ cosO
sinf -1 cosO + 1 I _1_2(0+sin@) _q_ 2(1+sinb)
: cos?’6 1 -sin?’6
: =1- 2(]}%—&) =1_;
| (1 -sinB)(T==sinH) 1-sin6
::(l—sine)—z _-sinf-1 _ sinf+ 1
| 1-sin6 -sinf+1 sinf-1 D (C)

@ Simplifying D tanx = Eglfc = sin’x+ cos’x= 1 = f(sinx) = range

: .
) B _ 5 sinx
If cosx = 2tanx, then what is the value of cscx?| From cosx = 2tanx, cosx=2- 2555

(A)1+42 (B) vZ -1 I - cos’x=2sinx .. 1-sin’x= 2sinx

s osin’x + 2sinx-1 =0
(C)V2 (D) 4 Ifsinx=A, ~1<A<1 ~A*+2A-1=0

v
ZA=-1241°-1-(-1)=-1£y2 D

|
|
|
|
|
i
| Since -1 <A< 1, A=sinx=-1++2
|
|
|
|
|
|
1

' 11 V2 +1
S OSCX = = V2-1 (2-1D)(2+1)
=%=1+ﬁ D (A)
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ANSWERS --- P. 137

-------------------------------------------- LI []7ICASE]|
“ Iftano =,/ ﬁ , which of the following expressions is equivalent to x?

(A) 2(secO + 1)(seco—1) (B)4(1 +cosO)(1-cosO) (C)2(1+sinO)(1-sin0g)
(D) 4(cot@ + 1)(cot —1) (E)2(1 +cscO)(1—-csch)

L
From tan @ =,/ —X— | tan?9 = —X
(] sea | == x

s (4 -xtan?0 =x . 4tan’f —xtan’0=x .. x(1 + tan%0) = 4tan’0

. sin’0
2
- Aang__ 4tan)29 -8 _4gin%0 - 4(1 - cos?0)
1 + tan-0 sec-0 1
cosia
=4(1 + cos0)(1 - cos ) XD (B)

E Which of the following expressions is equivalent to secx-cscx-cotx?

(A) sec?x — csc?x — cot?x (B) sec?x — csc?x + cot’x (C) sec?x + csc?x — cot?x
(D) sec?x — tan’x — cot?x (E) sec’x —tan’x + cot’x

ﬂ If sinx-cosx = %, what is the value of (sinx + cscx)? + (cosx + sec x)??

(A 10 (B) 15 (C) 20
(D) 25 (E) 30

1-tan® 1-cot® csco
(A) sing (B) cosO (C) tano
(D) seco (E) csco

EI Which of the following is equivalent to the expression —<9S8 _ , _siné _ coth ,

ﬂ If secx - tanx = 0.4, then what is the value of secx + tan x?
(A) 1.6 (B) 2.4 (C) 2.5
(D) 20 (E) 24

E If 3sin?@ + 5sinH - cos O — 2cos?0 = 1, then what is the value of tang?

N (A) % ®) 1 ©) 2
1 oor- 1 o
(D)3or2 (E)20r3
Ifn<6< 32 and «/(1 - cosf)(1 +cosh) +1= ﬁ , then what is the value of cos9?
27 (A)0.25 (B) 0.4 (C) -0.6
(D) -0.75 (E) -0.8

6. TRIGONOMETRY



If cosO = asin O and tan 6= 4, then what is
the value of a?

If 0 <6 <90°, which of the following is
equivalent to the expression of
log(secO + 1) + log(secO - 1)?

(A) 2logsin 6 - log cos 6

(B) 2(log sin 6 - log cos 0)

(C) log cos 6 - log sin 6

(D) 2(log cos 6 - log sin 0)

(E) logsin 6 + log cos 0

If sinx = cos’x, then what is the value of
1 1

T_sinx 1 +sinx’

(A) 1

(B)v2-1
1

© 3

(D)1-y2

(E) 2

Ift<6<2randsinf-cosO = 25,thenwhat

is the value of sec + csc0?
(A)5

(8) £

(© 2
(D) -33

35
(E) 24

5 Simplify;
(1) sinx - tan’x + sinx
tanx

(2) (1 -sin?x)(sec?x—1) + (1 —cos’x)(csc?x-1)

(3) sin 6 -tan’0 + cosO-tan 6

T
sin?0 + cos? 0 + tan? 0 (0 <6<

>)

(1) If A is an angle of triangle ABC such that
tanA + secA = 2, then what is the value
of cscA?

(2) If sina + cosa = v/2, then what is the
value of (1 + tana)(1 + cota)?

7 (1) 1f =+tanyv 1 + tane = 3, then what is the value

of the expression €080 + 3sin6 ,
xp i 2cos0 - 3sinf °
(2) If tan @ = y2, then what is the value of

the expression

1 _ 1 + 1 _ 1 2
1+sin6 1+cos® 1-sin®@ 1-cosbO "

~r*¥ *.

* 'Math Manla' *

If sinO + cos O = sin O - cos 0, then what is the
value of sec(tan 6 + cot?0)?

What are the degree measures of all positive
acute angles x which satisfy the equation of
sin’x + cos’x + tan?x + cot?x + sec’x + csc?x = 317




All-Round Checks
=

EngI“ATI"“ ANSWERS --- P. 139
|

n Which of the following is equivalent to
(1 +tan®6 + secH)(1 + cotb - csch)?
(A) 1
(B) 2
(C) sinfBcos0
(D) -1

__ 2
(E) sin 6 cos O

E Which of the following is equivalent to ﬂ

. 2 2
the expression tan“acsca -1 7
seca tan?a cosa

(A)1

(B) sina
(C) cosa
(D) tana
(E) cota

E Which of the following is equivalent to
1 -tan’x »

the expression 2sin’x + S+
1 + tan“x

(A) cosx
(B) secx
(C) cscx
(D)1
(E) -1

n If sinx + cosx = %, then what is the ﬂ

value of tan’x + cot’x?
(A) 10
(B) 12
(C) 14
(D) 16
(E) 18

6. TRIGONOMETRY

For all real values of 0,

2
M =1 - 2sinf. What is the sum
asinf + b

of the integer values of a and b?
(A) 1

(B) 2

(C) 3

(D) -2

(E) -3

What is the value of the expression of
cos?0(1 +2tanB)(2 +tanB) — 5sinf-cosH?
(A) 2

(B) 5

(C) 10

(D) &

(E) +

f —1-2cos’6
1 -2sin6-cos@
value of tan0?

() &

= 5, then what is the

(B) <
© 3
(D) 3
(B) 5

If sinx — y3cosx = 1, what is the negative
value of sinx + v3cos x?

(A) -1

(B) -2

(C) -3

(D) -3

-1
(E) 73



What is the value of the expression
sin?36°c0s?36° + sin?36°cos*36° + cos®36°
+ sin?36°7

(A1

1
(B)
(C) 2

V3
(D) 4

3-1
(E) =5
IfO° < 8<180°, —€980__ i 4 root of
1+sin6

the quadratic equation x> + 4x + 1 = 0.
What is the value of 67

(A) 30°

(B) 60°

(C) 120°

(D) 135°

(E) 150°

If sinx + sin’x = 1, then what is the value
of cos?x?

(B) 2503
() 2445
(D) 1543

[f SIAX=COSX _ 3 _ 9/7 then what is
sinx + cosx

the value of sec’x?
(A) 3

(B) 5

()7

(D)9

(E) 11

If sinx + cosx = -1, what is the value of
sin®?x + cos?x?

(A) -1

(B) 1

()0

(D) -45

(E) 45

For all real values of x, except O and 1,
f (x;xl) = x. Which of the following is
equivalent to f(sin%0)?

(A) cos?0

(B) tan?6

(C) cot?0

(D) sec?6

(E) csc?0

n
For 0 <6 < 2

equivalent to 1 —(

which of the following is
sin’0
1+ cotb

cos’0 )?
1+tano
(A) sec?6

(B) csc?0

(C)O

(D) sin@ -cos 6

(E) 1

If tan 6= 3, then what is the value of
( cosf | 1+sin9)27
1 +sing cos O ’

(A) 10
(B) 20
(C) 30
(D) 40
(E) 50
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(1) Express cot9 in terms of sec@. m What is the value of the expression?

(2) If % <0 <, express the expression of (1) sin?75° + cos?75° — tan?75° - cot?75°
V(cscO-1)(cscO + 1) in terms of tan 6. +sec’75° + csc?75°

(3) If 0 < x < 2w, how many values of x (2) 3sin?75°-cos*75° + 2c0s*75° + sin’75°
satisfy the equation + sin*75°

2(tan’x — sec?x) = tanx-csc2x?

(4) If % + log,sin 8 = log,cos 6, then what

is the value of log;y/csc9? (1) If 3cos 6 = 8tan 0, then what is the
value of sin@?

m (1) If two roots of the quadratic equation (2) If sina + cosa = %, then what is the
8x% + 4x + C = 0 are sin 9 and cos 9, value of sina + cos®*a?

then what is the value of C?
(3) If0° <x<mand sinx + cosx = %,
(2) If sin® and cos@ are the two roots of

the quadratic equation of

A-cscA _ 5 -
X+ 2kx + 2k(k - 1) = 0, then what is () I e — 5 then what is the

then what is the value of cosx?

1 1 ? .
the value of T———+ 755g value of sm3(32—7r ~A) + cos}(A - %)7
cotf+1 _ ;
m (1) If ot 1 2, then what is the
value of sinf -cosf -tan6? Prove;
. . . sin®Q 5 3
1l — 2sinA-sin(270°-A) _ 4 h (1) === =tan°Q + tan’0
(2) sin?A - sin?(90° - A) 5’ then cos’0
what is the value of tanA? (2) 1an A-sin A _ tan A-sin A
3n 9 tan A-sin A tan A + sin A
3) If cot(6 - %) = ——=, then what is the
(3)If cot(0 == 3) 10 (3) (SIN®A + COS*A)(tanA + CotA)?
value of SIN°0 = COS°0 7 = tan’A + cot?A
(sin @ - cos 9)*
m Prove;
(1) 1-(sinf-cos@)? _ tanf-csc’p ) .
2sinZp 11 tanl m (1) What is the least possible value of the
(2) £OLO -COSO _ sacp 4 tanp unction f(x) sin’x | cos’x
cotfh - cosb
3) 1 ] 1 (2)If0<6 < %, what is the smallest value
cosx+1 cosx -1 ) 1 1 2
= 2(sin%x + cos?x + cot?x) of y = (sing - sin@ )"+ (cos - Cos 6 )1

(4) __CSCA —cosA __ _ sin’A - cos’A
cosA(secA - cscA)  sin’A — cos’A
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sin%n—cos% T sin 2 71— cos 2t - sin18°cos(-72°) + sin(—1(38°) cos162°
= 3 6 4 _sin432° | cot(-288") _y | B +1-1

sin %n—cosﬁn sinziﬂ:—cosZ%n cos(-162°) tan198"

o, 3 6 ED (1)/3 )1 3)2 ()1
Sln§n—COSETC

in27 - cos 2
Sin-gm - Cos 4.1

sin(m— &) cos(n— ) 23. (1) In triangle ABC, A + B + C = 180".
e i)_cos(n_ g) - sin(A + B) = sin(180° - C)
6 3 = §in1(90° x 2 - C) = sinC = cos(90° - C)

in_ L in L b Quadrant 1l
sin3 —(@cos-7)  sin3+cos ¢ — cos(C = 90°) = 0.72 Iz 0.72

- smg—(ecos 7‘) sin%+cos%
£ £ cot(-90° + A) = cot(90° x (-1) + A)
2 2

Quadrant IV
-1 1 =3 =etanA=2 . tanA=-2
2t and 1.+ 2sin(180° = A) -sin(270° + A)
€0s2(90° + A) — cos?(-180° - A)
; o qimETo o, o, o _ 1 4+2sin(90°x2 - A)-sin(90° x 3 + A)
(2) sin123°-sin57° — cos33°-cos123°-cot57 057907 % 1+ A) — o5 (90" x (_2) — A)
=sin(180° - 123°) -sin57° 1+ 2sinA-(@cosA)
- 8in(90° - 33°) - @cos(180°-123°)-cot57° (@sinA)? - (ecosA)?
s o s o o o 570 i ZA ZA - 2 i A' A
= SIn57°Sin57° ~ SIS+ (~c0s577) - 82T T TS
=sin?57° + cos?57° =1 (sinA — COSA)Z
(sinA + cosA)(sinA — cosA)
(3) Since sin 58n %‘n and _ (sinA - cosA) + cosA _ tanA -1
(sinA + cosA) + CosA  tanA +1
cos% = ecos(n ——) = —cos—g, _(2-1_ -3 _4
2T 231 ZM_'_COSZE (- 2)+1 -1
8 8 8 8 (1)0.72 (2) 3

= (sin£)2+(cos ﬁ)2+(sin3—“)2+ (—cos%)2
+cos’ ) + (cos? 2L 3“ +sin? 30 . sin(3 1+sing _ cos(n—0)
) ( g %) 24 sin 5 n+6)(sin(£+9) T )
2 Quadrant Il
1 +sin@ 2 X2 - 6)

sin(%x1+9)_ 1+sing )

= sin(m - ﬂ) =sin

AHLINONOODIHEL

sin + COS + sin

2T
8
=1+1=2

= (sin

cos(

= sin(%x3+6)-(

— §in18°- cos72° + (-sin108°) - @ cos(180° - 162°) Quadrant [V ~Soadranti

=sinl18°-sin(90° - 72°) - ecose( 1+sin® _ _©coso )

(4) sin18°-cos(-72°) +sin(-108°)-cos162°

cos e 1+ s1n6
+ (-sin(180° -108°)) - (-cos18°) (1 + sin ) + cos0
=sin18°-sin18° + (-sin72°) - (-cos18°) = —Cosa- Cosa(l T sin 9)
=sin18°-sin18° + (—cos(90° - 72°)) - (—cos18°) _ _1+2sin@ +sin’6+cos’d _ 1+ 2sing+1
=sin?18° + cos18°-cos18° (1 +sin0) B 1 +sin@
=sin?18° + cos?18° =1 >
sin432° _ sin(432°-360°) _ sin72° -2
cos(-162°) cos162° cos(180°-162°)
cos(90°-72°) _ cosl8 _ 5
Scostsr o8 6 * B relationships
cot(-288°) _ cot(90°x (-3) —~18°) _ tan18°® _ 1 : pattern drill

tan198° tan(90°x 2 + 18°) tan18°
Quadrant Il
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@ (1) Since the reciprocal of sing is csc@,

(D)

- = CSC
sin @ o

(2) The multiplicative inverse(= Reciprocal) of

(A)

secx is cosx.

(3) tan36°- cot36” = tan36°- % =1
tan (A)

secO _
csco

(4)

CcoS x
sinx

A (1) cotx=

sec _ (tﬂsﬂ ’

(2) tanf (

2sinf _ Cos@
cos 0 cos@Q

s 2tanf=1 . tanf= %

(3) From 2sin 0 = cos @,

(B)

(4) SIn@—cos’ _ __ sSin@ __ cos*@
sin @ -coso Sinf - cos O sin @ - Cos9

=secH - coto

©)

2T
+cos =+ =1
3

(B)

© (1) Since sin’6 + cos’6 = 1, sinz%

(2) 1 1 _ 1+CosA+1-CosA

T—cosA ' T+cosA (1 —cosA)(1 +cosA)

2 2 1 2
= = =2. =2 A
1 - cos?A  sin’A sin?A e5¢
(B)

(3) (1 - cos?A)(1 + tan’A) = sin?A-sec’A

Cenza. 1 _ sin?A _ (sinA )’

= sinA cos’A  cos?A _(cosA)
(C)

=tan’A

(4) (tanx+ cotx)* = tan%x + 2tanx- cotx + cot’x
=tan’x+ 2-1 + cot’x= (tan’x+ 1) + (1 + cot’x)

(©)

= sec’x + csc’x

SinA | cosA

cosA = sinA

_ sin?A + cos?A _ 1
COSA-sinA sinA-cosA

O (1) tanA + cotA =

(B)

(2) 1-sinx _ (1 -sinx)-sinx
1 -cscx 1 .
(1- TR ) -sinx

—sinx(Sime—1) _ _giny
(B)

_ sinx(1 —sinx) _
sinx -1

cotx
1 + cot’x

_ cotx _
csc?x

(3)

= sinx - cosx

1 1 1
Ol sing 1)( coso © 1)( sing 1) cos@

= (cscO + 1)(secO + 1)(cscH - 1)(secH-1)
= ((cscO + 1)(csch — 1))((sech + 1)(seco - 1))
= (csc?0 - 1)(sec’H - 1)
= ((A+ cot?0)- N((tan’0 + \) - 1)
= cot?0 -tan?@ = (coth -tan )’ = 1*=1
(B)
P.194

training

| 11
1. Since cotx= 2, tanx = cotx ~ 2

In right triangle ABC, AB =+v2°+ 1= 5
Since 0° < x < 90°,

2 ; 1
cosx = ==(> 0)and sinx =—=(> 0) 5

59 50 >
-~ logscosx + log,tanx A >

= log cosx-tanx = log Stesx-—smx

1

1
—~ =-log.5 2=

=log,sinx = log %

(D)

inxy — L )2 1 42
2. (sinx i) (cosx— )t (tanx +

= (sinx - cscx)? + (cosx - secx)? - (tanx + cotx)?

)2

= (sin’x — 2sinx- cscx + €sc’x)
+ (cos?x —2cosx - secx + sec?x)
— (tan’x + 2tanx- cotx + cot?x)

= (sin’x - 2-1 + csc?x) + (cos’x—2-1 + sec?x)
—(tan’x +2-1 + cot?x)




= (sin’x + cos?x) + (csc?x — cot?x) + (sec’x — tan’x)

2-2-2
=1+ ((1 + cotlx) - Cotlx) + (((andx+ 1) —tan?x) - 6
=(1+1+1)-6=-3 [Ans 03]

1 1 TOSX. 1
SeCcx-CsCx-Cotx = Y K. —
Tosx sinx sinx  sin?x
=csc?x =1 + cot?x = sec’x — tan’x + cot?x

(E)

(sinx + cscx)? + (cosx + secx)?
= (sin’x + 2sinx-cscx + ¢csc?x)
+ (Cos?x + 2c0sx - secx + sec?x)
= (sin’x+ 21 + ¢csc?x) + (cos?x+ 2.1 + sec?x)
= (sin’x + €c0s?x) + 2 + 2 + ¢sC’x + sec’x
144+ '12 + 12 -5+ cqszzx+sinzzx
sin’x  cos’x sin?x - cos?x
1 1 _54+25-30

1 _5
(sinx-cosx)’ * (l)z
5 (E)

cos @
—tanf

sin g
1-coth

_ coth
csco

cosf

Siné
1

SinQ

( cos 8
1_ siné

cos O
cos’6
CcosO —sin@
c0s26 N sin?@
Ccos @ -sino CosfO —-sino
2 in 2
Cos“6 —sin-fo
=== 2-°J _cosh
CcosO —sinf

_ (cosf +sinf)(cosB—sind) _
= Cos B ing Ccos 9

= (CosQ + sinf) — CosA = sinH

sin @
_ cosh
sin @
sin’@
sin® - cosf

)~cose+(

)-sine—

-Ccos 9

- Cos9

(A)

B. If secx-tanx=0.4 and secx + tanx = a,

(secx - tanx)(secx + tanx) = 0.4 xa

sosec’x —tan’x = 0.4a

(e + 1) -tan2x=0.4a .~ 0.4a=1
ssecx+tanx=a=2.5

(©)

From 3sin?@ + 5sinf -cos 6 — 2cos?0 =1,
3sin’H , S5sin@-tesH  2cos?f _ 1

7.

P.
1.

2.

3.

c0s20 cos*@ cos2@ cos20

3 Eeg) + 5 25d ~ 2= oste
s 3tan’p + Stan@ - 2 = sec’H

s 3tan?@ + Stan@ -2 =tan’o + 1
s 2tan?6 + Stanf -3 =0

s (2tanf-1)(tang+3)=0 .. tan@ =

A

, -3

From v (1 - cos6)(1 + cos@) + 1 = ﬁ,
V1 -cos?0 + 1 = 3cos 0

. 4/sin?6 + 1 =3cos@ .. |sinf|+ 1 =3cosh
Since m< 0 < 32_1t, sin@ < 0.

s -sin® + 1 =3cos® .. (1-sing)*=(3cosh)?
s 1 -2sin@ + sin?0 = 9cos?0

s 1-2sin6 + sin%6 = 9(1 - sin?0)

+. 10sin?0 - 2sinf -8 =0 .. 5sin’6 -sinf-4=0
~ (5sinf + 4)(sin6-1)=0 .. sing= —% , 1

Since sin@ < 0, sinf = - & B

5
In right triangle ABC, AC =v5°-4*=3 ¥ [

Since 0 is an angle in quadrant III, A

LIC
cose=—%(< 0) =-0.6 3

(©)

197 JUMP

cosO _

_ ,.8in6
cos 0

From cos 0 = asin 6,
cos 6

1 =atan6

Since 0 <6< 90°, tan6 >0

- log(secO+ 1) +log(secO-1)
=log(secO+ 1)(secO-1) =log(sec’0 — 1)
=log((tan®0 + 1) — 1) = logtan’0 = 2logtan 0

sin O

=210g Cosp

= 2(logsin B — logcos 0)
D (B)

1 B 1 _ (A+sinx) - (1 -sinx)
1-sinx 1+ sinx (1-sinx)(1 + sinx)
2sinx 2sinx
1 - sin’x Cos’x

2sinx _ 28inx _ 5
cos’x  Simx
(E)

Since sinx = cos?x,

AHLINONOODIHEL
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4. since sin6-cos6 =
sin@ and cos6 have the same sign.
From & < 6 < 27, the angle 0 lies in quadrant III.

Since (sinf + cos0)* = sin?6 + 2sin B -cos 6 + cos26

_25+24 _ 49

=1+ 2sinf-cosf6=1+2 =55

[49 _ . 7
. sin @ + cosO = + 75 J_rS

Since 6 lies in quadrant III, sin6 < 0 and cos6 <0
-~ sinB+cosB<0 - sind +cosf =L

1 1

5
_sin@ + cosfH
cosO  sin6

sinf-cosH

..osech +csch =

_Z
5
2

285

35
12

(D)

_ sinx(tan’x+ 1)
tanx

5 (1) sinx-tan’x + sinx

tanx
. , (sinx- 12 )-coszx
_ sinx-sec’x _ cos’x

tanx ( sinx
COSX

) .cos’x
_ Sinx __1
Sinx-cosx  COSx

= SecCx

(2) (1 -sin?x)(sec’x— 1) + (1 —cos?x)(csc?x - 1)
= cos?x-((tan’x +1) - 1) \
+ (1 = cos?x)((1 + cot?x) — 1))
= cos2x-tan’x + sin’x- cot’x
_ =2y, SiNx 2,.. COS%x
Sostx T I Sz

=sin’x + cos’x =1
sin@-tan’f + cosH.tanb
sin? 6 + cos? 0 + tan’6

0. .Sin’0 .sin@
B sin 6 C0826+cﬁ)s£lt Q

(3)

sin° 0 :
=5 — - cosze(m+ smE))

=sin®0 + sin 8- cos?0 = sin H(sin?6 + cos?0)

=sinf-1 =sinH
XD (1) secx (2)1 (2)sinB

sinA 1
cosA T CosA = 2

.. SinA + 1 = 2cosA

6. (1) From tanA + secA = 2,

.sinA+1 _H
" CcosA
- (sinA + 1)*= (2cosA)?

- sin?A + 2sinA + 1 = 4cos’A
- sin?A + 2sinA + 1 = 4(1 - sin®A)

o Sin?A + 2sinA + 1 = 4 — 4sin’A
o 5sin?A + 2sinA -3 =0

- (5sinA - 3)(sinA+1) =0
Since A is an angle of triangle ABC,
0<A<180° . sinA>0

360

L sinA =3 _
- SinA = 1

1

.. CSCA = —
SinA

- SinA = -3
sin 3

(2) Since sina + cosa =+2,
(sina + cosa)’ = sina + 2sina - cosa + cos’a
=1 + 2sina-cosa = (v2)*

s 2sina-cosa=2-1=1 1

- sina-cosa = 7

(1 + tana)(1 + cota)

=1 + cota+ tana + tanacota

cosa |, Sina +1=24+ sin’a + cos’a
sina cosa sina - cosa

2+ 1 _o2, 1 _pi02-4

sina - cosa 1

2
D (1) 5 (2) 4

=1+ +

1 +tan6

7. (1) From - tano =3, 1+tanf=3(1 -tan0)

1+tan@=3-3tan6 - 4tanf =2 %
sin O

(cos O + 3sinB)
_ 1+3cos@ _ 1+ 3tan0

. cos 0
(2cos@ - 3sin@) 2 _ 3s1n9 2 - 3tan6
cos@

cos O

) (1+3-%)x2=

s tanf@ =

1
(2-3- 2)><2
11 1
(2) 1+sin6 1+ cos6 +1—Sil’19
_ 1 1 _ 1 1
_(1+sin6 * 1—sin9) (l—cose+1—cose)
_1-SnfB+1+8in8 __1-cos8+ 1+ cosd
(1 +sinB)(1 -sinB) (1 +cosB)(1 - cosO)
2 _ 2 __ 2 __2
1-sin’0 1 -cos’0 cos’0  sin’H
= 2(sec’f—csc’f) = 2(tan’ 0 + X = (L + cot?0))

= 2(tan’6 - cot?0)) = 2((‘/7)2_(%)2)

1y_».3 _
7)=25-=3 D ()5 (2)3

“ 1-cos0O

=2(2_

8. From sin 6 + cos O = sin§-cos 6,
(sin @ + cos B)* = (sin 6 - cos 6)?
- sin?@ + 2sin B cos O + cos?0 = (sin B - cos H)*
~1 + 2sinf-cosO = (sin 0 - cos 6)*
- (sinB-cosh)®-2sinf-cosf-1=0




If sinf-cosO = A, —
A*-2A-1=0

Oy

(-1)

SA=—(-1) £y (-1)*-1-(-1) =142
Since —% <A< %,A= sinf.cosf =1 -2
H 2
- secO(tanf + cot?0) = colse( 23;2 + 2?323)
__1  sin%6+cos’6 _ sin’®6 + cos®H
cosf  cosB-sin’O cos?0-sin’%0
_ (sin@ + cos 6)(sin?6 —sin6 - cosO + cos’6)
(sin@ - cosO)?
_ (sinf + cosB)(1 —sinB-cos 6 )
(sin 6 - cosB)?
If sin B + cos® = sinf -cosf=A=1-+2,
AQ-A) _1-A _1-(1-v2) _ 2
AT A T a1
_ 200 +42)  _ 200 +42) _
TRt R = S e
=2-y2

D -2 -2

sin%x + cos®x + tan’x + cot’x + sec?x + csc’x
=1 + (sec’x =) + (csc’x — 1) + sec®x + csc’x
= 2(sec’x + csc?x) -1 = 31
S ;2 + ;2 = ].6
cos’x  sin’x
sin’x + cos’x  _ 1 16
sin’x - cos®x (sinx-cosx)?

s osec’x + csc’x = 16

~ (sinx-cosx)?= s sinx-cosx =+

1
16
Since 0 <x <90° 0 < sinx-cosx<
1

751n2x

% = 2x = 30°, 150°

=~ x=15° 75° (« Positive acute angles)
15°% 75°

- <if - -1 1
s sinx-cosx = 4(> 0) 4

.. sin2x =

EX-A-M-1-N-A-T-1-0-N

1. (1 +tan6 +sech)(1 + coth —csch)
in 1 6 1
- (1 * (Szosg * oso )(1 +(s:?r?6 - sinB)
_cosf+sinf+1 sinB+cosf-1
cos O sin 6
_ (sinf+cosB) -1
sin@-cosH
_ sin’0 + 2sinfcosf + cos?H -1
sin6-cos O
-1+ 2sin6cosb- 1 _ 2simBeosh _ ,
sin6-cos O Sim6~eos O D (B)

Sinde 1 1
tan’acsc’a -1 _ _cos’a Sin*a
seca tan’a cosa 1 sin’a .

TS cos’a
( 1

cos’a

(!
(SZ).cova

2.

- 1)-cos’a )
_1-cos’a _
sin‘a

2
3. 2sin’x + l‘t# = 2sin%x + -
1 +tan‘x (1+ sin‘x
Ccos’x

) -cosx

COS”X = SiN*X _ 5qin?y 4+
2 in2

COS“X + sin‘x 1

= 2sin2x + cos?x — sinx = sinx + cos’x = 1

(D)

= 2sin’x +

4. From sinx + cosx = % ,

(sinx + cosx)? = sin’x + 2sinx-cosx + cos’x

=1+ 2sinx-cosx = (L)Z

V2
1 1= -1 .. sinx-cosx = -
2 2
s tan’x + cot’x= (tanx + cotx)? — 2tan x- cotx
- (sinx )2 >
COSX
- (+
COSXx-sinx

-16-2=14

- 2sinx-cosx =

cosx|?_5.q - (sinzx + cos’x
sin x COS X - sinx

Foz-

-2 e
4

(©)

4cos’6 -3

B. From the expression T

4cos’ -3
1 - 2sin6
. 4cos’0 -3 _ 4(1 -sin’) -3 _ 1 -4sin’f
1 -2sinf 1 - 2sin6 1 - 2sin6
_ (I=2sin0)(1 +2sinb) _ 1 , 74ing
T —2sinf

=1 - 2sin6,

=asinf + b

~a=2andb=1
D ()

.1 +2sin6 = asind + b
La+b=2+1=3

6. cos?0(1 + 2tan8)(2 + tanO) - 5sin 6 - cos O

", sinBy, " sing
1+22550)(2+ o
= (cosO + 2sin0)(2cosH + sinB) — 5sin 6 - cos O

= 2¢0s?0 + 5siré—cos O + 2sin?0 — 5simB—~cos A
= 2(sin’0 + cos?0) =2-1=2 D (A)

)—Ssine -Cos 0

cos’x — sin’x
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1-2cos’@  _ _ sin’f +cos’0 - 2cos’H
1-2sin0-cos®  sin’f - 2sin@ -cosB + cos’H
_ sin’f—cos’0 _ (sin®+cosB)(sinO-cosh)
(sin 6 — cos 6)? (sin 6 - cos B)*

_ (sinf + cosB) + cost _ tanf+1 _ g

(sin@ - cos0) + cos B tan6 -1
s tanf+1 =5(tan6-1) .. tanf+ 1 = 5tan6-5

2
- 4tan6 =&’ - tan6 = D (D)

7.

3
2

If the value of sinx + v3cosx = k,

{sinx—\/gcosx= 1
sinx + v3cosx =k

From @-@, 2V3cosx=k-1 ..

From ® > @, sinx - V3. k-1 _

2R
k-1

2
From ®, @ and sin’x + cos’x = 1,
k+1y . (k=1y_ (k+1)*
G+ (Rl =
23U 1)+ (k=1)' L) L 3(ks1)24 (k-1)2=12
12

D3+ 2k+1) + (K -2k+1)=12
LA+ 4k +4=12 - 4k'+4k-8=0

K+ k-2=0 -~ (k+2)(k-1)=0 -~ k=-2,1
s sinx++y3cosx=k=-2or1

-. The negative value of sinx + y3cosx is -2.

(B)

oosinx - =1 . si

(k-1)" _
+ ¥ 1

If 6 = 36°,
sin?36°c0s’36°+ sin*36°cos*36°+ cos®36°+ sin*36°
= sin?0 cos?0 + sin?0cos*0 + cos® + sin’0
= (1 - cos?0)cos?0 + (1 — cos?0) cos*0 + cosO

+ (1 - cos?9)
= C0s20 —C0s*A + Cos*a —Cos%a + Cosa + 1 —cos2a
=1 (A)

cos 0

10 Since 1 +sin6

_ _cosf
1+sing " Xx
. 1 _ _cosB
SXT Y 1 +sin®

_ c0s20 + (1 + sin6)?
cosO(1 + sinH)

_ 08?0+ (1 +2sinf +sin’f)
cosO(1 + sin6)

isarootof x> +4x+1=0,
.1 _1+sin6
cos 0

1 +sin6
cos 0

From the quadratic equation x?+ 4x + 1 = 0,

1 _ . 1 _
- = ..x+Y——4

X
From @, 2 _ -4
cos O

Since 0° <6< 180°, 6 =120°

xX+4+
2

.. Cos0O =

11. From sinx+ sin%x=1,
sinx =1 —sin’x .. sinx = cos’x(> 0)

If sinx=t, t>0

From sinx + sin’x=1, t?’+t-1=0

cpo ol 1P-4 1. (1) _ =1 £45
- 3 .

Since t> 0, t= ‘1455
-1+45
2

s t=sinx=cos’x=

sinx —cosx _ 3 _ 22
sinx + cosx ’

(sinx — cos x)
COSX
(sinx + cos x)
COSXx
~tanx-1=(3-2y2)(tanx + 1)

~tanx-1=(3-2y2)tanx +3 - 2v2
~(2-2y2)tanx = -4 + 22

. _2(=2+42) _ J2(IT=2) _

- tanx 13 =0 V2

nsecix=tan’x+ 1 =(2)’+1=2+1=3
(A)

From

_ tanx-1 —3-2/2
tanx + 1

From sinx + cosx = —1----- @,
(sinx + cosx)? = (-1)?
- sin’x + 2sinxcosx + cos’x =1
~ 1+ 2sinxcosx =1 .. 2sinxcosx =0
- sinx= 0 or cosx =0
i) sinx= 0 = From @, cosx = -1

sosin®x+ cos®x=0 + (-1)?=-1
ii) cosx = 0 = From @, sinx = -1

sosin®x+ cosPx=(-1)7+0 =-1

(A)

i) and ii), sin®’x+ cos®x=-1

x-—1)\_ ex—-1 _ 1 =
14. Fromf(T)—x, 1f—x =A, x-1=Ax
Lx-Ax=1 -~ x(1-A)=1

~f(A) = ﬁ

- f(sin?0) = 7 1 1

2
- = = sec- 0
-sin’0  cos?’6

(D)




sin’0
1+ coth
(sin’@) -sin @ "

=1_( (1+(Sjio—§g)-sin9 (1+

15. 1

cos’ 60 )
1+tano

(cos?6) - cos @ )

sinf ),
cos 6) coso

cos’0 )
COsO + sin@
_ Sinf +cosh _

sin@ + cos @ sin@ + cos 9
(sin @ + cos 0)(sin’H — sin § - cos O + cos*0)
sin@ + cos 9
_ (sin@ + cos @) (h— (L -sinH-cos6))
sin@ + cos 9

(SitrB—+-<c0sA)(sin - cos )

= =sin@-cosf
sinfg=+€0s6_
LD (D)

_ _( sin®6
sin@ + cosO
_ sin36 + cos®0 _

( cos 0 +1+sine)2
1 +sing cos 0

=(cos29+(1+sin6)2 )2
(1 +sin®)cosH
=(coszé)+1+Zsin6+sin29)2
(1 +sinB)cos O

=( 1+ 1+ 2sinf )2=( 2{T+=sinf) )2

(1 +sinB)cos O (T+=sin0)-coso
_ 2 V4 2p _ 2
_(cose) = 78 = 4sec?9 = 4(tan?0 + 1)
—4(32+1)=4-10=40 D (D)

(1) Since tan’0 + 1 = sec’0,
tan’0 =sec’0 -1 . tanf = +ysec’6-1
cotf =+ 1

Vsec?9 -1

(2)Y(cscO-1)(cscH + 1) =ycsc?0 -1

=y (1 + cot’0) -1 =ycot?0 = |cot 0|
R
2

s |cotf|=—coth = -

: __1
Since cot 6 = ang

Since <@<m, coth <0

_1
tan 6

(3) From the equation

2(tan’x — sec’x) = tan’x-csc’x,
2 _ 2 Sl'ﬂ\x .
2(tanx — (Tamdx + 1)) osix S
1 2 1
s 2(-1) = S COSTX = —=
D cos’x X 2
Since cos?x > 0, cos’x = —%
There are no values of x that satisfy the

equation.

= i ]'

(4) From %+ log,sin 6 = log,cos 0,

log,sin @ - log,cos 0 = 3

2
3 . __3
5 log,tan @ = >

B
Al
In right triangle ABC, A 5% C

AB=y(22)+ 17 =85 1=3

-.sinf = 1 ..cscO=3

3
- log/csch= log/3 = 4

7
D (1)

(3) None(0)  (4) %

sec?6 -1 - tand

18. (1) Since the quadratic equation
8x%+ 4x + C = 0 has two roots of sing
and cos 9,
Isine + Cos 0 =—% =
sin@-cosO = % RIE)

From @, (sin @ + cos 0)* = (—%)2

1

: 3
s 2sin@-cos@ = vy

- 8in?0 + 2sin§-cos O + cos? 0 =
.1+ 2sin@-cosf = 1

4
.-.sine-cose=_8 ...... ®

From @ - @, 3_C

3-8 ~C=-3

(2) From the quadratic equation
x2+ 2kx + 2k(k-1) = 0,

sing + cos @ = -2k
{ sinf-cos@ =2k(k - 1)
From @, (sin @ + cos 8)? = (-2k)*
- sin%@ + 2sinf-cos O + cos? 0
=1 + 2sin6-cos 6 = 4k’

- 2sin@-cos@ =4k*- 1
From @ —» ®, 2-2k(k - 1) =4k*- 1
AR 4k =4kA< 1 - —4k=-1 ..

From @ - @, sinf+cosf =-2-

From @ — @, sinf-cosfh =

1 i 1 _ 1+cosO+1+sinf
1 +sin6 1 + cosf (1 + sin®)(1 + cosh)
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_ 2 + (sinf + cosB)
1 + (sin6 + cosB) + sin@-cos O

1
(2+-5))8 __16-4 _qy
(1+3r+3))s 87473
D (1) -3 (2)12

cotf+1 _ _ _
19 (1) From ol 2, cotf+1=2(cotf-1)

scotf+1=2cotO-2
s sin@-cosfH-tanb = sinO-CosH -

scotf =3
sin O
cosé
1 1 1

— sin?6 = - -
csc?0 1+ cot?8 1 + 32

1
10

(2) Since sin(270° — A) = sin(90° x 3 — A)
Quadrant Il

=@COSA= —COosA
and sin(90° — A) = cos A,
1 - 2sinA-sin(270° - A)

sin’A — sin?(90° - A)
_1-2sinA-(-cosA) _ 1+ 2sinA-cosA

sin’A — cos’A sin’A - cos?A
_ sin’A + cos’A + 2sinA-cosA
sin®A - cos’A

_ (sinA + cosA)®

(SImMA—+c0osA)(sinA — cosA)

(sinA + cosA)
COSA _ tanA+1

(sinA — cosA)

COSA
s 5(tanA + 1) = 4(tanA -1)
s~ 5tanA + 5=4tanA-4 .. tanA=-9

_4
tanA -1 5

(3) Since cot(0 - %) = cot(% x(=3) +0)

Quadrant Il
. -9
- tane 10

- etanf - >

10
. sin’*@ - cos*0
(sin @ - cos 6)?

(Simg—-cos0)(sin’H + sinf - cosO + cos*H)

(SitrB—co0s0)(sin 6 — cos 0)?
(sin’@ + sin B - cos B + cos’H)
B cos’0
"~ (sin’6 - 2sinH-cos O + cos*6)
COS%0-
_ tan’f+tanf + 1
"~ tan’f-2tanf + 1

9. 9
((ﬁ) +m+1)-1oo

(2 +2(2) +1)-100

_ 81+90+100 _
81 -180 + 100

(1)% (2)-9 (3) 271

271

20. (1) LHS = 1=(sinB-cosp)?
) 2sin%0

_ 1 - (sin’f - 2sin cos O + cos*A)
2sin?0
_ 11— (1 -2sinfcosB) _ 2sinHcosH
2sin’0 2sin?@
= coto

cosf
" sin@
Sing .1
RHS = tanf -csc’f _ €oso sin*Q
1 + tan?6 sec’f

—— 1 ).cos?
=M COS6=C°S =coto

( cos’0 )-cosZG e
~. LHS = RHS

cos O ;

(2) LHS = coth -cos@  _ (sing cose) sing
cotf - coso COSO _ .5

(sine cos 9) sinf

cos?6 _ cos?6
cosf-sinf-cosO  coshH(1 -sino)
__cosf _ _ cosO(l +sing)
(1 -sin@)(1 + sino)

1-sin®
_ cosf(1 +sinp) _ cosO(l + sinp)
1 - sin?0 cos*0
_1+sing _ 1 sin
~cos®  cosO ' cosO
=sech+ tan 9 = RHS

_ 1 ) 1
(3) LHS = cosx+ 1 cosx -1

cosx -1 - (cosx+1)
(cosx+ 1)(cosx - 1)

_tosxy -1 -tosx -1 _

-2
cosZx - 1 "~ cos?x -1
2 2

_ _ _ 2
~ 1-cos’x  sin’x 2cscx
=2(1 + cot?x)

= 2(sin’x + cos’x + cot’x) = RHS

CcSCA — cosA

(4) LHS - cosA(secA - cscA)

( si}1 X cosA)sinA-cosA

1 1
COSA(cosA sinA

_ COSA —sinA-cos’A _ CosA(1 —sinA-cosA)

)sinA .CosA

CcosA(SinA - cosA) COSA(SInA — cosA)




_ 1 -sinA-cosA
sinA - cosA

_ (sin’A — sinA-cosA + cos?A)(sinA + cosA)

(sinA - cosA)(sinA + cosA)
_ sin’A + cos’A _ pyg

sin’A - cos’A

(1) Q.E.D. (2) Q.E.D. (3) Q.E.D. (4) Q.E.D.

21. (1) sin?75° + cos?75° - tan?75° - cot*75°
+sec?75° + ¢sc?75°
=1 -tan?75° - cot?75° + (tan’75° + 1)
+ (1 + cot?75°)
=1 - tam*#5° - COt375° + tam75° + 1
+1+cot*75°=1+1+1=3

(2) Since sin?75° + cos?75° =1,

if sin?75° = A, cos’75°=1-A

- 38in%?75°-cos?75° + 2¢cos*75° + sin?75°
+ sin*75°

= 3sin?75°- cos275° + 2(cos275°)% + sin?75°
+ (sin?75°%°

=3A(1-A)+2(1 -A)’+A+A?

=3A-3A7+2(1-2A+AY) + A+ A?

=3A-3AT+2-2A+ 2AZ+A+AT=2

(13 (2)2

_ _osSin@
22. (1) From 3cosf = 8tan 0, 3cosO = 8 Seh

- 3c0s?0 = 8sin@ .. 3(1 -sin?0) = 8sinH
- 3sin?0 + 8sing-3 =0
- (3sinf-1)(sinf+3)=0 - sing = % -3

Since -1 <sin@ < 1, sinf = L

3

(2) From sina + cosa = % ceene@,

(sina + cosa)? = sin’a + 2sina- cosa + cos?a
=1 + 2sina-cosa = (%)2

.. 2sina-cosa = 1 1 =—%

4

-~ sina-cosa = - g ------ ®

From @ and @, sin’a + cos’a
= (sina + cosa)(sin’a - sina - cosa + cos’a)

=%.(1_(_%)) 1,11 _11

(3) From sinx + cosx = %, sinx

Since

O<sinx<1

-1 <-cosx<

5

0°<x<m,

4
5

~0<

1

— —-cosx<1

5
. 1
-5 SCosX< ¢

s sin?x = (% - cosx)?

R

s 2c08%x —

1

Cos’x = == -

25

2
5

2

< cosx + cos’x

5
24 _

—= COSX — 5

25

~ 50cos?x—-10cosx-24 =0
s 25cos?x-5cosx-12=0
s (5cosx-4)(5cosx+3)=0

s COSXx =

4 _3
5

5T
ince -4 < 1 __3
Since T < Ccosx < 5 Ccos x <

(4) From
1

© cScA

secA - cscA

secA — cscA

5
(

SecA — cscA _
> secA-cscA

.. SinA -cosA = %

va
5

=~ (sinA-cosA)* = %)Z

- SinA-2sinA-cos A + Cos’A =

.. 1 -2sinA-cosA =
o 2sinA-cosA=1 -
- SinA-cosA =

And sin3(% - A) +cos*(A- 1)

21
50

4

4

25
1

2
2 2

2

Quadrant IlI

Quadrant IV

= (-cosA)® + (sinA)? = sin®A - cos*A
Since (sinA — cos A)?
= sin®A - cos®A — 3sinA - cosA(sinA—cos A),

5

- sin*A - cos®A =

23. (1) LHS =

cos O

8

(2) = sin*A-cos’A —3- 2L . 2

5‘Q25§

25

M5 @7

1
6

sin®g _ sin®g 1

cos’9  cos’0 cosif
_(sin6)3,( 1 )2

cos O

tan®6 -sec’0

=tan’0 - (tan’6 + 1) = tan’0 + tan®6 = RHS

(2) From

tanA —sinA _

tanA-sinA

tanA-sinA

tanA + sinA
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( sinA
COsA
( sinA

COSA

—sinA)cosA (% -sinA)cosA

(M
COSA

. sinA)cosA + sinA)cosA

sin’A
SinA + sinA-cosA

sin’A
sinA(1 + cosA)

- SinA —sinA-cosA _
sin’A
. sinA(1 —cosA) _
; sin’A B
|1 =cosA _
sinA
- LHS = L=cosA _ (1 -cosA)(1 + cosA)
sinA sinA(1 + cosA)
B 1 -cos’A sin’A
~ sinA(1 + cosA)  sinA(1 + cosA)

_ _sinA _
" 1 +cosA RHS

sinA
1 + cosA

(3) LHS = (sin*A + cos*A)(tanA + cotA)?

. i 2
= (sin*A + cos*A)( (S:g;/g E?SQ)

sin’A + cos’A )2
sinA - cosA
1 )2
sinA-cosA
cos’A
* sin’?A )

= (sin*A + cos“A)(

= (sin*A + cos*A)(

_ sin*A + cos*A _ ( sin?A
sin?A - cos?A CcOs?A
= tan’A + cot’A = RHS

(1) Q.E.D. (2) Q.ED. (3) Q.E.D.

_ 1
24. (1) ) - sin’x | cos’x

= (1 + cot’x) + 4(tan’x + 1)
= cot’x + 4tan’x + 5
Since cot’x > 0 and tan’x > 0,

2 2
cotxz& > Jcot’x- 4tanx

- cot?x + 4tanx > 2y 4(cotx-tanx)? = 2/4 = 4

socot’x + 4tan’x +5>4+5=9

af) = =+ -2 _>9

sin’x  cos’x
. The least value of the function f(x) is 9.

= ¢SC?x + dsec’x

_(cipg_ 1 2 1 2
(2)y = (sing Sirl6)+(cose COS9)

1
cos*0

2-2

2
- +Cos“0 -2 +
sin’0
L2 2 1 1
=sin“0 + Ccos“0 + — + -
sin’g  cos?0
_ con’f + sin®0 _ 4 _ 1 _
sin’@ - cos?’0 sin%6 - cos?0
Since sing > 0 and cos 6 > 0,
sin’6 + cos’6 S

=sin’6-2 +

sin%@ - cos?0

- sin%@ + cos?0 = 24/ (sin 0 - cos §)?

. 1>2sin@-cos® .. sinf-cosh < 1

2
- (sin@-cos )’ < (%)2 - sin?@-cos?f <
) 1
" sin’0 - cos’0
1 3>4-3-1
Sin’g.costg =3
= (< 1 1 2
-y = (sin® sin 6 cose) 21
~. The minimum value of the function is 1.

I (1)9 (2)1

>4

)2+ (cos @ —

64 trigonometric graphs

pattern drill

© (1) In the figure, the graph of y = sinx is
symmetric about the origin (« Odd function).

(2) Since the graph of y = cosx is symmetric
about the y-axis, the reflection of y = cosx
to the y-axis is y = cosx (« Even function).

Y=Cosx

y
N P SINNG -
N7

N X
> (B)

TZ%0
Shift right % units
= sin(%x (-1) + X) = ®C0OSX .~ Y = —COSX
Quadrant IV

Y

(3) y = sinx y=sin(x—%)

(4) In the figure, the two graphs of y = sinx
and y = cos x are increasing when the angle
x is located in quadrant IV.




