Lesson PLANE FIGURES
Areas | —/ffquenlcy (6)—

0 20 40 60 80 100
M ost V/ aluable P oints

7@ @ Area

(1) Triangle = A = % x (base) - (height) = %bh

*k Same base and same height = Same area

(2) Rhombus/Square (« Perpendicular diagonals)
=SA= % x (diagonal) - (diagonal) = %dldz

(3) Circle = A = (radius)?-nt = r’n
(4) Regular polygons
[Regular hexagon = 6 x Equilateral triangle 4
Regular Octagon = Square — 4 x Isosceles right triangle \7#

@7 @ Application

Overlapping shape =>[

IfA+B=B+C,then A=C B \©
IfA=C,thenA+B=B+C \A

M ost V aluable P roblems

If the perimeter of a semicircular region is numerically equal to the

*xr area of the semicircular region, then what is the radius of the semicircle?
(A) 1.31 (B) 1.44 (C) 2.00
(D) 2.27 (E) 3.27

JiFEN] 1f the radius of the semicircle is r,

the perimeter of the semicircle is 2 x r + % X (2.171) =2r +ru=r(2 + m) - )

and the area of the semicircle is % x (r’-m) = % P2 eeeees @
From ® and @, r(2 + ) = %rzn L2+ T = %rn
r

T =4+ 21 .-.r=4+n—27t=2+%=3.2732 ------ ~3.27

D, (E)

-----------_--_------------------ ------------ _\
l@ In triangle ABC, BD 1L AC and BD = h. R 1
: W8 £ BD is 37.5% less than AC, thenwhatisthe I\ { :
1 area of triangle ABC? 7 L N\ .\ 1
1 2 A D C |
A) 2h° B) 412 o4

1 (A) 5 (B) 3 (©) 3 1
I 8 2 5 hZ ”””””””””””””””””””” I
: (D) 3-h (E) 75 ©1




Most Valuable Problems

Il In a greater circle with center O, \\I
: ** a semicircl_e is constructed using :
: segment AB as its diameter as shown. :
I What is the ratio of the areas of two 1
i shaded regions (A) to (B)? :
1

o |
I B) & 1
o3 i
i > :
S L »

T e ~

|' .? In the figure, two medians AM and BN 3
: of triangle ABC are perpendicular. :
: If AM = 7 and BN = 9, then what is the :
: area of triangle ABC? A :
i (A) 18 N i
: (B) 35 € :
: (C) 42 C i B :
: (D) 56 :
N y
|ﬁ If the sides of an octagon ABCDEFGH ~\|
: ** alternate in length as shown, what is :
: the area of the octagon? :
: (A) 4 +2y2 :
: (B) 5 +4/2 :
: (C)12-2y2 :
: (D) 8vV2 :
L ®122 )
e e -

p.22

/2] In the square, the inscribed rectangle
: has side length 6. The length of that :
: side is 75% of the side length of the :
: circumscribed square. What is the :
: sum of areas of the shaded regions? :
: (A) 13.92 :
I (B) 15.26 I
l (C) 18.52 6 ]
! (D) 22.96 |
L (B)30.54 J
A - -
('IEZ?EgZQF hexagon ABCDEF with
: . eaci side 4,_P and Q are the midpoints :
: of AB and CD respectively. :
: What is the area of the triangle FPQ? :
L A6 AP B
L ®93 )
! (C) 18 F ¢
! (D) 10y2 Q|
[ (E) 20 E ;
N e o -

An equilateral triangle with each side \\I

of 4 and a circle share a common :
center. The total area of the regions :
that are inside the circle and outside |
the equilateral triangle is equal to the :
total area of the regions that are :
outside the circle and inside the :
triangle. What is the radius of the :
circle? :
(A) 1.32 :
(B) 1.49 :
(C) 1.68 I
(D) 1.92 l
(E) 2.09 !



LOGARITHMS
—Frequency (%)

Op@P&thDS 6 20 40 60 80 100
M ost V aluable P oints

@G @) Operations of the logarithms in same bases

(1) Addition (2) Subtraction
loga + logh < logab loga - logh < log &
Expanded form Single log form “Expanded form b

"""""""""""""""""""""" Slngle log form

(3) Power of antilog

nloga < loga™
Expanded form Single log form

- 1 10g8 = logS2

_____ 1_ og/8 -log22 |
Y7 @) Change of bases. E®
., _log3 I3 1 |
log b= logb _ Inb _ 1 _ log nbn 10g53 = logS In5 10g35
@ loga Ilna logpa a .
T 5 il | In10 = log,10 = 12810 _ 1
Base a Base 10 Base e Base Base a ; e loge loge

M ost V aluable P roblems

If 10" = a and 100Y = b, then which of the following expressions is
1

*k equivalent to —-x - y?
loga a
a C)1 .
(A) log & S s (C) log ¢
log(a - b) 1
D) == — Y/ E) lo
(D) v (E) log —

JTH 10°=a = x = log,qa = loga
ii) 100Y = b = y = logp0b = log b = loglob = logb

; dy_pyo 1 _1 1 _ B P
From i) and ii), > Ly y=5 loga > logb > (loga - logb) 8% log ©)
'-------------------------------IF ------------ \
I- Yl What is the value of log,2v6 + log,4v3 —1og,6? i :
1 i
R (A) -3 (B) -3 © + S — -
’ I

®) 3 ® 5 o 5 & ]

1
\_------------------------------l-------------,



Most Valuable Problems

{ Which of the following must be true? Ty

I. (log,4)? = log,4*

1I. 210g«/§ — 310g«/§
III. (log5)* -

Ko

(log2)? = log%

(B) II only

(C) T and II only
(D) I and IIT only
(E) I, IT and III

——————— -

1
1
1
1
1
i
| (A) T only
1
1
1
1
1
1
1

If loga = 0.5733, then what is the Value\
of 1og(0.0001 x a*)?
(A) -0.2801
(B) -1.2801
(C) -2.2801
(D) -2.7199
(E) -3.7199

——————— - -

i If log2 = a and log3 = b, then what is
1 the value of logcos330°7

1
: (A)a++b
1

1
i B Lb-a
L© i
i (D) a—%b
I (E) Ab@

_———————————————,

(Sotutions JKg
5

| W¥44 Which of the following is equivalent

1
to the logarithmic expression

log,xy?* + 3log,x — 2log,y + Slogzlz.

1

1

: (A) §10g2x
i (B) 2log,y

i (C) 3log,y
: (D) -6log,x
I\ (E) & log,x

——

w e If f(x) = logyx and g(x)

| e f(g(x)) could be expressed as

(A) logx - 1
(B) logx - 2

(C) %logx -1
(D) %(logx -10)

———————— -

O -

e
*
a1 O

’ What is the value of
logzs 5 logZS? . 10g¢§87
(A) -3
(B) 6
(C) 12
_1
(D) 5

_————————————_,

O -



Lessew  PARAMETRIC EQUATIONS
Graphs |

o I
0 20 40 60 80 100
My Very P oints

0 Domains / Ranges of the parametric functions

{x = f(t) 'S {The range of f(t) = The interval of x [« Domain]
y=g(t) The range of g(x) = The interval of y [« Range]

= The interval of values of the eliminating parametric expression

—Frequency (%)—

E@x: 2t + 1= t=X=2 5 (All real values of t) = All values of x
l@x—t'- 1= tP=x+15 (720 ~x+120)=>x>-1
{@x =12+ 1= 2t=x-1- (/220 ~x-1>20)=x>1

f@x=sin’f -2 = sinf =x+2 - (0<sin’0<1,0<x+2<1)=>-2<x< 1

M ost V aluable P roblems

What is the graph of the curve whose parametric equations are x = 2sint
*xx and y = cos?t?

A % (B) y
1
;lill_x 271 N\2 .,
1 O
(D) E)
i 1
_462 - x —-—O"" }2 X
= 1
Idea! {x=Zsint=>sint=% ------ ® Since -1 <sint <1, —1s%§1 L -2<x<2
y= COSZt ...... @

From @’ + @, sin’t + cos’t= (%)2 +y -~ 1= sz +y ~y= —sz +1(-2<x<2)

~. The graph of y = —sz + 1 (-2 <x < 2) is represented by (B).

XD (B)

[ Which of the following parametric equations have the i
: same graph? T 1
1 x = 2sinf x=t =s b !
L. 1I. I11. |

: {y=2c059 {y=,/ _t? { T L ]
|

: (A)Tand T only (B) Iand Il only (C) II and III only e |




Most Valuable Problems

S N N N N N R N N R R R N R R S Ry

p.63

-
l, e Which of the following is the graph of \| I' If x = 3c0s?0 and y = 4sin?0, \|
: £ the parametric equations {x L , : : then what is the length of the locus of :
: y=2t+37 : : points (x, y)? :
[ w v (B) X (A) 5 :
: : : (B) 7 :
: g (C) 10 :
: 10 1 7% : : (D) 14 :
1
i E) 25n /]
. © (D) v R Wew —’
1 |
_________________________ -
: : If If (x, y) represents a point on the ‘I
: =1 0 x 3 : [ graph y = —x + 2, then which of the :
! % ; : following could be a portion of the I
i [0} i I
Yy
: (12} : : graph of the set of points (%, Vx )7 :
i 1 !
1 | (A) Y (B) Y 1
: ’ : : 1 L :
1 — AN I
| x X o2\ X 20 vz X
\~ © /, I :
"""""""""""" il ) Y (D) Y |
[ 2 ~\z :
e e e S S SES ~ : 7031—“( 7031—’54 :
I '? What is the domain of the function  } | o I
|
I defined by the parametric equations : ' (E) Y I
:*** x=1t>+2t ] : o ]
- 1] X |
U el ' | o :
[
i (A) {x| x> 1} b N e i _/
L (B fxlx=-1 R .
I (C) x| x> 2} | (g Ifx=1+2'andy=1-2", whichof }
: (D) {x| x> -2} ] ! * . the following is the graph of y = f(x)? |
I\\ (E) All real numbers of x. ) : (A) v (B) ¥ :
"""""""""""""" : \ :
1 1
I -~ Sy X 1
O e = | i1 O|/i1 1
I Which of the following is the graph of : \ :
: 5 parametric equations x = vt + 1 and : : (C) v (D) y :
: y=2/f-17 : : ) / 1 !
: (A) A straight line : : = o1 [ x :
: (B) A portion of a straight line : : [ :
: (C) A parabola : : E) v :
: (D) A portion of a parabola : : L :
I\ (E) A portion of an ellipse. ] 1 - . I
e e S — 4 |\ 01 l
L — -



Lesson POLAR EQUATIONS

Polar coordinates ——Frequency (%)~

| | [ | ]

0 20 40 60 80 100
M ost V aluable P oints

@@ €@ Folar coordinates

Rectangular coordinate j4E& Polar coordinate Dd¢¥v) P(x, y)
[Rectangular coord o TN
Tothe |X= rcos6 To the r=yx?+y? Yl 7/ irsing
polar form| 1/ = rsin O rectangular form 0= [tan@ _ %] o

rcosf

i What is the polar coordinates of the rectangular coordinates (-3, 3v3)?

33 ) r=y(=3)2+ (3V3)? =49+ 27 27=¢%=6] (6, 21)
= (6, £~
r i) tang = 33 =3 . 0-120°(= 2E) 3 ,
H 0 - H
5 5> = Polar coordinates (6, 234) = (6C0$23—7E , 6Sin23—n) = (6-—% , 6J25) = (-3, 3V3)i
« Same point of the polar form
P(r,0) =(r,0+2nn) = (-r, 0 + 2n-1)n)(where n =0, 1, 2, 3, - )
i y P(2, 40°) = P(2, 400)° = P(2, -320°)
i - P(2.40) +360° 3600
- X = P(-2, 220°) = P(-2, -140°)
L pe L s L 180

@ Polar equations
R E S d "~ + v [ c0S0 = x, rsin0 —y

Polar equation Rectangular Equation
,,,,,,,,, r=5_ | r2=25 .x’+y?=5" | x'yy’=25
-2 rcos@=2 .x=2 x=2
cos6
””” r=4cosd | ri=4rcosd -x2+y’=4x| x2+y’-4x=0

M ost V/ aluable P roblems

What is the polar form of the curve xy = 27

*x+ (A) r2sin20 = 1 (B) r?sin26 = 4 (C) r?sin26 = 8

26in20 = L 26in20 = L

(D) r“sin26 = a (E) r<sin26 16

From the curve xy = 2, (rcos8)(rsinf) = 2 (« x = rcos and y = rsind)

s r2sinf-cosf =2 .. r%(2sinf-cosf) =4 - r2sin20 =4 (B)
I' What are the polar coordinates of the point (1, —/3)? s ‘I
e () (2,3F) ®) (2, 1z) ©(22Zs £ '
I 5 11 A I
I (D) (v2, =) (E) (242, ¢-n) i ny

162



Most Valuable Problems

p.70

@ e -
Il e Which of the following points of polar Y I' How many intersection points are \‘I
: * coordinates is different from the : o=t 1n the two graphs of r = cosf and I
[ others? : : r =sin267 :
I (A) (-2, -150°) ¥ (A) None :
: (B) (2, -330") i (B) One :
: (©) (2, 30°) ! | (C) Two !
: (D) (-2, 2107) 1 (D) Three ]
I E) (-2, 390° \ E) Four )
\__ B (2,390 ) _} L @k i

S N N NN N NN NN NN N RN NN NN M N RN M M M M M N M R S ~
: "T‘Z’ A and B are two points on the circle O. | o o -
: = In polar coordinates, A is the point : |' ""“7;' What is the distance of two points of :
: 6, T ) and B is the point (6, St ). : i i interslection of two graphs r = 2 and :

I N
: What is the length of arc AB nearest to : : sinf :
s the integer? X (A)1 :
1 b1

[ g
L ® 11 NN ORE :
: (C) 12 ] | (D) 2 l
i (D13 1\ ®23 J
: (E) 14 ]
N o o o e e 4

_________________________ A1 What ix the lomoth of the T cogmeont
(&7 Which of the following equations in % { 8 What is the length of the line segment :
I 5 . . . whose endpoints have polar I
1 rectangular form is equivalent to 1 § Yk i i i '
I xkk h coordinates (-3, 75°) and (4, -25°)?
I r?=36sec20? : : :
1
I (Ax-y-16 1 (el !
: B2 B ! (B) 4.56 |
: 6> 6 x (C) 4.97 :
: Cy=:L ¥ (D) 5.29 !
i (D)x=+6 A (E) 5.88 )
1 2 2 _ g2 [ S S ———— -
DG L0 el S -/



Spheres

—Frequency (%)—
s I O
0 20 40 60 80 100

€@ Equations of the spheres

2’ 27

(1) General form - xX*+y’+z2+ax+by+cz+d=0

5

M ost V aluable P oints

® Center = C(—i _b
-|
@ Radius = \/(%)2 + (L

- {@ Center = C(a, B, y)
@ Radius =r

9 Relatlonshlps of a circle and a line
. H a 0

2V

(2) Standard form ----- (x-a)’+ (y- ﬁ)2 + (z- V)z =

Distance of the center of a circle and a line = Radius

+(£) -d &

(=) + (y-p)+ (z-y)=r?

de |aa + bf + cy + d|

A
|O~P|

< r = Intersecting (« Circle)
=r = Tangent
> r = No intersecting

M ost V aluable P roblems

*x;. then what is the volume of the cube?
(A) 1 (B) 22
(D) 3/3 (E) 27

If a cube is inscribed in the sphere x2+ y2 + z2 + 2x -4z + 2 = 0,

(C) 8

. The radius of the sphere is 3.
If each edge of the inscribed cube is a,

the length of the space diagonal is Va’+ a’ + a’=/3a

~a=2 . The volume of the cubeisa®=2%=8

JiTYY) From the sphere x*+ y? +z*+ 2x -4z +2 =0, x*+ 2x + y* + z* -4z = -2
D)+ Y+ (2-2)=1+4-2 o (x+ 1D+ Y+ (z-2)=(3)? £

Since the diameter of the sphere is equal to the space diagonal of the cube, 2y3 = +/3a

a
V3ot la

(©)

--------------------------------------------~

I. A sphere (x + 1) +(y - 2) +(z - 4) =4 is tangent to

. (A) the y-axis (B) the z-axis (C) the xy-line
I\ (D) the yz-plane (E) the xz-plane

i
1
]
1
-
1
1
1
1

178



Most Valuable Problems

P
Il RS What is the equation of the set of

\

: - points that are 4 units from point i
: (-1, 2,-3)? :
: (A) —x + % -Z -4 :
' (B) (%) + (2y)%+ (-32)? = 42 :
' (©) (x-12+(y+2)7%+(z-32=2> |
: (D) x%+ y* + z° + 2x — 4y + 6z = 42 :
3 (BE)x?+y?+2°+2x-4y+6z-2=0 |
o o e o o e o e -
.' “Which of the following points lies % /g
: . inside the sphere, with center at the :
: origin, that passes through the point :
i (-1, 2,3)? :
L (A)(0,0,5) I
! (B) (0,2, 4) :
! (©) (2,-2,2) :
! (D) (3,5, 0) :
L 4
|'-"-"VP What is the volume of the sphere of ~‘|
' 5 X4 +22-2x+6y-8z+1=07 |
XX A) 26.2 :
' (B) 46.8 :
' (C) 78.5 :
' (D) 104.7 :
| (E) 523.6 ]
o o o o o o o o e e o e o o o e —

p.77

{ A sphere has points A(-3, 4, 2) and

| B(1, 2, -2) as endpoints of a diameter.
Which of the following is the equation
of the sphere?

\
|
1
|
|
|
|
|
A)x?+y*+z2+2x-6y+1=0 :
B)x*+y?+z*-2x+6y+1=0 :
C)x?+y*+z*+2x-6y+7=0 ]
(D) x?+y?+2z°-x+3y+7=0 :

|

U

(B)x?+y*+2z°+x-3y+7=0

P T -

II What is the distance of two

: - intersection points of a sphere
. (x-2)+(@y+ 1)+ (z+3)"=3%and
I the z-axis?

: (A) 2

L B4

[ (C) 6

: (D) 8

\

-

-2x-2y=7in
space and produces a circle. What is
the area of the circle?

(A) 3.14

(B) 6.28

(C) 14.05

(D) 15.71

(E) 21.06

[ ———



Most Valuable Processes & Solutions

ii) Obtuse triangle =
D7>k;7?>4%+ kK ~49>16+K
~ k>33 ~k=5,4,3,2,
@k>7;k>7*+4> -~ k'>49+16
~k>65 -~ k=09, 10,11,
From i) and ii), k=4, 5,9, 10
- The number of integer values of k is 4.

(A)

In the figure, BC is a diameter. .. ZA = 90°
In 30°-60°-90° right triangle ABC,

. The perimeter of the
shaded region is

AB + BC + CA

_ _60° 3. .
—3600x(23n)+2 3+3Y3

=T+ 6+ 3/3=14.337745-~ 14.34

(D)

In the figure, all sides of the pentagon
ABCDE are the same lengths.
If each side of the pentagon is a, <

the area is a® + 34@a2. A —C

za

(1 + %)a2 =100

E t D

[100
= = 8.3536-
¢ 1+ Q

. The perimeter of the pentagon is
5a=15x8.3536-=41.768-- ~ 41.8
(E)

soa= 100
1+‘/E

If the length of the fourth side is x,

since 1 <2 <5,

i) The longest side is 5
>x+1+2>5 . x>2

ii) The longest side is x

L x<8

From i) andii), 2 <x< 8

- The interval of the perimeter is
(1+2+5)+2<P<(1+2+5)+8

~10<P< 16

=1+2+5>x

. The perimeter of the quadrilateral could

be 11 @D (8)
7 In the figure, if each side of the square
and the equilateral area i
v
= b
A=a*> a=vA
iA=ﬁb2 . b2=4—A . b=£
I .

V3 V3

. The ratio of perimeters of the square to
the equilateral triangle is 4a : 3b

_ 2 2/A _ 4. 6 5. 3
=4/A: 3 3 4'4@ Z'B

=2-43:3=0.877 ~ 0.88
D (D)

triangle areaand b @] A

respectively, a

8 If the radius of the semicircle is r, the area
is %x r’‘n=10 . r’n=20
o220 L [20 _2/5
- T = Y N N
. The perimeter of the semicircular region
1

isZr+7><2r1t=2r+rn=(2+n)r

=(2+n)-%

If each side of the square is a,
_ .2J5
4a = (2 + ) Y3

Ca— 2/52 +m) _ /52 +n)
o 4y 2w ,
- The area of the square is a2 = 2(2+™M)°

4n
=10.51854------ ~ 10.52

(B)

PLANE FIGURES
Areas

2 Since his 37.5 % less than AC,

_(1_37.5). B
h=(1-355)-AC

~(1- %) AC= %AC
8 A D C
. The area of triangle ABC is % X %h -h
- 4p
5 I (C)




Most Valuable Processes & Solutions

3 In the figure, if OA = OB = 1,

=17+ 1%=y2
. The area of (A) is % S1%=

and the area of (B) is

1 1 2
7V 5 (P

- 1l,n_n_1
274 472
.-.(A):(B)=%: -1
D (E)

4 In triangle ABC, the intersection point G of

the two medians AM and BN is A

the center of gravity. 4
~NG:GB=1:2 o2

2GB=2x9-6 C

~. The area of triangle ABM is % -7-6=21

Since CM = BM, the area of triangle ACM

is the same as the area of triangle ABM.

- The area of triangle ABC is 2 x 21 = 42,
(©)

In the flgure isosceles right trlangle BQC

BQ=QC= 2 =12 | Z
-. The area of the octagon is 5
(e2afoax) z (ﬁ)z G
=(1+4/2+8)-2- S
=(9+41/7)—4=5+41/7

(B)

If the side length of the circumscribed
75 _ 3

100 =6 ax==06
~a=8 .. Thelength of a dlagonal of the

inscribed rectangle is a = 8.
. The other side length of
the rectangle is y 8- 67
=64 -36=v28=2/7
- The area of the shaded regions is
4*n-6-2Y7 =16m-12/7 = 18.5165

square is a, a x -2

7 In the figure, BC = 4

and AD=2x4=38

Since BC Il AD, F

PQ- L (4+8)-6 R

In triangle FPQ, if PQis E

the base, the altitudes of AFPQ and ARPQ

are the same.(« R is the midpoint of EF.)

- The area of triangle FPQ is equal to the
area of equilateral triangle RPQ with
each side 6.

- The area of triangle FPQ = 34§ .6°=9/3

(B)

In the figure, 3A = 3B.

The area of the equilateral

triangle is C + 3A.

The area of the circle

is C + 3B.

Since 3A = 3B, the area of the equilateral
triangle is equal to the area of the circle.

= 43

T

L34
4

a1 = M3 148503~ 1.49

(B)

PYTHAGOREAN THEOREM
concepts

2 In the figure, if BC = a, CA=b and AB =,

the areas of 3 equilateral
triangles are

ﬁ2=f ﬁb2=4\/§
and JCc2 5/3

C
T
B A
4, b2=16and c? =
Since a? + b? = ¢?, the triangle ABC is a right
triangle with C = 90°.(«-a=2,b=4,¢c=2/5)
~. The area the of triangle ABC is

%xab—2x24 4
r» (B)




Most Valuable Processes & Solutions

LOGARITHMS
Operations

D log,2V6 + log,4/3 - log,6

- 1og, 248403 _ 1og, 8(18

- log2—8'2ﬁ= log,4y2 =log,2* =

3 L (log,4)’ = 2°= 4 and log,4°= log,16 = 4

- (log,4)*= log,4*

IL If 2'083 = 31082 |gg2los3 _ |gg3los2
- (logy3)(log2) = (logy2)(log3)
%log3-log2 - %10g2-10g3
zlogﬁ _ 310g\/7

III. (log5)? - (log2)?
= (log5 + log2)(log5 - log2)
=1og10-(log5 - 1og2) = 1-(log5 - log2)

e
- log D ()

4 10g(0.0001 x a@*) = 10g0.0001 + loga®
=1og10™ + 3loga = (-4) + 3 x 0.5733

=-4+1.7199 = -2.2801 (C)

5 logcos330° = logcos(330° -360°)

= logcos(-30°) = logcos30° = logﬁ

2
=logy3 - log2 = %log_% -log2 = %b -a

(B)

6 log,xy? + 3log,x - 2log,y + SlogZ%
=log,xy? + 3log,x — 2log,y + 5log,x?
= log,xy? + log,x® - log,y? + log,x™1°
2.43. 4710
=log, xy\% =log,x°= -6log,x
(D)

= logﬂ

10 = logyx —1log10

7 flgtx) =log 155

) 1
=logx?-1= 7logx -1

(C)

log,5 - logzs% -log 58

1
log3 __log8

10825 logy3

_log3™  log2’

l0g5*  1og37

. -log3  3log2 -3

Zogs Jlog3 2
(A)

_ log5
log2

_ log5
log2

-3

LOGARITHMS
Functions / Equations

2 From the equation In(x + 2) = 1 + Inx,

Antilog>0=>§§:2>0=>x>_2

From @ and @, x > 0O

And In(x + 2) = Ine + Inx
~In(x+2)=Inex .. x+2=ex
Ale-Dx=2 nx= 2
2 2
e-1 e-1

1

Since >0, x=

3 From the equation log;x = log,5,

Inx _ In5 2 )
3 ~Inx = (Inx)"=In3-In5

~Inx=4+yIn3-In5=+1.32972---~ £1.33

Lxmet e+ 3,781, 0.264

~. The sum of roots of the equation is
3.781 + 0.264 = 4.045 (A)

100" _ 100'"08100*"
4 f0) = 106100 = xlog100

(B)

xX+3

5 From the equation 3
log3™"* =log135

=135,




[}

2
. The graph of (x - 1)*+ % =1

[)

- The graph of y = 2x + 3 (x> 0) is
represented by (E).

[« an ellipse with center at (1, 0)] D (E)
is represented by (A). (A)
x=1t>+2t
4 E°m§y=#—4n
8 From (x-y, x+y), x=t2+2t=(t+1)2-1>-1 ~x>-1
if§X=x—y """ @ - The domain of the function is {x| x> -1}
Y=x+y ...... ®’
. Ny XD (B)
From @ +®, X +Y = 2x X = >
From ®-@®,X-Y=-2y . y-= YEX 5 (x=yt+1=y=x-120®
Since x?+ y7— 1, (X+Y)2+(Y_X)2=1 Since yt 2 0,x 21
. , 22 22 Y=24i-1=22Jt=y+120 - @
.._X+2)‘(|-Y+Y +Y—2)§'.Y+X -1 SjnceZﬁZO,yZ_l
2034 L eyt From® - @, 2(x-1)=y+1 ¥ y=2x-3
: 4 - LYy=2x-3(x=>1)

- x>+ y? = 2 represents the set of all
points (x, y).

(A)
% DNAR N » . \ .
Graphs
2 I {x = 2sinf = x? = 4sin?0 -+ @
"y = 2c0s0 = y? = 4c0s?0 @

From @ + @, x? + y* = 4(sin0 + cos’0) = 4
- X%+ y? = 2°(« Circle)

x=t
y=V4-tr=y=y4-1
Since y4-t2>0, y>0
From® > @,y =V4-x% - y’=4-x?
- X2+ y?=2%(«y = 0; Semicircle)
X=y§ = s=x%-® Sinceys>0,x>0
y-vA-soy-is
Since y4-5s>0,y>0
From® > @,y =V4-x% -~ y’=4-x?
X2+ y?=2%(<x> 0, y > 0; Quadrant)
~. All the equations have different graphs.
(E)

IL {

II. {

3 x =t @ =Since t?’>0,x>0
{y=2t2+3
From® - ®@,y=2x+ 3 (x> 0)

6

The graph is a portion of a ::g

straight line.

X = 3c0s8%0 = cos%0 = %
Since 0 < cos?0<1,0<x<
Y

y = 4sin’0 = sin’6 =
Since 0 <sin9<1,0<y<4

3

From @ + ®, cos’6 + sin’6 = % + %

x .Y
T

7 =1(0<x<3,0=<y<4)

In the graph,
the length of the locus of
the points is Y32+ 4= 5

(A)

7 From(%,ﬁ), ifX=%andY=ﬁ,
sinceyx>0,Y>0 . y=2Xandx =Y’

Fromy =-x+2, 2X=-Y"+2

AV =X 42 Y= dm 2 (X 1) (<Y 20)
. ; Yy Y
. The set of points ( > ,ﬁ) . zx\‘rz
. =-2X+2
represents a portion of .
parabola with vertex point 01
(1, O0) as shown. (C)



8 (x=1+2"22'=-x-1
Since 2'> 0

- _Lt.....@
2
From @ — @, LA

Lx>1

y=1—2’t:>y

11 /
y=1 -1 (x>1) 1 L
.. The graph of y = f(x)

is as shown.

0 X

Concept

) FromA={1,3}and B = {0, 1},
aef{l,3}andb {0, 1}
nc=a+2b
=1+2-0,1+2-1,3+2:-0,3+2-1
=1,3,3,5 ~ec=1{1,3,5}
~AAB={clc=a+2b}=1{1,3,5}
- The set of A A B has 3 elements.

(B)

69
70

3 S ={P|Pis a prime number less than 10}
=1{2,3,5,7}
. The number of subsets of S, excluding

. is2-1=16-1=
itself is 2" -1=16-1=15 D (C)

4 1. The set of the even integers
= {eee, =4, 22,0, 2, 4, 6,
. There is no least element in the set.

II. The set of the prime numbers
={2,3,5,7,11, 13,
- 2 is the least element in the set.

III. The set of positive rational numbers
= {e 1 1 1 13 .. }

”71000° 100’ 10’ 2"
-. There is no least element in the set.
D (B)

6

. _ 1 %_ 1 %_ —6%_ -
5 Since x = (25 ) _(F) =(2°)"=27,

64
X is a positive integer, where n is a negative
factor of 6. [« —% is a positive integer]

b4

[)

~n=-1,-2,-3 and -6
6 6 6

nx=20 262 2 ) and 2_%
=(2°2% 2%and 2 =) 64, 8, 4 and 2
. There are four positive integer elements
in the set A. (C)

Parallelograms

In the diagram,
(A) {Rhombi} C {Trapezoids} - ACB

(B) {Parallelograms} C {Trapezoids{ .. ECB

(C) {Squares} c {Rhombi} .. CCA
~ANC=C

(D) {Rhombi} N {Rectangles} = {Squares}
~AND=C

(E) {Rectangles} C {Parallelograms}{ ..DCE
~DUE=E (E)

In the figure, y 1

A={xyh?+y’<1}

= Inside of the circle with — 5 T

diameter of 2
B={(x,y) |x| + |y| <1} |

= Inside of the rhombus with diagonal of 2.
C={(, Y| x| <1and |y| <1}

= Inside of the square with side of 2.
~BCACC (B)

The number of subsets with three elements

is 7C3 = 7§§ =35

These 35 subsets have all (35 x 3 =)105

elements.

Eachof 1, 2, 3,--, 7 has (105 + 7 =)15 times

in appearance.

- The sum of the elements of the subsets A

isISx(1+2+-+7)=28x15=420

(E)




76

1/

(A) Center = (-1, 2)
(B) Foci = (0-1,v2%+ 1% +2) = (-1, 2 +V/5)

(C) Length of transverse axis = 2 x 2 = 4
(D) Eccentricity = 325

2
(E) Length of latus rectum = @ =1

(E)
50 POLAR EQUATIQ
Polar coordinates
7 From the point (1, —3), y L
r=yx2+y?=y1"+(+/3)°=2 0oNg |~
tan9=% =21£ =3 P
H-_T
== 3 i (1,-/3)

Since the point lies in the

—2p_ T _ 31
quadrant IV, 6 = 2n 3 3

. The polar coordinates of the point

(> 5
(1, V3) is (2, %F). (A)

3 Since (r, 0) = (r, 0 £ 2nn) = (-r,0+(2n-1)m)
where r is an integer,
(2,30°+360°) = (2, 30°-360°)
(-2,30°+180°) = (-2, 30°-180°)
. (2, 390°) = (2, -330°
-~ (2,30°) = [(_2, 210°) - (L2, 1507
- The point (-2, 390°) is different from the

(2, 30°) = [

others.

(E)
4 In the figure, y
_ St _ T 6 b
0= 6 4 . A(6, 4)
10n-3n _ 7n B(6,°F) 0
12 12

- -6 O 6
.. The length of arc AB is \J
a=r9=)&x%2=% i
=10.9956:+---- ~ 11.

(B)

5 From the equation r? = 36 sec20,

2_ 1
re=36 cos26

[)

s 1r2.c0820 =36 .. 1r?(cos?0 - sin?0) = 36
- (rcosh)’ - (rsinf)’ = 36 - x2- y? = 36
. 366_2 _ Lz = 1(« Hyperbola)
D> (B)
6 From {r COSG ------ ®
r=sin26------ ®

Since @ = ®, cosf = sin26
- cosB = 2sin6 - cosO
s 2sin@ -cosO — cosO =0
s cosO(2sinf - 1) =0

- cosO =0 or sinf =%
.p_L 3n T S
..9—2,2,6and6

. (r, 0) = (cos6, 0)

-(0,3). (038 (3,

; 3w
Since (0, %) = (O’T)’
there are 3 points of intersection in two

) and (—ﬁ 5“)

n ST
6 276

graphs of r = cosf and r = sin26

(D)

7 i)r=2= r2=4 . r2(cos?0 + sin20) = 4
o (rcosf)? + (rsing)?=4 - x2+y’=4
nox2 4 y?=2?

1

ii) r= sing = rsinf =1 .. yy= 1
From i) and ii), 2
in the graph, Qﬁ(— J\P y=1
OP =2 and OR = 1 2/ é 2}
S~ PR=vy22-12=V3 \J
- PQ =23 ~ X24y?=22
(E)
X
Q(4,-25)
P(_3.75%) =(4,335°)
=(3,255°)

If the figure,
P=(-3,75% =(3,180° + 75°) = (3, 255°)
Q= (4,-25° = (4, 360° - 25°) = (4, 335°)



.. ZPOQ = 335° - 255° = 80°

In triangle POQ,

PQ?= 3%+ 4%~ 2-3-4c0s80° = 25 — 24c0s80°

- PQ =125 = 24c0s80° = 4.5642:---- ~ 4.56
(B)

cs50 POLAR EQUATIC
Complex numbers

2 From z = 2(cos50° + 1sin50°),
Z = 2(cos50° - 1sin50°)

= 2(cos(=50°) +isin(-50)) (C)

3 From the complex number z = Zx/_ 21,

r=v(2V3)* + (-2)* = \/W
- =2 __1 s

and tan6 23 3 6

_11 d 23

-em e E

+

11 A ?
6 2(2/3-21)

(D)

4 From the complex umber

i)

ii) i

2(/3-1)
i) i =V0? + (=1)%(cos (-90°) + isin (-90°))
= c0s(-90°) + 1sin(-90°)
ii) /3 -1
=V(/3)% + (=1)%(cos (=30°) + isin(-30°))
= 2(cos(-30°) +1sin(-30°))
From i) and ii),
-1 _ _cos(-90°) +1sin(-90°)
V3 -1 2(cos(-30°) +1sin(-30°))

= 3 [(c0s(-90) - (-30%)) + (isin (-90°) - (-30))]

- %(cos(—60°) +1sin (-60°))

(E)

6 If the complex number z =

7 From z = 2 + 21,

1
- (2 +21)3 =2/2(cos45° + isin45°))?

[)

5 Since x = cos15° +1sin15°,

x20_ ﬁ — x20_ 520
= (cos15° +1isin15%)* - (cos15° +isin15°) >
= (c0s20-15° +1sin20-15°)

- (cos(-20-15°) +isin(-20-15%))
= (cos300° + 1sin 300°)

— (cos(-300°) +1isin(-300°))
= (COS300Q° +isin300°) — (CO$300° - isin300°)
= c0s300° +isin300° - cos300° + isin 300°
= 2isin300° = 2isin (-60°) = 2i-(-13) = -/3i

(E)

3
(1 _Bi)z,

—>R

» z(1-+/317)

3

z = {17+ (=3)*(cos(~60°) + isin(-60°)]
= [2(cos(-60°) + isin(—60°)]%

3
=2? (COS(%-(—60°)) + isin(% -(-60%))
= 2/2(cos(-90°) + isin(-90°))
—2/2(0 +i(~1)) = -2/2i ®)

22+ 27-8=2/2

and tan6 = % =1 .. 60=45°

1

L o o o o
- (202)° (cos 360K+ 45"  j5in 360K+ 45')

=+/2(cos(120°%k + 15°) + isin(120°% + 15°))
i)k=0= 2 =y2(cos15° + isin15°)
ii) k=1 = z, =y2(cos135° + isin135°)
[« cos(120° + 157) + isin(120° + 157)]
iii) k = 2 = 73 = /2(c0s255° + isin255°)
[« cos(240° + 15°) + isin(240° + 157)]
(D)



Most Valuable Processes & Solutions

Since the plane is parallel

to the z-axis, the equation
of the line is equal to the
equation of the plane.
n=2x+3y=-6 . 2x-3y=6
(A)

6 From two passing points A(2, -1, 4) and
B(1, -3, 6), the equation of the line AB is
x-2 _y-(1) x-4
1-2 -3-(-1) 6-4
.x-2_Yy+1 x-4

-1 -2 2
Since the xy-plane is z = O,
if the intersection point P(a, b, 0),
a-2 b+1 0-4 (=-2)

-1 - -2 = 2 -
a-2=2andb+1=4
~a=4andb=3 . P4 3,0)

(D)

From the plane 20x + 15y + 6z = 60,
the x-intercept («y =z =0) élo
= 20x =60
the y-intercept (<~ z=x = 0)
= 15y = 60
the z-intercept («~x =y = 0)
=6z=6060 ..z=10 o 3
In the figure, the volume of the pyramid
O-ABC is %x (%-3-4) x 10 = % .6-10
=20 A Height

(A)

LXx=3

Ly =4

Base

2x+y-z=13
x-2y+z=-4

8 From two planes {

from® +®,3x-y =9
from® - @, 2x + (3x-9)-z=13
W 5x-z=22 .z=5x-22
~o(x,3x -9, 5x-22)
. The equation of the line is
x=ty=3t-9,z=5t-22
Since point (a, 3, b) lies on the line [,
a=t, 3=3t-9,b=>5t-22

La=4
~b=-2

(B)

.{3=3a—9 s~ 3a=12
" 'b-5a-22 ~b=5-4-22
ca+b=4+(-2)=2

Spheres

2 From the sphere 5
(x+ 1)+ (y-2)+(z-4)"=4,
(x+ 1)+ (y-2°+(z-47=2"|
Since its center is (-1, 2, 4) -
and the radius is 2, the sphere

is tangent to the xz-plane.

(E)

Since the equation of the sets of the points
is the equation of a sphere with radius 4
and the center (-1, 2, -3),
(x+1)Y+(@y-2)+(z+3)7=4

X2+ 2x+1+yP-dy+4-2z2+62+9=16
x4zt 2x-4y+62z-2=0

(E)

Since the sphere passes through 2
the point (-1, 2, 3),
the radius of the sphere is
OP = {(C1)7 + 22+ 32 = /T4 |
. The equation of the x

sphere is x? + y* + z* = 14
(A) (0,0, 5) = 0%+ 0*+ 5°= 25 > 14 [« Out]
(B) (0,2,4) = 0>+ 2°+ 4% =20 > 14 [« Out]
(C)(2,-2,2) =22+ (=2)*+2%=12 < 14 [« In]
(D) (3,V5,0) = 3%+ (V5)°+ 0% = 14 [« On]
(E) (-1, 2,¥10) = (-1)* + 2%+ (/10)*

= 15> 14 [« Out]
. The point (2, -2, 2) lies inside the sphere.
(®)

5 From the equation of the sphere
X2+ y?+z°-2x+6y-82+1=0,
x*-2x+y*+6y+2°-82+1=0




Most Valuable Processes & Solutions
L
Ax-1)+ (Y+3) +z-4°=1+9+16-1 W COUNTING

=1+ 3+ (z-4)7 =5 Permutations
Since the radius of the sphere is 5, its 2 (n+1)!-n! _ nln+1-Y) _ n-n!

volume is %n-53= 523.5987- ~ 523.6 (n-1)! m-1!I  ~ (n-1)!
(E) _nen-(m=! _ o
m=1)! D (E)

Since A(-3, 4, 2) and B(1, 2, -2) are the

endpoints of diameter, the center of the GO (3-2-1) 6

sphere is the midpoint of A and B. 3 BN " (B2.1)F 6

ce(=3+1 4+2 2+(=2)\_ _ 6-5-4.3.2.1 _ 5.-4.3.2-1

2 O[PS, A A ) = (-1, 3,0) - g3 =242

Since the radius of the sphere is the length —5.4=5sP2=nPr ~n=5andr=2

of AC, 1 =((-1) = (-3)*+ 3-4)7+(0-2)>  .n+r=5+2-7 XD ()
=22+ (-1)%+ (-2)* =9 =3

. The equation of the sphere is

(x+1)%+ (y - 324722 32 4 TFrom the seven digits 1, 2, 3,4, 5, 6 and 7,
4P1 x 7-1C3 x 3! (odds)

X2+ 2x+ 1+’ -6y+9+22-9=0 ok T3
Xty zi+2x-6y+1=0 =4 x6C3x3!/=4x6P3 OOooO
€D (4) _ 4%6-5-4 — 4x120 480
D (D)

Since the z-axis is x = y = O, the z-intercepts
of the sphere (x-2)?+ (y+ 1)+ (z+ 3)* =32
are (=2)2+ 12+ (z+ 3)? =09. 1 1 aPr e 3 % (4 % 3) = 36
Sz 34 ze3=12 DIDUL =g abem sxted) = e
nz=%2-3=-1,-5 ' i) 21010 = 2C1x4P2= 3 x (4 x 3) = 36
. The distance of the oy Even 72nd
two z-intercepts is iii) 30 ][] =261 x3P1=2x3=6
A
(1) - (-5) = 4. : Za S 8
iv) 3102 <3104 <3120, 3124 <3140
A A A A A
79th  80th  81th  82th  83th
(B)

From the six digits O, 1, 2, 3,4 and 5,

% 8 From the sphere x* + y* + z* - 2x - 2y = 7,
2 2 2
xX- 2x2+ y -2y : z 2_ 7, 6 From 3 boys and 3 girls,
-1+ @-1)0+2z"=9 ; ) GBGBGB = 3/x 3!
.. The center of the girls first t:oys
sphere C(1, 1, 0) and ii) BGBGBG=>3A!>< 3"

boys first ~girl
the radius CA =3 . B oys first girls
From i) and ii),

.. The distance of the center C(1, 1, 0) of 2x(3Ix3N)=2x(3-2-1)x(3-2-1)
the sphere and the plane 2x +y + 2z =9 —2%6-6=72
is 2-1+1+2-0-9] _[3-9| _2

22412427 3
-. The radius of the circle AB =+3°-2%= 5 7 1) Choosing one color for the bottom face.

- The area of the circle is (V5)’n = 51 =6C1=6
=15.708: - ~15.71 (D) ii) Arranging the remaining five colors for

YD (C)




