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KEq)(ilmo 1 

H Mt0o<>o~ Galerkin-Ritz 
1.1 01 E~1<Jro<Jt1~ Galerkin-Ritz Kat AKpoTaTou 

1.2 H rtv1Ktuµtv11 Mt0ooo~ Galerkin 
1.3 H Mt0ooo~ Galerkin O'TO Xpovo 

1.4 Auicpopa IlapaodyµaTa 

1.1 01 E~1arocn:1~ Galerkin-Ritz Kai AKpoTaTou 

d du 
O~x~L Du-r =--(a-)-r =0 

E~icrcocrr1 211
~ Ta~11<;: 

dx dx 

iJOE adul =Q TOI: uL=o = ii 
dx x=0 

flp6~AT]µU u a r Q 

1. K<iµ\j/T] BEAO<; KUµ\j/T]<; S =T<i<TTJ Ka0£T11 Al;ovua'J 
crupµU't6crr,otvou w crupµU't6crxotvou cp6pncrTJ .f D.uvaun N 

2. Al;ovuc11 Al;ovttj EA Al;ovttj Al;ovttj 
Kam1t6VT]crTJ µi:;m -c 61ttcrl] u E= Mt-cpo cp6pn<TTJ f 8uvaµT] N 

D.OKOU £AUO"'ttKOT11'tU<; 
A= Emcpavi::ta 

8tarnµ11i; 

3. Mi::-ca8o<TTJ E>i::pµoKpacria E>i::pµttj TITJYll Tiaporn 
E>i::pµ6T11m<; T aymytµ6'CT]m k 0£pµ6Tll-CU<; 0i::pµ6T11m<; 

q Q 
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Ic:l. 1- 2 H Mt0ot5oc; 

4. PoiJ CT£ Y8poCTmnKfJ 'lrD4/128µ I111yiJ poiJc; TiapoxiJ 
LCOAT]VE<; 7CU:CTTJ p D= tnaµe.poc; 

q 
pEUCT't"OD Q 

CTCOAT]VU 
µ= l~W()E~ 

5. fapco.iJ PoiJ Taxun1m u µ= gw&c; L'.1tacpopa A~ovuciJ 
CT£ Kava.At 7Cl£CTT]~ p TUCTTJ er 

6. HAEK'tptK6 HAEK'tptK6 L'.1tlJAEKrptKfJ I1UKVOTTJTa HAEK'tptlCT] 
I1£8io 8uvaµtK6 F cr-ra0Epa £ (j)Optfou q PonD 

Du - r = -V(a'vu)- r = 0 
E~{crmm7 Poisson: 

I'OJ; u/x=O = U JOI: aVu+c(u-u=)/x=O =Q 

I1p6p11,11µa u a 
-

r Q 

I . EAaCTnri1 B{:11,oc; S= T<iCTTJ K<i0ETTJ A~ovtKfJ 
MEµf3paVTJ KUµ\/fT]~ w µEµl3paVT]<; (j)OpHCTTJ fz MvaµT] N 

2. L'tp€\JITJ LUVUpTTJCTTJ a=IIG r=20 dF 
8tai-oµiJc; L'.1uvaµtKou F G= Mfapo 0= fapocpiJI a=-rzr 

X . 

8t<iTµT}CTTJ<; Movafo dF µiJKouc; dy = -r,.x 

3. MET<i8om1 E>EpµoKpaCTia 0Epµt1CT] I111yiJ TiapoxiJ 
0Epµ6TT}Ta<; T aycoytµ6TT}Ta 0EpµOTTJW<; 0Epµ6TTJW<; 

k q an6 
aycoytµ6TT}T 
a aVu Kat 

µEwywy~ 

c(u-u=) 

4. ACTTp6PtATJ LUVUpTTJCTTJ I1UKVOTTJW p I111yiJ dF 
PoiJ lfovtKou 8uvaµtKou F 8uvaµtKou q -=-v ax 

PEUCT't"OD dF 
--=u 
dy 

5. HAEK'tptK6 LUV<ipTTJCTTJ L'.1tl}AEK'tptKT] TIUKVOTTJW HAEK'tptKfJ 
I1£8io 8uvaµtKou F CTm0Epa £ cpop.fou q Pofi D 

6. MayYTJnK6 LUV<ipTTJCTTJ MayVT}nKTJ TIUKVOTTJW M UyYTJHKTJ 
I1£8io 8uvaµtKou F CTm0Epaµ cpop.iou q Pon B 

I 

Galerkin-Ritz 

Ot £~lCTffiCT£l<; 71:0U 8t£7tOUV Ta 

6A£c; ~acrii;,ovwt CT'CT\V 0£(J)pti 

6Aa -ca cpumKa un:ocrucrrfiµm 

µ£ta~Af\t£<; tpyou v.f Ot µ 
anapaitf\t£<; Po1 JrJxvo~ Kat 

rm ta µrixavlK(l crucr-cfiµa-ci 

y£VlK£U µtw:c; µEW'C07tlO"W; 
&uvaµ£tc; r, Y\ cruvap-ciJcrEtc; 01 

Ot £~tcrmcr£H; Galerkin-Ritz 
apxfJ tffiV Lf vvarcvv 'Epyi 
8wcpoplKE<; E~tcrffiCTEtc; O"'CO xc 

Du - r = 0 <=> f, + f 2 

J r5u-(Du-r)-dQ=0 ' 

Q 

1:ta µri-µrixavtKa crucr-ciJµat 
£Kcppai;,ouv cruvfi0roc; yEvtK: 
£Kcppa/;,OUV cruviJ0roc; 'CT\ apx 

Du - r = 0 <=> V, + V 2 

J Ju . ( Du - r) · dQ = 0 
Q 

TIEpmttpm, crtT)V £~tamer 
OAOKAT]pffiCTT\ 'CT)c; E~tCT(J)<TT\( 
avncrtmxouv aw cr-cmx1 

£VEpy£tac;, Kat ot 07t0l0l 

(~au'2 ),(½bu
2

) [LT\µ.: ( 



:[fa=,() :·rflt3:] (znq~)'(vnvT) 

·X·1t 'rpadodm1q '9>11yo /\nOJ"9ddDt3 '9)llrnrflt9nrf lO}OlLO 10 lD)l 'Sm3,td?/\3 
Slpt11lt/\l)l lD)l Slpt1rfn/\ng Slt.on3d(J).O.O(ll) D}3X101.o nw /\(),OX101.o11/\D 
nolL 10d9 }O)ll/\(l)ADd131 1Dl/\OJ}/\DIDri3 'upf.Jd/VD Slt.oro.o}~3 Slt1 lt.orodlp()lO"{O 
lpt1d3rf /\U1 91tn 1311L(),)lOdlL D}OlLO Lt 2J!N lt.oro.o}~3 /\U1.0 'rod?11Dd3II 

CT U 

(z-I) o = VP · C1 A + · · · + z A+ 
1 
A) · j q f <=> o = VP · (-' -na) · nq f 
o = x A+ · · · + z A+ 

1 
A <=> o = -' -na 
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CT U 

0 = VP · ( j + ... + z j + 
1 
j) · f q f <=> 0 = VP · (-' -na) · nq f 

( 1-I) 0 = x j + ... + "j + 
1 
j <=> 0 = -' -na 
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~ 
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Id .. 1-4 H Mt0oboq 

J <Ju · ( Du - r) · dQ 
Du - r = (au')'+ bu - r = 0 

f,J 

J <Ju· [(au')' +bu - r]-dQ = 
f,J (1-3) 

- J bu' · au' · dQ + - J <Ju · bu · dQ + - J <Ju · r · dQ + R = 
f,J f,J f,J 

J 1 ,2 J 1 2 J - <5(-au )-dQ+- <5(-bu )-dQ+- <5u·r-dQ+R=O 
f,J 2 fl 2 fJ 

Ot E~tcrcocrrn; Galerkin-Ritz avncrrn1xouv cruvrncoc; crE J:vv01Kc<; AKp6w.rov 

yta Ta <JTOlXElU crucrc:rcopEUCTT]c; KlVT)TtKT)c; Kat 8uvaµtKT)c; EVEpyEtac;, Ka8coc; 
Kat yta Ta crrntxEia 8taxucrT\c; EVEpyEtac; Kat E~O)tEptKOU tpyou, E<XV aura 
Eivat cruvTT)pT)nKa. 

H 8tacpoptKT) E~icrrocrT): 

(EA·u')' + fx =0 

µE m 6pta x=O Kat x=L Kat nc; optaKic; cruv8fJKEc; 

u(O) = 0 EAu'(L) = 0 

L 

J bu· {(EA· u')' + JJ = 0 
x=O 

L L 

- f bu'· (EAu') · dx + J bu· fx · dx +[bu· (EAu')]~=~ = 0 
x=O x=O = 0 

0 1 °~ 6poc; tT)c; ( 1-7) µnopd va ypaq>Ei <JTT) µopcpfi: 

(1-4) 

(1-5) 

(1-6) 

(1-7) 

Galerkin-Ritz 

L 1 
J <Ju'. (EAu') · dx = L2E1 

x=O 

= M (u') 
p 

L 

J Ju. f, · dx = 6{ Lu· fx 
x=O 

J[I,,(u')- J1 (u)] = 0 

Eav 01 8uvaµEtc; fx Eivat en: 

cruv0f\KT\ aKp6ra:rnu tf\<; ffil\l 

J[l,,(u')-J 1(u)]=0 ~ 

E1tEt8f\ T\ I/u')-lf(u) 

unapx,Et tva µ6vo aKp6raro 

r.uvrncoc;, T\ µl0ooo<; Ritz 
EAax,wro1toiT)CTT"\ µia<; tEt~a 
ObT\YEi crE µ{a Kat µovocrf\µ' 

H 8tacpoptKYJ E;icrcocrf\: 

( EA . u')' + k · u + f x = O 

µE ta 6pm x=O Kat x=L t< 

E;icrrocr11 Ritz: 

L 

_ J Ju'. (EAu') · dx +. 
x=O 



H Mi0oboc; 

1u-r =O 

>u·r·dQ+R= 

-f ou · r · dQ + R = 0 
Q 

(1-3) 

uvrnco~ cr£ l:vv011m; AKp6w:rov 
at DuvaµtKYj~ £V£py£tm;, Ka0cos 
u £~(0T£ptKOD Epyou, £av aura 

(1-4) 

1tjKE~ 

(1-5) 

rkin, 

(1-6) 

'EA ')]x=L = 0 , U x=0 
(1-7) 

-v-----' 

=O 

pcptj: 

Galerkin-Ritz Eel. 1- 5 

L L L 

f I Id fl 12 fl 12 ou · (EAu) · x = 2EA · o(u) · dx = o{ 2EA · (u) -dx} 
x=0 x=0 x=O 

= Mp(u') 

£VCO O 2°~ OPOS CYTI) µop<JHl: 

L L 

f ou·f,·dx=o{ f u·fx·dx}=MI(u) 
x=0 x=0 

Km cruvrncos T) £~icrrocrri Ritz ypacp£Tat: 

t5[/ P ( u ') - I 1 ( u)] = 0 

(1-8) 

(1-9) 

(1-10) 

Eav ot ouvaµ£tS fx dvm CYUVTT)pT)rtKES, TOT£ Tl (1-10) avnnpO<J(1)1[£l)£l TT)V 

cruv0ftKTJ aKp6Tarnu TIJS cruvapTT)<YT)S IP ( u') - I 1 ( u) : 

t5[/P(u')-I
1

(u)] = 0 <=> IP(u')-lf(u) = Extremum (1-11) 

En£toft Tl I/ u') - I 
1 

( u) dvm µia cruvapTIJ<YT) T£Tpayrov1Kfts µopcpfts 

unapxct tva µ6vo aKp6mrn, rn onoio cruyxp6vros dvm Km £Aaxmrn. 

luvrncos, Tl µt0ooos Ritz avncrTotXd crTT)V napanavro 1Ccpimrocrri CYTT)V 
£Aaxicrrnnoiricrri µ{as T£Tpayrov1Kft~ cruvapTT)CTTJS µ£ €Va µ6vo £Aaxicrrn, TCOU 
ooriyd er£ µia Km µovocrftµavTT) AD<JT). 

.111111 1.1.2 AoKO~ cu: E(j)EAKUaµo GE EAUG't'lKl) 'EopaaT). 

H 8tacpoptKTJ £~icrrocrri: 

(EA· u')' + k · u + fx = 0 (1-12) 

µ£ m 6pta x=O Km x=L Km n~ optaKES cruv0ftK£S (1-5) µ£Tarpfanm crrriv 
£~icrrocrri Ritz: 

L L L 

- f t5u'·(EAu')·dx+ f <5u-ku-dx+ f <5u·fx ·dx=O (1-13) 

x=0 x=0 x=0 

0 2°~ 6pos TIJS (1-13) µnopd va ypacpd crrri µopcpft: 
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