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Reading A ssignments and 
Learning O bjectives

The fo llow in g  material is a review  o f  the Valuation and  Risk Models prin cip les designed to 
address the learn ing objectives set fo r th  by the Global Association o f  Risk Professionals.

Reading A ssignments

Linda Allen, Jacob Boudoukh and Anthony Saunders, Understanding Market, Credit and  
Operational Risk: The Value at Risk Approach (Oxford: Blackwell Publishing, 2004).

49. “Quantifying Volatility in VaR Models,” Chapter 2 (page 24)

50. “Putting VaR to Work,” Chapter 3 (page 45)

Kevin Dowd, Measuring Market Risk, 2nd Edition (West Sussex, England: John Wiley & 
Sons, 2005).

51. “Measures of Financial Risk,” Chapter 2 (page 59)

Philippe Jorion, Value-at-Risk: The New Benchmark f o r  M anaging Financial Risk,
3rd Edition (New York: McGrawHill, 2007).

52. “Stress Testing,” Chapter 14 (page 71)

53. “Principles for Sound Stress Testing Practices and Supervision” (Basel Committee on
Banking Supervision Publication, May 2009). (page 80)

John Hull, Options, Futures, and  Other Derivatives, 9th Edition (New York: Pearson 
Prentice Hall, 2014).

54. “Binomial Trees,” Chapter 13 (page 93)

55. “The Black-Scholes-Merton Model,” Chapter 15 (page 110)

56. “Greek Letters,” Chapter 19 (page 128)

Bruce Tuckman, Fixed Incom e Securities, 3 rd  Edition (Hoboken, NJ: John Wiley & Sons,
2011) .

57. “Prices, Discount Factors, and Arbitrage,” Chapter 1 (page 148)

58. “Spot, Forward, and Par Rates,” Chapter 2 (page 164)

59. “Returns, Spreads, and Yields,” Chapter 3 (page 182)

60. “One-Factor Risk Metrics and Hedges,” Chapter 4 (page 198)

61. “Multi-Factor Risk Metrics and Hedges,” Chapter 5 (page 215)
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Daniel Wagner, M anaging Country Risk: A Practitioner’s Guide to Effective Cross-Border 
Risk Analysis (Boca Raton, FL: Taylor & Francis Group, 2012).

62. “Assessing Country Risk,” Chapter 3 (page 228)

63. “Country Risk Assessment in Practice,” Chapter 4 (page 239)

Arnaud de Servigny and Olivier Renault, Measuring and M anaging Credit Risk 
(New York: McGraw-Hill, 2004).

64. “External and Internal Ratings,” Chapter 2 (page 249)

Gerhard Schroeck, Risk M anagement and  Value Creation in Financial Institutions 
(New York: Wiley, 2002).

65. “Capital Structure in Banks,” Chapter 5 (page 259)

John Hull, Risk M anagement and  Financial Institutions, 3 rd  Edition (Boston: Pearson 
Prentice Hall, 2012).

66. “Operational Risk,” Chapter 20 (page 271)
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Book 4
Reading Assignments and Learning Objectives

Learning Objectives

49. Quantifying Volatility in VaR Models

After completing this reading, you should be able to:
1. Explain how asset return distributions tend to deviate from the normal distribution, 

(page 24)
2. Explain reasons for fat tails in a return distribution and describe their implications, 

(page 24)
3. Distinguish between conditional and unconditional distributions, (page 24)
4. Describe the implications of regime switching on quantifying volatility, (page 26)
5. Explain the various approaches for estimating VaR (page 27)
6. Compare and contrast different parametric and non-parametric approaches for 

estimating conditional volatility, (page 27)
7. Calculate conditional volatility using parametric and non-parametric approaches, 

(page 27)
8. Explain the process of return aggregation in the context of volatility forecasting 

methods, (page 37)
9. Describe implied volatility as a predictor of future volatility and its shortcomings, 

(page 37)
10. Explain long horizon volatility/VaR and the process of mean reversion according to 

an AR(1) model, (page 38)

50. Putting VaR to Work

After completing this reading, you should be able to:
1. Explain and give examples of linear and non-linear derivatives, (page 45)
2. Describe and calculate VaR for linear derivatives, (page 47)
3. Describe the delta-normal approach to calculating VaR for non-linear derivatives, 

(page 47)
4. Describe the limitations of the delta-normal method, (page 47)
5. Explain the full revaluation method for computing VaR. (page 51)
6. Compare delta-normal and full revaluation approaches for computing VaR.

(page 51)
7. Explain structural Monte Carlo, stress testing and scenario analysis methods for 

computing VaR, identifying strengths and weaknesses of each approach, (page 51)
8. Describe the implications of correlation breakdown for scenario analysis, (page 51)
9. Describe worst-case scenario (WCS) analysis and compare WCS to VaR. (page 53)

51. Measures of Financial Risk

After completing this reading, you should be able to:
1. Describe the mean-variance framework and the efficient frontier, (page 59)
2. Explain the limitations of the mean-variance framework with respect to 

assumptions about the return distributions, (page 61)
3. Define the Value-at-Rsk (VaR) measure of risk, describe assumptions about return 

distributions and holding period, and explain the limitations of VaR. (page 62)
4. Define the properties of a coherent risk measure and explain the meaning of each 

property, (page 63)
5. Explain why VaR is not a coherent risk measure, (page 64)
6. Explain and calculate expected shortfall (ES), and compare and contrast VaR and 

ES. (page 64)
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Reading Assignments and Learning Objectives

7. Describe spectral risk measures, and explain how VaR and ES are special cases of 
spectral risk measures, (page 65)

8. Describe how the results of scenario analysis can be interpreted as coherent risk 
measures, (page 65)

52. Stress Testing

After completing this reading, you should be able to:
1. Describe the purposes of stress testing and the process of implementing a stress 

testing scenario, (page 71)
2. Contrast between event-driven scenarios and portfolio-driven scenarios, (page 72)
3. Identify common one-variable sensitivity tests, (page 72)
4. Analyze drawbacks to scenario analysis, (page 73)
5. Distinguish between unidimensional and multidimensional scenarios, (page 73)
6. Compare and contrast various approaches to multidimensional scenario analysis, 

(page 74)
7. Define and distinguish between sensitivity analysis and stress testing model 

parameters, (page 75)
8. Explain how the results of a stress test can be used to improve risk analysis and risk 

management systems, (page 75)

53. Principles for Sound Stress Testing Practices and Supervision

After completing this reading, you should be able to:
1. Describe the rationale for the use of stress testing as a risk management tool.

(page 80)
2. Describe weaknesses identified and recommendations for improvement in:

• The use of stress testing and integration in risk governance
• Stress testing methodologies
• Stress testing scenarios
• Stress testing handling of specific risks and products (page 81)

3. Describe stress testing principles for banks regarding the use of stress testing and 
integration in risk governance, stress testing methodology and scenario selection, 
and principles for supervisors, (page 81)

54. Binomial Trees

After completing this reading, you should be able to:
1. Calculate the value of an American and a European call or put option using a one- 

step and two-step binomial model, (page 93)
2. Describe how volatility is captured in the binomial model, (page 100)
4. Explain how the binomial model can be altered to price options on: stocks with 

dividends, stock indices, currencies, and futures, (page 100)
3. Describe how the value calculated using a binomial model converges as time periods 

are added, (page 103)

55. The Black-Scholes-Merton Model

After completing this reading, you should be able to:
1. Explain the lognormal property of stock prices, the distribution of rates of return, 

and the calculation of expected return, (page 110)
2. Compute the realized return and historical volatility of a stock, (page 110)
3. Describe the assumptions underlying the Black-Scholes-Merton option pricing 

model, (page 113)
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4. Compute the value of a European option using the Black-Scholes-Merton model on 
a non-dividend-paying stock, (page 114)

5. Identify the complications involving the valuation of warrants, (page 120)
6. Define implied volatilities and describe how to compute implied volatilities from 

market prices of options using the Black-Scholes-Merton model, (page 120)
7. Explain how dividends affect the early decision for American call and put options, 

(page 119)
8. Compute the value of a European option using the Black-Scholes-Merton model on 

a dividend-paying stock, (page 116)
9. Describe the use of Black’s Approximation in calculating the value of an American 

call option on a dividend-paying stock, (page 119)

56. Greek Letters

After completing this reading, you should be able to:
1. Describe and assess the risks associated with naked and covered option positions, 

(page 128)
2. Explain how naked and covered option positions generate a stop loss trading 

strategy, (page 129)
3. Describe delta hedging for an option, forward, and futures contracts, (page 129)
4. Compute the delta of an option, (page 129)
5. Describe the dynamic aspects of delta hedging, (page 132)
6. Define the delta of a portfolio, (page 135)
7. Define and describe theta, gamma, vega, and rho for option positions, (page 136)
8. Explain how to implement and maintain a gamma neutral position, (page 136)
9. Describe the relationship between delta, theta, and gamma, (page 136)
10. Describe how hedging activities take place in practice, and describe how scenario 

analysis can be used to formulate expected gains and losses with option positions, 
(page 142)

11. Describe how portfolio insurance can be created through option instruments and 
stock index futures, (page 143)

57. Prices, Discount Factors, and Arbitrage

After completing this reading, you should be able to:
1. Define discount factor and use a discount function to compute present and future 

values, (page 151)
2. Define the “law of one price,” explain it using an arbitrage argument, and describe 

how it can be applied to bond pricing, (page 153)
3. Identify the components of a U.S. Treasury coupon bond, and compare and 

contrast the structure to Treasury STRIPS, including the difference between 
P-STRIPS and C-STRIPS. (page 155)

4. Construct a replicating portfolio using multiple fixed income securities to match 
the cash flows of a given fixed income security, (page 156)

5. Identify arbitrage opportunities for fixed income securities with certain cash flows, 
(page 153)

6. Differentiate between “clean” and “dirty” bond pricing and explain the implications 
of accrued interest with respect to bond pricing, (page 157)

7. Describe the common day-count conventions used in bond pricing, (page 157)
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58. Spot, Forward, and Par Rates

After completing this reading, you should be able to:
1. Calculate and interpret the impact of different compounding frequencies on a 

bond’s value, (page 164)
2. Calculate discount factors given interest rate swap rates, (page 165)
3. Compute spot rates given discount factors, (page 167)
4. Interpret the forward rate, and compute forward rates given spot rates, (page 169)
5. Define par rate and describe the equation for the par rate of a bond, (page 171)
6. Interpret the relationship between spot, forward and par rates, (page 172)
7. Assess the impact of maturity on the price of a bond and the returns generated by 

bonds, (page 174)
8. Define the “flattening” and “steepening” of rate curves and describe a trade to 

reflect expectations that a curve will flatten or steepen, (page 174)

59. Returns, Spreads, and Yields

After completing this reading, you should be able to:
1. Distinguish between gross and net realized returns, and calculate the realized return 

for a bond over a holding period including reinvestments, (page 182)
2. Define and interpret the spread of a bond, and explain how a spread is derived from 

a bond price and a term structure of rates, (page 184)
3. Define, interpret, and apply a bond’s yield-to-maturity (YTM) to bond pricing, 

(page 184)
4. Compute a bond’s YTM given a bond structure and price, (page 184)
5. Calculate the price of an annuity and a perpetuity, (page 188)
6. Explain the relationship between spot rates and YTM. (page 189)
7. Define the coupon effect and explain the relationship between coupon rate, YTM, 

and bond prices, (page 190)
8. Explain the decomposition of P&L for a bond into separate factors including carry 

roll-down, rate change and spread change effects, (page 191)
9. Identify the most common assumptions in carry roll-down scenarios, including 

realized forwards, unchanged term structure, and unchanged yields, (page 192)

60. One-Factor Risk Metrics and Hedges

After completing this reading, you should be able to:
1. Describe an interest rate factor and identify common examples of interest rate 

factors, (page 198)
2. Define and compute the DV01 of a fixed income security given a change in yield 

and the resulting change in price, (page 199)
3. Calculate the face amount of bonds required to hedge an option position given the 

DV01 of each, (page 199)
4. Define, compute, and interpret the effective duration of a fixed income security 

given a change in yield and the resulting change in price, (page 201)
5. Compare and contrast DV01 and effective duration as measures of price sensitivity, 

(page 203)
6. Define, compute, and interpret the convexity of a fixed income security given a 

change in yield and the resulting change in price, (page 204)
7. Explain the process of calculating the effective duration and convexity of a portfolio 

of fixed income securities, (page 206)

Book 4
Reading Assignments and Learning Objectives
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8. Explain the impact of negative convexity on the hedging of fixed income securities.
(page 207)

9. Construct a barbell portfolio to match the cost and duration of a given bullet 
investment, and explain the advantages and disadvantages of bullet versus barbell 
portfolios, (page 208)

61. Multi-Factor Risk Metrics and Hedges

After completing this reading, you should be able to:
1. Describe and assess the major weakness attributable to single-factor approaches 

when hedging portfolios or implementing asset liability techniques, (page 215)
2. Define key rate exposures and know the characteristics of key rate exposure factors 

including partial ‘01s and forward-bucket ‘01s. (page 216)
3. Describe key-rate shift analysis, (page 216)
4. Define, calculate, and interpret key rate ‘01 and key rate duration, (page 217)
5. Describe the key rate exposure technique in multi-factor hedging applications; 

summarize its advantages/disadvantages. (page 218)
6. Calculate the key rate exposures for a given security, and compute the appropriate 

hedging positions given a specific key rate exposure profile, (page 218)
7. Relate key rates, partial ‘01s and forward-bucket ‘01s, and calculate the forward 

bucket ‘01 for a shift in rates in one or more buckets, (page 220)
8. Construct an appropriate hedge for a position across its entire range of forward 

bucket exposures, (page 221)
9. Apply key rate and multi-factor analysis to estimating portfolio volatility.

(page 222)

62. Assessing Country Risk

After completing this reading, you should be able to:
1. Identify characteristics and guidelines leading to effective country risk analysis.

(page 228)
2. Identify key indicators used by rating agencies to analyze a country’s debt and 

political risk, and describe challenges faced by country risk analysts in using external 
agency ratings, (page 229)

3. Describe factors which are likely to influence the political stability and economic 
openness within a country, (page 231)

4. Apply basic country risk analysis in comparing two countries as illustrated in the 
case study, (page 232)

63. Country Risk Assessment in Practice

After completing this reading, you should be able to:
1. Explain key considerations when developing and using analytical tools to assess 

country risk, (page 239)
2. Describe a process for generating a ranking system and selecting risk management 

tools to compare the risk among countries, (page 240)
3. Describe qualitative and quantitative factors that can be used to assess country risk.

(page 242)
4. Describe alternative measures and indices that can be useful in assessing country 

risk, (page 243)

Book 4
Reading Assignments and Learning Objectives
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64. External and Internal Ratings

After completing this reading, you should be able to:
1. Describe external rating scales, the rating process, and the link between ratings and 

default, (page 249)
2. Describe the impact of time horizon, economic cycle, industry, and geography on 

external ratings, (page 251)
3. Explain the potential impact of ratings changes on bond and stock prices.

(page 252)
4. Compare external and internal ratings approaches, (page 252)
5. Explain and compare the through-the-cycle and at-the-point internal ratings 

approaches, (page 253)
6. Describe a ratings transition matrix and explain its uses, (page 250)
7. Describe the process for and issues with building, calibrating and backtesting an 

internal rating system, (page 253)
8. Identify and describe the biases that may affect a rating system, (page 254)

65. Capital Structure in Banks

After completing this reading, you should be able to:
1. Evaluate a bank’s economic capital relative to its level of credit risk, (page 265)
2. Identify and describe important factors used to calculate economic capital for credit 

risk: probability of default, exposure, and loss rate, (page 259)
3. Define and calculate expected loss (EL), (page 260)
4. Define and calculate unexpected loss (UL). (page 260)
5. Calculate UL for a portfolio and the risk contribution of each asset, (page 262)
6. Describe how economic capital is derived, (page 265)
7. Explain how the credit loss distribution is modeled, (page 266)
8. Describe challenges to quantifying credit risk, (page 266)

66. Operational Risk

After completing this reading, you should be able to:
1. Compare three approaches for calculating regulatory capital, (page 272)
2. Describe the Basel Committees seven categories of operational risk, (page 273)
3. Derive a loss distribution from the loss frequency distribution and loss severity 

distribution using Monte Carlo simulations, (page 274)
4. Describe the common data issues that can introduce inaccuracies and biases in the 

estimation of loss frequency and severity distributions, (page 275)
5. Describe how to use scenario analysis in instances when data is scarce, (page 276)
6. Describe how to identify causal relationships and how to use risk and control 

self assessment (RCSA) and key risk indicators (KRIs) to measure and manage 
operational risks, (page 276)

7. Describe the allocation of operational risk capital and the use of scorecards.
(page 277)

8. Explain how to use the power law to measure operational risk, (page 278)
9. Explain the risks of moral hazard and adverse selection when using insurance to 

mitigate operational risks, (page 278)

Book 4
Reading Assignments and Learning Objectives
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VaR M ethods

Exam Focus

Value at risk (VaR) was developed as an efficient, inexpensive method to determine economic 
risk exposure of banks with complex diversified asset holdings. In this reading, we define 
VaR, demonstrate its calculation, discuss how VaR can be converted to longer time periods, 
and examine the advantages and disadvantages of the three main VaR estimation methods. 
For the exam, be sure you know when to apply each VaR method and how to calculate VaR 
using each method. VaR is one of GARP’s favorite testing topics and it appears in many 
assigned readings throughout the FRM Part I and Part II curricula.

Defining VXR

Value at risk (VaR) is a probabilistic method of measuring the potential loss in portfolio 
value over a given time period and for a given distribution of historical returns. VaR is the 
dollar or percentage loss in portfolio (asset) value that will be equaled or exceeded only 
X percent of the time. In other words, there is an X percent probability that the loss in 
portfolio value will be equal to or greater than the VaR measure. VaR can be calculated 
for any percentage probability of loss and over any time period. A 1%, 5%, and 10% VaR 
would be denoted as VaR(l%), VaR(5%), and VaR(10%), respectively. The risk manager 
selects the X percent probability of interest and the time period over which VaR will be 
measured. Generally, the time period selected (and the one we will use) is one day.

A brief example will help solidify the VaR concept. Assume a risk manager calculates the 
daily 5% VaR as $10,000. The VaR(5%) of $10,000 indicates that there is a 5% chance that 
on any given day, the portfolio will experience a loss of $10,000 or more. We could also 
say that there is a 95% chance that on any given day the portfolio will experience either a 
loss less than $10,000 or a gain. If we further assume that the $10,000 loss represents 8% 
of the portfolio value, then on any given day there is a 5% chance that the portfolio will 
experience a loss of 8% or greater, but there is a 95% chance that the loss will be less than 
8% or a percentage gain greater than zero.

Calculating VaR

Calculating delta-normal VaR is a simple matter but requires assuming that asset returns 
conform to a standard normal distribution. Recall that a standard normal distribution is 
defined by two parameters, its mean (p = 0) and standard deviation (a = 1), and is perfectly 
symmetric with 50% of the distribution lying to the right of the mean and 50% lying to the 
left of the mean. Figure 1 illustrates the standard normal distribution and the cumulative 
probabilities under the curve.
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VaR Methods

Figure 1: Standard Normal Distribution and Cumulative Probabilities

-2.33

From Figure 1, we observe the following: the probability of observing a value more than 
1.28 standard deviations below the mean is 10%; the probability of observing a value more 
than 1.65 standard deviations below the mean is 5%; and the probability of observing a 
value more than 2.33 standard deviations below the mean is 1%. Thus, we have critical 
z-values o f-1.28, -1.65, and -2.33 for 10%, 5%, and 1% lower tail probabilities, 
respectively. We can now define percent VaR mathematically as:

= ZX%CT

= the X% probability value at risk
= the critical z-value based on the normal distribution and the selected X% 

probability
= the standard deviation of daily returns on a percentage basis

•ssor’s Note: VaR is a on e-ta iled  test, so the le v e l o f  s ign ifica n ce is en tirely  
te ta il o f  the d istribution . As a result, th e cr it ica l va lues w il l  be d iffer en t 
a tw o -ta iled  test tha t uses th e sam e sign ifica n ce level.

In order to calculate VaR(5%) using this formula, we would use a critical z-value of—1.65 
and multiply by the standard deviation of percent returns. The resulting VaR estimate 
would be the percentage loss in asset value that would only be exceeded 5% of the time. 
VaR can also be estimated on a dollar rather than a percentage basis. To calculate VaR on a 
dollar basis, we simply multiply the percent VaR by the asset value as follows:

VaR (X%)

where: 
VaR (X%)
zx%

CT

VaR (X%) dollar basis -  VaR (X%) decimal basis x asset value 

= (zx%cr) x asset value

To calculate VaR(5%) using this formula, we multiply VaR(5%) on a percentage basis by 
the current value of the asset in question. This is equivalent to taking the product of the 
critical z-value, the standard deviation of percent returns, and the current asset value. An
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VaR Methods

estimate of VaR(5%) on a dollar basis is interpreted as the dollar loss in asset value that will 
only be exceeded 5% of the time.

Example: Calculating percentage and dollar VaR

A risk management officer at a bank is interested in calculating the VaR of an asset that he 
is considering adding to the bank’s portfolio. If the asset has a daily standard deviation of 
returns equal to 1.4% and the asset has a current value of $5.3 million, calculate the 
VaR (5%) on both a percentage and dollar basis.

Answer:

The appropriate critical z-value for a VaR (5%) is -1.65. Using this critical value and the 
asset’s standard deviation of returns, the VaR (5%) on a percentage basis is calculated as 
follows:

VaR (5%) = z5%ct = -1.65(0.014) = -0.0231 = -2.31%

The VaR(5%) on a dollar basis is calculated as follows:

VaR (5%)dollarbasis = VaR (5%)decimalbasis x asset value = -0.0231 x $5,300,000 
= -$122,430

Thus, there is a 5% probability that, on any given day, the loss in value on this particular 
asset will equal or exceed 2.31%, or $122,430.

If an expected return other than zero is given, VaR becomes the expected return minus the 
quantity of the critical value multiplied by the standard deviation.

VaR = [E(R) -  zcr]

In the example above, the expected return value is zero and thus ignored. The following 
example demonstrates how to apply an expected return to a VaR calculation.

Example: Calculating VaR given an expected return

For a $100,000,000 portfolio, the expected 1-week portfolio return and standard 
deviation are 0.00188 and 0.0125, respectively. Calculate the 1-week VaR at 5% 
significance.
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VaR Methods

Answer:

VaR = [E(R) — z c t ] x  portfolio value
= [0.00188- 1.65(0.0125)1 x $100,000,000 
= -0.018745 x $100,000,000 
= -$1,874,500

The manager can be 95% confident that the maximum 1-week loss will not exceed 
$1,874,500.

VaR C onversions

VaR, as calculated previously, measured the risk of a loss in asset value over a short time 
period. Risk managers may, however, be interested in measuring risk over longer time 
periods, such as a month, quarter, or year. VaR can be converted from a 1-day basis to a 
longer basis by multiplying the daily VaR by the square root of the number of days (J) in 
the longer time period (called the square root rule). For example, to convert to a weekly 
VaR, multiply the daily VaR by the square root of 5 (i.e., five business days in a week). We 
can generalize the conversion method as follows:

v a R (xo/" W = v a R (x % Vd,y ^

Example: Converting daily VaR to other time bases

Assume that a risk manager has calculated the daily VaR (10%)dollar ̂ asis a particular 
asset to be $12,500. Calculate the weekly, monthly, semiannual, and annual VaR for this 
asset. Assume 250 days per year and 50 weeks per year.

Answer:

The daily dollar VaR is converted to a weekly, monthly, semiannual, and annual dollar 
VaR measure by multiplying by the square root of 5, 20, 125, and 250, respectively.

VaR(l°% )5 days (weekly) = VaR(l0%)1,day S  = $12,500^5 = $27,951 

VaR(l0% )20 days (monthly) = VaR(l0% )1_day V20 = $12,500^20 = $55,902 

VaR(lO%)125_days = VaR(10%)1 da? Vl25 = $12,500\/l25 = $139,754 

VaRf10%)250 dajJs = VaR(l0%)lday V250 = $12,500^250 = $197,642
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VaR Methods

VaR can also be converted to different confidence levels. For example, a risk manager may 
want to convert VaR with a 95% confidence level to VaR with a 99% confidence level. 
This conversion is done by adjusting the current VaR measure by the ratio of the updated 
confidence level to the current confidence level.

Example: Converting VaR to different confidence levels

Assume that a risk manager has calculated VaR at a 95% confidence level to be $16,500. 
Now assume the risk manager wants to adjust the confidence level to 99%. Calculate the 
VaR at a 99% confidence level.

Answer:

VaR(l%) = VaR(5%) X ^  
z5%

2 33
VaR(l% ) = $ l6 ,5 0 0 x ——- = $23,300 

v ’ 1.65

The VaR M ethods

The three main VaR methods can be divided into two groups: linear methods and full 
valuation methods.

1. Linear methods replace portfolio positions with linear exposures on the appropriate risk 
factor. For example, the linear exposure used for option positions would be delta while 
the linear exposure for bond positions would be duration. This method is used when 
calculating VaR with the delta-normal method.

2. Full valuation methods fully reprice the portfolio for each scenario encountered over a 
historical period, or over a great number of hypothetical scenarios developed through 
historical simulation or Monte Carlo simulation. Computing VaR using full revaluation 
is more complex than linear methods. However, this approach will generally lead to 
more accurate estimates of risk in the long run.

Linear Valuation: The Delta-Normal Valuation Method

The delta-normal approach begins by valuing the portfolio at an initial point as a 
relationship to a specific risk factor, S (consider only one risk factor exists):

V0 = V(S0)

With this expression, we can describe the relationship between the change in portfolio value 
and the change in the risk factor as:

dV = A 0 x dS
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VaR Methods

Here, A () is the sensitivity of the portfolio to changes in the risk factor, S. As with any linear 
relationship, the biggest change in the value of the portfolio will accompany the biggest 
change in the risk factor. The VaR at a given level of significance, z, can be written as:

VaR = | A J  x (zctSq)

where: 
zcrS0 = VaRs

Generally speaking, VaR developed by a delta-normal method is more accurate over shorter 
horizons than longer horizons.

Consider, for example, a fixed income portfolio. The risk factor impacting the value of 
this portfolio is the change in yield. The VaR of this portfolio would then be calculated as 
follows:

VaR = modified duration x z x annualized yield volatility x portfolio value

Notice here that the volatility measure applied is the volatility of changes in the yield. In 
future examples, the volatility measured used will be the standard deviation of returns.

Since the delta-normal method is only accurate for linear exposures, non-linear exposures, 
such as convexity, are not adequately captured with this VaR method. By using a Taylor 
series expansion, convexity can be accounted for in a fixed income portfolio by using what 
is known as the delta-gamma method. You will see this method in Topic 50. For now, just 
take note that complexity can be added to the delta-normal method to increase its reliability 
when measuring non-linear exposures.

Full Valuation: Monte Carlo and Historic Simulation Methods

The Monte Carlo simulation approach revalues a portfolio for a large number of risk factor 
values, randomly selected from a normal distribution. Historical simulation revalues a 
portfolio using actual values for risk factors taken from historical data. These full valuation 
approaches provide the most accurate measurements because they include all nonlinear 
relationships and other potential correlations that may not be included in the linear 
valuation models.

C omparing the M ethods

The delta-normal method is appropriate for large portfolios without significant option-like 
exposures. This method is fast and efficient.

Full-valuation methods, either based on historical data or on Monte Carlo simulations, are 
more time consuming and cosdy. However, they may be the only appropriate methods for 
large portfolios with substantial option-like exposures, a wider range of risk factors, or a 
longer-term horizon.
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VaR Methods

Delta-Normal Method

The delta-normal method (a.k.a. the variance-covariance method or the analytical method) 
for estimating VaR requires the assumption of a normal distribution. This is because the 
method utilizes the expected return and standard deviation of returns. For example, in 
calculating a daily VaR, we calculate the standard deviation of daily returns in the past and 
assume it will be applicable to the future. Then, using the asset’s expected 1-day return and 
standard deviation, we estimate the 1-day VaR at the desired level of significance.

The assumption of normality is troublesome because many assets exhibit skewed return 
distributions (e.g., options), and equity returns frequently exhibit leptokurtosis (fat 
tails). When a distribution has “fat tails,” VaR will tend to underestimate the loss and its 
associated probability. Also know that delta-normal VaR is calculated using the historical 
standard deviation, which may not be appropriate if the composition of the portfolio 
changes, if the estimation period contained unusual events, or if economic conditions have 
changed.

Example: Delta-normal VaR

The expected 1-day return for a $100,000,000 portfolio is 0.00085 and the historical 
standard deviation of daily returns is 0.0011. Calculate daily value at risk (VaR) at 5% 
significance.

Answer:

To locate the value for a 5% VaR, we use the Alternative z-Table in the appendix to this 
book. We look through the body of the table until we find the value that we are looking 
for. In this case, we want 5% in the lower tail, which would leave 45% below the mean 
that is not in the tail. Searching for 0.45, we find the value 0.4505 (the closest value we 
will find). Adding the 2:-value in the left hand margin and the z-value at the top of the 
column in which 0.4505 lies, we get 1.6 + 0.05 = 1.65, so the 2-value coinciding with 
a 95% VaR is 1.65. (Notice that we ignore the negative sign, which would indicate the 
value lies below the mean.)

You will also find a Cumulative 2-Table in the appendix. When using this table, you can 
look directly for the significance level of the VaR. For example, if you desire a 5% VaR, 
look for the value in the table which is closest to (1 -  significance level) or 1 -  0.05 = 
0.9500. You will find 0.9505, which lies at the intersection of 1.6 in the left margin and 
0.05 in the column heading.
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V aR =  |Rp — (z)(cr)J Vp

= [0.00085 -1 .65(0.0011)]($100,000,000)

= —0.000965($100,000,000)

= -$96,500 

where:
Rp = expected 1-day return on the portfolio 
Vp = value of the portfolio
z = z-value corresponding with the desired level of significance 
(T = standard deviation of 1-day returns

The interpretation of this VaR is that there is a 5% chance the minimum  1-day loss is 
0.0965%, or $96,500. (There is 5% probability that the 1-day loss will exceed $96,500.) 
Alternatively, we could say we are 95% confident the 1-day loss will not exceed $96,500.

If you are given the standard deviation of annual returns and need to calculate a daily VaR, 
the daily standard deviation can be estimated as the annual standard deviation divided by 
the square root of the number of (trading) days in a year, and so forth:

^annual . ^annual
daily ~ V250 monthly = \fl2

Delta-normal VaR is often calculated assuming an expected return of zero rather than the 
portfolio’s actual expected return. When this is done, VaR can be adjusted to longer or 
shorter periods of time quite easily. For example, daily VaR is estimated as annual VaR 
divided by the square root of 250 (as when adjusting the standard deviation).

Likewise, the annual VaR is estimated as the daily VaR multiplied by the square root of 
250. If the true expected return is used, VaR for different length periods must be calculated 
independently.

Professor’s Note: Assuming a zero expected return when estimating VaR is a 
conservative approach because the ca lcu la ted VaR w ill be grea ter (i.e., fa rth er ou t in 
the ta il o f  the distribution) than i f  the expected return is used.

Since portfolio values are likely to change over long time periods, it is often the case that 
VaR over a short time period is calculated and then converted to a longer period. The Basel 
Accord (discussed in the FRM Part II curriculum) recommends the use of a two-week 
period (10 days).

© P rofessor’s Note: For the exam, y o u  w il l  likely be requ ired  to make these tim e 
conversa tion  ca lcu la tion s sin ce VaR is o ften  ca lcu la ted  ov er a sh ort tim e fram e.
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Advantages of the delta-normal VaR method include the following:
• Easy to implement.
• Calculations can be performed quickly.
• Conducive to analysis because risk factors, correlations, and volatilities are identified. 

Disadvantages of the delta-normal method include the following:
• The need to assume a normal distribution.
• The method is unable to properly account for distributions with fat tails, either because 

of unidentified time variation in risk or unidentified risk factors and/or correlations.
• Nonlinear relationships of option-like positions are not adequately described by the 

delta-normal method. VaR is misstated because the instability of the option deltas is not 
captured.

Historical Simulation Method

The historical method for estimating VaR is often referred to as the historical simulation 
method. The easiest way to calculate the 5% daily VaR using the historical method is to 
accumulate a number of past daily returns, rank the returns from highest to lowest, and 
identify the lowest 5% of returns. The highest of these lowest 5% of returns is the 1-day, 
5% VaR.

Example: Historical VaR

You have accumulated 100 daily returns for your $100,000,000 portfolio. After ranking 
the returns from highest to lowest, you identify the lowest six returns:

-0.0011, -0.0019, -0.0025, -0.0034, -0.0096, -0.0101 

Calculate daily value at risk (VaR) at 5% significance using the historical method. 

Answer:

The lowest five returns represent the 5% lower tail of the “distribution” of 100 historical 
returns. The fifth lowest return (-0.0019) is the 5% daily VaR. We would say there is a 
5% chance of a daily loss exceeding 0.19%, or $190,000.

As you will see in Topic 49, the historical simulation method may weight observations 
and take an average of two returns to obtain the historical VaR. Each observation can be 
viewed as having a probability distribution with 50% to the left and 50% to the right of a 
given observation. When considering the previous example, 5% VaR with 100 observations 
would take the average of the fifth and sixth observations [i.e., (—0.0011 + —0.0019) /
2 = -0.0015]. Therefore, the 5% historical VaR in this case would be $150,000. Either 
approach (using a given percentile or an average of two) is acceptable for calculating 
historical VaR, however, using a given percentile, as provided in the previous example, will 
yield a more conservative estimate since the calculated VaR estimate will be lower.

P rofessor’s Note: On pa st FRM exams, GARP has ca lcu la ted  h isto rica l VaR in a
sim ila r fa sh ion  to the p r ev iou s example.
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Advantages of the historical simulation method include the following:
• The model is easy to implement when historical data is readily available.
• Calculations are simple and can be performed quickly.
• Horizon is a positive choice based on the intervals of historical data used.
• Full valuation of portfolio is based on actual prices.
• It is not exposed to model risk.
• It includes all correlations as embedded in market price changes.

Disadvantages of the historical simulation method include the following:
• It may not be enough historical data for all assets.
• Only one path of events is used (the actual history), which includes changes in 

correlations and volatilities that may have occurred only in that historical period.
• Time variation of risk in the past may not represent variation in the future.
• The model may not recognize changes in volatility and correlations from structural 

changes.
• It is slow to adapt to new volatilities and correlations as old data carries the same weight 

as more recent data. However, exponentially weighted average (EWMA) models can be 
used to weigh recent observations more heavily.

• A small number of actual observations may lead to insufficiently defined distribution 
tails.

Monte Carlo Simulation Method

The Monte Carlo method refers to computer software that generates hundreds, thousands, 
or even millions of possible outcomes from the distributions of inputs specified by the user. 
For example, a portfolio manager could enter a distribution of possible 1-week returns for 
each of the hundreds of stocks in a portfolio. On each “run” (the number of runs is specified 
by the user), the computer selects one weekly return from each stock’s distribution of 
possible returns and calculates a weighted average portfolio return.

The several thousand weighted average portfolio returns will naturally form a distribution, 
which will approximate the normal distribution. Using the portfolio expected return and 
the standard deviation, which are part of the Monte Carlo output, VaR is calculated in the 
same way as with the delta-normal method.
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Example: Monte Carlo VaR

A Monte Carlo output specifies the expected 1-week portfolio return and standard 
deviation as 0.00188 and 0.0125, respectively. Calculate the 1-week VaR at 1% 
significance.

Answer:

VAR = |Rp — (z)(a)] Vp

= [0.00188-2.33(0.0125)]($100,000,000)

= -0.027245($100,000,000)

= -$2,724,500

The manager can be 99% confident that the maximum 1-week loss will not exceed 
$2,724,500. Alternatively, the manager could say there is a 1% probability that the 
minimum loss will be $2,724,500 or greater (the portfolio will lose at least $2,724,500).

Advantages of the Monte Carlo method include the following:

• It is the most powerful model.
• It can account for both linear and nonlinear risks.
• It can include time variation in risk and correlations by aging positions over chosen 

horizons.
• It is extremely flexible and can incorporate additional risk factors easily.
• Nearly unlimited numbers of scenarios can produce well-described distributions.

Disadvantages of the Monte Carlo method include the following:

• There is a lengthy computation time as the number of valuations escalates quickly.
• It is expensive because of the intellectual and technological skills required.
• It is subject to model risk of the stochastic processes chosen.
• It is subject to sampling variation at lower numbers of simulations.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Q uantifying Volatility in VaR 
M odels

Topic 49

Exam Focus

Obtaining an accurate estimate of an asset’s value that is at risk of loss hinges greatly on 
the measurement of the asset’s volatility (or possible deviation in value over a certain time 
period). Asset value can be evaluating using a normal distribution; however, deviations from 
normality will create challenges for the risk manager in measuring both volatility and value 
at risk (VaR). In this topic, we will discuss issues with volatility estimation and different 
weighting methods that can be used to determine VaR. The advantages, disadvantages, and 
underlying assumptions of the various methodologies will also be discussed. For the exam, 
understand why deviations from normality occur and have a general understanding of the 
approaches to measuring VaR (parametric and nonparametric).

LO 49.1: Explain how asset return distributions tend to deviate from the normal 
distribution.

LO 49.2: Explain reasons for fat tails in a return distribution and describe their 
implications.

LO 49.3: Distinguish between conditional and unconditional distributions.

Three common deviations from normality that are problematic in modeling risk result from 
asset returns that are fat-tailed, skewed, or unstable.

Fat-tailed refers to a distribution with a higher probability of observations occurring in 
the tails relative to the normal distribution. As illustrated in Figure 1, there is a larger 
probability of an observation occurring further away from the mean of the distribution.
The first two moments (mean and variance) of the distributions are similar for the fat-tailed 
and normal distribution. However, in addition to the greater mass in the tails, there is also a 
greater probability mass around the mean for the fat-tailed distribution. Furthermore, there 
is less probability mass in the intermediate range (around +/— one standard deviation) for 
the fat-tailed distribution compared to the normal distribution.
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Topic 49
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 2

Figure 1: Illustration of Fat-Tailed and Normal Distributions

A distribution is skewed when the distribution is not symmetrical. A risk manager is more 
concerned when there is a higher probability of a large negative return than a large positive 
return. This is referred to as left-skewed and is illustrated in Figure 2.

Figure 2: Left-Skewed and Normal Distributions

In modeling risk, a number of assumptions are necessary. If the parameters of the model are 
unstable, they are not constant but vary over time. For example, if interest rates, inflation, 
and market premiums are changing over time, this will affect the volatility of the returns 
going forward.

Deviations From the Normal D istribution

The phenomenon of “fat tails” is most likely the result of the volatility and/or the mean of 
the distribution changing over time. If the mean and standard deviation are the same for 
asset returns for any given day, the distribution of returns is referred to as an unconditional 
distribution of asset returns. However, different market or economic conditions may cause 
the mean and variance of the return distribution to change over time. In such cases, the 
return distribution is referred to as a conditional distribution.

Assume we separate the full data sample into two normally distributed subsets based 
on market environment with conditional means and variances. Pulling a data sample at 
different points of time from the full sample could generate fat tails in the unconditional 
distribution even if the conditional distributions are normally distributed with similar 
means but different volatilities. If markets are efficient and all available information is
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reflected in stock prices, it is not likely that the first moments or conditional means of the 
distribution vary enough to make a difference over time.

The second possible explanation for “fat tails” is that the second moment or volatility is 
time-varying. This explanation is much more likely given observed changes in interest rate 
volatility (e.g., prior to a much-anticipated Federal Reserve announcement). Increased 
market uncertainty following significant political or economic events results in increased 
volatility of return distributions.

Market Regimes and C onditional D istributions

Topic 49
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 2

LO 49.4: Describe the implications of regime switching on quantifying volatility.

A regime-switching volatility model assumes different market regimes exist with high or 
low volatility. The conditional distributions of returns are always normal with a constant 
mean but either have a high or low volatility. Figure 3 illustrates a hypothetical regime
switching model for interest rate volatility. Note that the true interest rate volatility depicted 
by the solid line is either 13 basis points per day (bp/day) or 6bp/day. The actual observed 
returns deviate around the high volatility 13bp/day level and the low volatility 6bp/day.
In this example, the unconditional distribution is not normally distributed. However, 
assuming time-varying volatility, the interest rate distributions are conditionally normally 
distributed.

The probability of large deviations from normality occurring are much less likely under the 
regime-switching model. For example, the interest rate volatility in Figure 3 ranges from 
5.7bp/day to 13.6bp/day with an overall mean of 8.52bp/day. However, the 13.6bp/day 
has a difference of only 0.6bp/day from the conditional high volatility level compared to a 
5.08bp/day difference from the unconditional distribution. This would result in a fat-tailed 
unconditional distribution. The regime-switching model captures the conditional normality 
and may resolve the fat-tail problem and other deviations from normality.

Figure 3: Actual Conditional Return Volatility Under Market Regimes
Volatility
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If we assume that volatility varies with time and that asset returns are conditionally 
normally distributed, then we may be able to tolerate the fat-tail issue. In the next section 
we demonstrate how to estimate conditional means and variances. However, despite efforts 
to more accurately model financial data, extreme events do still occur. The model (or 
distribution) used may not capture these extreme movements. For example, value at risk 
(VaR) models are typically utilized to model the risk level apparent in asset prices. VaR 
assumes asset returns follow a normal distribution, but as we have just discussed, asset 
return distributions tend to exhibit fat tails. As a result, VaR may underestimate the actual 
loss amount.

However, some tools exist that serve to complement VaR by examining the data in the tail 
of the distribution. For example, stress testing and scenario analysis can examine extreme 
events by testing how hypothetical and/or past financial shocks will impact VaR. Also, 
extreme value theory (EVT) can be applied to examine just the tail of the distribution 
and some classes of EVT apply a separate distribution to the tail. Despite not being able 
to accurately capture events in the tail, VaR is still useful for approximating the risk level 
inherent in financial assets.

Value at Risk

Topic 49
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 2

LO 49.5: Explain the various approaches for estimating VaR.

LO 49.6: Compare and contrast different parametric and non-parametric 
approaches for estimating conditional volatility.

LO 49.7: Calculate conditional volatility using parametric and non-parametric 
approaches.

A value at risk (VaR) method for estimating risk is typically either a historical-based 
approach or an implied-volatility-based approach. Under the historical-based approach, the 
shape of the conditional distribution is estimated based on historical time series data.

Historical-based approaches typically fall into three sub-categories: parametric, 
nonparametric, and hybrid.

1 . The parametric approach requires specific assumptions regarding the asset returns 
distribution. A parametric model typically assumes asset returns are normally or 
lognormally distributed with time-varying volatility. The most common example of 
the parametric method in estimating future volatility is based on calculating historical 
variance or standard deviation using “mean squared deviation.” For example, the 
following equation is used to estimate future variance based on a window of the K most 
recent returns data.1

CTt=(r2 4------hr2 + r2 + r2 )/k
\ t - K , t - K + l  t —3 ,t—2  t—2,t—1 t - l , t  //

1. In order to adjust for one degree of freedom related to the conditional mean, the denominator 
in the formula is K -  1. In practice, adjusting for the degrees of freedom makes little difference 
when large sample sizes are used.
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If we assume asset returns follow a random walk, the mean return is zero. Alternatively, 
an analyst may assume a conditional mean different from zero and a volatility for a 
specific period of time.

© P rofessor’s Note: The d e lta -n o rm a l m eth od  is an example o f  a pa ram etr ic 
approach.

Topic 49
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 2

Example: Estimating a conditional mean

Assuming K = 100 (an estimation window using the most recent 100 asset returns), 
estimate a conditional mean assuming the market is known to decline 15%.

Answer:

The daily conditional mean asset return, pt, is estimated to be —15bp/day. 

pt = —1500bp/100days = —15bp/day

2. The nonparametric approach is less restrictive in that there are no underlying 
assumptions of the asset returns distribution. The most common nonparametric 
approach models volatility using the historical simulation method.

3. As the name suggests, the hybrid approach combines techniques of both parametric 
and nonparametric methods to estimate volatility using historical data.

The implied-volatility-based approach uses derivative pricing models such as the Black- 
Scholes-Merton option pricing model to estimate an implied volatility based on current 
market data rather than historical data.

Parametric A pproaches for VaR

The RiskMetrics® [i.e., exponentially weighted moving average (EWMA) model] and 
GARCH approaches are both exponential smoothing weighting methods. RiskMetrics® is 
actually a special case of the GARCH approach. Both exponential smoothing methods are 
similar to the historical standard deviation approach because all three methods:

• Are parametric.
• Attempt to estimate conditional volatility.
• Use recent historical data.
• Apply a set of weights to past squared returns.

P rofessor’s Note: The RiskMetrics® approach  is ju s t  an EWMA m odel tha t 
uses a p r e -sp ec ified  d eca y fa c t o r  f o r  da ily  data (0.94) a n d  m onth ly data  
(0.97).

The only major difference between the historical standard deviation approach and the 
two exponential smoothing approaches is with respect to the weights placed on historical 
returns that are used to estimate future volatility. The historical standard deviation approach 
assumes all K returns in the window are equally weighted. Conversely, the exponential
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smoothing methods place a higher weight on more recent data, and the weights decline 
exponentially to zero as returns become older. The rate at which the weights change, or 
smoothness, is determined by a parameter A (known as the decay factor) raised to a power.
The parameter A must fall between 0 and 1 (i.e., 0 < \ < 1); however, most models use 
parameter estimates between 0.9 and 1 (i.e., 0.9 < X < 1).

Figure 4 illustrates the weights of the historical volatility for the historical standard 
deviation approach and RiskMetrics® approach. Using the RiskMetrics® approach, 
conditional variance is estimated using the following formula:

Oj = (l — X) f X°r2 + X V  + X2r2 H------1- \ Nr2 )
1 v ' \ t - l , t  t—2,t—1 t—3,t—2 t -N - l , t -N  /

Topic 49
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 2

where:
N = the number of observations used to estimate volatility

Figure 4: Comparison of Exponential Smoothing and Historical Standard Deviation
Weight of 
Volatility 
Parameter

-------\ =  0.97 ------- k = 75 ........X=0.92

Professor’s Note: You may have n o tic ed  in F igure 4  that K (the num ber o f  
observations u sed  to ca lcu la te the h isto rica l standard  d ev ia tion ) is 75, bu t N 
(th e num ber o f  term s in th e RiskMetrics® fo rm u la ) is m ore than 75. There is 
no in con sisten cy h ere because th e series [(1 -  X)X° + (1 -  X)XJ + ...] on ly sums 
to on e i f  N is in fin ite. In p ra ctice , N is chosen so tha t th e f i r s t  K term s (in this 
example) sum  to a num ber close to one.
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Topic 49
Cross Reference to GARP Assigned Reading — Allen et al., Chapter 2

Example: Calculating weights using the RiskMetrics® approach

Using the RiskMetrics® approach, calculate the weight for the most current historical 
return, t = 0, when X = 0.97.

Answer:

The weight for the most current historical return, t = 0, when X = 0.97 is calculated as 
follows:

(1 -  X) V  = (1 -  0.97)0.97° = 0.03

Example: Calculating weights using the historical standard deviation approach

Calculate the weight for the most recent return using historical standard deviation 
approach with K = 75.

Answer:

All historical returns are equally weighted. Therefore, the weights will all be equal to 
0.0133 (i.e., 1 / K = 1 / 75 = 0.0133).

Figure 5 summarizes the most recent weights for the volatility parameters using the three 
approaches used in Figure 4. Parameter X values of 0.92 and 0.97 are used for the example 
of the RiskMetrics® approaches in Figure 4.

Figure 5: Summary of RiskMetrics® and Historical Standard Deviation Calculations

Weight o f  Volatility Parameter

(1 -X )V 1/k ( l - X ) V
t X = 0.97 P

T II \1 cn X = 0.92
0 0.0300 0.0133 0.0800

- 1 0.0291 0.0133 0.0736
-2 0.0282 0.0133 0.0677
-3 0.0274 0.0133 0.0623
-4 0.0266 0.0133 0.0573

Example: Applying a shorter estimation window

How would a shorter estimation window of K = 40 impact forecasts using the historical 
standard deviation method?

Answer:

Using a shorter estimation window (K = 40) for the historical standard deviation 
method results in forecasts that are more volatile. This is in part due to the fact that each 
observation has more weight, and extreme observations therefore have a greater impact on 
the forecast. However, an advantage of using a smaller K for the estimation window is the 
model adapts more quickly to changes.
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Example: Applying a smaller X parameter

How would a smaller X parameter in the RiskMetrics® approach impact forecasts?

Answer:

Using a smaller K  in the historical simulation model is similar to using a smaller 
X parameter in the RiskMetrics® approach. It results in a higher weight to recent 
observations and a smaller sample window. As illustrated by Figure 4, a X parameter closer 
to one results in less weight on recent observations and a larger sample window with a 
slower exponential smoothing decay in information.

GARCH

A more general exponential smoothing model is the GARCH model. This is a time-series 
model used by analysts to predict time-varying volatility. Volatility is measured with a 
general GARCH (p,q) model using the following formula:

Gt = a V  b1rt2Ll t +  b2rt2_2,t- i  H------ h bpr2_p]t_p+1 +  cjctjL j +  c 2 ct2_ 2 H------h cqo2_q

where:
parameters a, b, through bp, and Cj through cq = parameters estimated using

historical data with p  lagged terms 
on historical returns squared and q 
lagged terms on historical volatility

A GARCH (1,1) model would look like this: 

cj2 = a + br2_lt  + cct2_!

Example: GARCH vs. RiskMetrics®

Show how the GARCH (1,1) time-varying process with a = 0 and b + c = 1 is identical to 
the RiskMetrics® model.

Answer:

Using these assumptions and substituting 1 -  c for b results in the following special case 
of the GARCH (1,1) model as follows:

a 2 = (1 -  c)r2_u  + cctjL j

Substituting X for c  in this equation results in the common notation for the RiskMetrics® 
approach. Therefore, the GARCH model is less restrictive and more general than the 
RiskMetrics® model. The GARCH model using a larger number of parameters can more 
accurately model historical data. However, a model with more parameters to estimate 
also incurs more estimation risk, or noise, that can cause the GARCH model to have less 
ability to forecast future returns.
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Nonparametric vs. Parametric VaR M ethods

Three common types of nonparametric methods used to estimate VaR are: (1) historical 
simulation, (2) multivariate density estimation, and (3) hybrid. These nonparametric 
methods exhibit the following advantages and disadvantages over parametric approaches.

Advantages of nonparametric methods compared to parametric methods:

• Nonparametric models do not require assumptions regarding the entire distribution of 
returns to estimate VaR.

• Fat tails, skewness, and other deviations from some assumed distribution are no longer a 
concern in the estimation process for nonparametric methods.

• Multivariate density estimation (MDE) allows for weights to vary based on how relevant 
the data is to the current market environment, regardless of the timing of the most 
relevant data.

• MDE is very flexible in introducing dependence on economic variables (called state 
variables or conditioning variables).

• Hybrid approach does not require distribution assumptions because it uses a historical 
simulation approach with an exponential weighting scheme.

Disadvantages of nonparametric methods compared to parametric methods:

• Data is used more efficiently with parametric methods than nonparametric methods. 
Therefore, large sample sizes are required to precisely estimate volatility using historical 
simulation.

• Separating the full sample of data into different market regimes reduces the amount of 
usable data for historical simulations.

• MDE may lead to data snooping or over-fitting in identifying required assumptions 
regarding the weighting scheme identification of relevant conditioning variables and the 
number of observations used to estimate volatility.

• MDE requires a large amount of data that is directly related to the number of 
conditioning variables used in the model.

Nonparametric Approaches for VaR 

Historical Simulation Method

The six lowest returns for an estimation window of 100 days (K = 100) are listed in 
Figure 6. Under the historical simulation, all returns are weighted equally based on the 
number of observations in the estimation window (1/K). Thus, in this example, each return 
has a weight of 1/100, or 0.01.
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Example: Calculating VaR using historical simulation

Calculate VaR of the 5th percentile using historical simulation and the data provided in 
Figure 6.

Figure 6: Historical Simulation Example

Six Lowest 
Returns

H istorical
Simulation

Weight

HS
Cumulative

Weight
^ .7 0 % 0.01 0.0100

-4.10% 0.01 0.0200
-3.70% 0.01 0.0300
-3.60% 0.01 0.0400
-3.40% 0.01 0.0500
-3.20% 0.01 0.0600

Answer:

Calculating VaR of 5% requires identifying the 5th percentile. With 100 observations, the 
5th percentile would be the 5th lowest return. However, observations must be thought of 
as a random event with a probability mass centered where the observation occurs, with 
50% of its weight to the left and 50% of its weight to the right. Thus, the 5th percentile 
is somewhere between the 5th and 6th observation. In our example, the 5th lowest return, 
-3.40%, represents the 4.5th percentile, and we must interpolate to obtain the 5th 
percentile at -3.30% [calculated as (-3.4% + -3.20%) / 2].

P rofessor’s Note: As was m en tion ed  in the VaR M ethods reading, th e ca lcu la tion  
o f  h isto r ica l VaR may d iffe r  d ep en d in g  on the m eth od  used. You may use a 
g iv en  p e r cen t ile  return or in terpo la te to obtain the p e r cen t ile  return as was 
d on e in th e p r ev iou s example. On pa st FRM exams, GARP has ju s t  u sed  the 
p er cen t ile  in question , so in  th e p r ev iou s example, th e h isto r ica l VaR o f  5%  
w ou ld  be based  on —3.4%.

Notice that regardless of how far away in the 100-day estimation window the lowest 
observations occurred, they will still carry a weight of 0.01. The hybrid approach described 
next uses exponential weighting similar to the RiskMetrics® approach to adjust the 
weighting more heavily toward recent returns.
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Hybrid Approach

The hybrid approach uses historical simulation to estimate the percentiles of the return and 
weights that decline exponentially (similar to GARCH or RiskMetrics®). The following 
three steps are required to implement the hybrid approach.

Step 1: Assign weights for historical realized returns to the most recent A'returns using an 
exponential smoothing process as follows:

[(1 -  X) / (1 -  \K)], [(1 -  X) / (1 -  x ^ x 1,..., [(1 -  X) / (1 -  XK)]XK-!

Order the returns.
Determine the VaR for the portfolio by starting with the lowest return and 
accumulating the weights until x percentage is reached. Linear interpolation may be 
necessary to achieve an exact x percentage.

In Step 1, there are several equations in between the second and third terms. These equations 
change the exponent on the last decay factor term to reflect observations that have occurred 
t  days ago. For example, assume 100 observations and a decay factor of 0.96. For the hybrid 
weight for an observation that occurred one period ago, you would use the following 
equation: [(1 — 0.96) / (1 — 0.96100)] = 0.0407. For the hybrid weight of an observation 
two periods ago, you use this equation: [(1 — 0.96) / (1 — 0.96100)] x 0.96^100_"^ = 0.0391. 
The hybrid weight five periods ago would equal: [(1 -  0.96) / (1 -  0.96100)] x 0.96^100_96̂ = 
0.0346.

Step 2: 
Step 3:

Example: Calculating weight using the hybrid approach

Suppose an analyst is using a hybrid approach to determine a 5% VaR with the most 
recent 100 observations (K = 100) and X = 0.96 using the data in Figure 7. Note that 
the data in Figure 7 are already ranked as described in Step 2 of the hybrid approach. 
Therefore, the six lowest returns out of the most recent 100 observations are listed in 
Figure 7. The weights for each observation are based on the number of observations 
(K = 100) and the exponential weighting parameter (X = 0.96) using the formula provided 
in Step 1.

Figure 7: Hybrid Example Illustrating Six Lowest Returns 
(where K = 100 and X = 0.96)

Rank Six Lowest 
Returns

Number o f  Past 
Periods Hybrid Weight

Hybrid 
Cumulative 

Weight*
1 -4.70% 2 0.0391 0.0391
2 -4.10% 5 0.0346 0.0736
3 -3.70% 55 0.0045 0.0781
4 -3.60% 25 0.0153 0.0934

5 -3.40% 14 0.0239 0.1173
6 -3.20% 7 0.0318 0.1492

*Cumulative weights are slightly affected by rounding error.

Calculate the hybrid weight assigned to the lowest return, -4.70%.
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Answer:

The hybrid weight is calculated as follows:

[(1 -  X) / (1 -  X ^JX 1 = [(1 -  0.96) / (1 -  0 .9 6 10°)]0.96 = 0.0391

Note: Since this observation is only two days old, it has the second highest weight 
assigned out of the 100 total observations in the estimation window.

Example: Calculating VaR using the hybrid approach

Using the information in Figure 7, calculate the initial VaR at the 5th percentile using the 
hybrid approach.

Answer:

The lowest and second lowest returns have cumulative weights of 3.91% and 7.36%, 
respectively. Therefore, we must interpolate to obtain the 5% VaR percentile. The point 
halfway between the two lowest returns is interpolated as -4.40% [(—4.70% + —4.10%)
/ 2] with a cumulative weight of 5.635% calculated as follows: (7.36% + 3.91%) / 2. 
Further interpolation is required to find the 5th percentile VaR level somewhere between 
-4.70% and -4.40%.

For the initial period represented in Figure 7, the 5% VaR using the hybrid approach is 
calculated as:

4.7% -  (4.70% -  4.40%) [(0.05 -  0.03910) / (0.05635 -  0.03910)]
= 4.70% -  0.3%(0.63188) = 4.510%
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Example: Calculating revised VaR

Assume that over the next 20 days there are no extreme losses. Therefore, the six lowest 
returns will be the same returns in 20 days, as illustrated in Figure 8. Notice that the 
weights are less for these observations because they are now further away. Calculate the 
revised VaR at the 5th percentile using the information in Figure 8.

Figure 8: Hybrid Example Illustrating Six Lowest Return After 20 Days 
(where K = 100 and X = 0.96)

Rank Six Lowest 
Returns

Number o f  
Past Periods H ybrid Weight

Hybrid
Cumulative

Weight*
1 M.70% 22 0.0173 0.0173
2 -4.10% 25 0.0153 0.0325
3 -3.70% 75 0.0020 0.0345
4 -3.60% 45 0.0068 0.0413
5 -3.40% 34 0.0106 0.0519
6 -3.20% 27 0.0141 0.0659

*Cumulative weights are slightly affected by rounding error.

Answer:

The 5th percentile for calculating VaR is somewhere between -3.6% and -3.4%. The 
point halfway between these points is interpolated as -3.5% with a cumulative weight of 
4.66% [(4.13% + 5.19%) / 2], The 5% VaR using the hybrid approach is calculated as:

3.5% -  (3.5% -  3.4%) [(0.05 -  0.0466) / (0.0519 -  0.0466)]
= 3.5% -  0.1%(0.6415) = 3.436%

M ultivariate Density Estimation (MDE)

Under the MDE model, conditional volatility for each market state or regime is calculated 
as follows:

° t  =XMxt-i)rt-i
i=l

where:
x(_; = the vector of relevant variables describing the market state or regime at time

t -  i
u(xt_i) = the weight used on observation t -  i, as a function of the “distance” of the state 

xt_i from the current state xt

The kernel function, to(xt i), is used to measure the relative weight in terms of “near” or 
“distant” from the current state. The MDE model is very flexible in identifying dependence 
on state variables. Some examples of relevant state variables in an MDE model are interest
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rate volatility dependent on the level of interest rates or the term structure of interest rates, 
equity volatility dependent on implied volatility, and exchange rate volatility dependent on 
interest rate spreads.

Return Aggregation

Topic 49
Cross Reference to GARP Assigned Reading — Allen et al., Chapter 2

LO 49.8: Explain the process of return aggregation in the context o f volatility 
forecasting methods.

When a portfolio is comprised of more than one position using the RiskMetrics® or 
historical standard deviation approaches, a single VaR measurement can be estimated by 
assuming asset returns are all normally distributed. The covariance matrix of asset returns 
is used to calculate portfolio volatility and VaR. The delta-normal method requires the 
calculation of A  variances and [N x (N — 1)] / 2 covariances for a portfolio of Appositions. 
The model is subject to estimation error due to the large number of calculations. In 
addition, some markets are more highly correlated in a downward market, and in such 
cases, VaR is underestimated.

The historical simulation approach requires an additional step that aggregates each period’s 
historical returns weighted according to the relative size of each position. The weights are 
based on the market value of the portfolio positions today, regardless of the actual allocation 
of positions K  days ago in the estimation window. A major advantage of this approach 
compared to the delta-normal approach is that no parameter estimates are required. 
Therefore, the model is not subject to estimation error related to correlations and the 
problem of higher correlations in downward markets.

A third approach to calculating VaR estimates the volatility of the vector of aggregated 
returns and assumes normality based on the strong law of large numbers. The strong law of 
large numbers states that an average of a very large number of random variables will end up 
converging to a normal random variable. However, this approach can only be used in a 
well-diversified portfolio.

Implied Volatility

LO 49.9: Describe implied volatility as a predictor o f future volatility and its 
shortcomings.

Estimating future volatility using historical data requires time to adjust to current changes 
in the market. An alternative method for estimating future volatility is implied volatility. 
The Black-Scholes-Merton model is used to infer an implied volatility from equity option 
prices. Using the most liquid at-the-money put and call options, an average implied 
volatility is extrapolated using the Black-Scholes-Merton model.

A big advantage of implied volatility is the forward-looking predictive nature of the model. 
Forecast models based on historical data require time to adjust to market events. The 
implied volatility model reacts immediately to changing market conditions.
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The implied volatility model does, however, exhibit some disadvantages. The biggest 
disadvantage is that implied volatility is model dependent. A major assumption of the 
model is that asset returns follow a continuous time lognormal diffusion process. The 
volatility parameter is assumed to be constant from the present time to the contract 
maturity date. However, implied volatility varies through time; therefore, the Black-Scholes- 
Merton model is misspecified. Options are traded on the volatility of the underlying asset 
with what is known as “vol” terms. In addition, at a given point in time, options with the 
same underlying assets may be trading at different vols. Empirical results suggest implied 
volatility is on average greater than realized volatility. In addition to this upward bias in 
implied volatility, there is the problem that available data is limited to only a few assets and 
market factors.

M ean Reversion and Long Time Horizons

Topic 49
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 2

LO 49.10: Explain long horizon volatility/VaR and the process o f mean reversion 
according to an AR(1) model.

To demonstrate mean reversion, consider a time series model with one lagged variable:

X - a + b x  Xj_j

This type of regression, with a lag of its own variable, is known as an autoregressive (AR) 
model. In this case, since there is only one lag, it is referred to as an AR(1) model. The long- 
run mean of this model is evaluated as [a / (1 — b)]. The key parameter in this long-run 
mean equation is b. Notice that if b = 1, the long-run mean is infinite (i.e., the process is a 
random walk). If b, however, is less than 1, then the process is mean reverting (i.e., the time 
series will trend toward its long-run mean). In the context of risk management, it is helpful 
to evaluate the impact of mean revision on variance.

Note that the single-period conditional variance of the rate of change is cr2 and that the 
2-period variance is (1 + b2)cr2. If b = 1, the typical variance would occur as this represents 
a random walk. If b < 1, the process is mean reverting. Understanding the impact of mean 
reversion is especially important in the context of arbitrage and other trading strategies. For 
example, a convergence trade assumes explicitly that the spread between a long and short 
position is mean reverting. If mean reversion exists, the long horizon risk (and the resulting 
VaR calculation) is smaller than the square root of volatility.

Professor’s Note: R emember that VaR can be extended to a longer-term  basis by 
m ultiplying VaR by the square root o f  the num ber o f  days. For example, to convert 
daily VaR to weekly VaR, multiply the daily VaR by the square root o f  5.
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Backtesting M ethodologies

Backtesting is the process of comparing losses predicted by the value at risk (VaR) model 
to those actually experienced over the sample testing period. If a model were completely 
accurate, we would expect VaR to be exceeded (this is called an exception) with the same 
frequency predicted by the confidence level used in the VaR model. In other words, the 
probability of observing a loss amount greater than VaR is equal to the significance level 
(x%). This value is also obtained by calculating one minus the confidence level.

For example, if a VaR of $10 million is calculated at a 95% confidence level, we expect to 
have exceptions (losses exceeding $10 million) 5% of the time. If exceptions are occurring 
with greater frequency, we may be underestimating the actual risk. If exceptions are 
occurring less frequently, we may be overestimating risk.

There are three desirable attributes of VaR estimates that can be evaluated when using 
a backtesting approach. The first desirable attribute is that the VaR estimate should be 
unbiased. To test this property, we use an indicator variable to record the number of times 
an exception occurs during a sample period. For each sample return, this indicator variable 
is recorded as 1 for an exception or 0 for a non-exception. The average of all indicator 
variables over the sample period should equal x% (i.e., the significance level) for the VaR 
estimate to be unbiased.

A second desirable attribute is that the VaR estimate is adaptable. For example, if a large 
return increases the size of the tail of the return distribution, the VaR amount should also 
be increased. Given a large loss amount, VaR must be adjusted so that the probability of the 
next large loss amount again equals x%. This suggests that the indicator variables, discussed 
previously, should be independent of each other. It is necessary that the VaR estimate 
account for new information in the face of increasing volatility.

A third desirable attribute, which is closely related to the first two attributes, is for the 
VaR estimate to be robust. A strong VaR estimate produces only a small deviation between 
the number of expected exceptions during the sample period and the actual number of 
exceptions. This attribute is measured by examining the statistical significance of the 
autocorrelation of extreme events over the backtesting period. A statistically significant 
autocorrelation would indicate a less reliable VaR measure.

By examining historical return data, we can gain some clarity regarding which VaR method 
actually produces a more reliable estimate in practice. In general, VaR approaches that 
are nonparametric (e.g., historical simulation and the hybrid approach) do a better job at 
producing VaR amounts that mimic actual observations when compared to parametric 
methods such as an exponential smoothing approach (e.g., GARCFF). The likely reason for 
this performance difference is that nonparametric approaches can more easily account for 
the presence of fat tails in a return distribution. Note that higher levels of X (the exponential 
weighing parameter) in the hybrid approach will perform better than lower levels of X. 
Finally, when testing the autocorrelation of tail events, we find that the hybrid approach 
performs better than exponential smoothing approaches. In other words, the hybrid 
approach tends to reject the null hypothesis that autocorrelation is equal to zero few e r  times 
than exponential smoothing approaches.
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K ey C oncepts

LO 49.1

Three common deviations from normality that are problematic in modeling risk result from 
asset returns that are fat-tailed, skewed, or unstable. Fat-tailed refers to a distribution with a 
higher probability of observations occurring in the tails relative to the normal distribution. 
A distribution is skewed when the distribution is not symmetrical and there is a higher 
probability of outliers. Parameters of the model that vary over time are said to be unstable.

LO 49.2

The phenomenon of “fat tails” is most likely the result of the volatility and/or the mean of 
the distribution changing over time.

LO 49.3

If the mean and standard deviation are the same for asset returns for any given day, the 
distribution of returns is referred to as an unconditional distribution of asset returns. 
However, different market or economic conditions may cause the mean and variance of the 
return distribution to change over time. In such cases, the return distribution is referred to 
as a conditional distribution.

LO 49.4

A regime-switching volatility model assumes different market regimes exist with high or low 
volatility. The probability of large deviations from normality (such as fat tails) occurring 
are much less likely under the regime-switching model because it captures the conditional 
normality.

LO 49.5

Historical-based approaches of measuring VaR typically fall into three sub-categories:
parametric, nonparametric, and hybrid.

• The parametric approach typically assumes asset returns are normally or lognormally 
distributed with time-varying volatility (i.e., historical standard deviation or exponential 
smoothing).

• The nonparametric approach is less restrictive in that there are no underlying 
assumptions of the asset returns distribution (i.e., historical simulation).

• The hybrid approach combines techniques of both parametric and nonparametric 
methods to estimate volatility using historical data.

LO 49.6

A major difference between the historical standard deviation approach and the two 
exponential smoothing approaches is with respect to the weights placed on historical 
returns. Exponential smoothing approaches give more weight to recent returns, and the 
historical standard deviation approach weights all returns equally.
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LO 49.7

The RiskMetrics® and GARCH approaches are both exponential smoothing weighting 
methods. RiskMetrics® is actually a special case of the GARCH approach. Exponential 
smoothing methods are similar to the historical standard deviation approach because they 
are parametric, attempt to estimate conditional volatility, use recent historical data, and 
apply a set of weights to past squared returns.

LO 49.8

When a portfolio is comprised of more than one position using the RiskMetrics® or 
historical standard deviation approaches, a single VaR measurement can be estimated by 
assuming asset returns are all normally distributed. The historical simulation approach for 
calculating VaR for multiple portfolios aggregates each period’s historical returns weighted 
according to the relative size of each position. The weights are based on the market value 
of the portfolio positions today, regardless of the actual allocation of positions K days ago 
in the estimation window. A third approach to calculating VaR for portfolios with multiple 
positions estimates the volatility of the vector of aggregated returns and assumes normality 
based on the strong law of large numbers.

LO 49.9

The implied-volatility-based approach for measuring VaR uses derivative pricing models 
such as the Black-Scholes-Merton option pricing model to estimate an implied volatility 
based on current market data rather than historical data.

LO 49.10

Under the context of mean reversion, the single-period conditional variance of the rate of 
change is cr2, and the 2-period variance is (1 + b2)cr2. If b < 1, the process is mean reverting. 
If mean reversion exists, the long horizon risk (and the resulting VaR) is smaller than the 
square root of volatility.
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C oncept  C heckers

1. Fat-tailed asset return distributions are most likely the result of time-varying:
A. volatility for the unconditional distribution.
B. means for the unconditional distribution.
C. volatility for the conditional distribution.
D. means for the conditional distribution.

2. The problem of fat tails when measuring volatility is least likely:
A. in a regime-switching model.
B. in an unconditional distribution.
C. in a historical standard deviation model.
D. in an exponential smoothing model.

3. Which of the following is not a disadvantage of nonparametric methods compared 
to parametric methods?
A. Data is used more efficiently with parametric methods than nonparametric 

methods.
B. Identifying market regimes and conditional volatility increases the amount of 

usable data as well as the estimation error for historical simulations.
C. MDE may lead to data snooping or over-fitting in identifying required 

assumptions regarding an appropriate kernal function.
D. MDE requires a large amount of data that is directly related to the number of 

conditioning variables used in the model.

4. The lowest six returns for a portfolio are shown in the following table.

Six lowest returns w ith  hybrid  w eightings

Six Lowest 
Returns

H ybrid
Weight

Hybrid
Cumulative

Weight
1 -4.10% 0.0125 0.0125
2 -3.80% 0.0118 0.0243
3 -3.50% 0.0077 0.0320
4 -3.20% 0.0098 0.0418
5 -3.10% 0.0062 0.0481
6 -2.90% 0.0027 0.0508

What will the 5% VaR be under the hybrid approach? Assume each observation is a 
random event with 50% to the left and 50% to the right of each observation.
A. -3.10%.
B. -3.04%.
C. -2.96%.
D. -2.90%.
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Which of the following statements is an advantage of the implied volatility method 
in estimating future volatility? The implied volatility:
A. model reacts immediately to changing market conditions.
B. model is not model dependent.
C. is constant through time.
D. is biased upward and is therefore more conservative.

Topic 49
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C oncept  C h ecker  A n sw ers

1. A The most likely explanation for “fat tails” is that the second moment or volatility is time-
varying for the unconditional distribution. For example, this explanation is much more likely 
given observed changes in volatility in interest rates prior to a much anticipated Federal 
Reserve announcement. Examining a data sample at different points of time from the full 
sample could generate fat tails in the unconditional distribution, even if the conditional 
distributions are normally distributed.

2. A The regime-switching model captures the conditional normality and may resolve the fat
tailed problem and other deviations from normality. A regime-switching model allows 
for conditional means and volatility. Thus, the conditional distribution can be normally 
distributed even if the unconditional distribution is not.

3. B The use of market regimes and identifying conditional means and volatility actually
reduces—not increases—the amount of data from the full sample. The full sample of data 
is split into subgroups used to estimate conditional volatility. Therefore, the amount of data 
available for estimating future volatility is significantly reduced.

4. C The fifth and sixth lowest returns have cumulative weights of 4.81% and 5.08%, respectively.
The point halfway between these two returns is interpolated as —3.00% with a cumulative 
weight of 4.945%, calculated as follows: (4.81% + 5.08%) / 2. Further interpolation is 
required to find the 5th percentile VaR level with a return somewhere between —3.00% and 
-2.90%. The 5% VaR using the hybrid approach is calculated as:

3.00% -  (3.00% -  2.90%)[(0.05 -  0.04945) / (0.0508 -  0.04945)]
= 3.00% -  0.10%(0.0005 / 0.00135) = 2.96%

Notice that the answer has to be between —2.90% and —3.00%, so —2.96% is the only 
possible answer.

5. A The only advantage listed is that the implied volatility model reacts immediately to changing
market conditions. Forecast models based on historical data require time to adjust to market 
events. Disadvantages include the following: (1) implied volatility is model dependent;
(2) a major assumption of the model is that asset returns follow a continuous time lognormal 
diffusion process and are assumed to be constant but that implied volatility varies through 
time; and (3) implied volatility is biased upward.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Putting VaR to W ork

Topic 50

Exam Focus

Derivatives and portfolios containing derivatives and other assets create challenges for risk 
managers in measuring value at risk (VaR). In this topic, risk measurement approaches 
are discussed for linear and non-linear derivatives. The advantages and disadvantages and 
underlying assumptions of the various approaches are presented. In addition, Taylor Series 
approximation is addressed, with examples of applying this theory to VaR approaches.
Finally, structured Monte Carlo (SMC), stress testing, and worst case scenario (WSC) 
analysis are presented as useful methods in extending VaR techniques to more appropriately 
measure risk for complex derivatives and scenarios.

Linear vs. Non-Linear Derivatives

LO 50.1: Explain and give examples of linear and non-linear derivatives.

A derivative is described as linear when the relationship between an underlying factor and 
the derivative is linear in nature. For example, an equity index futures contract is a linear 
derivative, while an option on the same index is non-linear. The delta for a linear derivative 
must be constant for all levels of the underlying factor, but not necessarily equal to one.

For example, the rate on a foreign currency forward contract is defined as:

Ft,T =  Si II +  R d V ^  +  R f )

Where F  T is the forward rate at time t for the period T-t, St is the spot exchange rate, is 
the domestic interest rate, and is the foreign interest rate. The value at risk (VaR) of the 
forward is related to the spot rate, St, and the foreign and domestic interest rates. Assuming 
fixed interest rates for very short time intervals, we can approximate the forward rate, Ft T, 
with the interest rate differential as a constant K that is not a function of time as follows:

Ft>T = St(l + Rd)/(1 + RF) «  KSt

Furthermore, the continuously compounded return on the foreign forward contract, 
Aftt+y, is approximately equal to the return on the spot rate, A j(t+1. This can be shown 
mathematically where the In of the constant K  is very close to zero and the approximate 
relationship is simplified as follows:

- ln<s..i/s.>+ ln<AK)« ln(s» A>
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Changes in exchange rates can therefore be approximated by changes in spot rates. The VaR 
of a spot position is approximately equal to a forward position exchange rate if the only 
relevant underlying factor is the exchange rate. As this illustrates, many derivatives that are 
referred to as linear are actually only approximately linear. If we account for the changes 
in the two interest rates, the actual relationship would be nonlinear. Thus, the notion of 
linearity or nonlinearity is a function of the definition of the underlying risk factor.

The value of a nonlinear derivative is a function of the change in the value of the underlying 
asset and is dependent on the state of the underlying asset. A call option is a good example 
of a nonlinear derivative. The value of the call option does not increase (decrease) at a 
constant rate when the underlying asset increases (decreases) in value.

The change in the value of the call option is dependent in part on how far away the 
market value of the stock is from the exercise price. Thus, the relationship of the stock 
to the exercise price, S/X, captures the distance the option is from being in-the-money. 
Figure 1 illustrates how the value of the call option does not change at a constant rate 
with the change in the value of the underlying asset. The curved line represents the 
actual change in value of the call option based on the Black-Scholes-Merton model. The 
tangent line at any point on the curve illustrates how this is not a linear change in value. 
Furthermore, the slope of the line increases as the stock price increases. The percentage 
change in the call value given a change in the underlying stock price will be different for 
different stock price levels.

Topic 50
Cross Reference to GARP Assigned Reading — Allen et al., Chapter 3

Figure 1: Call Option Value Given Underlying Stock Price
Call Value
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LO 50.2: Describe and calculate VaR for linear derivatives.

In general, the VaR of a long position in a linear derivative is VaRp = AVaRf , where 
VaRf is the VaR of the underlying factor and the derivative’s delta, A , is the sensitivity of 
the derivative’s price to changes in the underlying factor. Delta is assumed to be positive 
because were modeling a long position. The local delta is defined as the percentage change 
in the derivative’s price for a 1% change in the underlying asset. For small changes in the 
underlying price of the asset the change in price of the derivative can be extrapolated based 
on the local delta.

Example: Futures contract VaR

Determine how a risk manager could estimate the VaR of an equity index futures 
contract. Assume a 1-point increase in the index increases the value of a long position in 
the contract by $500.

Answer:

This relationship is shown mathematically as: F = $500St, where F  is the futures contract 
and S is the underlying index. The VaR of the futures contract is calculated as the amount 
of the index point movement in the underlying index, S , times the multiple, $500 as 
follows: VaR(Ft) = $500VaR(St).

Taylor A pproximation

LO 50.3: Describe the delta-normal approach to calculating VaR for non-linear 
derivatives.

LO 50.4: Describe the limitations of the delta-normal method.

Suppose we create a table that shows the relationship of the call value to the stock price. The 
original stock price and call option value are $11.00 and $1.41, respectively. The Black- 
Scholes-Merton model is used to calculate the call value for different stock prices. Figure 2 
summarizes some of the points.

Figure 2: Change in Call Value Given a Change in Stock Price (numbers reflect small
rounding error)

Stock Price, S $7.00 $8.00 $9.00 $10.00 $10.89 $11.00

Value of Call, C $0.00 $0.05 $0.23 $0.69 $1.32 $1.41

Percentage Decrease in S —36.36% -27.27% -18.18% -9.09% -1.00%

Percentage Decrease in C -100.00% -96.76% -83.31% -51.06% -6.35%

Delta (AC% / AS%) 2.74 3.55 4.58 5.62 6.35
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The delta is calculated in Figure 2 by dividing the percentage change in the call value by the 
percentage change in the stock price (delta = AC% / AS%). The local delta is the slope of 
the line at any point of the nonlinear relationship for a 1% change in the stock price. The 
local delta can be used to estimate the change in the value of the call option given a small 
change in the value of the stock price.

Topic 50
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 3

Example: Call option VaR

Suppose a 6-month call option with a strike price, X, of $10 is currently trading for $1.41, 
when the market price of the underlying stock is $11. A 1% decrease in the stock price to 
$10.89 results in a 6.35% decrease in the call option with a value of $1.32. If the annual 
volatility of the stock is a  = 0.1975 and the risk-free rate of return is 5%, calculate the 
one day 5% VaR for this call option.

Answer:

The daily volatility is approximately equal to 1.25% (0.1975 / \/250 ). The 5% VaR for the 
stock price is equivalent to a one standard deviation move, or 1.65 for the normal curve. 
Assuming a random walk or 0 mean daily return, the 5% VaR of the underlying stock is 
0 -  1.25%(1.65) = -2.06%. A 1% change in the stock price results in a 6.35% change in 
the call option value, therefore, the delta = 0.0635/0.01 = 6.35. For small moves, delta 
can be used to estimate the change in the derivative given the VaR for the underlying asset 
as follows: VaRcal| = AVaRstock = 6.35(2.06%) = 0.1308 or 13.1%. In words, the 5% VaR 
implies there is a 5% probability that the call option value will decline by 13.1% or more. 
Note this estimate is only an approximation for small changes in the underlying stock.
The precise change can be calculated using the Black-Scholes-Merton model.

Figure 3 illustrates that the slope of the line is only useful in estimating the call value with 
small changes in the underlying stock value. The gap between the tangency line representing 
the delta or slope of the line at the tangency point widens the further away the estimate is 
from the point of tangency. The first derivative of a function tells us the slope of the line 
at any given point. The second derivative tells us the rate of change. This information is 
summarized mathematically in the Taylor Series approximation of the function f(x) as 
follows:

f(x) «  f(x0) + f '(x 0) ( x - x 0) + ^-f"(x0) ( x - x 0)2

The Taylor Series states that the change in value of any function can be expressed by 
adjusting the original function value, f  (xQ) plus the slope of the line, f ' (xQ), times the 
change in the x variable plus the rate of the change measured by the last term above. The 
last term captures the convexity or curvature. This is still an approximation, but it is much 
closer than the linear estimation.
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Figure 3: Call Option Example of Measurement Error Resulting from Convexity
Call Value

As we will discuss in Topic 57, the price-yield (P-Y) curve depicts the change in the 
value of a bond as market rates of interest change. This is another example of a nonlinear 
relationship. Figure 4 illustrates the P-Y curve for a 20-year treasury bond with no 
embedded options. The straight line represents the duration of the bond. Duration is a 
linear estimation of the change in bond price given a change in interest rates and is only 
good for very small changes. Conversely, for large changes in interest rates, the gap between 
the P-Y curve and the tangent line represents the estimation error. Measuring the convexity 
in addition to the duration of the bond gives a much better approximation of the change 
in bond price for a given change in market rates. The use of duration and convexity to 
estimate bond prices as interest rates change is similar to the use of the delta and of the 
gamma approximation of the impact of fluctuations in the underlying factor on the value 
of an option. Both approximations are based on the Taylor Series that uses first and second 
derivatives of a known pricing model.
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Figure 4: Measurement Error Resulting from Convexity in Bond Pricing
Bond Price

Consider a bond that is callable. The price-yield curve in Figure 5 illustrates that the call 
feature causes the P-Y curve to become concave as market interest rates approach the level 
where the bond will be called. Thus, the Taylor approximation is not useful because the 
callable bond is not a “well-behaved” function. In other words, the embedded call option 
causes the P-Y curve to deviate from the quadratic function that can be approximated by a 
polynomial of order two using the Taylor series.

Another example of a security with an embedded option are mortgage-backed securities 
(MBS). Borrowers will prepay loans early with significant drops in market interest rates. 
This causes the MBS to act similar to a bond that is called in. Unpredictable changes in 
duration due to early payoffs of MBS make the securities difficult to price and hedge.
A convexity adjustment alone is not sufficient to estimate the change in the underlying 
security’s value based on changes in market rates. The function explaining the relationship 
between the MBS value and market rates of interest does not behave similar at low and high 
levels of interest rates.

Figure 5: Price-Yield Curves for Callable and Noncallable Bonds
Price
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The Delta-Normal and Full Revaluation M ethods

LO 50.5: Explain the full revaluation method for computing VaR.

LO 50.6: Compare delta-normal and full revaluation approaches for computing 
VaR.

Both the delta-normal and full revaluation methods measure the risk of nonlinear securities. 
The full revaluation approach calculates the VaR of the derivative by valuing the derivative 
based on the underlying value of the index after the decline corresponding to an x% VaR 
of the index. This approach is accurate, but can be highly computational. The revaluation 
of portfolios that include more complex derivatives (i.e., mortgage backed securities, or 
options with embedded features) are not easily calculated due to the large number of 
possible scenarios.

The delta-normal approach calculates the risk using the delta approximation 
(VaRp = AVaR^, which is linear or the delta-gamma approximation,

f(x) = f(x0) + f '(x 0) ( x - x 0) + ^ f" (x 0) ( x - x 0)2> which adj usts for the curvature of the

underlying relationship. This approach simplifies the calculation of more complex securities 
by approximating the changes based on linear relationships (delta).

The M onte Carlo A pproach

LO 50.7: Explain structural Monte Carlo, stress testing and scenario analysis 
methods for computing VaR, identifying strengths and weaknesses o f each 
approach.

LO 50.8: Describe the implications o f correlation breakdown for scenario analysis.

The structured Monte Carlo (SMC) approach simulates thousands of valuation outcomes 
for the underlying assets based on the assumption of normality. The VaR for the portfolio 
of derivatives is then calculated from the simulated outcomes. The general equation assumes 
the underlying asset has normally distributed returns with a mean of p and a standard 
deviation of cr. An example of a simulation equation is as follows:

St+l.i = Ŝ +CTXZ

where s j ■ is the simulated value for a continuously compounded return, based on a 
random draw, z , from a normal distribution with the given first and second moments. 
Therefore, the draws from the normal distribution are denoted by Zj, z2, zy ... zN, and the N  
scenarios are p + crzp p + oz2, p + oxy  ..., p + crzN. The N  outcomes are then ordered and 
the (1 -  x/100) x Nth value is the x% value.

An advantage of the SMC approach is that it is able to address multiple risk factors by 
assuming an underlying distribution and modeling the correlations among the risk factors. 
For example, a risk manager can simulate 10,000 outcomes and then determine the

©2014 Kaplan, Inc. Page 51



probability of a specific event occurring. In order to run the simulations, the risk manager 
just needs to provide parameters for the mean and standard deviation and assume all 
possible outcomes are normally distributed.

A disadvantage of the SMC approach is that in some cases it may not produce an accurate 
forecast of future volatility and increasing the number of simulations will not improve the 
forecast.

Topic 50
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 3

Example: SMC approach

Suppose a risk manager requires a VaR measurement of a long straddle position. 
D emonstrate how a SMC approach will be implemented to estimate the VaR for a long 
straddle position.

Answer:

The straddle represents a portfolio of a long call and long put that anticipates a large 
movement up or down in the underlying stock. The typical VaR measurement would 
require an estimate of the underlying stock moving more than one standard deviation. 
However, in a straddle position, the VaR occurs when the stock does not move in price 
or only moves a small amount. The SMC approach simulates thousands of possible 
movements in the underlying stock and then uses those outcomes to estimate the VaR for 
the straddle position.

C orrelations D uring Crisis

The key point here is that in times of crisis, correlations increase (some substantially) and 
strategies that rely on low correlations fall apart in those times. Certain economic or crisis 
events can cause diversification benefits to deteriorate in times when the benefits are most 
needed. A contagion effect occurs with a rise in volatility and correlation causing a different 
return generating process. Some specific examples of events leading to the breakdown of 
historical correlation matrices are the Asian crisis, the U.S. stock market crash of October 
1987, the events surrounding the failure of Long-Term Capital Management (LTCM), and 
the recent global credit crisis.

A simulation using the SMC approach is not capable of predicting scenarios during times of 
crisis if the covariance matrix was estimated during normal times. Unfortunately, increasing 
the number of simulations does not improve predictability in any way.

For example, the probability of a four or more standard deviation event occurring based 
on the normal curve is 6.4 out of 100,000 times. However, suppose the number of times 
the daily return for the equity index is four or more standard deviations based on historical 
returns is approximately 500 out of 100,000 times. Based on the historical data a four or 
more standard deviation event is expected to occur once every 0.8 years, not once every 62 
years implied by the normal curve.

Page 52 ©2014 Kaplan, Inc.



Stress Testing

Topic 50
Cross Reference to GARP Assigned Reading -  Allen et al., Chapter 3

During times of crisis, a contagion effect often occurs where volatility and correlations both 
increase, thus mitigating any diversification benefits. S tressin g  the correlation is a method 
used to model the contagion effect that could occur in a crisis event.

One approach for stress testing is to ex am in e h is to r ica l cris is  events, such as the Asian 
crisis, October 1987 market crash, etc. After the crisis is identified, the impact on the 
current portfolio is determined. The a d va n ta g e  of this approach is that no assumptions 
of underlying asset returns or normality are needed. The biggest d isa d va n ta g e  of using 
historical events for stress testing is that it is limited to only evaluating events that have 
actually occurred.

The historical simulation approach does not limit the analysis to specific events. Under this 
approach, the entire data sample is used to identify “extreme stress” situations for different 
asset classes. For example, certain historical events may impact the stock market more than 
the bond market. The objective is to identify the five to ten worst weeks for specific asset 
classes and then evaluate the impact on today’s portfolio. The a d va n ta g e  of this approach 
is that it may identify a crisis event that was previously overlooked for a specific asset class. 
The focus is on identifying extreme changes in valuation instead of extreme movements in 
underlying risk factors. The d isa d va n ta g e  of the historical simulation approach is that it is 
still limited to actual historical data.

An alternative approach is to analyze different predetermined stress s cena rio s . For example, 
a financial institution could evaluate a 200bp increase in short-term rates, an extreme 
inversion of the yield curve or an increase in volatility for the stock market. As in the 
previous method, the next step is then to evaluate the effect of the stress scenarios on the 
current portfolio.

An a d va n ta g e  to scenario analysis is that it is not limited to the evaluation of risks that 
have occurred historically. It can be used to address any possible scenarios. A d isa d va n ta g e  
of the stress scenario approach is that the risk measure is deceptive for various reasons. For 
example, a shift in the domestic yield curve could cause estimation errors by overstating 
the risk for a long and short position and understating the risk for a long-only position. 
Asset-class-specific risk is another disadvantage of the stress scenario approach. For example, 
emerging market debt, mortgage-backed securities, and bonds with embedded options all 
have unique asset class specific features such that interest rate risk only explains a portion 
of total risk. Addressing asset class risks is even more crucial for financial institutions 
specializing in certain products or asset classes.

W orst Case Scenario M easure

LO 50.9: Describe worst-case scenario (WCS) analysis and compare WCS to VaR.

The worst case scenario (WCS) assumes that an unfavorable event will occur with certainty. 
The focus is on the distribution of worst possible outcomes given an unfavorable event.
An expected loss is then determined from this worst case distribution analysis. Thus, the 
WCS information extends the VaR analysis by estimating the extent of the loss given an 
unfavorable event occurs.

©2014 Kaplan, Inc. Page 53



Topic 50
Cross Reference to GARP Assigned Reading — Allen et al., Chapter 3

In other words, the tail of the original return distribution is more thoroughly examined 
with another distribution that includes only probable extreme events. For example, within 
the lowest 5% of returns, another distribution can be formed with just those returns and a 
1 % WCS return can then be determined. Recall that VaR provides a value of the minimum 
loss for a given percentage, but says nothing about the severity of the losses in the tail. WCS 
analysis attempts to complement the VaR measure with analysis of returns in the tail.

Example: WCS approach

Suppose a risk manager simulates the data in Figure 6 using 10,000 random vectors 
for time horizons, H, of 20 and 100 periods. Demonstrate how a risk manager would 
interpret results for the 1% VaR and 1% WCS for a 100 period horizon.

Figure 6: Simulated Worst Case Scenario (WCS) Distribution

Time Horizon = H II H= 100

Expected number of Z; < —2.33 0.40 1.00

Expected number of Z; < —1.65 1.00 4.00

Expected WCS -1.92 -2.74

WCS 1 percentile -3.34 -3.85

WCS 5 percentile -2.69 -3.17

Answer:

Based on the simulation results in Figure 6, the 1 % VaR assuming normality corresponds 
to -2 .33 and over the next 100 trading periods a return worse than -2.33 is expected 
to occur one time. The 1% worst case scenario, denoted in this example by Z  is —3.85. 
Thus, over the next 100 trading periods a return worse than —2.33 is expected to occur 
one time. More importantly, the size of that return is expected to be —2.74, with a 1% 
probability that the return will be —3.85 or lower.
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K ey C oncepts

LO 50.1

A derivative is described as linear when the relationship between an underlying factor and 
the derivative’s value is linear in nature (e.g., a forward currency contract). A nonlinear 
derivative’s value is a function of the change in the value of the underlying asset and is 
dependent on the state of the underlying asset (e.g., a call option).

LO 50.2

In general, the VaR of a linear derivative is VaRp = AVaRf, where the derivative’s local delta, 
A, is the sensitivity of the derivative’s price to a 1% change in the underlying asset’s value.

LO 50.3

The last term of the following Taylor Series approximation adjusts for the curvature of the 
nonlinear derivative in addition to the slope or delta.

f(x) «  f(x0) + f '(x 0) ( x - x 0) + ^ f" (x 0) ( x - x 0)2

LO 50.4

More complex derivatives such as mortgage backed securities or bonds with embedded 
options do not have “well-behaved” quadratic functions. The curvature of the function 
relating the nonlinear derivative’s value to the underlying factor changes for different levels 
of the underlying factor. Thus, the Taylor Series approximation is not sufficient to capture 
the shift in curvature.

LO 50.5

The full revaluation approach calculates the VaR of the derivative by valuing the derivative 
based on the underlying value of the index after the decline corresponding to an x% VaR of 
the index. This approach is accurate, but can be highly computational.

LO 50.6
The delta-normal approach calculates the risk using the delta approximation 
(VaR = AVaRf) which is linear or the delta-gamma approximation,

P 1 -
f(x) = f(xo) + f ,(x0)(x — x0) + — f ,,(xg)(x — x q ) ; which adjusts for the curvature of the 

underlying relationship.
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LO 50.7

The structured Monte Carlo (SMC) approach simulates thousands of possible movements 
in the underlying asset and then uses those outcomes to estimate the VaR for a portfolio of 
derivatives.

An advantage of the SMC approach is that it is able to address multiple risk factors by 
generating correlated scenarios based on a statistical distribution. A disadvantage of the 
SMC approach is that in some cases it may not produce an accurate forecast of future 
volatility and increasing the number of simulations will not improve the forecast.

LO 50.8

Crisis events cause diversification benefits to deteriorate due to a contagion effect that 
occurs when a rise in volatility and correlation result in a different return generating process 
for the underlying asset. This creates problems when using simulations for scenario analysis 
due to the fact that a simulation using the SMC approach cannot predict scenarios during 
times of crisis if the covariance matrix was estimated during normal times.

LO 50.9

The worst case scenario (WCS) extends VaR risk measurement by estimating the extent of 
the loss given an unfavorable event.
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C oncept C h eckers

1. A call option and a mortgage backed security derivative are good examples of:
A. a linear and nonlinear derivative, respectively.
B. a nonlinear and linear derivative, respectively.
C. linear derivatives.
D. nonlinear derivatives.

2. Which of the following statements is(are) true?
I. A linear derivative’s delta must be constant for all levels of value for the 

underlying factor.
II. A nonlinear derivative’s delta must be constant for all levels of value for the 

underlying factor.
A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.

3. Which of the following statements regarding the Taylor Series approximation is (are) 
true?

I. The second derivative of the function for the relationship between the 
derivative and underlying asset estimates the rate of change in the slope.

II. The Taylor Series approximation can be used to estimate the change in all 
nonlinear derivative values.

A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.

4. Which of the following statements regarding the measurement of risk for non-linear 
derivatives is (are) true?

I. A disadvantage of the delta-normal approach is that it is highly computational. 
II. The full revaluation approach is most appropriate for portfolios containing 

mortgage backed securities or options with embedded features.
A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.

5. Which of the following statements is incorrect? A contagion effect:
A. occurs with a rise in both volatility and correlation.
B. causes a different return generating process in the underlying asset.
C. results from a crisis event.
D. increases diversification benefits.
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C oncept  C h ecker  A n sw ers

1. D A nonlinear derivative s value is a function of the change in the value of the underlying asset
and is dependent on the state of the underlying asset.

2. A The delta of a linear derivative must be constant. The delta, or slope, of a nonlinear
derivative changes for different levels of the underlying factor.

3. A The Taylor Series of order two is represented mathematically as:

f (x)«  f(x0) + f'(x0 )(x -  x0) + i  f '"(x0) (x -  x0 )2

The first derivative tells us the delta, or slope of the line. The second derivative tells us the 
rate of change. The last term including the second derivative captures the convexity or 
curvature. This approximation is only useful for “well-behaved” quadratic functions of order 
two.

4. D Both the delta-normal and full revaluation methods measure the risk of nonlinear securities.
The fu ll revaluation approach calculates the VaR of the derivative by valuing the derivative 
based on the underlying value of the index after the decline corresponding to an x% VaR 
of the index. This approach is accurate, but can be highly computational; therefore, it does 
not work will for portfolios of more complex derivatives such as mortgage-backed securities, 
swaptions, or options with embedded features. The delta-normal approach calculates the 
risk using the delta approximation, which is linear or the delta-gamma approximation, 
which adjusts for the curvature of the underlying relationship. This approach simplifies the 
calculation of more complex securities by approximating the changes.

5. D A contagion effect occurs with a rise in volatility and correlation causing a different return
generating process. Some specific examples of events leading to the breakdown of historical 
correlation matrices causing a contagion effect are the Asian crisis and the U.S. stock market 
crash of October 1987. A contagion effect often occurs where volatility and correlations both 
increase, thus mitigating any diversification benefits.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

M easures of Financial Risk

Topic 51

Exam Focus

The assumption regarding the shape of the underlying return distribution is critical in 
determining an appropriate risk measure. The mean-variance framework can only be 
applied under the assumption of an elliptical distribution such as the normal distribution. 
The value at risk (VaR) measure can calculate risk measures when the return distribution is 
non-elliptical, but the measurement is unreliable and no estimate of the amount of loss is 
provided. Expected shortfall is a more robust risk measure that satisfies all the properties of 
a coherent risk measure with less restrictive assumptions. For the exam, focus your attention 
on the calculation of VaR, properties of coherent risk measures, and the expected shortfall 
methodology.

M ean-Variance Framework

LO 51.1: Describe the mean-variance framework and the efficient frontier.

The traditional mean-variance model estimates the amount of financial risk for portfolios 
in terms of the portfolio’s expected return (i.e., mean) and risk (i.e., standard deviation 
or variance). Under the mean-variance framework, it is necessary to assume that return 
distributions for portfolios are elliptical distributions. The most commonly known elliptical 
probability distribution function is the normal distribution.

The normal distribution is a continuous distribution that illustrates all possible outcomes 
for random variables. Recall that the standard normal distribution has a mean of zero and 
a standard deviation of one. If returns are normally distributed, approximately 66.7% of 
returns will occur within plus or minus one standard deviation of the mean. Approximately 
95% of the observations will occur within plus or minus two standard deviations of the 
mean. Thus, given this type of distribution, returns are more likely to occur closer to the 
mean return.

Portfolio managers are concerned with measuring downside risk and therefore are 
particularly interested in measuring the possibility of outcomes to the left or below 
the expected mean return. If the return distribution is symmetrical (like the normal 
distribution), then the standard deviation is an appropriate measure of risk when 
determining the probability that an undesirable outcome will occur.

If we assume that return distributions for all risky securities are normally distributed, then 
we can choose portfolios based on the expected returns and standard deviations of all 
possible combinations of risky securities. Figure 1 illustrates the concept of the efficient 
frontier.
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In theory, all investors prefer securities or portfolios that lie on the efficient frontier. 
Consider portfolios A, B, and C in Figure 1. If you had to choose between portfolios A 
and C, which one would you prefer and why? Since portfolios A and C have the same 
expected return, a risk-averse investor would choose the portfolio with the least amount of 
risk (which would be Portfolio A). Now if you had to choose between portfolios B and C, 
which one would you choose and why? Because portfolios B and C have the same amount 
of risk, a risk-averse investor would choose the portfolio with the higher expected return 
(which would be Portfolio B). We say that Portfolio B dominates Portfolio C with respect to 
expected return, and that Portfolio A dominates Portfolio C with respect to risk. Likewise, 
all portfolios on the efficient frontier dominate all other portfolios in the investment 
universe of risky assets with respect to either risk, return, or both.

There are an almost unlimited number of combinations of risky assets to the right and 
below the efficient frontier. However, in the absence of a risk-free security, portfolios to 
the left and above the efficient frontier are not possible. Therefore, all investors will choose 
some portfolio on the efficient frontier. If an investor is more risk-averse, she may choose a 
portfolio on the efficient frontier closer to Portfolio A. If an investor is less risk-averse, she 
will choose a portfolio on the efficient frontier closer to Portfolio B.

Topic 51
Cross Reference to GARP Assigned Reading -  Dowd, Chapter 2

Figure 1: The Efficient Frontier

E(R)

Efficient Frontier

--------------------------------------------------------------- Total Risk (o)
If we now assume that there is a risk-free security, then the mean-variance framework is 
extended beyond the efficient frontier. Figure 2 illustrates that the optimal set of portfolios 
now lie on a straight line that runs from the risk-free security through the market portfolio, 
M. All investors will now seek investments by holding some portion of the risk-free security 
and the market portfolio. To achieve points on the line to the right of the market portfolio, 
an investor who is very aggressive will borrow money (at the risk-free rate) and invest in 
more of the market portfolio. More risk-averse investors will hold some combination of the 
risk-free security and the market portfolio to achieve portfolios on the line segment between 
the risk-free security and the market portfolio.
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Figure 2: The Efficient Frontier with the Risk-Free Security

E(R)

Mean-Variance Framework Limitations

LO 51.2: Explain the limitations of the mean-variance framework with respect to 
assumptions about the return distributions.

The use of the standard deviation as a risk measurement is not appropriate for non-normal 
distributions. If the shape of the underlying return density function is not symmetrical, 
then the standard deviation does not capture the appropriate probability of obtaining 
undesirable return outcomes.

Figure 3 illustrates two probability distribution functions. One probability distribution 
function is the normal distribution with a mean of zero. The other probability distribution 
is positively skewed. This positively skewed distribution has the same mean and standard 
deviation as the normal distribution. The degree of skewness alters the entire distribution. 
For the positively skewed distribution, outcomes below the mean are more likely to occur 
closer to the mean. Clearly normality is an important assumption when using the mean- 
variance framework. Thus, the mean-variance framework is unreliable when the assumption 
of normality is not met.

Figure 3: Normal Distribution vs. Positively-Skewed Distribution
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Value at Risk

LO 51.3: Define the Value-at-Risk (VaR) measure o f risk, describe assumptions 
about return distributions and holding period, and explain the limitations o f VaR.

Value at risk (VaR) is interpreted as the worst possible loss under normal conditions over 
a specified period. Another way to define VaR is as an estimate of the maximum loss that 
can occur with a given confidence level. If an analyst says, “for a given month, the VaR 
is $1 million at a 95% level of confidence,” then this translates to mean “under normal 
conditions, in 95% of the months (19 out of 20 months), we expect the fund to either earn 
a profit or lose no more than $1 million.” Analysts may also use other standard confidence 
levels (e.g., 90% and 99%). Recall that delta-normal VaR can be computed using the 
following expression: [p — (z)(cr)].

A major limitation of the VaR measure for risk is that two arbitrary parameters are used in 
the calculation—the confidence level and the holding period. The confidence level indicates 
the likelihood or probability that we will obtain a value greater than or equal to VaR. The 
holding period can be any pre-determined time period measured in days, weeks, months, or 
years.

Figure 4 illustrates VaR parameters for a confidence level of 95% and 99%. As you can 
see, the level of risk is dependent on the degree of confidence chosen. VaR increases when 
the confidence level increases. In addition, VaR will increase at an increasing rate as the 
confidence level increases.

Figure 4: VaR Measurements for a Normal Distribution

The second arbitrary parameter is the holding period. VaR will increase with increases in 
the holding period. The rate at which VaR increases is determined in part by the mean of 
the distribution. If the return distribution has a mean, p, equal to 0, then VaR rises with the 
square root of the holding period (i.e., the square root of time). If the return distribution 
has a p > 0, then VaR rises at a lower rate and will eventually decrease. Thus, the mean of 
the distribution is an important determinant for estimating how VaR changes with changes 
in the holding period.
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VaR estimates are also subject to both model risk and implementation risk. Model risk is 
the risk of errors resulting from incorrect assumptions used in the model. Implementation 
risk is the risk of errors resulting from the implementation of the model.

Another major limitation of the VaR measure is that it does not tell the investor the amount 
or magnitude of the actual loss. VaR only provides the maximum value we can lose for a 
given confidence level. Two different return distributions may have the same VaR, but very 
different risk exposures. A practical example of how this can be a serious problem is when 
a portfolio manager is selling out-of-the-money options. For a majority of the time, the 
options will have a positive return and, therefore, the expected return is positive. However, 
in the unfavorable event that the options expire in-the-money, the resulting loss can be very 
large. Thus, different strategies focusing on lowering VaR can be very misleading since the 
magnitude of the loss is not calculated.

To summarize, VaR measurements work well with elliptical return distributions, such as 
the normal distribution. VaR is also able to calculate the risk for non-normal distributions; 
however, VaR estimates may be unreliable in this case. Limitations in implementing the 
VaR model for determining risk result from the underlying return distribution, arbitrary 
confidence level, arbitrary holding period, and the inability to calculate the magnitude of 
losses. The measure of VaR also violates the coherent risk measure property of subadditivity 
when the return distribution is not elliptical. This property is further explained in the next 
LO.

Coherent Risk  M easures

Topic 51
Cross Reference to GARP Assigned Reading — Dowd, Chapter 2

LO 51.4: Define the properties o f a coherent risk measure and explain the meaning 
of each property. * 1

In order to properly measure risk, one must first clearly define what is meant by a measure 
of risk. If we allow R to be a set of random events and p(R) to be the risk measure for the 
random events, then coherent risk measures should exhibit the following properties:

1. Monotonicity: a portfolio with greater future returns will likely have less risk:
R, > R2, then p(R,) < p(R2)

2. Subadditivity: the risk of a portfolio is at most equal to the risk of the assets within the 
portfolio: p(Rj + R2) < p(Rj) + p(R2)

3. Positive homogeneity: the size of a portfolio, (3, will impact the size of its risk: 
for all (3 > 0, p((3R) = (3p(R)

4. Translation invariance: the risk of a portfolio is dependent on the assets within the 
portfolio: for all constants c, p(c + R) = p(R) -  c

The first, third, and fourth properties are more straightforward properties of well-behaved 
distributions. Monotonicity infers that if a random future value Rj is always greater than a 
random future value R2, then the risk of the return distribution for R} is less than the risk 
of the return distribution for R2. Positive homogeneity suggests that the risk of a position 
is proportional to its size. Positive homogeneity should hold as long as the security is in a
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liquid market. Translation invariance implies that the addition of a sure amount reduces the 
risk at the same rate as the cash needed to make the position acceptable.

Subadditivity is the most important property for a coherent risk measure. The property 
of subadditivity states that a portfolio made up of sub-portfolios will have equal or less 
risk than the sum of the risks of each individual sub-portfolio. This assumes that when 
individual risks are combined, there may be some diversification benefits or, in the worst 
case, no diversification benefits and no greater risk. This implies grouping or adding risks 
does not increase the overall aggregate risk amount.

Topic 51
Cross Reference to GARP Assigned Reading -  Dowd, Chapter 2

Expected Shortfall

LO 51.5: Explain why VaR is not a coherent risk measure.

LO 51.6: Explain and calculate expected shortfall (ES), and compare and contrast 
VaR and ES.

Value at risk is the minimum percent loss, equal to a pre-specified worst case quantile 
return (typically the 5th percentile return). Expected shortfall (ES) is the expected loss 
given that the portfolio return already lies below the pre-specified worst case quantile 
return (i.e., below the 5th percentile return). In other words, expected shortfall is the 
mean percent loss among the returns falling below the ^-quantile. Expected shortfall is also 
known as conditional VaR or expected tail loss (ETL).

For example, assume an investor is interested in knowing the 5% VaR (the 5% VaR is 
equivalent to the 5th percentile return) for a fund. Further, assume the 5th percentile 
return for the fund equals -20%. Therefore, 5% of the time, the fund earns a return less 
than -20%. The value at risk is -20%. However, VaR does not provide good information 
regarding the expected size of the loss if the fund performs in the lower 5% of the possible 
outcomes. That question is answered by the expected shortfall amount, which is the 
expected value of all returns falling below the 5th percentile return (i.e., below -20%). 
Therefore, expected shortfall will equal a larger loss than the VaR. In addition, unlike VaR, 
ES has the ability to satisfy the property of sub additivity.

The ES method provides an estimate of how large of a loss is expected if an unfavorable 
event occurs. VaR did not provide any estimate of the magnitude of losses, only the 
probability that they might occur. The property of subadditivity under the ES framework is 
also beneficial in eliminating another problem for VaR. When adjusting both the holding 
period and confidence level at the same time, an ES surface curve showing the interactions 
of both adjustments is convex. This implies that the ES method is more appropriate than 
the VaR method in solving portfolio optimization problems.

ES is similar to VaR in that both provide a common consistent risk measure across different 
positions. ES can be implemented in determining the probability of losses the same way 
that VaR is implemented as a risk measure, and they both appropriately account for 
correlations.
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However, ES is a more appropriate risk measure than VaR for the following reasons:

• ES satisfies all of the properties of coherent risk measurements including subadditivity.
VaR only satisfies these properties for normal distributions.

• The portfolio risk surface for ES is convex because the property of subadditivity is met.
Thus, ES is more appropriate for solving portfolio optimization problems than the VaR 
method.

• ES gives an estimate of the magnitude of a loss for unfavorable events. VaR provides no 
estimate of how large a loss may be.

• ES has less restrictive assumptions regarding risk/return decision rules.

Topic 51
Cross Reference to GARP Assigned Reading — Dowd, Chapter 2

LO 51.7: Describe spectral risk measures, and explain how VaR and ES are special 
cases of spectral risk measures.

A more general risk measure than either VaR or ES is known as the risk spectrum or risk 
aversion function. The risk spectrum measures the weighted averages of the return quantiles 
from the loss distributions. ES is a special case of this risk spectrum measure. When 
modeling the ES case, the weighting function is set to [1 / (1 — confidence level)] for tail 
losses. All other quantiles will have a weight of zero.

VaR is also a special case of spectral risk measure models. The weighting function with VaR 
assigns a probability of one to the event that the Rvalue equals the level of significance (i.e., 
p = a), and a probability of zero to all other events where p ^ a . Thus, the ES measure 
places equal weights on tail losses while VaR places no weight on tail losses.

In order for a risk measure to be coherent, it must give higher losses at least the same 
weight as lower losses. In the ES case, all losses are given the same weight. This suggests that 
investors are risk-neutral with respect to losses. This is contradictory to the common notion 
that investors are risk-averse. In the VaR case, only the loss associated with a y-value equal 
to a  is given any weight. Greater losses are given no weight at all. This implies that investors 
are risk-seekers. Thus, the ES and VaR measures are inadequate in that the weighting 
function is not consistent with risk aversion.

Scenario Analysis

LO 51.8: Describe how the results o f scenario analysis can be interpreted as 
coherent risk measures.

The results of scenario analysis can be interpreted as coherent risk measures by first 
assigning probabilities to a set of loss outcomes. These losses can be thought of as tail 
drawings of the relevant distribution function. The expected shortfall for the distribution 
can then be computed by finding the arithmetic average of the losses. Therefore, the 
outcomes of scenario analysis must be coherent risk measurements, because ES is a coherent 
risk measurement.

Scenario analysis can also be applied in situations where there are numerous distribution 
functions involved. It can be shown that the ES, the highest ES from a set of comparable 
expected shortfalls based on different distribution functions, and the highest expected 
shortfall from a set of highest losses are all coherent risk measures. For example, assume 
you are considering a set of n loss outcomes out of a family of distribution functions. The
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ES is obtained from each distribution function. If there is a set of m comparable expected 
shortfalls, that each have a different corresponding loss distribution function, then the 
maximum of these expected shortfalls is a coherent risk measure. Thus, in cases where n = 1, 
the ES is the same as the probable maximum loss because there is only one tail loss in each 
scenario. If m equals one, then the highest expected loss from a single scenario analysis is a 
coherent measure. In cases where m is greater than one, the highest expected of m worst case 
outcomes is a coherent risk measure.

Topic 51
Cross Reference to GARP Assigned Reading — Dowd, Chapter 2
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K ey C oncepts

LO 51.1

The traditional mean-variance model estimates the amount of financial risk for portfolios 
in terms of the portfolios expected return (mean) and risk (standard deviation or variance). 
A necessary assumption for this model is that return distributions for the portfolios are 
elliptical distributions.

The efficient frontier is the set of portfolios that dominate all other portfolios in the 
investment universe of risky assets with respect to risk and return. When a risk-free security 
is introduced, the optimal set of portfolios consists of a line from the risk-free security that 
is tangent to the efficient frontier at the market portfolio.

LO 51.2

The mean-variance framework is unreliable when the underlying return distribution is not 
normal or elliptical. The standard deviation is not an accurate measure of risk and does 
not capture the probability of obtaining undesirable return outcomes when the underlying 
return density function is not symmetrical.

LO 51.3

Value at risk (VaR) is a risk measurement that determines the probability of an occurrence 
in the left-hand tail of a return distribution at a given confidence level. VaR is defined as: 
[p- (z)(ct)]. The underlying return distribution, arbitrary choice of confidence levels and 
holding periods, and the inability to calculate the magnitude of losses result in limitations 
in implementing the VaR model when determining risk.

LO 51.4

The properties of a coherent risk measure are:

• Monotonicity: Y > X => p(Y) < p(X)
• Subadditivity: p(X + Y) < p(X) + p(Y)
• Positive homogeneity: p(hx) = hp(X) for h > 0
• Translation invariance: p(X + n) = p(X) -  n

LO 51.5

Subadditivity, the most important property for a coherent risk measure, states that a 
portfolio made up of sub-portfolios will have equal or less risk than the sum of the risks of 
each individual sub-portfolio. VaR violates the property of subadditivity.
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LO 51.6

Expected shortfall is a more accurate risk measure than VaR for the following reasons:

• ES satisfies all the properties of coherent risk measurements including subadditivity.
• The portfolio risk surface for ES is convex since the property of subadditivity is met. 

Thus, ES is more appropriate for solving portfolio optimization problems than the VaR 
method.

• ES gives an estimate of the magnitude of a loss for unfavorable events. VaR provides no 
estimate of how large a loss may be.

• ES has less restrictive assumptions regarding risk/return decision rules.

LO 51.7

ES is a special case of the risk spectrum measure where the weighting function is set to 
1 / (1 — confidence level) for tail losses that all have an equal weight, and all other quantiles 
have a weight of zero. The VaR is a special case where only a single quantile is measured, 
and the weighting function is set to one when /(-value equals the level of significance, and all 
other quantiles have a weight of zero.

LO 51.8

The outcomes of scenario analysis are coherent risk measurements, because expected 
shortfall is a coherent risk measurement. The ES for the distribution can be computed by 
finding the arithmetic average of the losses for various scenario loss outcomes.
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C oncept C h eckers

1. The mean-variance framework is inappropriate for measuring risk when the 
underlying return distribution:
A. is normal.
B. is elliptical.
C. has a kurtosis equal to three.
D. is positively skewed.

2. Assume an investor is very risk-averse and is creating a portfolio based on the mean- 
variance model and the risk-free asset. The investor will most likely choose an 
investment on the:
A. left-hand side of the efficient frontier.
B. right-hand side of the efficient frontier.
C. line segment connecting the risk-free rate to the market portfolio.
D. line segment extending to the right of the market portfolio.

3. p(X + Y) < p(X) + p(Y) is the mathematical equation for which property of a 
coherent risk measure?
A. Monotonicity.
B. Subadditivity.
C. Positive homogeneity.
D. Translation invariance.

4. Which of the following is not a reason that expected shortfall (ES) is a more 
appropriate risk measure than value at risk (VaR)?
A. For normal distributions, only ES satisfies all the properties of coherent risk 

measurements.
B. For non-elliptical distributions, the portfolio risk surface formed by holding 

period and confidence level is more convex for ES.
C. ES gives an estimate of the magnitude of a loss.
D. ES has less restrictive assumptions regarding risk/return decision rules than VaR.

5. If the weighting function in the general risk spectrum measure is set to
1 / (1 -  confidence level) for all tail losses, then the risk spectrum is a special case of:
A. value at risk.
B. mean-variance.
C. expected shortfall.
D. scenario analysis.
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C oncept  C h ecker  A n sw ers

1. D The mean-variance framework is only appropriate when the underlying distribution is
elliptical. The normal distribution is a special case of elliptical distributions where skewness is 
equal to zero and kurtosis is equal to three. If  there is any skewness, the distribution function 
will not be symmetrical, and standard deviation will not be an appropriate risk measure.

2. C  Under the mean-variance framework, when a risk-free security is included in the analysis,
the optimal set of portfolios lies on a straight line that runs from the risk-free security to the 
market portfolio. All investors will hold some portion of the risk-free security and the market 
portfolio. More risk-averse investors will hold some combination of the risk-free security and 
the market portfolio to achieve portfolios on the line segment between the risk-free security 
and the market portfolio.

3. B The property of subadditivity states that a portfolio made up of sub-portfolios will have
equal or less risk than the sum of the risks of each individual sub-portfolio.

4. A VaR and ES both satisfy all the properties of coherent risk measures for normal distributions.
However, only ES satisfies all the properties of coherent risk measures when the assumption 
of normality is not met.

5. C  Expected shortfall is a special case of the risk spectrum measure that is found by setting the
weighting function to 1 / (1 — confidence level) for tail losses that all have an equal weight.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Stress Testing

Topic 52

Exam Focus

Stress testing focuses on the infrequent but large scale events that occur in the left tail of 
the return distribution. These are precisely the events that traditional value at risk (VaR) 
cannot accommodate. The basic idea is to shock key input variables by large amounts 
(unidimensional analysis) and measure the impact on portfolio value. Multidimensional 
analysis incorporates the correlation among risk factors and increases the complexity of the 
analysis significantly. Be able to distinguish between historical and prospective scenarios.

The Role of Stress Testing

LO 52.1: Describe the purposes of stress testing and the process o f implementing a 
stress testing scenario.

Traditional value at risk (VaR) methodology relies on historical data to generate a 
distribution of possible future returns. A high confidence level (typically 99%) is chosen 
to characterize typical market conditions and allows the analyst to make statements such 
as, “I expect losses to exceed the threshold only 1% of the time over the next (arbitrary) 
time period.” Note the emphasis on “exceed” in the previous statement. While VaR is 
useful for normal market conditions, history clearly tells us that large and unexpected 
losses do occur (e.g., Black Monday, Russian debt crisis). VaR cannot make predictions 
about the magnitude of the losses beyond the threshold, and it cannot identify the causes 
or conditions that can lead to the large losses. The use of stress testing addresses these 
shortcomings in VaR. It is apparent that stress testing should be used as a complement to 
VaR measures, rather than as a substitute.

Stress testing certainly has an intuitive appeal to the risk manager (identify key input 
variables that can impact the portfolio) as opposed to probabilistic statements about 
hypothetical draws from a distribution. In theory, applying stress testing is straightforward: 
identify the impact variables, assume extreme movements in the identified variables, and 
compute the new portfolio value. This simplicity is also problematic. While identifying 
key variables is a reasonable task, trying to predict regime shifts or structural changes is 
more difficult. Further, these large-scale events are rarely confined to their point of origin 
and impact other variables complicating the new portfolio valuation. For example, suppose 
a foreign currency changes from a fixed to floating exchange rate mechanism. Not only 
will the exchange rate change (appreciate or depreciate relative to other currencies), but 
interest rates will likely be impacted. These interest rate changes can affect equity markets, 
and so on. This chain reaction is understandably difficult to foresee and incorporate into a 
valuation model.

© 2014 Kaplan, Inc. Page 71



Topic 52
Cross Reference to GARP Assigned Reading — Jorion, Chapter 14

Scenario Analysis

LO 52.2: Contrast between event-driven scenarios and portfolio-driven scenarios.

Generating scenarios can be either event-driven or portfolio-driven. For an event-driven 
scenario, the scenario is generated from events that would likely cause movements in 
relevant risk factors.

For a portfolio-driven scenario, the risk vulnerability of the portfolio is first identified, 
and is then translated into adverse risk factor movements. For example, an institution that 
borrows short and lends long would be vulnerable to an increase in interest rates. The 
scenarios chosen should reflect this vulnerability.

LO 52.3: Identify common one-variable sensitivity tests.

There are various forms of scenario analysis. With stylized scenarios, the analyst changes one 
or more risk factors to measure the effect on the portfolio. Rather than having the manager 
select risk factors, some stylized scenarios are more like industry standards. For example, 
in Framework f o r  Voluntary Oversight*, the Derivatives Policy Group (DPG) identifies nine 
specific risk factors to include in stress testing:

1. Parallel yield curve shifts.
2. Changes in steepness of yield curves.
3. Parallel yield curve shifts combined with changes in steepness of yield curves.
4. Changes in yield volatilities.
5. Changes in the value of equity indices.
6. Changes in equity index volatilities.
7. Changes in the value of key currencies (relative to the U.S. dollar).
8. Changes in foreign exchange rate volatilities.
9. Changes in swap spreads in at least the G-7 countries plus Switzerland.

By providing guidelines, these stylized scenarios help managers avoid the “oh no” syndrome, 
as in, “Oh, no! Why didn’t we think of that?” These changes should expose critical portfolio 
vulnerabilities. Also, by using consistent changes, comparable results will likely be found 
across institutions.

The Standard Portfolio Analysis of Risk (SPAN) system is used to recommend margin 
requirements on futures and options exchanges. This system focuses on overall portfolio risk 
rather than risk on a position-by-position basis. The SPAN system estimates the effect on 
portfolio values of a large set of alternative scenarios. The margin then takes into account 
the largest loss that the portfolio might suffer.

The SPAN system process follows a series of steps. Suppose you had a portfolio of futures 
and options futures involving the dollar/euro exchange rate. Several scenarios of changes 
in the dollar/euro price and volatility are identified. Then, the effect (gain or loss) to each 
future and option on futures in the portfolio is calculated for the scenarios. The risk array 
is the set of risk array values (i.e., gains or losses for each position) generated from the set of 
scenarios. The maximum loss for different futures/option on futures positions would occur 1

1 Framework for Voluntary Oversight, Derivatives Policy Group, March 1995.
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in differing scenarios. The worst portfolio loss under all scenarios is used to set the margin 
for the portfolio.

Topic 52
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LO 52.4: Analyze drawbacks to scenario analysis.

The SPAN system usually employs a small number of risk factors (such as two), which 
keeps the number of alternative scenarios manageable. With more risk factors, the number 
of alternative scenarios could easily become unmanageable.

Another drawback of scenario analysis is that it usually assumes that the scenarios are 
equally probable. This implicitly ignores the correlations between risk factors. Although 
stress testing does allow risk managers to identify major risks, it is subjective in deciding 
how serious the risks are. The risk manager could generate an ever larger number of 
scenarios and uncover more extreme events. But these potential losses might not be 
significant. Implausible losses might be considered and plausible losses might not be 
discovered.

LO 52.5: Distinguish between unidimensional and multidimensional scenarios.

Scenario analysis involves estimating portfolio value from extreme movements in model 
inputs. In effect, “shocking” the model parameters in large amounts (i.e., more than would 
be used in VaR analysis) creates a distribution of portfolio values.

Unidimensional scenario analysis identifies key variables, assumes larger movements than 
predicted by recent history, and revalues the portfolio. The unstated assumption, now 
formalized, is to identify the plausible scenarios that would cause the risk factors to change. 
As mentioned, some typical examples of scenarios involve yield curve shifts, yield curve 
twists, changes in implied volatility, and changes in currency exchange rates. For example, 
the Office ofThrift Supervision, which oversees Savings and Loans, requires analysis of 
market risk in portfolios from parallel shifting of the current yield curve between -400 and 
+400 basis points.

Typical unidimensional analysis will sequentially test each risk factor searching for potential 
vulnerabilities. An obvious limitation of this methodology is that the correlation across 
risk factors is ignored. For example, a drop in interest rates will reduce the funding costs of 
depository institutions, but will simultaneously increase the prepayments on outstanding 
mortgages from refinancing. Unidimensional analysis would not consider the additional 
effects from a decrease in interest rates beyond the impact on funding costs.

Multidimensional scenario analysis attempts to overcome this drawback of unidimensional 
analysis. The generalized process involves two steps:

Step 1: Hypothesize various states of the world.
Step 2: Consider the impact on all relevant variables.

The multidimensional approach can provide a much richer analysis, but identifying the 
simultaneous impact on several risk factors is nontrivial. It is not clear how many risk 
factors are relevant, how correlated the risk factors are, what time period is appropriate to 
estimate pairwise correlations, and so on. The analyst is further confronted with identifying 
multiple scenarios and having to assign relative probabilities to them. In addition, the
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dimensionality of the analysis increases dramatically with additional scenarios, weighting 
schemes, and risk factor spillover.

Topic 52
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LO 52.6: Compare and contrast various approaches to multidimensional scenario 
analysis.

Multidimensional scenario analysis can take two general forms: historical or prospective. 
Loosely speaking, the historical approach is backward looking, while the prospective 
approach is forward looking. At the risk of stating the obvious, historical scenarios will 
examine previous market data to infer the joint movement of key financial variables 
during times of market stress (e.g., Asian financial crisis in 1997, Black Monday in 1987, 
terrorist attack on the World Trade Center in 2001). The obvious limitation is the limited 
number and unique features of each event. A long history is recommended to help provide 
perspective. For example, on Black Monday, the S&P 500 dropped more than 20% in one 
day (a statistically large event by any standard), but on a monthly basis, the return was not 
very different from historical monthly returns.

Prospective scenarios are hypothetical based on reasonable and relevant scenarios that could 
generate large losses. Examples could include a major earthquake in Tokyo, decrease in oil 
supply, or increased conflict in the Middle East.

Prospective scenarios are either factor push or conditional. The factor push method 
addresses multidimensionality by “pushing” each risk factor up or down the same 
amount in the direction that would cause adverse price effects. The magnitude is assumed 
uniform for all variables (fix the significance level at a). This method is easy to implement 
by pushing each factor up or down, say 2.33 standard deviations, as appropriate, and 
measuring the price impact. Additionally, a worst-case scenario can be generated by 
simultaneously pushing each factor in its adverse direction. The drawback to this method 
is that the correlation between risk factors is ignored. For example, if two variables are 
positively correlated, it would not make sense to consider individual movements in opposite 
directions. Additionally, this naive approach does not consider that some positions will 
suffer the greatest losses when the underlying variable(s) do not move (e.g., option positions 
like long straddles).

The primary advantage to the conditional scenario method is the inclusion of correlations 
across risk factors. By focusing on changes in a subset of variables (holding the other 
variables constant), incorporation of the variance-covariance matrix is allowed. FFence, the 
unchanged variables are “zeroed out.”

The source of strength of this method is also a significant weakness. The correlation inputs 
are computed over the entire sample period, which necessarily includes normal and stressed 
(hectic) market conditions. If the correlations are time dependent, the estimates may 
deviate significantly during the stressed period. Consequently, the risk manager can choose 
to employ correlations that are derived from the hectic market period. For example, the 
correlation between stock and bond returns is usually positive. FFowever, during market 
downturns, investors rush to Treasury bonds, and the relationship exhibits a temporary 
negative correlation between asset prices.
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Sensitivity A nalysis
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Cross Reference to GARP Assigned Reading -  Jorion, Chapter 14

LO 52.7: Define and distinguish between sensitivity analysis and stress testing 
model parameters.

Sensitivity analysis is a form of stress testing that examines how model output variation 
relates to model input variation. Stress testing m odel parameters deals with just the variation 
in the model’s inputs.

For sensitivity analysis, a variety of alternative models can be used to price derivatives.
Some of these models might be good approximations for small changes in the current 
environment, but could break down during large movements in key variables. Regarding 
stress testing model parameters, volatilities and correlations are critical inputs. A 
breakdown in the historical variance-covariance matrix would cause VaR analysis to become 
unreasonable. As a result, stress testing should consider the robustness of the risk forecasts 
to not only changes in model inputs, but also the model itself.

The most important output of stress testing is knowledge of the sensitivity of your portfolio 
to various risk factors. For example, results could indicate that your portfolio is far less 
sensitive to currency movements than previously expected. Assuming you performed the 
analysis correctly, any money spent in hedging against currency movements would be 
wasted. The analysis could also indicate sensitivity to factors with which you have had 
little experience. In this case, you need to hedge against or avoid the factor altogether by 
restructuring your portfolio. Of course, a definite positive by-product of stress testing is 
focusing the manager’s attention on identifying portfolio risk factors.

Improving Stress Tests

LO 52.8: Explain how the results of a stress test can be used to improve risk 
analysis and risk management systems. * •

The purpose of stress tests is not to consider and evaluate every contingency but rather 
to identify potential exposures. It is possible that the magnitude of the loss may be 
unacceptably large, and management discretion must be used. FFowever, there are several 
tools at management’s disposal to alleviate the problem.

• Buy protection through insurance contracts, credit default swaps, and other derivatives. 
Note that this may just substitute market risk for counterparty risk.

• Modify portfolio to decrease exposure or diversify.
• Alter business strategy; restructure business lines or product mix.
• Develop contingency plan in case of trigger event.
• Secure alternative funding in liquidity stress.

©2014 Kaplan, Inc. Page 75



Topic 52
Cross Reference to GARP Assigned Reading -  Jorion, Chapter 14

K ey C oncepts

LO 52.1

Stress testing focuses on the infrequent but large scale events that occur in the left tail of the 
return distribution.

VaR is based on normal market conditions and cannot accommodate these left-hand events. 
Therefore, stress testing should complement, not substitute, VaR analysis.

LO 52.2

For an event-driven scenario, the scenario is generated from events that would likely cause 
movements in relevant risk factors.

For a portfolio-driven scenario, the risk vulnerability of the portfolio is first identified and is 
then translated into adverse risk factor movements.

LO 52.3

With stylized scenarios, the analyst changes one or more risk factors to measure the effect 
on the portfolio. Examples of specific risk factors include: parallel yield curve shifts, changes 
in steepness of yield curves, changes in yield volatilities, and changes in the value of equity 
indices.

LO 52.4

A drawback to scenario analysis is that with a large number of risk factors, the number of 
alternative scenarios becomes unmanageable. Another drawback is that it usually assumes 
that the scenarios are equally probable.

LO 52.5

Unidimensional scenario analysis identifies key risk factors, shocks the factor by a large 
amount, and measures the impact on portfolio value. Unidimensional analysis does not 
consider correlation across multiple risk factors.

Multidimensional analysis incorporates correlation across risk factors, but increases the 
complexity of the analysis. Multidimensional scenario analysis can be historical (backward 
looking) or prospective (forward looking).
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LO 52.6

Prospective scenario analysis uses either the factor push method or the conditional scenario 
method.

Factor push shifts each variable in the direction that would adversely impact the portfolio.

The conditional scenario method incorporates correlations across a subset of key risk 
factors.

The primary disadvantage to the conditional scenario method is that correlations are 
computed across periods of normal and stressed time periods. Therefore, the estimated 
correlations may not hold during a hectic time period.

LO 52.7

Sensitivity analysis is a form of stress testing that examines how model output variation 
relates to model input variation. Stress testing model parameters deals with just the variation 
in the model’s inputs.

LO 52.8

Despite best efforts, the magnitude of loss from stress testing may still be unacceptably 
large. To alleviate the problem of unacceptably large stress losses, managers can alter product 
mix, purchase insurance, modify exposures, develop contingency plans, or secure liquidity 
during stress periods.
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C oncept  C h eckers

1. An attraction to stress testing is:
A. ease of identifying key input variables.
B. straightforward revaluation of portfolio under stressed conditions.
C. historical data is readily available to estimate frequency and magnitude of losses.
D. that it ignores the correlation between input variables and effect on portfolio 

valuation.

2. Which of the following statements about historical and prospective scenario analysis 
is correct?
A. Historical scenario analysis only considers recent history.
B. Prospective scenario analysis provides a long-term perspective.
C. The time period and frequency of observations is critical to prospective analysis.
D. The long history of data does not provide adequate observations to evaluate 

stress situations.

3. The newly hired risk manager at an investment firm tells his supervisor that he 
would like to incorporate stress testing in the firm’s risk management procedures. 
The new hire makes four statements. Which of the statements is correct?
A. Stress testing provides a precise maximum loss level.
B. Using stress testing procedures will be an excellent replacement for the VaR 

measures the firm is currently using.
C. The end result of stress testing is the change in value of the portfolio.
D. One of the advantages to stress testing is the reliance on the chosen scenarios.

4. Stress testing is considered a:
A. complement to VaR because of its use of a probability estimate of loss.
B. complement to VaR because of its lack of a probability estimate of loss.
C. substitute to VaR because of its use of a probability estimate of loss.
D. substitute to VaR because of its lack of a probability estimate of loss.

5. All of the following are proper management responses to a large computed stress test 
except:
A. arranging additional funding during liquidity stress.
B. modifying current product mix or asset allocation.
C. selling protection on one of the underlying risk factors.
D. developing a contingency plan.
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C oncept C h ecker  A n sw ers

1. A An obvious attraction to stress testing is the identification of important input variables. The
process of choosing alternative scenarios and regime shifts is significantly more challenging.

2. D The drawback to historical scenario analysis is the lack of available events to model portfolio
values in stress situations.

3. C  Stress testing is a complement to VaR, not a replacement. The end result of stress testing is a
change in the value of a portfolio under adverse market conditions; however, this change will 
not be precise because stress testing relies on estimates and hypothetical scenarios. One of the 
criticisms of stress testing is that results depend on the scenarios chosen.

4. B Stress testing lacks the probability estimation of loss that is central to VaR analysis. Rather,
stress testing complements VaR by estimating losses for extreme changes in one or more risk 
factors.

5. C  Proper response is to purchase protection.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Principles for Sound Stress Testing 
Practices and Supervision

Topic 53

Exam Focus

The recent financial crisis has revealed numerous weaknesses in stress testing practices 
as employed by banks, and by doing so, has intensified the need for improvement in 
stress testing methodologies, scenarios, and the handling of specific risks. Learning from 
the identified weaknesses of stress testing practices, banks should introduce numerous 
improvements. Perhaps, most importantly, banks should incorporate into their stress testing 
models feedback effects arising from initial shocks (such as mortgage delinquencies) that can 
spill over to other segments and markets, further increasing correlations among various risks 
and eventually generating severe consequences for banks, markets, and other entities, both 
nationally and globally.

Stress Testing in Risk  Management

LO 53.1: Describe the rationale for the use o f stress testing as a risk management 
tool.

Stress testing is an important risk management tool that enables a bank to identify the 
potential sources of risk, evaluate the magnitude of risk, develop tolerance levels for risk, 
and generate strategies to mitigate risk. For example, stress testing, as a complementary 
tool to other risk measures, can be valuable for a bank to determine its potential needs 
for capital to absorb losses in the event of “stress” conditions (i.e., large shocks). Such 
advance recognition, evaluation, and planning could be crucial for a bank’s effective risk 
management or even survival.

Moreover, Pillar 1 of Basel II related to minimum capital requirements mandates that banks 
undertake stress testing for assessing capital adequacy if they are using the Internal Models 
Approach (IMA) to determine market risk or advanced or foundation internal ratings-based 
(IRB) approaches to determine credit risk. Pillar 2 of Basel II related to the supervisory 
review process (SRP) mandates that banks undertake general stress tests. Compliance with 
Basel II requirements would help banks to correctly assess risk and develop plans to reduce 
their actual losses. Recent financial turmoil has substantially enhanced the significance of 
comprehensive, flexible, and forward-looking stress testing, as many banks discovered that 
they were ill-prepared to identify, assess, and mitigate the severe shock they experienced. 
Their models and strategies, based on past statistical relationships, did not work well under 
new and rapidly changing conditions.
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© Professor’s Note: The th ree P illars o f  th e Basel I I  Accord, as w e ll as m ethods 
f o r  ca lcu la tin g  ca p ita l requ irem ents f o r  both cr ed it a n d  market risk, w il l  be 
addressed  in Part II  o f  th e FRM program .

LO 53.2: Describe weaknesses identified and recommendations for improvement 
in:
• The use of stress testing and integration in risk governance
• Stress testing methodologies
• Stress testing scenarios
• Stress testing handling of specific risks and products

LO 53.3: Describe stress testing principles for banks regarding the use o f stress 
testing and integration in risk governance, stress testing methodology and scenario 
selection, and principles for supervisors.

Stress Testing and Risk  Governance 

Weaknesses

Lack o f  involvem ent o f  board and  senior management. Banks that were able to deal with 
recent financial crisis relatively well were the ones that attracted active and comprehensive 
involvement from the board and senior management in the entire stress testing process. The 
process involved everything from developing and implementing the plan to applying the 
results as a continually acceptable strategic planning process. On the other hand, banks that 
did not have the active involvement of senior management and the board were likely hit 
hard by the recent financial turmoil.

Lack o f  overall organizational view. Prior to the recent crisis, stress testing in many banks 
was conducted by separate units concentrating on a risk function or a business line 
without taking into consideration the overall impact on the bank under stress conditions. 
Separate testing created organizational barriers making it difficult to integrate insights and 
perspectives obtained on a bank-wide basis. Moreover, stress tests were conducted based on 
routine, standard, and mechanical processes and methodologies which lacked the ability to 
fully encompass changing business environments and insights gained from various areas of 
the bank.

Lack o f  f i l l y  developed stress testing. Stress testing for market risks has been conducted for 
years but stress testing for credit risk is quite recent, and stress testing for other risks 
(e.g., operational) is still in its infancy. Moreover, prior to the crisis, there was no 
mechanism in place to identify the correlations among various risks. Therefore, stress testing 
did not adequately identify correlated exposures and risk concentrations across the bank.

Lack o f  adequate response to crisis. Stress testing methods were not flexible or effective enough 
to respond swiftly and comprehensively to the changing conditions as the crisis developed. 
Investment in information technology was not sufficient, which made it difficult to obtain 
timely information in order to evaluate and generate new and changing test scenarios.
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Recommendations

Stress testing, overa ll governance, and  risk management. A stress testing program should 
constitute a critical component of a bank’s governance and risk management planning. To 
achieve this goal, the board and senior management should be actively and fully engaged 
in the stress testing process. The board has the ultimate responsibility for the stress testing 
program, while senior management should be responsible for managing, implementing, and 
reviewing the program. Senior management should ensure that the results of stress tests are 
used in decision making processes, such as setting the risk tolerance and exposure limits, 
assessment of strategic options, and planning for liquidity and capital adequacy.

Comprehensive stress testing program. A bank should operate a comprehensive stress testing 
program, focusing on four major areas:

• Risk identification and management.
• Alternative risk perspectives.
• Liquidity and capital management.
• Communication (both internal and external).

To promote effective risk identification and control, stress testing should be used at various 
levels and activities, such as risk concentrations, business strategies, credit and investment 
portfolios, and individual and group lending. To achieve a better understanding of risk, 
stress testing should provide an independent and complementary assessment to other risk 
measures, such as economic capital and value at risk (VaR). Stress tests should simulate 
unprecedented extreme events (shocks). Use of such stress testing would help to discover 
correlations among various types of risks on a firm-wide basis. Stress testing should be 
rigorous and forward-looking in order to identify bank specific or market-wide events that 
may produce a negative impact on a bank’s capital and liquidity positions. Stress testing 
results and risk management strategies should be communicated internally as well as 
externally. Such disclosure provides an opportunity for market participants to develop a 
better understanding of a bank’s risk exposure and risk management strategies.

M ultiple perspectives and  techniques. Stress testing programs involve various phases and steps, 
including identification of risk events, application of modeling techniques, implementation 
of test procedures, and use of the results for refining the risk mitigation strategies. In this 
entire process, there should be extensive consultations, collaborations, and interactions 
among various senior experts within a bank in order to collect multiple perspectives and 
synergies. Moreover, banks should use multiple techniques, ranging from sensitivity 
analysis (examining impact of one risk factor on a bank’s performance holding all other 
factors constant), to scenario analysis (examining various scenarios one at a time), to risk 
simulation (examining the impact of multiple risk factors and interactions simultaneously).

Written policies and  documentation. Procedures and written policies should be adequately 
documented to govern a stress testing program. Documentation is particularly important 
for firm-wide stress testing. Documentation should include fundamental items such as test 
types, methodologies, scenarios, underlying assumptions, results, and mitigation strategies.

Sound infrastructure. To implement the stress testing program effectively under times of 
stress, a bank should have in place a sound, adequate, and flexible infrastructure as well as 
data collection arrangements. Such infrastructure should enable a bank to aggregate risk
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exposures quickly, alter methodologies, generate new scenarios, and conduct ad-hoc stress 
testing under extreme conditions.

Regular assessment. Evaluation of the effectiveness and robustness of stress testing programs 
should be conducted on a regular basis, on both a quantitative and qualitative basis.
Quantitative evaluation should compare the effectiveness of a bank’s testing program with 
other stress testing programs within and outside the bank, and qualitative evaluation should 
assess those elements of the program that are based on expert opinions and subjective 
judgments.

Topic 53
Cross Reference to GARP Assigned Reading -  Basel Committee on Banking Supervision

Stress Testing M ethodologies 

Weaknesses

Inadequate infrastructure. Banks did not have adequate infrastructure (and data collection 
systems) in place that would enable them to quickly identify risk exposures and aggregate 
them at an institutional level.

Inadequate risk assessment approaches. Stress testing methods were based on an underlying 
assumption that risk is generated by known and non-stochastic processes, which would 
mean that future risk events could be forecasted reasonably well. However, recent turmoil 
clearly revealed the fallacy of such an assumption and demonstrated that risk assessment 
approaches that resulted from these methods were ineffective. Historical financial 
correlations broke down once the crisis started and stress testing models based only on 
historical data failed to predict the possibility of severe shocks, much less how to cope with 
these shocks.

Inadequate recognition o f  interactive effects. The recent financial crisis has generated strong 
examples of feedback, spillover, and system-wide interactional effects. Stress testing models 
were unable to capture these effects and did not perform well under a rapidly changing risk 
characteristics environment.

Initial mortgage default shocks caused an adverse impact on the prices of mortgage- 
backed securities (MBS), in particular, collateralized mortgage obligations (CMOs).
Rising uncertainty about the value of underlying investments (i.e., the pool of mortgages) 
brought the securitization market to an almost complete halt as activity in origination 
and distribution of CMOs significantly declined, substantially reducing liquidity. Pipeline 
risk increased as banks were forced to warehouse loans that they intended to securitize. 
Funding liquidity risk concerns increased, causing the interbank lending activity to decline 
significantly. In sum, initial difficulties in the mortgage market caused a decline in funding 
liquidity, which forced market participants to sell the securities at a significant loss.

Inadequate firm -w id e perspective. Stress testing prior to the crisis was mostly geared toward 
individual business lines, products, and risk exposures without having a comprehensive 
firm-wide perspective. Firm-wide testing can generate synergistic effects, enabling a bank 
to better identify and manage risk. For example, a comprehensive stress test based on 
interactions among various experts across the bank would have enabled traders to recognize 
in a timely manner the increasing risk of mortgage-backed securities as retail lending units 
were curtailing their exposure to mortgage lending.

©2014 Kaplan, Inc. Page 83



Cross Reference to GARP Assigned Reading -  Basel Committee on Banking Supervision 

Recommendations

Comprehensive stress testing. Stress testing should be comprehensive, covering business areas 
and risk exposures as individual entities and on a firm-wide level. It should examine the 
impact of stress events (shocks) on risk factors while taking into consideration feedback and 
spillover effects due to correlations. All stress testing activities, in the end, should produce a 
comprehensive and complete firm-wide risk view.

Risk concentrations. A bank may develop risk concentrations along different dimensions, 
including concentrations in name, industry, region, single or correlated risk factors, off- 
balance sheet, contractual or non-contractual (reputational) exposures. Stress testing should 
enable a bank to identify and control risk concentrations. To achieve this goal, stress testing 
methodology should be comprehensive and firm-wide as well as focused on a wide array of 
concentrations, including on-balance sheet and off-balance sheet exposures.

M ultiple measures. In order to develop an adequate understanding of the impact of stress 
events on a bank’s overall performance, profitability, operations, and viability, numerous 
measures should be used. For example, a bank should measure the likely impact of stress 
conditions on asset and portfolio values, accounting and economic profits (losses), funding 
gaps, and capital requirements.

Topic 53

S t r e s s  T e s t in g  S c e n a r io s  

Weaknesses

Lack o f  depth and breadth. Prior to the recent financial turmoil, banks used stress testing 
scenarios that were ineffective in capturing extreme shocks. Banks employed scenarios 
based on shocks with mild intensity, shorter duration, and smaller spillover or feedback 
effects among various markets, assets, and positions. Even when banks used somewhat 
extreme scenarios, results produced a decline in earnings of 25% or less, however, banks can 
certainly lose (and have indeed lost) more than 25% in severe stress conditions.

Lack o f  adequate techniques. Banks have employed numerous techniques, including 
sensitivity analysis to generate testing scenarios. Sensitivity analysis does not take into 
consideration the feedback effect resulting from correlations among various risk factors, 
positions, and markets, since it focuses only on the impact of a shock on a single factor at a 
point in time while holding all other factors constant. Other scenario-generating approaches 
involve multiple factors, but they are historical or hypothetical in nature.

Lack o f  forward-look ing scenarios. Historical and hypothetical scenarios as used by banks 
turned out to be less effective in the context of the recent crisis because they were based on 
shocks with smaller intensity, a shorter length of time, and insignificant risk correlations. 
Banks rarely discussed the possibility of extreme scenarios, and when it was discussed, such 
a possibility was quickly ruled out.
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Recommendations

A variety o f  events. Stress testing should cover scenarios encompassing a variety of events 
and varying severity levels, both at micro and macro levels. That is, scenarios should involve 
testing both at the single entity (a specific product or business line) level and at the entire 
firm level.

Futuristic outlook. Scenarios should be developed based on potential future events, emerging 
risks, new products, and asset and liability composition, rather than historical relationships, 
which may not continue in the future due to changing risk dynamics and market 
characteristics.

Synergy effect. In order to develop effective future scenarios, opinions and forecasts should 
be collected and synthesized from experts and senior management across the bank. The 
discussion processes should be comprehensive, participative, and well-integrated among 
various units, products, and business lines.

Time horizon. Stress testing should cover various time horizons along with liquidity 
conditions. As we have witnessed, liquidity can deteriorate quickly and recessions can 
continue longer than anticipated. A bank should assess its coping strategies for such 
occurrences during various time horizons. Underlying assumptions and scenarios can 
change if the length of time of stress testing has increased. Therefore, a bank should 
recognize that time horizons can play a critical role in scenario development and testing 
methodology.

Reverse stress testing. Reverse stress testing involves three phases: outcome, events, and 
hedging. First, reverse stress testing starts from a scenario with a known outcome, such as 
severe capital inadequacy, panic deposit withdrawals, or insolvency. Second, an assessment 
is made as to what kind of events, isolated or correlated, firm or market specific, or 
other events, can lead to the outcome. Lastly, a bank evaluates the effectiveness of its 
risk management (e.g., hedging) strategies to cope with the events likely to produce the 
outcome, including an extreme outcome, such as insolvency. The recent crisis has intensified 
the need for banks to undertake reverse stress testing in order to enhance the overall 
effectiveness of their risk management plans to cope with events such as extreme events that 
may have a low probability of occurrence.

Stress Test Handling

Risks Arising From Complex Structured Products

Complex structured products, such as mortgage-backed securities (MBS), asset-backed 
securities (ABS), and collateralized debt obligations (CDOs), offer cash flows to investors 
based on an underlying pool of mortgages, loans, account receivables, corporate bonds, or 
other financial instruments. For example, in the case of MBSs, mortgage loans are packaged 
into mortgage pools, and tranches are then issued on the underlying pool where each 
tranche offers a different risk and return profile.

The use of structured securities has significantly increased over the past decade as a risk 
management (or investment) tool. Given the characteristics of the structured products, it
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should be obvious that the nature, extent, and sources of risk for these securities will be 
different from non-structured investments that do not have a complex structure, such as 
regular bonds.

Stress testing of these complex products was not properly conducted based on “severe 
scenarios.” More importantly, banks ascertained the risk of these complex structured 
securities based on the credit rating of apparently similar cash instruments, such as bonds. 
The fact of the matter is that these products have a different risk profile, and the credit 
rating for regular bonds should not have been used to determine the riskiness of these more 
complex instruments.

There are several recommendations for improving the stress testing of risk arising from the 
use of complex structured products.

• A stress test should use a ll the relevant information about an underlying asset pool. For 
example, quality of loans, creditworthiness of the borrower, maturity, and interest rates.

• Impact o f  market conditions. For example, investors are subject to prepayment risk if 
market mortgage rates decline below the rates on existing mortgages.

• Contractual obligations. For example, contingent funding agreements in which firms 
ensure timely payment of interest and principal if certain agreed upon conditions occur.

• Subordination level o f  a specific tranche. For example, a tranche may offer cash flows only 
after payment has been made to other tranches, meaning that such a tranche exhibits 
higher risk, particularly under stress conditions.

Basis Risk

Banks are exposed to various risks that can adversely impact their earnings, asset values, 
and even solvency. For example, an increase in market interest rates can produce a 
decline in asset values and interest margins, which in turn can pose challenges to a bank’s 
overall capital adequacy. Banks use numerous risk management tools, including fixtures 
contracts, to hedge against potential losses arising from directional risks, such as an inverse 
relationship between a bank’s security portfolio (bonds) and an increase in market interest 
rates. A bank can engage in a short hedge (selling a futures contract) in order to protect the 
bond portfolio value in the event of an increase in interest rates. Losses in cash instruments 
(bonds) are offset by gains in futures markets in the event of an increase in interest rates.

However, successful futures hedging is based on certain underlying assumptions, including 
that the basis does not change between opening and closing of a futures position. As shown 
in the futures material in Book 3, basis is the difference between prices or interest rates 
between the cash market and the futures markets. Changes in basis between opening and 
closing of futures position is called basis risk, which can yield an ineffective hedge. Due to 
basis risk, instead of completely offsetting the cash market losses through the use of futures 
contract, a bank may experience a partial offsetting, or in worst case scenarios, no offsetting 
of losses. Basis risk can arise from various sources, including low correlation between the 
price movement of underlying cash instruments and the futures contracts, cross hedging, 
and relative illiquidity of futures contracts.

Banks tend to focus on directional risks but ignore the essence of basis risk while 
conducting stress testing. Therefore, they could not adequately ascertain the effectiveness of 
their hedging strategies utilizing futures contracts. Banks can improve stress test handling
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by taking basis risk into consideration. The disconnect between futures and cash prices may 
increase illiquidity under market stress conditions, which can significantly reduce hedging 
effectiveness. Also, under stress conditions, hedging may turn out to be less successful when 
multiple entities are trying to pursue the same hedging techniques. Banks should include 
all of these scenarios, under stressed conditions, to evaluate the effectiveness of hedging 
strategies.

Counterparty Credit Risk

Banks use numerous tools to effectively manage risk exposures, including swaps, forwards, 
options, and insurance contracts. For example, banks and dealers can purchase default 
insurance on their structured credit products, such as collateralized debt obligations. This 
insurance protection generates cost savings for the issuers. The recent financial crisis, 
however, produced an unprecedented event. Entities expected to provide protection 
sustained severe losses in the wake of chaotic market conditions and in turn lost credibility.
For example, in the case of monoline insurers (which provide default protection insurance 
to issuers of various securities in a specific industry), there had been no default or 
downgrading prior to 2007, but the recent crisis produced downgrading or even the default 
of some of these insurers.

Downgrading of some monoline insurers during the recent financial crisis immediately 
caused downgrading of numerous issuers that had received protection from these insurers, 
creating a wrong-way risk. A wrong-way risk emerges when the probability of default 
of counterparties increases as a result of general market conditions (general wrong-way 
risk). Another example of a wrong-way risk is when a company writes an option on its 
own stock. So, if the probability of default of the writer increases, the risk exposure of the 
bank increases as well (specific wrong-way risk). Prior to the recent crisis, bank holding 
companies engaged in diversified business activities did not focus on wrong-way risk in their 
stress testing practices. That was certainly a weakness in their stress test handling program.
Based on the lessons learned from the recent global financial crisis, it is recommended that 
banks include the potential risks, arising from financial conditions of counterparties, market 
spillover, and feedback effects under severe stress conditions.

Pipeline Risk

Securitization, creating investment securities from a pool of underlying assets, is used by 
banks to expand sources of funding, free-up balance sheet space for higher yielding or safer 
assets, and generate extra revenue. However, securitization is not without risks. During 
market stress, a bank may not be able to complete the entire process of selling the securities 
to the public through the issuer-special purpose entities (SPEs). Consequently, market 
conditions may force the bank to warehouse underlying assets longer than planned and 
incur financing costs. In addition, a bank can be exposed to many other risks, including 
liquidity risk due to lack of access to the securitization market. Such risk is called pipeline 
risk (a.k.a. warehouse risk).

Prior to the recent crisis, banks conducted stress tests based on the assumption that pipeline 
risk would be minimal or non-existent. That is, banks believed that securitization markets 
would continue to operate smoothly, and if there were any disruption, it would not exist for 
long. That was certainly not the case with recent subprime securitization. Given the recent
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experience, a bank should include pipeline risk into its scenario stress tests. Regardless of 
the probability of the securitization of assets, banks should include such exposures in stress 
testing procedures for effective management of pipeline risk.

Contingent Risk

There are several sources of contingent risk, including the potential risk arising from the 
process of securitization and creation of off-balance sheet vehicles, such as special purpose 
entities (SPEs). As mentioned, securitization enables a bank to free-up balance sheet space 
(by selling loans to SPEs). However, banks are obligated to inject credit and liquidity to off- 
balance sheet entities due to contractual agreements or reputational concerns. Banks provide 
support to off-balance sheet entities, even when they are not obligated to avoid a materially 
adverse impact on their reputation. Therefore, banks expose themselves to the potential 
risk involved in fulfilling their commitments, contractual or otherwise, to off-balance sheet 
vehicles. Such risk may intensify if banks are facing tough times themselves.

Prior to the recent crisis, banks’ stress testing mechanisms did not take into consideration 
the contingent risks related to off-balance sheet exposures. Adequate recognition of such 
risks would have helped banks to avoid concentrations in such exposures. Stress testing 
should include scenarios to assess the bank’s exposure to off-balance sheet commitments, 
both contractual and reputational. In addition, stress testing should focus on the potential 
impact of contingent risk on other risk exposures, such as liquidity, credit, and market risks.

Funding Liquidity Risk

Stress testing conducted by banks did not capture the nature, size, duration, and intensity 
of the recent crisis. It did not assess funding liquidity risk adequately and also failed to 
recognize the interrelationship between funding liquidity risk and market (or trading) 
liquidity risk.

Future stress tests should focus on the correlation of various factors under stress conditions, 
which may increase the risk exposure for banks. For example, a decline in an asset value (or 
category) may dry up its liquidity, liquidity pressures may intensify due to contractual or 
reputational concerns, and damage to a bank’s financial condition may diminish access to 
funding markets.

Topic 53
Cross Reference to GARP Assigned Reading — Basel Committee on Banking Supervision

Recommendations to Supervisors

Assess stress testing methods. Supervisors should make frequent and comprehensive 
assessments of a bank’s stress testing procedures. This involves evaluating a bank’s 
compliance with sound stress testing practices and understanding how stress testing impacts 
strategic decision making at various levels of management. It is also recommended that 
supervisors share their views on the direction of global financial markets and how a bank 
can develop forward-looking stress tests to combat the impact of future market crises.

Take corrective actions. In the event that stress testing procedures or analysis is deemed 
inadequate, a supervisor should push for corrective actions. It is important to continually 
verify the effectiveness of key stress testing assumptions and their relevance going forward.
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Should a deficiency arise, a supervisor may propose a revision to bank policies and/or a 
reduction of global risk exposures.

Challenge firm -w id e scenarios. It is necessary for supervisors to question the use of stress tests 
that produce unrealistic results or are inconsistent with a bank’s risk appetite. Supervisors 
should also encourage banks to evaluate scenarios that could harm its reputation or strategic 
planning effectiveness. It is also recommended to test scenarios that could impact individual 
business lines within the bank.

Evaluate capital and  liquidity needs. Under the Basel II Accord, banks should conduct an 
analysis of their stress tests when assessing both capital requirements and liquidity. It is, 
therefore, recommended that supervisors consider the potential capital needs of a bank 
under times of stress. For a robust analysis, supervisors should utilize capital ratios in their 
assessment of capital adequacy and determine the mobility of capital across business lines.
The ability to meet capital requirements during stress scenarios is crucial to ensure that 
a bank will remain solvent if such an event occurs. If capital appears low, the supervisor 
could recommend that the bank increase capital above the requirements outlined by the 
Basel Committee. Liquidity buffers should also be evaluated for times of stress. If liquidity 
appears inadequate, contingencies should be discussed with senior management.

Apply additional stress scenarios. It is prudent for supervisors to conduct additional stress 
tests using common scenarios within a bank’s jurisdiction. These additional scenarios would 
complement the bank’s existing stress scenarios and should be relatively easy to implement.
It should be clear to bank management that these suggested stress exercises are not a 
substitute to the existing stress tests designed by senior management.

Consult additional resources. In order to expand their knowledge of stress testing, supervisors 
should consult with other experts to identify potential stress vulnerabilities. Discussing 
the behavior of other banks within the industry could provide a greater understanding of 
imbalances created by banks and how those imbalances may impact the financial markets. It 
is also important for supervisors to evaluate their own performance and acquire new skills if 
necessary, such as knowledge of updated quantitative models.
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K ey C oncepts

LO 53.1

Stress testing is an important tool that enables a bank to identify, assess, monitor, and 
manage risk. Recent financial turmoil has substantially increased the need for flexible, 
comprehensive, and forward-looking stress testing.

LO 53.2

Major weaknesses and recommendations for stress testing and integration in risk 
governances are as follows. Weaknesses: lack of involvement of board and senior 
management, lack of overall organizational view, lack of fully developed stress testing, lack 
of adequate response to crisis. Recommendations: Stress testing should form an essential 
ingredient of overall governance of risk management plan, encompass multiple techniques 
and perspectives, involve a sound infrastructure and regular assessment, produce written 
policies and recommendations, and generate comprehensive firm and market-wide scenario 
testing.

Stress testing methodologies were based on inadequate infrastructure, inadequate risk 
assessment approaches, inadequate recognition of correlation, and inadequate firm
wide perspectives. Given these weaknesses, recommendations for improvement include 
development of a comprehensive stress testing approach, identification and control of risk 
concentrations, and multiple measurements of stress impact.

Stress testing scenarios lacked depth and breadth because they were based on mild shocks, 
shorter duration, and smaller correlation effects among various markets, portfolios, and 
positions.

Banks evaluated the risk of complex structured products based on the credit rating of 
similar cash instruments. However, the nature, magnitude, and sources of risk for these 
products are different from non-structured products. In order to identify, assess, monitor, 
and control risk exposure of complex structured products, stress testing plans should utilize 
all the relevant information about the underlying asset pool, market conditions, contractual 
obligations, and subordination levels.

Historically, stress testing has not fully recognized funding liquidity risk and its correlation 
with other risks in times of crises. Future stress tests should focus more on correlations of 
various factors and risks, including funding liquidity risk.

LO 53.3

Principles for sound stress testing supervision include: assessing stress testing methods, 
taking corrective actions, challenging firm-wide scenarios, evaluating capital and liquidity 
needs, applying additional stress scenarios, and consulting additional resources.
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C oncept C h eckers

1. Prior to the recent crisis, stress testing was primarily based on which of the following 
characteristics?

I. Historical or hypothetical scenarios.
II. Significant system-wide correlations.

A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.

2. Stress testing for a bank’s securitized exposures should primarily consider which of 
the following features?
A. Credit ratings of issuers’ bonds.
B. Credit ratings of issuers’ bonds and quality of underlying asset pool.
C. Quality of underlying asset pool, subordination level of tranches, and systematic 

market conditions.
D. Credit ratings of issuers’ bonds, quality of underlying asset pool, and systematic 

market conditions.

3. Which of the following statements related to stress test handling is correct?
A. Hedging, through futures contracts, can result in significant loss if basis changes 

between the opening and closing of futures position.
B. Pipeline risk emerges only due to market conditions.
C. Reputational risk is not as important as contractual risk.
D. A bank with large exposures to counterparties should not be concerned about 

counterparties’ exposure to market conditions or specific assets.

4. Which of the following statements related to conducting stress tests is incorrect?
A. Basel II requires banks to undertake stress tests for assessing capital adequacy at 

least once a month.
B. Results of stress testing should be used for strategic business planning purposes.
C. Stress testing can use sensitivity analysis to assess risk.
D. Stress testing should be used to identify risk concentrations.

5. Which of the following statements is(are) correct?
I. Stress testing for credit risk has been conducted for years, whereas stress testing 

for interest rate risks is quite recent.
II. During the recent crisis, pipeline risk decreased as banks were able to 

warehouse loans which they intended to securitize.
A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.
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C oncept  C h ecker  A n sw ers

1. A Recent turmoil revealed numerous weaknesses in banks’ stress taking practices, such as
lack of proper recognition of extreme shocks and presence of significant system-wide 
correlations (feedback and spillover effects) between different markets, risks, and portfolio 
positions. Shorter test durations and historical or hypothetical scenario-based testing were 
key weaknesses in stress testing practices. Actual events showed longer duration of stress 
conditions and breakdown of historical statistical relationships.

2. C  Banks made a major mistake in assessing the riskiness of securitized products by relying on
credit ratings of apparently similar issues, like corporate bonds. Securitized products are 
complex and possess different characteristics and risk exposures. Therefore, external rating for 
non-structured products should not be applicable to these products.

3. A  Future contracts are used to offset cash market losses against the gains in the futures market.
Hedging will be effective if the basis does not change between the opening and closing of 
the futures position. Changes in basis can reduce effectiveness of hedging and can produce 
significant loss.

4. A  Basel II does not impose monthly requirements for stress testing.

5- D Stress testing for credit risk is quite recent, whereas stress testing for market and interest
rate risks has been conducted for years. Pipeline risk increased, not decreased, as banks 
were forced to warehouse loans on their balance sheet due to deteriorating conditions in 
securitization markets.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Binomial Trees

Topic 54

Exam Focus

This topic introduces the binomial model for valuing options on stock and serves as an 
introduction to the Black-Scholes-Merton model you’ll encounter in the next topic. For the 
exam, you should be able to calculate the value of a European or American option using a 
one-step or two-step binomial model. This will require you to know the formulas for the 
sizes of upward and downward movements as well as the risk-neutral probabilities in both up 
and down states.

A  One-Step Binomial M odel

LO 54.1: Calculate the value of an American and a European call or put option 
using a one-step and two-step binomial model.

A one-step binomial model is best described within a two-state world where the price of a 
stock will either go up once or down once, and the change will occur one step ahead at the 
end of the holding period.

The Replicating Portfolio

The replicating portfolio is the key to understanding how to value options. In general, 
the replicating portfolio is a concept that holds that the ouday for a bankruptcy-free stock 
position should be the same as the outlay for a long call position with the same payoff.

To see how this works, let’s first define some terms. Then we’ll work through a calculation:

P
X
t
i

c

the stock’s current price, 
the call option’s exercise price, 
the time to option expiration, 
the risk-free interest rate, 
the stock value in “up” state, 
the stock value in “down” state, 
the value of the call option today.
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Example: Creating a replicating portfolio 

Calculate the value of the call option where:

p = $100
X = $125
t = 1 year
i = 8%
su = $200

= $50

The one--period b

Figure 1: One-Period Binomial Trees
Stock: Call Option:

* Su = $200 * * cu = max ($0, $200 -  $125) = $75

P = $100 /  c= ?? /

*SD = $50 * cD = max($0, $50 - $125) = $0

Answer:

The process used to establish a replicating portfolio can be broken down into four steps:

Step 1: Construct the bankruptcy-free portfolio. As shown in Figure 1, the stock’s minimum 
value one year from today is $50, which means we should borrow the present 
value of $50: $50/(1.08) = $46.30. With the borrowed money and $53.70 of our 
own money, purchase one share of stock for $100. This stock-plus-borrowing 
combination is the bankruptcy-free portfolio, since:

• If the stock goes up to $200, you will be able to repay your $50 loan. Your net 
return (excluding out-of-pocket costs) will be $200 -  $50 = $150.

• If the stock goes down to $50, you will still be able to repay your $50 loan. 
Your net return will be $50 -  $50 = $0.

Current net cash outlay = $53.70. Stock value net of loan = $0 or $150.

Step 2 : Replicate the fu tu re returns. To replicate the stock-plus-borrowing transaction 
(i.e., the bankruptcy-free portfolio), we want our net cash returns from our 
option position (excluding out-of-pocket expenses) to equal $0 or $150 at the 
end of the holding period. Since the profit diagram for one call option indicated 
a net return of $0 or $75 at the end of the holding period, purchasing two 
call options will provide the same end-of-period return as the bankruptcy-free 
portfolio.
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Step 3: Align the dollar cost o f  the option and  the portfolio . If the dollar outlay for the
bankruptcy-free portfolio is $53.70, the dollar cost of the two option contracts 
should also be $53.70, since they have the same risk and return. Arbitrage forces 
this condition.

Step 4: Value the option. Since arbitrage forces the outlay of the bankruptcy-free portfolio 
to be the same as the outlay for two options, each option must cost half of the 
outlay for the bankruptcy-free portfolio. If two contracts cost $53.70, then c = 
$53.70/2 = $26.85. Note: To solve for the call price, all we needed were six data 
items: P, X, i, t, and SD.

Using the Hedge Ratio to Develop the Replicating Portfolio

The value of the option can also be solved by creating a perfect hedge.

• Hedging is the elimination of price variation through the short sale of an asset exhibiting 
the same price volatility as the asset to be hedged. A perfect hedge creates a riskless 
position.

• The hedge ratio indicates the number of asset units needed to completely eliminate the 
price volatility of one call option.

In the previous example we could have created a perfect hedge had we sold one share of 
stock short at $100 and purchased two call options. No matter which way the stock price 
moves, the hedged portfolio will be worth $50:

• If the stock price fa lls to $50, the two options will have zero value, so the net asset 
position is the gain on the short sale: $100 -  $50 = $50.

• If the stock price rises to $200, the two calls will have a combined value of $150, leaving 
a net asset value of $50 after considering a $100 loss ($100 -  $200) from the short 
position in the stock.

Since the terminal value of this strategy (short one share and long two calls) always nets 
$50, the present value of the strategy is $50/1.08 = $46.30. Therefore, the value of one call 
option must be $26.85 ($100 -  2c = $46.30, c = $26.85).

The hedge ratio tells us how many units of the stock are to be shorted per long call option 
to make the hedge work. In the single-period model, the hedge ratio may be calculated as 
follows:

H R  = ̂ d =_^ 5 - $ 0_ = 05
Su _ Sd $200—$50

A hedge ratio of 0.5 says that one option contract is needed for each half-share of stock.
The reciprocal of the hedge ratio is equivalent to the number of option contracts to buy per 
share of stock that was sold short.
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Synthetic Call Replication

A combination of the hedge ratio, the stock price, and the present value of the borrowings 
can be used to price the call option:

call price = hedge ratio x [stock price — PV(borrowing)]

Using the data from the previous example, the call price is:

call price = 0.5 x ($100 -  $46.30) = $26.85

The hedge ratio is also known as the option delta, which is a key measure of option 
sensitivity, as you will see in Topic 56 when we discuss the Greek letters for option pricing.

Risk-Neutral Valuation

The one-step binomial model can also be expressed in terms of probabilities and call prices. 
The sizes of the upward and downward movements are defined as functions of the volatility 
and the length of the “steps” in the binomial model:

U = size of the up-move factor = eCT%̂

D = size of the down-move factor = e CTN't = ----p- = —
e ^  U

where:
cr = annual volatility of the underlying asset’s returns 
t = the length of the step in the binomial model

The risk-neutral probabilities of upward and downward movements are then calculated as 
follows:

itu = probability of an up move = ̂ ^

Ttj = probability of a down move = 1 — iru

where:
r = continuously compounded annual risk-free rate

P rofessor’s Note: These two probabilities are not the actua l probability o f  an up or 
down move. They are risk-neutral probabilities that w ou ld exist i f  investors were 
risk-neutral.
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We can calculate the value of an option on the stock by:

• Calculating the payoff of the option at maturity in both the up-move and down-move 
states.

• Calculating the expected value of the option in one year as the probability-weighted 
average of the payoffs in each state.

• Discounting the expected value back to today at the risk-free rate.

Example: Risk neutral approach to option valuation

The current price of Downhill Ski Equipment, Inc., is $20. The annual standard 
deviation is 14%. The continuously compounded risk-free rate is 4% per year. Assume 
Downhill pays no dividends. Compute the value of a 1-year European call option with a 
strike price of $20 using a one-period binomial model.

Answer:

The up-move and down-move factors are: 

u  =  e0 .14x^  = L 1 5

D = — = 0.87 
1.15

The risk-neutral probabilities of an up move and down move are:

e 0.04x1 _ D 1 .0 4 0 8 - 0 .8 7  
it., = -------------- = ------------------- = 0.61

u U - D  1 .15-0 .87

Ttd = 1 -0 .61  = 0.39

The binomial tree for the stock is shown in Figure 2:

Figure 2: Binomial Tree—Stock

The binomial tree for the option is shown in Figure 3: 

Figure 3: Binomial Tree—Option
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Notice that the call option is in-the-money in the “up” state, so its value is $3. It is out-of- 
the-money in the “down” state, so its value is zero.

The expected value of the option in one year is:

cu x + cd x or ($3 x 0.61) + ($0 x 0.39) = $1.83

The present value of the option’s expected value is:

_ $1.83
C° — e0.04xl

$1.83
1.0408

$1.76

Example: Put option valuation using put-call parity

The current price of Downhill Ski Equipment, Inc., is $20, the risk-free rate is 4% per 
year, and the price of a 1-year call option with a strike price of $20 is $1.76. Compute the 
value of a 1-year European put option on Downhill Ski Equipment with a strike price of 
$20 .

Answer:

put = call -  stock + Xe_rT

Using the information provided, we have:

put = $1.76 -  $20 + [$20 x e-(0-04)x(i)] = $0 98

Two-Step Binomial M odel

In the two-period and multi-period models, the tree is expanded to provide for a greater 
number of potential outcomes. The stock price tree for the two-period model is shown in 
Figure 4.

Figure 4: Two-Step Binomial Model Stock Price Tree

Pei 1 Period 2
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Example: Option valuation with a two-step binomial model

Let’s continue with the Downhill Ski Equipment example. The current price of Downhill 
Ski Equipment, Inc., is $20. The annual standard deviation is 14%. The risk-free rate is 
4% per year.

Assume Downhill pays no dividends. Using information from the previous example, 
compute the values of a 2-year European call and a 2-year European put option with 
strike prices of $20.

Answer:

First compute the theoretical value of the stock in each period using the up and down 
stock price movements from the preceding examples, as shown in Figure 5:

Figure 5: Theoretical Stock Value

From this, the values of the call option in each of the possible outcomes can be 
determined. Notice that the only time that the option is in-the-money is when two 
upward price movements lead to an ending price of $26.45 and a call value of $6.45. The 
expected value of the option at the end of year 2 is the value of the option in each state 
multiplied by the probability of that state occurring.

expected call value in 2 years = (0.61 x 0.61 x $6.45) + (0.61 x 0.39 x $0)

+ (0.39 x 0.61 x $0) + (0.39 x 0.39 x$0)

= (0.3721 x $6.45) =$2.40

The value of the option today is the expected value in two years discounted at the risk-free 
rate of 4%:

call option value $2.40
e(0.04)x(2) $2.21

put = call -  stock + Xe“rT = $2.21 -  $20 + $20e~(0'04)(2) $0.67
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A ssessing Volatility

LO 54.2: Describe how volatility is captured in the binomial model.

Notice from the previous examples that a high standard deviation will result in a large 
difference between the stock price in an up state, SL,, and the stock price in a down state, 
SD. If the standard deviation were zero, the binomial tree would collapse into a straight 
line and Sy would equal SD. Obviously, the higher the standard deviation, the greater the 
dispersion between stock prices in up and down states. Therefore volatility, as measured 
here by standard deviation, can be captured by evaluating stock prices at each time period 
considered in the tree.

M odifying the Binomial M odel

LO 54.4: Explain how the binomial model can be altered to price options on: 
stocks with dividends, stock indices, currencies, and futures.

The binomial option pricing model can be altered to value a stock that pays a continuous 
dividend yield, q. Since the total return in a risk-neutral setting is the risk-free rate, r, and 
dividends provide a positive yield, capital gains must be equal to r -  q. The risk-neutral 
probabilities of upward and downward movements incorporate a dividend yield as follows:

e( r - q ) t _ D

The equations for the size of the up-move and down-move factors will be the same. Options 
on stock indices are valued in a similar fashion to stocks with dividends, because it is 
assumed that stocks underlying the index pay a dividend yield equal to q.

For options on currencies, it is assumed that a foreign currency asset provides a return 
equal to the foreign risk-free rate of interest, rFC. As a result, the upward probability in the 
binomial model is altered by replacing en with e(rDc-rFc)t such that:

e fec-^ c)1 _p)

The binomial model can also incorporate the unique characteristics of options on futures. 
Since futures contracts are costless to enter into, they are considered, in a risk-neutral 
setting, to be zero growth instruments. To account for this characteristic, en is simply 
replaced with a 1 so that:

Ttu
1 —D

U - D
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Valuing American options with a binomial model requires the consideration of the ability 
of the holder to exercise early. In the case of a two-step model, that means determining 
whether early exercise is optimal at the end of the first period. If the payoff from early 
exercise (the intrinsic value of the option) is greater than the option’s value (the present 
value of the expected payoff at the end of the second period), then it is optimal to exercise 
early.

Example: American put option valuation

The current price of Uphill Mountaineering is $10. The up-move factor is 1.20, and the 
down-move factor is 0.833. The probability of an up move is 0.51, and the probability of 
a down move is 0.49. The risk-free rate is 2%. Compute the value of a 2-year American 
put option with strike price of $12.

Professor’s Note: The calculation o f  the risk-neutral probabilities depends on the

© length o f  the tim e step. So, f o r  a 2-year option with two tim e steps, the change in t 
is 1 year. For example, the probability o f  an up move in the information above is 
calcu lated as: (e0 02 x 1 -  0.833) / (1.2 -  0.833) = 0.51.

Answer:

The stock price tree is shown in Figure 6.

Figure 6: Stock Price Tree

The $12 put option is in-the-money when the stock price finishes at $10 or at $6.94; 
the option is worth $2.00 ($12 -  $10) or $5.06 ($12 -  $6.94). It is out-of-the-money at 
$14.40. The year 1 value of the expected payoff on the option in year 2, given that the 
year 1 move is an up move, is:

($0.00 x 0.51) + ($2.00 x 0.49)
e(0.02)(l) $0.96

The payoff from early exercise at the year 1 up node is:

max ($12 -  $12, 0), since the option is at-the-money
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Early exercise is not optimal in this case because the option is worth more unexercised 
($0.96), than if exercised ($0).

At the down node at the end of year 1, the value of the expected option payoff in year 2 
is:

($2.00x0.51)+ ($5.06x0.49) ^ /0
e(0.02)(i) “ W '43

The payoff from early exercise at the down node at the end of the first year is:

max ($12-$8.33) = $3.67

In this case, early exercise is optimal because the option is worth more if exercised ($3.67) 
than if not exercised ($3.43). The option tree is shown in Figure 7.

Figure 7: Option Tree

The value of the option today is calculated as:

($0.96 x 0.51) + ($3.67 x 0.49)
J0.02)(l) = $2.24

Note that $3.67 appears in the bottom node of year 1 since the early exercise value 
($3.67) exceeds the unexercised value ($3.43).

P rofessor’s Note: When eva lu a tin g  A merican options, y o u  n eed  to assess early 
exercise a t ea ch  nod e in the tree. This in clu d es th e in it ia l nod e (n ode 0). I f  the 
option  p r ic e  today (ca lcu la ted  via  th e b in om ia l m odel) is less than the va lu e o f  
early exercise today, then th e option  sh ou ld  be ex ercised early. In th e p r ev iou s  
example, i f  th e va lu e o f  the op tion  today was w orth  less than $2, th e option  
w ou ld  be ex ercised today sin ce th e p u t  option  is cu rren tly  equa l to $2.
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LO 54.3: Describe how the value calculated using a binomial model converges as 
time periods are added.

If we shorten the length of the intervals in a binomial model, there are more intervals over 
the same time period, more branches to consider, and more possible ending values. If we 
continue to shrink the length of intervals in the model until they are what mathematicians 
call “arbitrarily small,” we approach continuous time as the limiting case of the binomial 
model. The model for option valuation in the next topic (the Black-Scholes-Merton model) 
is a continuous time model. The binomial model “converges” to this continuous time model 
as we make the time periods arbitrarily small.
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K ey C oncepts

LO 54.1

The value of a European option can be calculated using a binomial tree, as the probability- 
weighted expected value of the option at maturity discounted at the risk-free rate.

Given the volatility of the underlying stock and the length of the steps in the binomial tree, 
the size of the up- and down-move factors are calculated as:

U = size of the up-move factor = eCT̂

D = size of the down-move factor = —
U

The risk-neutral probabilities of up and down moves are calculated as:

Ttu = probability of an up move ; ert — D 
U - D

Ttj = probability of a down move = 1 — itu 

where:
r = annual continuously compounded risk-free rate

The value of the comparable European put option can be calculated using put-call parity, 
which is put = call -  stock + Xe_rT.

The value of an American option reflects the early exercise features. An American option 
will be exercised at the end of the first period if the intrinsic value is greater than the 
discounted value of the expected option payoff at the end of the second period.

LO 54.2

The higher the standard deviation, the greater the dispersion between stock prices in up and 
down states. Therefore volatility, as measured here by standard deviation, can be captured 
by evaluating stock prices at each time period considered in the tree.

LO 54.3

As the period covered by a binomial model is divided into arbitrarily small, discrete time 
periods, the model results converge to those of the continuous-time model.
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The binomial option pricing model can be altered to value a stock that pays a continuous 
dividend yield, q.

e(r—q ) t _ D

Options on stock indices are valued in a similar fashion to stocks with dividends.

For options on currencies, upward probability in the binomial model is altered by replacing 
en with e'h’c l|K *t such that:

e (rDC_ r F c)t _  p>
tv„ = -------------------

u U - D

The binomial model can also incorporate the unique characteristics of options on futures.
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C oncept  C heckers

1. The stock price is currently $80. The stock price annual up-move factor is 1.15. The 
risk-free rate is 3.9%. The value of a 2-year European call option with an exercise 
price of $62 using a two-step binomial model is closest to:
A. $0.00.
B. $18.00.
C. $23.07.
D. $24.92.

2. The stock price is currently $80. The stock price will move up by 15% each year. 
The risk-free rate is 3.9%. The value of a 2-year European put option with an 
exercise price of $62 using a two-step binomial model is closest to:
A. $0.42.
B. $16.89.
C. $18.65.
D. $21.05.

3. JTE Corporation is a nondividend-paying stock that is currently priced at $49. An 
analyst has determined that the annual standard deviation of returns on JTE stock is 
8% and that the annual risk-free interest rate on a continuously compounded basis 
is 5-5%. Calculate the value of a 6-month American call option on JTE stock with a 
strike price of $50 using a two-period binomial model.
A. $0.32.
B. $0.65.
C. $1.31.
D. $2.97.

4. A 1-year American put option with an exercise price of $50 will be worth either 
$8.00 at maturity with a probability of 0.45 or $0 with a probability of 0.55. The 
current stock price is $45. The risk-free rate is 3%. The optimal strategy is to:
A. exercise the option because the payoff from exercise exceeds the present value of 

the expected future payoff.
B. not exercise the option because the payoff from exercise is less than the 

discounted present value of the future payoff.
C. exercise the option because it is currently in-the-money.
D. not exercise the option because it is currently out-of-the-money.

5. Suppose a 1-year European call option exists on XYZ stock. The current 
continuously compounded risk-free rate is 3%, and XYZ pays a continuous 
dividend yield of 2%. Assume an annual standard deviation of 3%. The risk-neutral 
probability of an up-move for the XYZ call option is:
A. 0.67.
B. 0.97.
C. 1.00.
D. 1.03.
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C oncept C h ecker  A n sw ers

i. c

$80
$80 x (1.15) = $92 

$80 x (0.87) = $70

$80 x (1.15)2 = $106

$80 x (1.15X0.87) = $80 

$80 x (0.87)2 = $61

$23.07
$32.56

$10.56

max($0, $106 — $62) = $44 

max($0, $80 — $62) = $18

max($0 , $61 — $62) = $0

U =  1.15

D = -----=  0.8696
1.15

0.039 ' -(0.87)

1.15-0.87
=  0.61

itD = 1 -0 .6 1  =  0.39

Ttuu =  0.61* 2 =  0.372

tyud =  "̂ du =  0-61 x 0.39 =  0.238

tydd =0.392 =0.152

cuu =
CUD = 

CDU = 

CDD =

$44
$18
$18
$0

(0.372 x$44) +  (0.238x$18) +  (0.238 x$18) +  (0.152 x$0)
e (0 .039)x2 $23.07

Professor’s Note: You may have a slightly different result due to 
rounding. Focus on the mechanics of the calculation.

2. A put = call -  stock + (exercise price x e 1 )

= $23.07 -  $80 + [$62 x e-(°-039)(2)] = $0.42
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3. C The up-move factor is U =  eâ  =  e°'08v0'25 =  1.041.

The down-move factor is D =  — =  —-— =  0.961.
U 1.041

ert — D tThe probability of an up move in JT E  stock =  ——— =  - 

The probability of a down move in JT E  = 1 -  0.66 = 0.34. 

Stock Tree

0.055(0 .25) _ Q 9 6 1

1.041-0.961

Option Tree

,  $53.09
$51.00

o *  $49.00
$47.09

$45.25

$3.09
$2.01

$0.00

$0.00
$0.00

0.66.

The $50 call option is in-the-money when the stock price finishes at $53.09 and the call has 
a value of $3.09.

The present value of the expected payoff in the up node at the end of three months is:

($3.09x0.66)+ ($0x0.34) 
^0 .0 5 5 x 0 .2 5

$2.01

Since this is an American option, we need to see if it is optimal to exercise the option early. 
The payoff from early exercise in the up node of the first 3-month period is max ($51 -  50, 
0) = $1.00. Since $1.00 < $2.01, it is not optimal to exercise the option early.

The value of the option today is calculated as:

($2.01 x 0.66) +  ($0 x 0.34) _  ^  ^
0 055X0 25 — $1.31e

4. A The payoff from exercising the option is the exercise price minus the current stock price: 
$50 -  $45 = $5. The discounted value of the expected future payoff is:

(Ox0.55)+ (8x0.45) /n
(0 .03 )x l

It is optimal to exercise the option early because it is worth more exercised ($5.00) than if 
not exercised ($3.49).
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5. A First calculate the size of the up-and down-move factors:

Topic 54
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U =  eCT'/' =  e°'03'/l =1.03

D =  — =  —  =  0.97 
U 1.03

The risk-neutral probability of an up move is calculated as follows:

e (r - q ) t _ D  e (o .0 3 - o . 0 2 ) _ 0 9 7  0 Q 4
tt = ------------- = ---------------------- = ------ =  0.67

U - D  1.03-0.97 0.06
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

The Black-Scholes-M erton M odel

Topic 55

Exam Focus

The Black-Scholes-Merton (BSM) option pricing model (often referred to as the Black- 
Scholes model) is based on the assumption that stock prices are lognormally distributed. In 
this topic, we examine the calculation of call and put options using the BSM option pricing 
model. Also, we discuss how volatility can be estimated using a combination of the BSM 
model and current option prices. For the exam, know how to calculate the value of a call 
and put option using the BSM model and be able to incorporate dividends into the model if 
necessary. Put-call parity can be applied to calculate call or put values since the BSM model 
requires the use of European options.

LO 55.1: Explain the lognormal property o f stock prices, the distribution of rates 
of return, and the calculation of expected return.

LO 55.2: Compute the realized return and historical volatility of a stock.

Lognormal Stock Prices

The model used to develop the Black-Scholes-Merton (BSM) model assumes stock prices 
are lognormally distributed.

Equation 1

In Sy N In S0 + p - ^ - t ,W t
2

where:
Sy = stock price at time T
S0 = stock price at time 0
p = expected return on stock per year 
a  = volatility of the stock price per year
N[m,s] = normal distribution with mean = m and standard deviation = s 

Since In Sy is normally distributed, Sy has a lognormal distribution.
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Example: Calculating mean and standard deviation

Assume a stock has an initial price SQ = $25, an expected annual return of 12%, and an 
annual volatility of 20%. Calculate the mean and standard deviation of the distribution of 
the stock price in three months.

Answer:

Using Equation 1, the probability distribution of the stock price, in three months 
would be:

N- ln25 +
( T 0.22
0.12-------- xO.25 ,0.2xV(k25

2

lnST ~N(3.244, 0.10)

Since In ST is normally distributed, 95% of the values will fall within 1.96 standard 
deviations of the mean. Therefore, In ST will lie between 3.244±(1.96 x 0.1). Stated 
another way:

3.244-1.96x0.1 ^  c ,  3.244+1.96x0.1 e <v. <*. e

21.073 < ST <31.187

Dividing the mean and standard deviation in Equation 1 by T results in the continuously 
compounded annual return of a stock price. Specifically, the continuously compounded 
annual returns are normally distributed  with a mean of:

and a standard deviation of:

Vt

P rofessor’s Note: N otice tha t the BSM m od e l assumes stock p r ic e s  are 
lognorm ally d istributed , bu t stock returns a re norm ally d istributed . Also, 
n o tice  in th e standard  d ev ia tion  fo rm u la  that vo la tility  w il l  be low er f o r  lon ger 
p er iod s o f  time.
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Example: Return distribution

Assume a stock has an expected annual return of 12% and an annual volatility of 20%. 
Calculate the mean and standard deviation of the probability distribution for the 
continuously compounded average rate of return over a 4-year period.

Answer:

mean = 0.12 —0.22
2

0.10

standard deviation = —j= = 0.10
v/4

Expected Value

Using the properties of a lognorm al distribution, we can show that the expected value of , 
E(St ), is:

E(St ) = S0ê T

where:
p = expected rate of return

Example: Expected stock price

Assume a stock is currently priced at $25 with 
Calculate the expected value of the stock in six

an expected annual return of 20%. 
months.

Answer:

E(St ) = $25 x e0-2x0-5 = $27.63

The difference between the expected annual return on a stock, p, and the mean return,
2

, is closely related to the difference between the arithmetic return and the

geometric return. The mean return will always be slightly less than the expected return, just 
as the geometric return will always be slightly less than the arithmetic return.

When computing the realized return for a portfolio, we want to chain-link the returns 
just like in the calculation of a geometric mean. Using a geometric return produces a more 
accurate representation of portfolio return.
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Example: Realized return

Consider a portfolio that has the following asset returns: 5%, -4%, 9%, 6%. Calculate 
the return realized by this portfolio.

Answer:

realized portfolio return = (1.05 x 0.96 x 1.09 x 1.06)1/4 -  1 = 3.9%

Estimating Historical Volatility

As we saw in the value at risk (VaR) topics, the volatility for short periods of time can be 
scaled to longer periods in time. For example, if the weekly standard deviation is 5%, and 
we want the annual standard deviation, we simply scale it by the square root of the number 
of periods in a year, or >/52 . So the annual standard deviation in this case is 36.06%. 
Conversely, if we knew that the annual standard deviation was 36.06%, then the weekly 
standard deviation can be found using this formula: 36.06% / V52 , which is 5%.

The volatility estimation process is a matter of collecting daily price data and then 
computing the standard deviation of the series of corresponding continuously compounded 
returns. Continuously compounded returns can be calculated as: ln(S; / S; i ). The 
annualized volatility is simply the estimated volatility multiplied by the square root of the 
number of trading days in a year. Typically, 90 to 180 trading days of data is sufficient for 
this estimation technique, but a common rule of thumb is to use data covering a period 
equal to the length of the projection period. In other words, to estimate the volatility for the 
next year, we should use a year’s worth of historical data.

P rofessor’s Note: We w il l  exam ine the ca lcu la tion  f o r  h isto r ica l vo la tility  la ter 
in this topic.

Black-Scholes-M erton M odel A ssumptions

LO 55.3: Describe the assumptions underlying the Black-Scholes-Merton option 
pricing model.

The Black-Scholes-Merton model values options in continuous time and is derived from 
the same no-arbitrage assumption used to value options with the binomial model. In the 
binomial model, the hedge portfolio is riskless over the next period, and the no-arbitrage 
option price is the one that ensures that the hedge portfolio will yield the risk-free rate. To 
derive the BSM model, an “instantaneously” riskless portfolio (one that is riskless over the 
next instant) is used to solve for the option price based on the same logic.
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In addition to the no-arbitrage condition, the assumptions underlying the BSM model are
the following:

• The price of the underlying asset follows a lognormal distribution. A variable that is 
lognormally distributed is one where the logs of the values (in this case, the continuous 
returns) are normally distributed. It has a minimum of zero and conforms to prices 
better than the normal distribution (which would produce negative prices).

• The (continuous) risk-free rate is constant and known.
• The volatility of the underlying asset is constant and known. Option values depend on 

the volatility of the price of the underlying asset or interest rate.
• Markets are “frictionless.” There are no taxes, no transactions costs, and no restrictions 

on short sales or the use of short-sale proceeds.
• The underlying asset has no cash flow, such as dividends or coupon payments.
• The options valued are European options, which can only be exercised at maturity. The 

model does not correctly price American options.

Black-Scholes-M erton O ption Pricing M odel

Topic 55
Cross Reference to GARP Assigned Reading — Hull, Chapter 15

LO 55.4: Compute the value of a European option using the Black-Scholes-Merton 
model on a non-dividend-paying stock.

The formulas for the BSM model are:

co — [So xN (d j X x e  RfxT xN (d 2)

Po = |x x e RfxT X [l -  N (d2)]} -  {s0 x [l -  N (d i)]}

where:

di =

d2 =

T = 
S0 = 
X =

R f =
CT =
N(«) =

In 1 c
o
 

o

+  [r 5 + ( o. 5 xct2 ')]x T
I X J [ r V )\

CTX V T

d j—(cjxVt )

time to maturity (as % of a 365-day year) 
asset price 
exercise price
continuously compounded risk-free rate
volatility of continuously compounded returns on the stock
cumulative normal probability
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We’ve given you the formulas for both call and put values. However, remember that if 
you’re given one of those prices, you can always use put-call parity (with continuously 
compounded interest rates) to calculate the other one:

c0 — Po + So — X x e “RfxT

p0 = c 0 -S o + | X x e -RCfxT

N(dj) and N(d2) are found in a table of probability values (i.e., the z-table), so any 
question about the value of an option will provide those values. The rest is a straightforward 
calculation.

Example: Using the Black-Scholes-Merton model to value a European call option

Suppose that the stock of Vola, Inc., is trading at $50, and there is a call option on Vola 
available with an exercise price of $45 that expires in three months. The continuously 
compounded risk-free rate is 5%, and the annualized standard deviation of returns is 
12%. Using the Black-Scholes-Merton model, calculate the value of the call option.

Answer:

First we must compute and d2 as follows:

In
di =

50

145 J
+  0.05 +  fo .5 x 0 .1 2 2 ) x  0.25

= 1.99
0.12xV(h25

d2 = 1.99-(0 .12xV (U 25) = 1.93 

Now look up these values in the normal probability tables in Figure 1. 

Figure 1: Partial Cumulative Normal Distribution Table*

0.03 0.04 0.05 0.06 0.07 0.08 0.09
1.8 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
2.0 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817

* Note: This table is incomplete. To view an example of a complete cumulative normal table, see 
the table included at the back of this book.

From the table, we determine that N(dj) is 0.9767 and N(d2) is 0.9732. Now that we 
have everything we need to apply the main call option formula, the value of the call is:

c0 = ($50 x 0.9767) -  ($45 x e_(0-05x0-25) x 0.9732) = $48.84 -  $43.25 = $5.59

©2014 Kaplan, Inc. Page 115



To price the corresponding put option using the data in our example, we simply solve put- 
call parity for the put option price.

Example: Calculating put option value

Calculate the value of a Vola 3-month put option with an exercise price of $45, given the 
information in the previous example.

Answer:

We can use put-call parity to find the value of the comparable put:

Po = $5.59 -  $50.00 + [$45.00 x e- (0-05x0-25)] = $0.03

We can also use the BSM put formula:

p0 = |$45 x e-°-05x0-25 x (1 -  0.9732)] -  [$50 x (l -  0.9767)] = $0.03

Topic 55
Cross Reference to GARP Assigned Reading -  Hull, Chapter 15

P ro fessor’s Note: You sh ou ld  know how  to look up N (df) a n d N (d f)  in the 
norm a l p robab ility  tab le g iv en  d 1 a n d  d2- I t ’s possib le, h ow ev er unlikely, that 
y o u  w il l  have to ca lcu la te d 1 a n d  d2 w ith ou t th e form u la s. To va lu e the p u t  
option, m em orize p u t - ca l l  p a r ity  an d  use i t  to so lv e f o r  th e p u t  va lu e g iv en  the 
ca ll  value.

Black-Scholes-Merton M odel W ith D ividends

LO 55.8: Compute the value of a European option using the Black-Scholes-Merton 
model on a dividend-paying stock.

European Options

Just as we subtracted the present value of expected cash flows from the asset price when 
valuing forwards and futures, we can subtract it from the asset price in the BSM model. 
Since the BSM model is in continuous time, in practice SQ x e _<1T is substituted for 
in the BSM formula, where q is equal to the continuously compounded rate of dividend 
payment. Over time, the asset price is discounted by a greater amount to account for the 
greater amount of cash flows. Cash flows will increase put values and decrease call values.
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Example: Valuing a call option on a stock with a continuous dividend yield

Let’s revisit Vola, Inc., and this time we’ll assume the stock pays a continuous dividend 
yield of 2%. Here’s the basic information again. Suppose the stock of Vola is trading at 
$50, and there is a call option available with an exercise price of $45 that expires in three 
months. The continuously compounded risk-free rate is 5%, and the annualized standard 
deviation of returns is 12%. Using the Black-Scholes-Merton model, calculate the value 
of the call option.

Answer:

The adjusted price of the stock is: 

e—0.02x0.25 x $50.00 = $49.75

Recalculate dy and d2 using the adjusted price: 

r49.75]In
di = 45

+ jo .0 5 +  0.5x(0.12)2 | x 0.25

0.12xV(U 5
= 1.91

d2 = 1 .9 1 - (0 .1 2 x N/(L25) = 1.85

Now look up these values in the normal probability tables in Figure 2. 

Figure 2: Partial Cumulative Normal Distribution Table*

From the table, we can determine that N(dj) is 0.9719 and N(d2) is 0.9678. The adjusted 
price is $49.75. Now that we have everything we need to apply the BSM model, the value 
of the call is:

c0 = ($49.75 x 0.9719) -  ($45 x e-(°-°5x0-25) x0 .9678) = $48.35 -  $43.01 = $5.34

The value of the Vola call with no dividend yield was $5.59 from our earlier example. The 
2% dividend yield reduced the call value by $0.25, from $5.59 to $5.34.
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On the exam, it may be the case that you are provided with the dollar amount of the 
dividend rather than the dividend yield. The process for computing option value is similar, 
but instead of discounting the stock price with a continuously compounded dividend rate, 
you would compute the present value of the dividend(s) and then subtract that amount 
from the stock price. The following example demonstrates this technique.

Topic 55
Cross Reference to GARP Assigned Reading -  Hull, Chapter 15

Example: Pricing options on a dividend paying stock

Assume we have a non-dividend paying stock with a current price of $100 and volatility 
of 20%. If the risk-free rate is 7%, the price of a 6-month at-the-money call option, 
according to the Black-Scholes-Merton model, will be $7.43, and the corresponding put 
option price will be $3.99. Now assume that the same stock instead pays a $1 dividend 
in two months and a $ 1 dividend in five months. Compute the value of a 6-month call 
option on the dividend paying stock.

Answer:

The present value of the first dividend is l e-° °7(0.l667) _ 0.9884, and the present value of 
the second dividend is le-0'07 0̂'4167) = 0.9713. The stock price then becomes:

S0 = 100 -  0.9884 -  0.9713 = $98.04

We now know the following: SQ = $98.04; X = $100; a  = 20%; r = 7%; T = 0.5 

dj and d2 are computed as follows:

In 98.04
100

0.07-
0.22

x0.5
d, = --------------------------------------- =  0.1783

0.2V0.5

d2 =  0.1783 — 0.2Vo3 =  0.03688 

From the cumulative standard normal tables, we find:

N(dj) = 0.5708 and N(d2) = 0.5147

Substituting back into the call option price formula yields: 

c = 98.04 X 0.5708 -  lOOe”0 07 *0 5 x 0.5147 = $6.26

Using put-call parity, the corresponding put option price is: 

p = $6.26 + lOOe-0 07 * °-5 -  98.04 = $4.78

Since the dividend reduces the value of the stock, the call value decreased, and the put 
value increased compared to the non-dividend paying stock.
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LO 55.7: Explain how dividends affect the early decision for American call and put 
options.

LO 55.9: Describe the use of Black’s Approximation in calculating the value of an 
American call option on a dividend-paying stock.

American Options

Recall that when no dividends are paid, there is no difference between European and 
American call options. This is because the unexercised value of a call option, SQ -  Xe-rT, was 
always more valuable than the exercised value of the option, Sf) -  X. When a stock pays a 
dividend, D, at time n, the exercise decision becomes more complicated.

At the last dividend date before expiration, t  , the exercised value of the option is:

s<0-x

If the call option is unexercised and the dividend is paid, its unexercised value is:

S(tn) -D n-X e -r(T- t")

An investor will only exercise when:

S(tn) - X > S ( t n) - D n-X e - r(T- t")

or

Dn > x ( l - e “r(T_t”))

So the closer the option is to expiration and the larger the dividend, the more optimal early 
exercise will become. The previous result can be generalized to show that early exercise is 
not optimal if:

Dj < x ( l - e _r(tl+I_t”))fori<n

A popular approximation for pricing American call options on dividend paying stocks is 
Black’s approxim ation. Black suggests using the procedure for European options on T  and 
t  and then taking the larger of the two as the price of the American call option.

Consider the situation provided in the previous example. However, instead of evaluating 
a European option, assume the call option is an American option. We know that the call 
option value at maturity, T = 6 months, with dividend payments at two months and five 
months was $6.26. Suppose an investor instead opted to exercise the option immediately
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before the second dividend payment. Here, exercise may be optimal, if the option is deep 
in-the-money, because the second $1 dividend, D2, is greater than 0.5816.

1 >  $100 1 — e
J A i _ y
U2 12 j 0.5816

In this case, we can apply Black’s approximation by computing the call option value 
assuming early exercise before the second dividend payment. When only considering 
the first dividend’s present value of 0.9884, the stock price becomes $99.0116. The call 
option value, according to the Black-Scholes-Merton model, is now $6.05. Since Black’s 
approximation values the American option as the greater of the two values ($6.26 > $6.05), 
we would value this option at $6.26.

For American put options, early exercise becomes less likely with larger dividends. The value 
of the put option increases as the dividend is paid. Early exercise is, therefore, not optimal 
as long as:

D n > x ( l - e “r(T-t")j

Valuation of W arrants

LO 55-5: Identify the complications involving the valuation of warrants.

W arrants are attachments to a bond issue that give the holder the right to purchase shares of 
a security at a stated price. After purchasing the bond, warrants can be exercised separately 
or stripped from the bond and sold to other investors. Hence, warrants can be valued as 
a separate call option on the firm’s shares. One distinction is necessary though. With call 
options, the shares are already outstanding, and the exercise of a call option triggers the 
trading of shares among investors at the strike price of the call options. When an investor 
exercises warrants, the investor purchases shares directly from the firm. The distinction is 
that the value of all outstanding shares can be affected by the exercise of warrants, as the 
amount paid for the shares will (in all likelihood) be less than their pro-rata market value, so 
the value of equity per share will fall with exercise (i.e., dilution can occur).

After issue, bonds may trade with or without warrants attached. When both are actively 
traded, the value of the warrants can be easily determined by the difference between the 
market prices of the two instruments.

Volatility Estimation

LO 55.6: Define implied volatilities and describe how to compute implied 
volatilities from market prices of options using the Black-Scholes-Merton model.

Notice in call and put equations that volatility is unobservable. Historical data can serve 
as a basis for what volatility might be going forward, but it is not always representative of 
the current market. Consequently, practitioners will use the BSM option pricing model 
along with market prices for options and solve for volatility. The result is what is known
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as im plied volatility. Before we discuss implied volatility further, let’s first examine the 
calculation of historical volatility.

The steps in computing historical vo latility  for use as an input in the BSM  continuous-time 
options pricing model are:

• Convert a time series of TV prices to returns:
p. _  p. ,

R: = —---- s=L, i = l toN
Pi-i

• Convert the returns to continuously compounded returns:

Rf = l n ( l + R i ) , i  = l t o N

• Calculate the variance and standard deviation of the continuously compounded returns:

Topic 55
Cross Reference to GARP Assigned Reading — Hull, Chapter 15

Recall from Book 2 that continuously compounded returns can be calculated using a set of 
price data. We introduced the equation for continuously compounded returns as:

Arriving at the continuously compounded return value is no different than taking the 
holding period return and then taking the natural log of (1 + holding period return) as 
illustrated above. For example, if we assume that a stock price is currendy valued at $50 and 
was $47 yesterday, the continuously compounded return can be computed as either:

U; = In Si
Si-iJ

= Inf 50 
47

6.19%

or

R; = Pj-Pj-1
Pi-1

5 0 -4 7
47

6.38%

Rf = l n ( l + 0.0638) = 6.19%

Implied volatility is the value for standard deviation of continuously compounded rates of 
return that is “implied” by the market price of the option. Of the five inputs into the BSM 
model, four are observable: (1) stock price, (2) exercise price, (3) risk-free rate, and (4) time 
to maturity. If we use these four inputs in the formula and set the BSM formula equal to 
market price, we can solve for the volatility that satisfies the equality.
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Volatility enters into the equation in a complex way, and there is no closed-form solution 
for the volatility that will satisfy the equation. Rather, it must be found by iteration (trial 
and error). If a value for volatility makes the value of a call calculated from the BSM model 
lower than the market price, it needs to be increased (and vice versa) until the model value 
equals market price (remember, option value and volatility are positively related).

Topic 55
Cross Reference to GARP Assigned Reading -  Hull, Chapter 15
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K ey C oncepts

LO 55.1

The Black-Scholes-Merton model suggests that stock prices are lognormal over longer 
periods of time, but suggests that stock returns are normally distributed.

LO 55.2

The realized return for a portfolio is computed using a geometric return.

LO 55.3

Assumptions underlying the BSM model:

• The price of the underlying asset follows a lognormal distribution.
• The (continuous) risk-free rate is constant and known.
• The volatility of the underlying asset is constant and known.
• Markets are “frictionless.”
• The underlying asset generates no cash flows.
• The options are European.

LO 55.4

The formulas for the BSM model are:

c0 = [S0 x N(dj)] -  [xe-RCpXT x N(d2)]

Po = {Xe-RfxT x [1 -  N(d2)]} -  {S0 x [1 -  N(d,)]}

Cash flows on the underlying asset decrease call prices and increase put prices.

LO 55.5

Warrants are attachments to a bond issue that give the holder the right to purchase shares 
of a security at a stated price. Warrants can be valued as a separate call option on the firm’s 
shares.

LO 55.6

Historical volatility is the standard deviation of a past series of continuously compounded 
returns for the underlying asset. Implied volatility is the volatility that, when used in the 
Black-Scholes-Merton formula, produces the current market price of the option.

LO 55.7

Dividends complicate the early exercise decision for American-style options because a 
dividend payment effectively decreases the price of the stock.
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LO 55.8
To adjust the BSM model for assets with a continuously compounded rate of dividend 
payment equal to q, S0e qT is substituted for SQ in the formula.

LO 55.9

Black’s approximation can be used for pricing American call options on dividend paying 
stocks. Black suggests using the calculation procedure for European options on T  and t  and 
then taking the larger of the two as the price of the American call option.
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C oncept C h eckers

1. A European put option has the following characteristics: SQ = $50; X = $45; r = 5%; 
T = 1 year; and cr = 25%. Which of the following is closest to the value of the put?
A. $1.88.
B. $3.28.
C. $9.07.
D. $10.39.

2. A European call option has the following characteristics: SQ = $50; X = $45; r = 5%; 
T = 1 year; and cr = 25%. Which of the following is closest to the value of the call?
A. $1.88.
B. $3.28.
C. $9.06.
D. $10.39.

3. A security sells for $40. A 3-month call with a strike of $42 has a premium of $2.49. 
The risk-free rate is 3%. What is the value of the put according to put-call parity?
A. $1.89.
B. $3.45.
C. $4.18.
D. $6.03.

4. Which of the following is not an assumption underlying the BSM options pricing 
model?
A. The underlying asset does not generate cash flows.
B. Continuously compounded returns are lognormally distributed.
C. The option can only be exercised at maturity.
D. The risk-free rate is constant. 5

5. Stock ABC trades for $60 and has 1-year call and put options written on it with 
an exercise price of $60. The annual standard deviation estimate is 10%, and the 
continuously compounded risk-free rate is 5%. The value of both the call and put 
using the BSM option pricing model are closest to:

Call Put
A. $6.21 $1.16
B. $4.09 $3.28
C. $4.09 $1.16
D. $6.21 $3.28
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C oncept  C h ecker  A n sw ers

1. A SQ = $50; X = $45; r = 5%; T = 1 year; and a = 25%.

0.0625]

di =■' " ' 1
0.05-

0.25(1)
0.18661

0.25
= 0.74644

d2 = 0.74644 -  0.25 = 0.49644

from the cumulative normal table:

N(-dj) = 0.2266

N(-d2) = 0.3085*

p = 45e-° °5(1)(0.3085) -  50(0.2266) = 1.88

(*note rounding)

2. C SQ = $50; X = $45; r = 5%; T = 1 year; and cr = 25%.

di =

2̂ =

In 0.05- 0.0625

0.25(1)

0.74644 -  0.25 = 0.49644

0.18661
0.25

0.74644

from the cumulative normal table:

N(dj) = 0.7731 

N(d2) = 0.6915*

c = 50(0.7731) -  45e-° 05(0.6915) = 9.055

(*note rounding)

3. C  p = c + X e -rT- S  = 2.49 +42 e-°-03><0-25 -  40 = $4.18

4. B No arbitrage is possible, and:
• Asset price (not returns) follows a lognormal distribution.
• The (continuous) risk-free rate is constant.
• The volatility of the underlying asset is constant.
• Markets are “frictionless.”
• The asset has no cash flows.
• The options are European (i.e., they can only be exercised at maturity).
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5. C  First, let’s compute and as follows:

In —  I +  [°.°5 +  (°.5 x 0-102 )j x 1.0
dj =  —^ --------------- j = -----------------=  0.55

O.lxVl.O

d2 =  0.55- ( o.1x V l o ) =  0.45

Now look up these values in the normal table at the back of this book. These values are 
N(dj) = 0.7088 and N(d2) = 0.6736. Hence, the value of the call is:

c0 =  $60 (0.7088) - 1$60 x e_(o'05xl'o) x (0.6736)] =  $42.53 -  $38.44 =  $4.09

According to put/call parity, the put’s value is:

p0 =  c0 -  S0 +  (x x  e_R‘xT ] =  $4.09 -  $60.00 +  [$60.00 x e“(0 05 x L0)] =  $ 1.16
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

G r e e k  L e t t e r s

Topic 56

Exam Focus

The level of risk associated with an option position is dependent in large part on the 
following factors: relationship between the value of a position involving options and the 
value of the underlying assets; time until expiration; asset value volatility; and the risk-free 
rate. Measures that capture the effects of these factors are referred to as “the Greeks” due to 
their names: delta; theta; gamma; vega; and rho. Thus, a large part of this topic covers the 
evaluation of option Greeks. Once option participants are aware of their Greek exposures, 
they can more effectively hedge their positions to mitigate risk. This topic also introduces the 
common hedging concepts of delta-neutral portfolios and portfolio insurance.

Naked and C overed Call O ptions

LO 56.1: Describe and assess the risks associated with naked and covered option 
positions.

A naked position occurs when one party sells a call option without owning the underlying 
asset. A covered position occurs when the party selling a call option owns the underlying 
asset.

Suppose a firm can sell 10,000 call options on a stock that is currently trading at $20. The 
strike price of the option is $23, and the option premium is $4. A naked position would 
generate $40,000 in revenue, and as long as the stock price is below $23 at expiration, the 
firm can retain the income without cost. However, the initial income will be reduced by 
$10,000 for every dollar above $23 that the stock reaches at expiration. For example, if the 
stock is at $30 per share when the option expires, the naked position results in a negative 
payoff of $70,000 and a net loss of $30,000. The potential loss from a naked written 
position is unlimited, assuming the stock’s price can rise without bound. The maximum 
potential gain is capped at the level of the premium received. If the stock price at expiration 
is $23 or less, the writer makes a profit equal to the premium of $40,000.

With a covered call, the firm owns 10,000 shares of the underlying stock, so if the stock 
price rises above the $23 strike price and the option is exercised, the firm will sell shares that 
it already owns. This minimizes the “cost” of the short options by locking in the revenue 
from the option sale. However, if the stock falls to $10 per share, the long stock position 
decreases in value by $100,000, which is substantially larger than the premium received 
from the option sale.
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A Stop-Loss Strategy

Topic 56
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LO 56.2: Explain how naked and covered option positions generate a stop loss 
trading strategy.

Stop-loss strategies with call options are designed to limit the losses associated with short 
option positions (i.e., those taken by call writers). The strategy requires purchasing the 
underlying asset for a naked call position when the asset rises above the option’s strike price. 
The asset is then sold as soon as it goes below the strike price. The objective here is to hold 
a naked position when the option is out-of-the-money and a covered position when the 
option is in-the-money.

The main drawbacks to this simplistic approach are transaction costs and price uncertainty. 
The costs of buying and selling the asset can become high as the frequency of stock price 
fluctuations about the exercise price increases. In addition, there is great uncertainty as to 
whether the asset will be above (or below) the strike price at expiration.

Delta Hedging

LO 56.3: Describe delta hedging for an option, forward, and futures contracts. 

LO 56.4: Compute the delta of an option.

The delta of an option, A, is the ratio of the change in price of the call option, c, to the 
change in price of the underlying asset, s, for small changes in s. Mathematically:

delta = A = —
ds

where:
<9c = change in the call option price 
d s = change in the stock price

As illustrated in Figure 1, delta is the slope of the call option pricing function at the current 
stock price. As shown in Figure 2, call option deltas range from zero to positive one, while 
put option deltas range from negative one to zero.
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Figure 1: Delta of a Call Option
Profit

Stock
Price

Figure 2: Call and Put Option Deltas

Option Delta

A call delta equal to 0.6 means that the price of a call option on a stock will change by 
approximately $0.60 for a $ 1.00 change in the value of the stock. To completely hedge a 
long stock or short call position, an investor must purchase the number of shares of stock 
equal to delta times the number of options sold. Another term for being completely hedged 
is delta-neutral. For example, if an investor is short 1,000 call options, he will need to be 
long 600 (0.6 x 1,000) shares of the underlying. When the value of the underlying asset 
increases by $ 1 .00, the underlying position increases by $600, while the value of his option 
position decreases by $600. When the value of the underlying asset decreases by $1.00, 
there is an offsetting increase in value in the option position.
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Delta can also be calculated as the N(dj) in the Black-Scholes-Merton option pricing 
model. Recall from the previous topic that d ] is equal to:

Topic 56
Cross Reference to GARP Assigned Reading — Hull, Chapter 19

, _  ln(S0 /X) + (RF + a 2 /2)xT
d l“  ^ 7 T

Example: Computing delta

Suppose that stock XYZ is trading at $50, and there is a call option that trades on XYZ 
with an exercise price of $45 which expires in three months. The risk-free rate is 5% and 
the standard deviation of returns is 12% annualized. Determine the value of the call 
option’s delta.

Answer:

, ln(50/45) + (0.05 + 0. 12 2 /2)x 0.25 ,
dj —------------------------- ; --------------- — 1.99

0.12x v0.25

Next, look up this value in the normal probability tables, which can be found in appendix 
at the end of this book. From the normal probability tables N(1.99), and, in turn, delta is 
0.9767. This means that when the stock price changes by $ 1 , the option price will change 
by 0.9767.

Forward Delta

The delta of a forward position is equal to one, implying a one-to-one relationship between 
the value of the forward contract and its underlying asset. A forward contract position 
can easily be hedged with an offsetting underlying asset position with the same number of 
securities.

Professor’s Note: When the und erly in g asset pays a d iv id end , q, th e delta  o f  
an option  or fo rw a rd  must be adjusted . I f  a d iv id en d  y i e ld  exists, th e delta  
f o r  a ca ll op tion  equals e ^ T x N (d f,  the d elta  o f  a p u t  option  equals 
e-qT x [N(q^  — l j ) a n d  the d elta  o f  a fo rw a rd  con tra ct equals

Futures Delta

Unlike forward contracts, the delta of a futures position is not ordinarily one because of 
the spot-futures parity relationship. For example, the delta of a futures position is erT on a 
stock or stock index that pays no dividends, where r is the risk-free rate and T  is the time 
to maturity. Assets that pay a dividend yield, q, would generate a delta equal to e<r-q)T An 
investor would hedge short futures positions by going long the amount of the deliverable 
asset.
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Dynamic Aspects o f Delta Hedging
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LO 56.5: Describe the dynamic aspects o f delta hedging.

As we saw in Figure 1, the delta of an option is a function of the underlying stock price. 
That means when the stock price changes, so does the delta. When the delta changes, the 
portfolio will no longer be hedged (i.e., the number of options and underlying stocks will 
no longer be in balance), and the investor will need to either purchase or sell the underlying 
asset. This rebalancing must be done on a continual basis to maintain the delta-neutral 
hedged position.

The goal of a delta-neutral portfolio (or delta-neutral hedge) is to combine a position in an 
asset with a position in an option so that the value o f  the portfolio does not change w ith changes 
in the value o f  the asset. In referring to a stock position, a delta-neutral portfolio can be made 
up of a risk-free combination of a long stock position and a short call position where the 
number of calls to short is given by 1 /Ac.

number of shares hedged
number of options needed to delta hedge = --------------------------------

delta of call option

Example: Delta-neutral portfolio—Part 1

An investor owns 60,000 shares of ABC stock that is currently selling for $50. A 
call option on ABC with a strike price of $50 is selling at $4 and has a delta of 0.60. 
Determine the number of call options necessary to create a delta-neutral hedge.

Answer:

In order to determine the number of call options necessary to hedge against instantaneous 
movements in ABC’s stock price, calculate:

number of options needed to delta hedge = — = 160,000 options

= 1,000 call option contracts

Because he is long the stock, he needs to short the options.
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Example: Delta-neutral portfolio—Part 2

Calculate the effect on portfolio value of a $1.00 increase in the price of ABC stock. 

Answer:

Assuming the price of ABC stock increased instantly by $1.00, then the value of the call 
option position would decrease by $0.60 because the investor is short (or has sold) the 
call option contracts. Therefore, the net impact of the price change would be zero as 
illustrated here:

total value of increase in stock position = (60,000) x ($ 1 ) = $60,000 

total value of decrease in option position = (100 ,000) x (-$0.60)= -$60,000 

total change in portfolio value = $60,000 -  $60,000 = $0

Recall that when short a call (or other asset), as the price of the underlying rises, the 
position loses value, and when the price of the underlying declines, the value of the 
position increases.

Maintaining the Hedge

A key consideration in delta-neutral hedging is that the delta-neutral position  only holds f o r  
very small changes in the value o f  the underlying stock. Hence, the delta-neutral portfolio must 
be frequently (continuously) rebalanced to maintain the hedge. As the underlying stock price 
changes, so does the delta of the call option. The delta of the option is an approximation 
of a nonlinear function: the change in value of the option that corresponds with a change 
in the value of the underlying asset. As the delta changes, the number of calls that need to 
be sold to maintain a risk-free position also changes. Hence, continuously maintaining a 
delta-neutral position can be very costly in terms of transaction costs associated with either 
closing out options or selling additional contracts.
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Example: Delta-neutral portfolio—Part 3

Continuing with the previous example, assume now that the price of the underlying stock 
has moved to $51, and consequently, the delta of the call option with a strike price of $50 
has increased from 0.60 to 0.62. How would the investor’s portfolio of stock and options 
have to be adjusted to maintain the delta-neutral position?

Answer:

In order to determine the number of call options necessary to maintain the hedge against 
instantaneous movements in ABC’s stock price, recalculate the number of short call 
options needed:

. r . , , number of shares hedged 60,000number or options needed = ----------------------- :—-— = ----------= 96,7/4
delta of call option 0.62

She will need 96,774 call options, or approximately 968 option contracts. In other 
words, 32 option contracts would need to be purchased in order to maintain the delta- 
neutral position. If the hedge were not modified, then another price change would 
result in a greater movement in the value of the options than in the underlying stock. 
With the rebalanced hedge, the change in value of her stock position will again be offset 
by the change in value of her short position. Assume the price of ABC stock increased 
(decreased) instantly by $ 1 .00, then the value of the short call option position would 
decrease (increase) by $0.62. Therefore, the net impact of the price change would be zero:

increase in stock position = (60,000) x ($ 1 ) = $60,000

decrease in short position = (96,774) x (—$0.62)= -$60,000

Other Portfolio Hedging Approaches

It’s also possible to develop a delta-neutral hedge by buying put options in sufficient 
numbers so that the current gain or loss on the underlying asset is offset by the current gain 
or loss on the puts. Hence, similar to the discussion of delta-neutral portfolios using call 
options, a delta-neutral position can be created by purchasing the correct number of put 
options so that:

A value of puts = -  A value of long stock position

When using puts in constructing a delta-neutral portfolio, purchase [1 / (call delta — 1)] put 
options to protect a share of stock held long. When using calls you would sell (1 / call delta) 
call options for each long share of stock. Rebalancing is just as important with puts as it is 
with calls.
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Example: Delta-neutral portfolio—Part 4

Using our earlier example, assume the investor owns 60,000 shares of ABC stock that is 
currently selling for $50. A call option on ABC with a strike price of $50 is selling at $4 
and has a delta of 0.60. Determine the number of put options necessary to create a delta- 
neutral hedge.

Answer:

First, compute the delta of the put option. The investor knows that the delta of a call 
option is 0.60. The delta of the put option is then equal to (call delta — 1), or 
(0.60 — 1) = —0.40. In order to determine the number of put options necessary to hedge 
against instantaneous movements in ABC’s stock price, calculate:

number of options needed to delta hedge = — = 150,000 options

= 1,500 put option contracts

Because he is long the stock, he needs to purchase the put options.

LO 56.6: Define the delta o f a portfolio.

The delta of a portfolio of options on a single underlying asset can be calculated as the 
weighted average delta of each option position in the portfolio:

n
portfolio delta = A p = ^ ^ wjA j

i=l

where:
w; = the portfolio weight of each option position 
Aj = the delta of each option position

Therefore, portfolio delta represents the expected change of the overall option portfolio 
value given a small change in the price of the underlying asset.
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Theta, Gamma, Vega, and Rho

LO 56.7: Define and describe theta, gamma, vega, and rho for option positions. 

LO 56.8: Explain how to implement and maintain a gamma neutral position. 

LO 56.9: Describe the relationship between delta, theta, and gamma.

Topic 56
Cross Reference to GARP Assigned Reading -  Hull, Chapter 19

Theta

Theta, 6 ,  measures the options sensitivity to a decrease in time to expiration. Theta is also 
termed the “time decay” of an option. Theta varies as a function of both time and the price 
of the underlying asset. Figure 3 illustrates theta as a function of stock price and days until 
expiration.

Theta for a call option is calculated using the following equation:

where:
d c  = change in the call price 
d t  = change in time

For European call options on non-dividend-paying stocks, theta can be calculated using the 
Black-Scholes-Merton formula as follows:

©(call)
2VT — rXe~rTN(d2)

©(put) SqN ' ^ ct

2VT
+ rXe^rTN (-d 2)

where:

Note that theta in the above equations is measured in years. It can be converted to a daily 
basis by dividing by 365. To find the theta for each trading day, you would divide by 252.
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Example: Computing theta

Suppose that stock XYZ is trading at $50, and there is a call option that trades on XYZ 
with an exercise price of $45 which expires in three months. The risk-free rate is 5%, 
and the standard deviation of returns is 12% annualized. Determine the value of the 
call option’s theta per trading day. Assume d1 is 1.99 and d2 is 1.93. From the normal 
probability tables, N(dj) is 0.9767 and N(d2) is 0.9732.

Answer:

N'(dj) =
1 -(l.992/2)

TIT 0.055

©(call) = _50x04)55x^1^  _ Q Q 5x45e-o.05x0.25 x 0.9732 = -0 .3 3 - 2.16 = -2 .49 
2y(F25

Theta per trading day is: -2.49 / 252 = -0.00988

Figure 3: Theta as a Function of Stock Price and Time to Expiration

Call options
Theta

Time until

The specific characteristics of theta are as follows:

• Theta affects the value of put and call options in a similar way (e.g., as time passes, most 
call and put options decrease in value, all else equal).

• Theta varies with changes in stock prices and as time passes.
• Theta is most pronounced when the option is at-the-money, especially nearer to 

expiration. The left side of Figure 3 illustrates this relationship.
• Theta values are usually negative, which means the value of the option decreases as it gets 

closer to expiration.
• Theta usually increases in absolute value as expiration approaches. The right side of 

Figure 3 illustrates this relationship.
• It is possible for a European put option that is in-the-money to have a positive theta value.
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Gamma

Gamma, T, represents the expected change in the delta of an option. It measures the 
curvature of the option price function not captured by delta (see Figure 1). The specific 
mathematical relationship for gamma is:

where:
<92c and Os2 = the second partial derivatives of the call and stock prices, respectively

The calculation of gamma for European call or put options on non-dividend-paying stocks 
can also be found using the following formula, where N'(x) is calculated in the same fashion 
as it is for theta.

r  _ n H )
S0crVT

Example: Computing gamma

Suppose that stock XYZ is trading at $50, and there is a call option that trades on XYZ 
with an exercise price of $45 which expires in three months. The risk-free rate is 5%, 
and the standard deviation of returns is 12% annualized. Determine the value of the call 
option’s gamma. Assume dj is 1.99 and N(dj) is 0.9767.

Answer:

N '(d!) _  0.055
S0ctVt  ~~ 50x0 .12xV o25

0.055
3

0.0183

Gamma measures the rate of change in the option’s delta, so for a $ 1 change in the price 
of the stock, the delta will change by 0.0183.

Figure 4 illustrates the relationship between gamma and the stock price for a stock option. 
As indicated in Figure 4, gamma is largest when an option is at-the-money (at stock price = 
X). When an option is deep in-the-money or out-of-the-money, changes in stock price have 
little effect on gamma.
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Figure 4: Gamma vs. Stock Price
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When gamma is large, delta will be changing rapidly. On the other hand, when gamma is 
small, delta will be changing slowly. Since gamma represents the curvature component of 
the call-price function not accounted for by delta, it can be used to minimize the hedging 
error associated with a linear relationship (delta) to represent the curvature of the call-price 
function.

Delta-neutral positions can hedge the portfolio against small changes in stock price, while 
gamma can help hedge against relatively large changes in stock price. Therefore, it is not 
only desirable to create a delta-neutral position but also to create one that is gamma- 
neutral. In that way, neither small nor large stock price changes adversely affect the 
portfolio’s value.

Since underlying assets and forward instruments generate linear payoffs, they have zero 
gamma and, hence, cannot be employed to create gamma-neutral positions. Gamma-neutral 
positions have to be created using instruments that are not linearly related to the underlying 
instrument, such as options. The specific relationship that determines the number of 
options that must be added to an existing portfolio to generate a gamma-neutral position is 
-(rp/rT), where Tp is the gamma of the existing portfolio position, and F j is the gamma 
of a traded option that can be added. Let’s take a look at an example.

Example: Creating a gamma-neutral position

Suppose an existing short option position is delta-neutral but has a gamma of- 6,000. 
Here, gamma is negative because we are short the options. Also, assume that there exists a 
traded option with a delta of 0.6 and a gamma of 1.25. Create a gamma-neutral position.

Answer:

To gamma-hedge, we must buy 4,800 options (6,000 / 1.25). Now the position is 
gamma-neutral, but the added options have changed the delta position of the portfolio 
from 0 to 2,880 = 4,800 x 0.6. This means that 2,880 shares of the underlying position 
will have to be sold to maintain not only a gamma-neutral position, but also the original 
delta-neutral position.
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Relationship Among Delta, Theta, and Gamma

Stock option prices are affected by delta, theta, and gamma as indicated in the following 
relationship:

rn  = 0  + rSA + 0.5ct2S2T 

where:
r = the risk-neutral risk-free rate of interest
II = the price of the option
0  = the option theta
S = the price of the underlying stock
A = the option delta
ct2 = the variance of the underlying stock
r  = the option gamma

This equation shows that the change in the value of an option position is directly affected 
by its sensitivities to the Greeks.

For a delta-neutral portfolio, A = 0, so the preceding equation reduces to:

rn = 0  + 0.5o2S2r

The left side of the equation is the dollar risk-free return on the option (risk-free rate times 
option value). Assuming the risk-free rate is small, this demonstrates that for large positive 
values of theta, gamma tends to be large and negative, and vice versa, which explains the 
common practice of using theta as a proxy for gamma.

Vega

P rofessor’s Note: Vega is n o t a ctua lly  a le tter  o f  the Greek alphabet, bu t w e still 
ca ll  vega  on e o f  the “Greeks” in option  p r ic in g .

Vega measures the sensitivity of the option’s price to changes in the volatility of the 
underlying stock. For example, a vega of 8 indicates that for a 1% increase in volatility, the 
option’s price will increase by 0.08. For a given maturity, exercise price, and risk-free rate, 
the vega of a call is equal to the vega of a put.

Vega for a call option is calculated using the following equation:

d cvega =
d a

where:
d c  = change in the call price 
d o  = change in volatility

Vega for European calls and puts on non-dividend-paying stocks is calculated as: 

vega = SgN^d^VT
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Example: Computing vega

Suppose that stock XYZ is trading at $50, and there is a call option that trades on XYZ 
with an exercise price of $45 which expires in three months. The risk-free rate is 5%, 
and the standard deviation of returns is 12% annualized. Determine the value of the call 
option’s vega. Assume dj is 1.99 and N(dj) is 0.9767.

Answer:

vega = SoN'Cdj )VT = 50 x 0.055 x ̂ 025  = 1.375

The interpretation for this value is that for a 1 % increase in the volatility of the option (in 
this example, 12 % to 13%), the value of the option will increase by approximately 0.01 x
1.375 = 0.01375.

Options are most sensitive to changes in volatility when they are at-the-money. Deep out- 
of-the-money or deep in-the-money options have little sensitivity to changes in volatility 
(i.e., vega is close to zero). The diagram in Figure 5 illustrates this behavior.

Figure 5: Vega of a Stock Option

Rho

Rho, p, measures an option’s sensitivity to changes in the risk-free rate. Keep in mind, 
however, that equity options are not as sensitive to changes in interest rates as they are to 
changes in the other variables (e.g., volatility and stock price). Large changes in rates have 
only small effects on equity option prices. Rho is a much more important risk factor for 
fixed-income derivatives.

Rho for a call option is calculated using the following equation:

where:
d c  = change in the call price 
d r = change in interest rate
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In-the-money calls and puts are more sensitive to changes in rates than out-of-the-money 
options. Increases in rates cause larger increases for in-the-money call prices (versus out-of- 
the-money calls) and larger decreases for in-the-money puts (versus out-of-the-money puts).

For European calls on a non-dividend-paying stock, rho is measured as: 

rho(call) =XTe-rTN(d2)

Topic 56
Cross Reference to GARP Assigned Reading -  Hull, Chapter 19

For European puts, rho is:

rho (put) = —XTe rTN(—d2)

Example: Computing rho

Suppose that stock XYZ is trading at $50, and there is a call option that trades on XYZ 
with an exercise price of $45 which expires in three months. The risk-free rate is 5%, 
and the standard deviation of returns is 12% annualized. Determine the value of the call 
option’s rho. Assume d2 is 1.93 and N(d2) is 0.9732.

Answer:

rho (call) = 45 x 0.25 x e-°-05><0-25 x 0.9732 = 10.81

Similar to the interpretation of vega, a 1% increase in the risk-free rate (from 5% to 6%) 
will increase the value of the call option by approximately 0.01 x 10.81 = 0.1081.

Hedging in Practice

LO 56.10: Describe how hedging activities take place in practice, and describe how 
scenario analysis can be used to formulate expected gains and losses with option 
positions.

One of the main problems facing options traders is the expense associated with trying to 
maintain positions that are neutral to the Greeks. Although delta-neutral positions can be 
created, it is not as easy to find securities at reasonable prices that can mitigate the negative 
effects associated with gamma and vega.

To make things somewhat more manageable, large financial institutions usually adjust to 
a delta-neutral position and then monitor exposure to the other Greeks. Two offsetting 
situations assist in this monitoring activity. First, institutions that have sold options to 
their clients are exposed to negative gamma and vega, which tend to become more negative 
as time passes. In contrast, when the options are initially sold at-the-money, the level 
of sensitivity to gamma and vega is highest, but as time passes, the options tend to go
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either in-the-money or out-of-the-money. The farther in- or out-of-the-money an option 
becomes, the less the impact of gamma and vega on the delta-neutral position.

Scenario analysis involves calculating expected portfolio gains or losses over desired periods 
using different inputs for underlying asset price and volatility. In this way, traders can assess 
the impact of changing various factors individually, or simultaneously, on their overall 
position.

Portfolio Insurance

Topic 56
Cross Reference to GARP Assigned Reading -  Hull, Chapter 19

LO 56.11: Describe how portfolio insurance can be created through option 
instruments and stock index futures.

Portfolio insurance is the combination of (1) an underlying instrument and (2) either cash 
or a derivative that generates a floor value for the portfolio in the event that market values 
decline, while still allowing for upside potential in the event that market values rise.

The simplest way to create portfolio insurance is to buy put options on an underlying portfolio. 
In this case, any loss on the portfolio may be offset with gains on the long put position.

Simply buying puts on the underlying portfolio may not be feasible because the put options 
needed to generate the desired level of portfolio insurance may not be available. As an 
alternative to buying the puts, a synthetic put position can be created with index futures 
contracts. This is accomplished by selling index futures contracts in an amount equivalent 
to the proportion of the portfolio dictated by the delta of the required put option. The main 
reasons traders may prefer synthetically creating the portfolio insurance position with index 
futures include substantially lower trading costs and relatively higher levels of liquidity.
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K ey C oncepts

LO 56.1

A naked call option is written without owning the underlying asset, whereas a covered call is 
a short call option where the writer owns the underlying asset. Neither of these positions is 
a hedged position.

LO 56.2

Stop-loss trading strategies are designed to minimize losses in the event the price of the 
underlying exceeds the strike price of a short call-option position.

LO 56.3

To completely hedge a long stock or short call position, an investor must purchase the 
number of shares of stock equal to delta times the number of options sold. Another term for 
being completely hedged is delta-neutral.

A forward/futures contract position can easily be hedged with an offsetting underlying asset 
position with the same number of securities.

LO 56.4

The delta of an option, A, is the ratio of the change in price of the call option, c, to the 
change in price of the underlying asset, s, for small changes in s.

LO 56.5

Delta-neutral hedges are sophisticated hedging methods that minimize changes in a 
portfolio’s position due to changes in the underlying security.

Delta-neutral hedges are only appropriate for small changes in the underlying asset and 
need to be rebalanced when large changes in the asset’s value occur.

LO 56.6

The delta of a portfolio is a weighted average of the deltas of each portfolio position.
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LO 56.7
Theta, also referred to as the time decay of an option, measures the sensitivity of an option’s 
price to decreases in time to expiration.

Gamma measures the sensitivity of an option’s price to changes in the option’s delta.

Vega measures the sensitivity of an option’s price to changes in the underlying asset’s 
volatility.

Rho measures the sensitivity of an option’s price to changes in the level of interest rates.

LO 56.8

Gamma is used to correct the hedging error associated with delta-neutral positions by 
providing added protection against large movements in the underlying asset’s price.

Gamma-neutral positions are created by matching the gamma of the portfolio with an 
offsetting option position.

LO 56.9

Theta, delta, and gamma directly affect the rate of return of an option portfolio.

Stock option prices are affected by delta, theta, and gamma as indicated in the following 
relationship:

rfl = 0  + rSA + 0.5cr2S2r  

where:
r = the risk-neutral risk-free rate of interest
II = the price of the option
0  = the option theta
S = the price of the underlying stock
A = the option delta
a 2 = the variance of the underlying stock
r  = the option gamma

LO 56.10

Hedging usually entails actively managing a delta-neutral position while monitoring the 
other option Greek sensitivities.

LO 56.11

Portfolio insurance is the combination of (1) an underlying instrument and (2) either 
cash or a derivative that generates a floor value of the portfolio in the event that market 
valuations decline, while allowing for upside potential in the event that market valuations 
rise.
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C oncept  C h eckers

1 . Which of the following choices will effectively hedge a short call option position that 
exhibits a delta of 0.5?
A. Sell two shares of the underlying for each option sold.
B. Buy two shares of the underlying for each option sold.
C. Sell the number of shares of the underlying equal to one-half the options sold.
D. Buy the number of shares of the underlying equal to one-half the options sold.

2. A delta-neutral position exhibits a gamma of -3,200. An existing option with a 
delta equal to 0.5 exhibits a gamma of 1.5. Which of the following will generate a 
gamma-neutral position for the existing portfolio?
A. Buy 4,800 of the available options.
B. Sell 4,800 of the available options.
C. Buy 2,133 of the available options.
D. Sell 2,133 of the available options.

3. Which of the following actions would have to be taken to restore a delta-neutral 
hedge to the gamma-neutral position created in Question 2?
A. Buy 1,067 shares of the underlying stock.
B. Sell 1,067 shares of the underlying stock.
C. Buy 4,266 shares of the underlying stock.
D. Sell 4,266 shares of the underlying stock.

4. Portfolio insurance payoffs would not involve which of the following?
A. Selling call options in the proportion 1/delta.
B. Buying put options one-to-one relative to the underlying.
C. Buying and selling the underlying in the proportion of delta of a put.
D. Buying and selling futures in the proportion of delta of a put.

5. Which of the following statements about the “Greeks” is true?
A. Rho for fixed income options is small.
B. Call option deltas range from —1 to +1.
C. A vega of 10 suggests that for a 1% increase in volatility, the option price will 

increase by 0. 10 .
D. Theta is the most negative for out-of-the-money options.
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C oncept C h ecker  A n sw e rs

1. D In order to hedge a short call option position, a manager would have to buy enough of the
underlying to equal the delta times the number of options sold. In this case, delta = 0.5, so 
for every two options sold, the manager would have to buy a share of the underlying security.

2. C To create a gamma-neutral position, a manager must add the appropriate number of options
that equals the existing portfolio gamma position. In this case, the existing gamma position 
is -3,200, and an available option exhibits a gamma of 1.5, which translates into buying 
approximately 2,133 options (3,200 / 1.5).

3. B The gamma-neutral hedge requires the purchase of 2,133 options, which will then increase
the delta of the portfolio to 1,067 (2,133 x 0.5). Therefore, this would require selling 
approximately 1,067 shares to maintain a delta-neutral position.

4. A Portfolio insurance can be created by all of the statements except selling call options in the
proportion 1/delta. This action generates a delta-neutral hedge, not portfolio insurance.

5. C Theta is the most negative for at-the-money options. Call option deltas range from 0 to 1. A
vega of 10 suggests that for a 1% increase in volatility, the option price will increase by 0.10. 
Rho for equity options is small.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Prices, D iscount Factors, and 
A rbitrage

Topic 57

Exam Focus

This topic provides an overview of the fundamentals of bond valuation. The value of a bond 
is simply the present value of its cash flows discounted at the appropriate periodic required 
return. Discount factors are used for pricing coupon bonds and for determining whether 
bonds are trading cheap or rich. If a mispricing exists among securities, a riskless arbitrage 
profit can be made from the violation of the law of one price.

Fundamentals of Bond Valuation

The general procedure for valuing fixed-income securities (or any security) is to take 
the present values of all the expected cash flows and add them up to get the value of the 
security.

There are three steps in the bond valuation process:

Step 1: Estimate the cash flows over the life of the security. For a bond, there are two types 
of cash flows: (1 ) the coupon payments and (2) the return of principal.

Step 2: Determine the appropriate discount rate based on the risk of (uncertainty about) 
the receipt of the estimated cash flows.

Step 3: Calculate the present value of the estimated cash flows by multiplying the bond’s 
expected cash flows by the appropriate discount factors.

For a Treasury bond, the appropriate rate used to value the promised cash flows is the 
risk-free rate. This may be a single rate, used to discount all of the cash flows, or a 
series of discount rates that correspond to the times until each cash flow arrives.

For non-Treasury securities, we must add a risk premium to the risk-free (Treasury) 
rate to determine the appropriate discount rate. This risk premium is the added yield 
to compensate for greater risk (credit risk, liquidity risk, call risk, prepayment risk, and 
so on). When using a single discount rate to value bonds, the risk premium is added to 
the risk-free rate to get the appropriate discount rate for all of the expected cash flows.

Calculating the Value o f a Coupon Bond

Valuation with a single yield (discount rate). For an option-free coupon bond, the coupon 
payments can be valued as an annuity. In order to take into account the payment of the 
par value at maturity, we will enter this final payment as the future value. This is the basic 
difference between valuing a coupon bond and valuing an annuity.
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For simplicity, consider a security that will pay $100 per year for ten years and make a single 
$1,000 payment at maturity (in ten years). If the appropriate discount rate is 8% for all the 
cash flows, the value is:

100 100 100 100 100 1,000
1.08 1.082 1.083 1.084 1.0810 1.0810

= $1,134.20 = present value of expected cash flows

This is simply the sum of the present values of the future cash flows, $100  per year for ten 
years and $ 1,000 (the principal repayment) to be received at the end of the tenth year, at 
the same time as the final coupon payment.

The calculator solution is:

Topic 57
Cross Reference to GARP Assigned Reading — Tuckman, Chapter 1

N = 10; PMT = 100; FV = 1,000; I/Y = 8; CPT - »  PV = -$1,134.20

where:
N = number of years
PMT = the annual coupon payment
I/Y = the annual discount rate
FV = the par value or selling price at the end of an assumed holding period

Professor’s Note: Take note o f  a couple o f  poin ts here. The discount rate is en tered  as 
a whole number in percent, 8, not 0.08. The ten coupon paym ents o f  $100 each 
are taken care o f  in the N  = 10 entry, the p rin cipa l repayment is in the FV = 1,000 
entry. Lastly, note that the PV is negative; it w ill be the opposite sign to the sign o f  
PM T and FV. The calculator is ju s t  “thinking” that i f  you  receive the payments and  
fiitu re value (you own the bond), you  must pay the presen t value o f  the bond today 
(you must buy the bond). That’s why the PV amount is negative; it  is a cash outflow  
to a bond buyer. Ju st make sure that you  g iv e  the payments and  fu tu re value the same 
sign, and  then you  can ignore the sign on the answer (PV).

Valuation with a single yield and semiannual cash flows. Let’s calculate the value of the 
same bond with semiannual payments.

Rather than $100 per year, the security will pay $50 every six months. Adjust the discount 
rate of 8% per year to 4% per six months. The par value remains $1,000.

The calculator solution is:

N = 20; PMT = 50; FV = 1,000; I/Y = 4; CPT PV = -1,135.90 

where:
N = number of semiannual periods 
PMT = the sem iannual coupon payment 
I/Y = the sem iannual discount rate 
FV = the par value
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Price-Yield Curve

Bond values and bond yields are inversely related. An increase in the discount rate will 
decrease the present value of a bond’s expected cash flows; a decrease in the discount rate 
will increase the present value of a bond’s expected cash flows. The change in bond value 
in response to a change in the discount rate can be calculated as the difference between the 
present values of the cash flows at the two different discount rates.

If you plot a bond’s yield to its corresponding value, you’ll get a graph like the one shown in 
Figure 1. Here we see that higher prices are associated with lower yields. This graph is called 
the price-y ie ld  curve. Note that it is not a straight line but is curved. For option-free bonds, 
the price-yield curve is convex toward the origin, meaning it looks like half of a smile.

Figure 1: The Price-Yield Profile
Bond

Value (% of Par)

Market
Yield

Bond Price Quotations

Bonds are quoted on a percentage basis relative to a par value (100). Bonds priced at par are 
quoted at 100 ; bonds sold at a discount are priced at less than 100 ; and bonds sold at a 
premium are priced at greater than 100. U.S. Treasury notes and bonds use a “32nds” 
convention. A bond quoted as 97-6 (or 97:06 or 97.6) is interpreted as 97 Par
value. If the par amount is $1 million, the price of the bond is 97.1875% of the par 
amount, or $971,875.00. Corporate and municipal bonds are quoted in eighths 
(e.g., 1 0 2 ^  indicates the price of the bond is 102.125% of par). In either case, convert a

price quotation into a dollar price simply by adding the decimal equivalent of the fraction 
to the base number of the quote and using that as a percentage of the par amount to 
compute the price.

A “+” in the quote indicates a half tick. For example, if the price is quoted as 101-12+, then

the bond would sell at 10 1 12.5/
x32 •
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D iscount Factors
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LO 57.1: Define discount factor and use a discount function to compute present 
and future values.

Discount factors are used to determine present values. The discount function is expressed as 
d(t), where t denotes time in years.

Example: Calculating bond value using discount factors

Suppose that the discount factor for the first 180-day coupon period is as follows: 

d(0.5) = 0.92432

Calculate the price of a bond that pays $108 six months from today.

Answer:

Since $1 to be received in six months is worth $0.92432 today, $108 received in six 
months is worth 0.92432 x $108 = $99.83 today.

Professor’s Note: The fu tu r e  va lu e o f $ l  in v es ted  f o r  tim e t  is l/d(t).

Bonds are securities that promise a future stream of cash flows, so a series of Treasury bond 
(T-bond) prices can be used to generate the discount function.

Example: Calculating discount factors given bond prices

Figure 2 shows selected T-bond prices for semiannual coupon $100 face value bonds.

Figure 2: Selected Treasury Bond Prices

Prices are from 5/14/06, with t + 1 settlement
Bond Coupon Maturity Price

1 4.25% 11/15/06 101-16
2 7.25% 5/15/07 105-31 +
3 2.00% 11/15/07 101-07
4 12.00% 5/15/08 120-30
5 5.75% 11/15/08 110-13+

Generate the discount factors for the dates indicated.
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Answer:

Bond 1:

When this bond matures on 11/15/06, it makes its last interest payment of

'0.04252.125 = -x$100 plus the principal repayment of 100. The present value of the

102.125 is given as the price of 101-16, or 101.50. 

price(PV) = CF(0.5) x d(0.5)

101.5 = 102.125 d(0.5)

Solving for the discount function yields:

d(0.5) = 0.9939

Moving farther out on the curve, the function becomes slightly more complex, as each 
point of the curve must be included. For example, to solve for Bond 2, we must include 
d(0.5) as well.

Bond 2:

The coupon payment at time 0.5 is 3.625 = 7.25 / 2. The final cash flow at time t = 1 
is 103.625 = 100 + 3.625. Those two cash flows discounted back to 5/14/06 using the 
discount function should equal the price of the bond:

105-31+ = 105.9844 = 3.625 d(0.5) + 103.625 d(l)

Since it’s already known that d(0.5) = 0.9939, substitute that value into the equation and 
solve for d(\):

105.9844 = (3.625 x 0.9939) + [103.625 d(l)] 

d (l) = 0.9880
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Using the same methodology for Bonds 3, 4, and 5: 

Bond 3:

101.2188 = 1.0 d(0.5) + 1.0 d(l) + 10 1 d(1.5)

Thus:

d(l. 5) = 0.9825

Bond 4  and  Bond 5: 

d(2.0) = 0.9731

d(2.5) = 0.9633

Figure 3: Discount Factors

Time to Maturity Discount Factor
0.5 0.9939
1.0 0.9880
1.5 0.9825
2.0 0.9731
2.5 0.9633

Determining Value U sing D iscount Functions

LO 57.2: Define the “law of one price,” explain it using an arbitrage argument, 
and describe how it can be applied to bond pricing.

LO 57.5: Identify arbitrage opportunities for fixed income securities with certain 
cash flows.

The discount functions previously mentioned can be used to estimate the value of a bond. 
Since investors do not care about the origin of a cash flow, all else equal, a cash flow from 
one bond is just as good as a cash flow from another bond. This phenomenon is commonly 
referred to as the law of one price. If investors are able to exploit a mispricing because of the 
law of one price, it is referred to as an arbitrage opportunity.
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Example: Identifying arbitrage opportunities

Suppose you observe the annual coupon bonds shown in Figure 4.

Figure 4: Observed Bond Yields and Prices

M aturity YTM Coupon
(annual payments) P rice (% o f  par)

1 year 4% 0% 96.154
2 years 8% 0% 85.734
2 years 8% 8% 100.000

The 2-year spot rate is 8.167%. Is there an arbitrage opportunity? If so, describe the 
trades necessary to exploit the arbitrage opportunity.

Answer:

The answer is yes, an arbitrage profit may be realized because the YTM on the 2-year zero 
coupon is too low (8% versus 8.167%), which means the bond is trading rich (the bond 
price is too high). To exploit this violation of the law of one price, buy the 2-year, 8% 
coupon bond, strip the coupons, and short sell them separately. The discount factors are 
derived from the prices of the zero-coupon bonds.

Figure 5: Discount Factors

Time to M aturity D iscount Factor
1.0 0.96154
2.0 0.85734

To demonstrate the process of exploiting the arbitrage opportunity here, consider the 
following 3-step process (the dollar amounts given are arbitrary):

Step 1: Buy $1 million of the 2-year, 8% coupon bonds because they are trading cheap. 
Step 2: Short sell $80,000 of the 1-year, zero-coupon bonds at 96.154.
Step 3: Short sell $1.08 million of the 2-year, zero-coupon bonds at 85.734.

Figure 6: Cash Flow Diagram

Time = 0 1 y ea r 2  years

-1,000,000.00 (cost of 2-year, 8% 
coupon bonds) +80,000 (coupon,

interest) + 1,080,000 (coupon,
interest)

+76,923.20* (proceeds 1-year, 
0% bonds) -80,000 (maturity)

+925,927.20** (proceeds 2-year, 
0% bonds) -1,080,000 (maturity)

+2,850.40 Net 0 0

*76,923.20 = 0.96154 x 80,000 

**925,927.20 = 0.85734 x 1,080,000
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The result is receiving positive incom e today in return for no fu tu re obligation, which is an 
arbitrage opportunity. The selling of the 2-year STRIPS would force the price down to 
85.469 (the price at which the YTM = 8.167%), at which point the arbitrage opportunity 
would disappear.
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Treasury Coupon Bonds and Treasury STRIPS

LO 57.3: Identify the components o f a U.S. Treasury coupon bond, and compare 
and contrast the structure to Treasury STRIPS, including the difference between * •
P-STRIPS and C-STRIPS.

Zero-coupon bonds issued by the Treasury are called STRIPS (separate trading of registered 
interest and principal securities). STRIPS are created by request when a coupon bond is 
presented to the Treasury. The bond is “stripped” into two components: principal and 
coupon (P-STRIPS and C-STRIPS, respectively).

The Treasury can also retire a STRIP by gathering the parts up to reconstitute, or remake, 
the coupon bond. C-STRIPS can be put with any bond to reconstitute, but P-STRIPS 
are identified with specific bonds—the original bond that it was stripped from. What this 
means is that the value of a P-STRIP comes from the underlying bond. If the underlying 
was cheap, the P-STRIP will be cheap. If the underlying was rich, the P-STRIP will also be 
rich.

STRIPS are of interest to investors because:

• Zero-coupon bonds can be easily used to create any type of cash flow stream and thus 
match asset cash flows with liability cash flows (e.g., to provide for college expenses, 
house-purchase down payment, or other liability funding). This mitigates reinvestment 
risk. (The concept of reinvestment risk will be discussed in later topics.)

• Zero-coupon bonds are more sensitive to interest rate changes than are coupon bonds. 
This could be an issue for asset-liability management or hedging purposes.

STRIPS do have some disadvantages, which include the following:

• They can be illiquid.
• Shorter-term C-STRIPS tend to trade rich.
• Longer-term C-STRIPS tend to trade cheap.
• P-STRIPS typically trade at fair value.
• Large institutions can potentially profit from STRIP mispricings relative to the 

underlying bonds. They can do this by either buying Treasuries and stripping them 
or reconstituting STRIPS. Because of the cost involved with stripping/reconstituting, 
investors generally pay a premium for zero-coupon bonds.
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C onstructing a  Replicating Portfolio

LO 57.4: Construct a replicating portfolio using multiple fixed income securities to 
match the cash flows of a given fixed income security.

Suppose a 2-year fixed income security exists with $100 face value and a 10% coupon rate. 
The coupons are paid on a semiannual basis, and the security’s YTM is assumed to be 4.5%. 
The present value of this bond, Bond 1, and its cash flows are calculated as follows:

PVR1 = --------r5---------1.02251 1.0225
5 | 105

1.02253 1.02254
$110.41

or:

N =  2x2  =  4; 1/ Y  =  4.5/2 =  2.25%; FV =  100; PMT =  10/2 =  5; CPT => PV =  $110.41

If this bond is determined to be trading “cheap,” then a trader can conduct an arbitrage 
trade by purchasing the undervalued bond and shorting a replicating portfolio that mimics 
the bond’s cash flows. To demonstrate the creation of a replicating portfolio, assume 
the following four fixed income securities exist in addition to the bond we are trying to 
replicate.

Bond Coupon PV FV Time Horizon
2 7% $101.22 $100 6 months (0.5 years)
3 12% $107.25 $100 12 months (1 year)
4 5% $100.72 $100 18 months (1.5 years)
5 6% $102.84 $100 24 months (2 years)

To create a replicating portfolio using multiple fixed-income securities, we must determine 
the face amounts of each bond to purchase, Fj, which match Bond 1 cash flows in each 
semiannual period.

y, , , c 7% , „ 12% 5% , „ 6%Bond 1 CFr =  F, x ----- F F, x ------- F F4 x ------F F, x ----
2 3 2 2 5 2

When doing this calculation by hand, it is easiest to start from the end—with the bond that 
matches Bond Ts time horizon. In this case, that security is Bond 5. Since the other bonds 
do not make payments in 24 months, they are not considered in this first step (i.e., their 
face amounts are multiplied by zero).

$105 = F2 x 0 + F3 x O + F4 x 0 + F5 x|l00 + |j%

Solving this equation for F? yields the face amount percentage we need to purchase of Bond 
5 (F5 = 101.94). Since the coupon rate on Bond 5 is lower than that of Bond 1, it makes 
sense that we’ll need to purchase more of Bond 5 (101.94%) than the $100 face value of 
Bond 1. We can now use the value of F5 to solve for F̂ .

I 5) 6%$5 = F2 x O-FF3 x O-FF4 x 100 + H%-F101.94x —
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The remaining unknowns (F2 and F3) are solved in a similar fashion. The replicating 
portfolio can now be purchased (or sold for the arbitrage trade) using the below face 
amount percentages. Notice, in the last two rows of the following table, how the total cash 
flows from these four bonds exactly matches the cash flows from Bond 1.

The cash flows from the replicating portfolio are computed by multiplying each bond’s 
initial cash flows by face amount percentage. For example, regarding Bond 5, the 2-year 
cash flow is computed as $103 x 1.0194 = $105, and the 1-year cash flow is computed as 
$3 x 1.0194 = $3.0582.

Topic 57
Cross Reference to GARP Assigned Reading -  Tuckman, Chapter 1

Coupon Face Amount CF (t = 0.5) CF (t = 1) CF (t = 1.5) CF (t -2)
Bond 2 7% 1.73% 1.7906
Bond 3 12% 1.79% 0.1074 1.8974
Bond 4 5% 1.89% 0.0473 0.0473 1.9373
Bond 5 6% 101.94% 3.0582 3.0582 3.0582 105
Total CFs 5 5 5 105
Bond 1 CFs 5 5 5 105

Computing Price Between C oupon Dates

LO 57.6: Dififerentiate between "clean" and "dirty" bond pricing and explain the 
implications o f accrued interest with respect to bond pricing.

LO 57.7: Describe the common day-count conventions used in bond pricing.

All of our computations to this point have assumed that the number of remaining periods 
in the bond’s life is an integer. In other words, we have assumed that the bond’s valuation 
took place on a coupon date. Frequently, bonds are not purchased on a coupon date, and 
we must deal with fractional periods in the valuation process. We must account for three 
items in this situation: accrued interest, fractional period compounding, and the day-count 
convention of the bond.

Accrued Interest

When a bond is purchased, the buyer must pay the owner for any interest earned up 
through the settlement date. This is called accrued interest (AI) and is computed as:

AI = c
number of days from last coupon to the settlement date

number of days in coupon period

where:
c = coupon payment
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Example: Computing accrued interest

A $1,000 par value U.S. corporate bond pays a semiannual 10% coupon. Assume the last 
coupon was paid 90 days ago and there are 30 days in each month. Compute the accrued 
interest.

Answer:

Accrued interest is computed as follows:

AI = $50 ' 90 ' 
,180.

= $25

Day-Count Convention

Several day-count conventions are used in practice in the bond markets:

• Actual/actual (in period).
• Actual/365.
• Actual/365 (366 in leap year).
• Actual/360.
• 30/360.
• 30E/360 (E is for Europe).

The day count used will depend on the type of security. For example, U.S. government 
bonds pay coupons semiannually and have an actual/actual day count. U.S. corporate 
and municipal bonds pay semiannual interest with a 30/360 day count. U.S. government 
agencies pay annually, semiannually, and quarterly coupons (depending on the type of 
bond) with a 30/360 day count.

Clean and Dirty Bond Pricing

We need to modify the pricing formula to incorporate the appropriate day count 
convention. Specifically, the bond pricing equation becomes:

„ C C C C M
P —-----------1-------- rr— I---------T7— F ••• H------------rr— I------------rr—

(l + y)w (l + y)1+w (l + y)2+w (l + y)n“1+w (l + y)n“1+w

where:
P = price
C = semiannual coupon 
y = periodic required yield 
n = number of periods remaining 
M = par value of the bond
w = the number of days until the next coupon payment divided by the number of days 

in the coupon period.
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When expressing w  in the preceding equation, the number of days to use for the 
coupon period is determined by the appropriate day count convention. For example, the 
denominator is 180 for semiannual bonds that use the 30/360 convention. This equation 
computes the dirty p r ice  of the bond, since it includes the discounted value of the first full 
coupon payment even though the accrued interest belongs to the seller of the bond.

Example: Computing the dirty price of a bond

Suppose the bond from the previous example (10% coupon bond with $1,000 par value) 
is a U.S. corporate bond that pays coupons semiannually on January 1 and July 1. Assume 
that it is now April 1, 2015, and the bond matures on July 1, 2025. Compute the dirty 
price of this bond if the required annual yield is 8%.

Answer:

This is a U.S. corporate bond so it uses the 30/360 day count convention. Under this 
convention the number of days between the settlement date (April 1, 2015) and the next 
coupon payment (July 1, 2015) is 90 days (= 3 months at 30 days per month). That 
means w = 90/180 = 0.5. Since n = 21, n -  1 + w = 20.5.

Applying the new equation:

P = 50/(1 + 0.04)0-5 + 50 / (1 + 0.04)1-5 + ... + 50 / (1 + 0.04)20-5 +
1,000/(1 + 0.04)20’5 =$1,162.87

We can use the time-value calculator to solve this long equation directly in two steps.
First, we compute the value of the bond immediately after the January 2015 coupon 
payment, when it was a 21-period bond:

N = 21; PMT = 50; I/Y = 4; FV = 1,000; CPT PV = 1,140.29

Then, 90 days later, on April 1, 2015, the dirty price of the bond is:

$1,140.29 x (1.04)0-5 = $1,162.87

The dirty price is the price that the seller of the bond must be paid to give up ownership. It 
includes the present value of the bond plus the accrued interest. The clean price is the dirty 
price less accrued interest:

clean price = dirty price — accrued interest
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Example: Computing the clean price of a bond

Compute the clean price of the U.S. corporate bond in the previous two examples. 

Answer:

clean price = $1,162.87 -  $25.00 = $1,137.87

Note that the dirty price includes the discounted value of the next coupon so that the 
method of calculating accrued interest does not matter. As long as the clean price is 
calculated as: dirty price -  accrued interest, the sum of the clean price and accrued interest 
will equal the dirty price.

P rofessor’s Note: The d irty  p r i c e  o f  th e b ond  is som etim es re ferred  to as the f u l l  
p r ic e  or in vo ice  p r ice . The clean p r ic e  o f  th e b ond  is som etim es re ferred  to as 
th e f l a t  p r i c e  or quo ted  p r ice .
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K ey C oncepts

LO 57.1

The cash flows of a coupon bond consist of periodic coupon payments and a par value 
payment at maturity.

The price of a bond consists of an ordinary annuity portion (the coupons) and a lump sum 
single cash flow (the par amount).

Bond prices can be generated from discount functions. Prices are calculated by summing 
the product of each cash flow and its applicable discount rate.

LO 57.2

Since investors do not care about the origin of a cash flow, all else equal, a cash flow from 
one bond is just as good as a cash flow from another bond. This phenomenon is commonly 
referred to as the law of one price.

LO 57.3

Treasury STRIPS can be used to create specific fixed-income cash flow streams. P-STRIPS 
typically trade at fair value, while longer-term C-STRIPS tend to trade cheap, and shorter- 
term C-STRIPS tend to trade rich.

LO 57.4

To create a replicating portfolio using multiple fixed-income securities, we must determine 
the face amounts of each fixed-income security to purchase, which match the cash flows 
from the bond we are trying to replicate.

LO 57.5

An arbitrage profit can be made if violations of the law of one price exist. By short selling a 
“rich” security and using the proceeds to purchase a similar “cheap” security, an investor can 
make a riskless profit with no investment.

LO 57.6

Valuation of bonds between coupon payment dates requires the calculation of accrued 
interest and a modification to the bond pricing formula. Values derived between coupon 
dates will include accrued interest. This is also known as the dirty price. Subtracting the 
accrued interest from the dirty price gives the clean price of the bond.

LO 57.7

Accrued interest calculations vary across classes of bonds because of differing day count 
conventions. The most common day count conventions are actual/actual and 30E/360.
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C oncept  C h eckers

Use the following information for Questions 1 and 2.

Maturity Coupon Price
6 months 5.5% 101.3423

1 year 14.0% 102.1013
2 years 8.5% 99.8740

1 . Which of the following is the closest to the discount factor for d{0.5)?
A. 0.8923.
B. 0.9304.
C. 0.9525.
D. 0.9863.

2. Which of the following is the closest to the discount factor for <̂ (1.0)?
A. 0.8897.
B. 0.9394.
C. 0.9525.
D. 0.9746.

3. ATreasury bond is quoted at a price of 106-17+. The price of the bond as a percent 
of par is closest to:
A. 106.1700%.
B. 106.1750%.
C. 106.5313%.
D. 106.5469%.

4. P-STRIPS typically:
A. trade rich.
B. trade cheap.
C. trade at fair value.
D. Not enough information.

5. Which of the following statements about STRIPS is correct? STRIPS:
I. have less interest rate sensitivity than coupon bonds.

II. tend to be highly liquid.
A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.
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C oncept C h ecker  A n sw e rs

1. D 101.3423 = 102.75 d(0.5)

d(0.5) = 0.9863

2. A 102.1013 = 7 d(0.5) + 107 d(l)

102.1013 = 7(0.9863) + 107 d(l)

95.1972 = 107 d(l) 

d(l) = 0.8897

3. D The price of the bond is 106 ^ -^ 22% °fp ar> or 106.5469%.

4. C  P-STRIPS usually trade at fair value. This means that the cheapness or richness of the
underlying bond passes on to the P-STRIP.

5. D STRIPS can be relatively illiquid and have more interest rate sensitivity than coupon bonds.
Because of the cost to strip/reconstitute, only large institutional investors can potentially 
profit from doing so. STRIPS are often used with hedging strategies for asset-liability 
management such as matching maturity dates with a liability stream.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Spot, Forward, and Par Rates

Topic 58

Exam Focus

Any bond can be partitioned into a series of periodic cash flows. If we compute the present 
value of each cash flow, viewed as STRIPS, and add them up, we arrive at the value of the 
bond. In other words, a bond is really a package of STRIPS. Using this framework enables us 
to relate the yield curve directly to the spot curve. The spot curve may then be manipulated 
to compute a forward curve that represents interest rates between future periods implied by 
the current spot curve. In either case, STRIPS or discount factors can be used to calculate 
prices.

Annual Compounding vs. Semiannual Compounding

LO 58.1: Calculate and interpret the impact o f different compounding frequencies 
on a bond’s value.

Most financial institutions pay and charge interest over much shorter periods than annually. 
For instance, if an account pays interest every six months, we say interest is compounded 
semiannually. Every three months represents quarterly compounding, and every month is 
monthly compounding.

Use the following formula to find the future value of a bond using different compounding 
methods:

FVn =PV0 x 1 + — 
m

where:
r = annual rate
m = number of compounding periods per year 
n = number of years

Assume $100 was invested for four years earning 10% compounded semiannually. After 
four years the future value would be:

FVn = 100X 1 + 0.10
2

2x4
$147.75
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Assuming annual compounding the future value would be:

FV„ = 100 X 1 + 0.10 1x4
$146.41

The additional $1.34 (= 147.75 — 146.41) is the extra interest earned from the 
compounding effect of interest on interest. Although the differences do not seem 
profound, the effects of compounding are magnified with larger values, greater number of 
compounding periods per year, and/or higher nominal interest rates.

Holding Period Return

We can rearrange the previous future value of a bond calculation and solve for the rate of 
return, r  (i.e., the holding period return). The rate of return on a bond is as follows:

FVn
PVn

l
mxn

- 1

Assume $100 was initially invested and grew to $147.75 after four years. Using semiannual 
compounding yields the following rate of return:

r = 2 ($ 147.75
$100

2x4 - 1 =  10%

Professor’s Note: R eca ll fr om  th e Time Value o f  M oney read in g in Book 2  that 
this type o f  p rob lem  can be easily so lv ed  w ith  a f in a n c ia l  calcu lator. N  = 4  x 2; 
FV= 147.75; PV = -1 0 0 ; CPTI/Y = 5% x 2 = 10%.

Deriving D iscount Factors from Swap Rates

LO 58.2: Calculate discount factors given interest rate swap rates.

In the previous topic, we generated discount factors given a series of bond prices (LO 57.1). 
In a similar fashion, we can also derive discount factors given a series of interest rate swap 
rates. Recall from Book 3 that in an interest rate swap, payments are exchanged based on a 
notional amount. Although this notional amount is never technically exchanged between 
counterparties in an interest rate swap, it is used to determine the size of both the fixed and 
floating leg payments.

If we were to hypothetically exchange the notional amount at swap maturity, it would be 
easy to see similarities between the fixed leg of a swap and a fixed coupon paying bond, with 
the fixed leg payments acting like semiannual, fixed coupon payments and the notional 
amount acting like the bond principal payment at maturity (i.e., its terminal value). 
Similarly, if the notional amount was exchanged at swap maturity, the floating leg of the 
swap would resemble a floating rate bond, with semiannual, floating coupon payments and 
a bond principal payment at maturity.
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In an interest rate swap, the fixed receiver (floating payer) “buys” the fixed leg, and the fixed 
payer (floating receiver) “sells” the fixed leg. Thus, we use fixed swap rates to derive discount 
factors. For this calculation, swap rates represent bond coupon payments and the swap 
notional amount represents the bond’s par value.
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Example: Computing discount rates from swap rates

Given the following swap rates, compute the discount factors for maturities ranging from 
six months to two years assuming a notional swap amount of $ 100 .

Figure 1: Swap Rates

Maturity (Years) Swap Rates
0.5 0.65%
1.0 0.80%
1.5 1.02%
2.0 1.16%

Answer:

The six-month discount rate is computed as:

0.65^
100 + - d(0.5) = 100

d(0.5) = 0.9968

The 1 -year discount rate, given the six-month discount rate, is then computed as:

0.8
2

0.8

d(0.5) + 

(0.9968) +

100 + 0.8

2

d(1.0) = 0.9920

10 0 + ™ '
2

d (l.0) = 100 

d (l .0) = 100

Figure 2 shows all discount factors for maturities ranging from six months to two years. 

Figure 2: Discount Factors

Maturity (Years) Discount Factor
0.5 0.9968
1.0 0.9920
1.5 0.9848
2.0 0.9771
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LO 58.3: Compute spot rates given discount factors.

A ^-period spot rate, denoted as z(t), is the yield to maturity on a zero-coupon bond that 
matures in t-years (assuming semiannual compounding). The spot rate curve is the graph 
of the relationship between spot rates and maturity. The spot rate curve can be derived from 
either a series of STRIPS prices, or the comparable discount factors.

Example: Computing a spot rate

The price of a 6-month $100 par value STRIP is 99.2556. Calculate the 6-month 
annualized spot rate.

Answer:

You can use the Texas Instruments BAII Plus® to solve this problem. Here are the 
keystrokes:

N = 1; PV = -99.2556; PMT = 0; FV = 100; CPT —>1/Y = 0.75% 

z(0.5) = 0.75% x 2 = 1.50%

Recall from the previous topic that the ^-period discount fa cto r  is the present value today of 
$1 to be received at the end of period t. For semiannual coupon bonds, the t-year discount 
factor is related to the t-year spot rate as follows:

z(t) = 2
d(t)

- 1

Notice that the 6-month discount factor (0.992556) is just the price of the 6-month STRIP 
(99.2556) expressed in decimal form. This means that either spot rates or discount factors 
can be used to price coupon bonds.

©2014 Kaplan, Inc. Page 167



Topic 58
Cross Reference to GARP Assigned Reading — Tuckman, Chapter 2

Example: Computing spot rates from STRIP prices

Given the STRIPS prices in Figure 3, compute the discount factors and spot rates for 
maturities ranging from six months to three years, and graph the spot rate curve.

Figure 3: STRIPS Prices and Discount Factors

Maturity (Years) STRIPS Price Discount Factor
0.5 99.2556 0.992556
1.0 97.8842 0.978842
1.5 96.2990 0.962990
2.0 94.3299 0.943299
2.5 92.1205 0.921205
3.0 89.7961 0.897961

Answer:

Consider the calculations for the 2.5-year maturity. In this case:

N = 5; PV = -92.1205; PMT = 0; FV = 100; CPT —> 1/Y = 1.655%

z(2.5) = 1.655%x2 = 3.31% or 2
100

- 1
,92.1205;

The spot rates for each maturity are shown in Figure 4.

= 3.31%

Figure 4: Spot Rates

Maturity (Years) Spot Rate
0.5 1.50%
1.0 2.15%
1.5 2.53%
2.0 2.94%
2.5 3.31%
3.0 3.62%
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Forward Rates

LO 58.4: Interpret the forward rate, and compute forward rates given spot rates. * 1 2

Forward rates are interest rates that span future periods. Given the spot rates as in Figures 4 
and 5, it is possible to compute forward rates implied by that spot curve. The spot rates in 
Figures 4 and 5 are the appropriate rates that an investor should expect to realize for various 
periods for a risk-free investment starting today. Should the investor be concerned whether 
the investment is composed of a single instrument or a series of shorter investments rolled 
over consecutively? No, because if the risk is the same, the realized return must be the same, 
regardless of how the investment is packaged. This concept is at the core of forward rate 
analysis.

For example, suppose an investor is faced with the following two strategies, based on the 
spot curve in Figures 4 and 5:

1. Buy a 1 -year STRIP yielding 2.15%.

2. Buy a 6-month (0.5-year) STRIP yielding 1.50% and then roll that into another 
6-month STRIP in six months at the 6-month forward rate.

The investor will be indifferent about which investment to use if both offer the same 
return at the end of one year. The spot curve can be used to compute what the forward rate 
must be for an investor to be indifferent between the two strategies. This process is called 
bootstrapping.
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Example: Computing a forward rate

Compute the 6-month forward rate in six months, given the following spot rates: 

z(0.5) = 1.50% 

z(1 .0) = 2.15%

Answer:

In order for strategies 1 and 2 to realize the same return, the 6-month forward rate, f( 1.0), 
on an investment that matures in one year must solve the following equation:

'1 + 00215 j2
1 +

0.0150
1 +

f ( l .0) j1

2 ,

=>f(1 .0) = 0.028 = 2.80%

Example: Computing a forward rate

Compute the 6-month forward rate in one year, given the following spot rates:

z(1 .0) = 2.15%

z(1.5) = 2.53%

Answer:

The 6-month forward rate, f(1.5), on an investment that matures in 1.5 years must solve 
the following equation:

0.0253
1 +

0.0215
1 + f  (1-5)1

=>- f (1.5) = 3.29%

The remaining 6-month forward rates are shown in Figure 6, and the forward rate curve is 
shown in Figure 7.
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Par Rates

LO 58.5: Define par rate and describe the equation for the par rate of a bond.

The par rate at maturity is the rate at which the present value of a bond equals its par 
value. By assuming a 2-year bond pays semiannual coupons and has a par value of $100, 
the 2-year par rate can be computed by incorporating bond discount factors from each 
semiannual period as follows:

par rate [d (o,5) + + + d(2 .0)] + 10 0 x d (2 .0) = 100

For example, by plugging in discount factors from Figure 2 (in LO 58.2), we can compute 
the 2-year par rate as:

Dcir rstc
— (0.9968+ 0.9920+ 0.9848+ 0.9771)+ 100x0.9771 = 100 

- r2fate (3.9507) + 97.71 = 100

par rate = 1.16%
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From the example in LO 58.2, notice how the par rate of 1.16% is exactly equal to the 
year 2 swap rate of 1.16%. This equality occurs because swap rates are, in fact, par rates. 
Therefore, because we used swap rates to represent bond coupon payments when deriving 
discount factors, we can also say that par rates represent bond coupon payments when a 
bond’s price is equal to its par value.

We can generalize the par rate equation above to compute the par rate for any maturity, Cp 
assuming a par value of $ 1 as follows:

2T

- E d
t=i

+ d(T) = 1

2T
The sum of the discount factors: ~ is known as the annuity factor, Ap Therefore,

t=l '-2 '
the notation can be simplified as follows:

^ x A x +d(T)  = l

Note that similar to spot rate and forward rate curves, we can also construct a par rate 
curve (i.e., a swap rate curve). When the spot rate and forward rate curves are flat, the par 
rate curve will also be flat. In addition, note that bonds or swaps will cease to trade at par 
when interest rate and discount factors change since these changes will impact present value 
calculations.

Pricing a  Bond Using Spot, Forward, and Par Rates

LO 58.6: Interpret the relationship between spot, forward and par rates.

Any bond can be split into a series of periodic cash flows. Each cash flow in isolation can 
be considered a STRIP. If the present value of each cash flow is computed and summed, the 
resulting number should be equivalent to the bond’s price. The appropriate discount rate for 
each cash flow is the spot rate. Discount factors can also be used because spot rates can be 
derived from discount factors.

Because spot rates and the implied forward rates are so closely related, it makes no 
difference which one is used to compute present values. A spot rate or a sequence of forward 
rates can be used to compute the present value. For example, a 1-year spot rate can be used 
to discount a cash flow taking place in one year, or a 6-month spot rate and the 6-month 
implied forward rate six months from now can be used. Both approaches will give the same 
present value, since they both span the same period.
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Example: Calculating the price of a bond

Suppose a 1-year Treasury bond (T-bond) pays a 4% coupon semiannually. Compute its 
price using the discount factors, spot rates, forward rates, and par rates from Figure 8.

Figure 8: Discount Factors, Spot Rates, Forward Rates, and Par Rates

Maturity (Years) Discount Factor Spot Rate 6-Month Forward 
Rate Par Rates

0.5 0.992556 1.50% 1.50% 1.5000%
1.0 0.978842 2.15% 2.80% 2.1465%
1.5 0.962990 2.53% 3.29% 2.5225%
2.0 0.943299 2.94% 4.18% 2.9245%
2.5 0.921205 3.31% 4.80% 3.2839%
3.0 0.897961 3.62% 5.18% 3.5823%

Answer:

Using discount factors:

bond price = ($2x0.992556) + ($102x0.978842) = $101.83 

Using annuity and discount factors:

bond price = [$2 x (0.992556 + 0.978842)] + ($100 x 0.978842) = $101.83 

Using spot rates:

$2 $102bond price =

1 +
0.0150)

y + ■
' 0.0215)

= $101.83

Using forward rates: 

bond price = — $2

1 +
0.0150)

- + -
$102

1 +
0.0150

1 +
0.0280)

= $101.83

Using par rates:

bond price = $100  + $2 - 2.1465) : (0.992556+ 0.978842) = $101.83

An interesting observation from Figure 8 is that each spot rate is approximately equal to the 
average of the forward rates of equal or lower term. For example, the spot rate in Year 3 is 
approximately:

.  1-50% + 2.80% + 3.29% + 4.18% + 4.80% + 5.18%3.62% -----------------------------------------------------------------------
6
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Exact spot rates are a complex average of forward rates, but a simple average of forward rates 
will provide a good approximation. This means that as spot rates increase over time, forward 
rates are greater than corresponding spot rates. However, as spot rates increase or decrease 
with term, forward rates will also fluctuate above or below spot rates.

Another observation from Figure 8 is that par rates are near, but slightly below, 
corresponding spot rates. This relationship occurs because the spot rate curve is not flat. 
Given an upward-sloping spot curve, par rates will be below corresponding spot rates, and 
given a downward-sloping spot curve, par rates will be above corresponding spot rates.

Topic 58
Cross Reference to GARP Assigned Reading — Tuckman, Chapter 2

Effect of Maturity on Bond Prices and Returns

LO 58.7: Assess the impact o f maturity on the price o f a bond and the returns 
generated by bonds.

To analyze the effect of maturity on bond prices, we must compare coupon rates to 
corresponding forward rates over an arbitrary time period. In general, bond prices will 
tend to increase with maturity when coupon rates are above the relevant forward rates. The 
opposite holds when coupon rates are below the relevant forward rates (i.e., bond prices will 
tend to decrease with maturity in this scenario).

To analyze the effect of maturity on bond returns, assume two investors would like to invest 
over a 3-year time horizon. One investor invests in 6-month STRIPS and rolls them over 
for 3 years (i.e., when the first 6-month contract expires, he will invest in the next 6-month 
contract and so on for 3 years). The other investor just invests in a 3-year bond.

When short-term rates are above the forward rates utilized by bond prices, the investors 
who rolls over shorter-term investments will tend to outperform investors who invest in 
longer-term investments. The opposite holds when short-term rates are below the forward 
rates (i.e., the investor in long-term investments will outperform). If some short-term rates 
are lower than forward rates and some are higher, then a more detailed analysis will be 
required to determine which investor outperformed.

Yield Curve Shapes

LO 58.8: Define the “flattening” and “steepening” of rate curves and describe a 
trade to reflect expectations that a curve will flatten or steepen.

Historically, the yield curve has taken on three fundamental shapes, as shown in Figure 9.
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Figure 9: Yield Curve Shapes

Yield

A normal yield curve is one in which long-term rates are greater than short-term rates, so 
the curve has a positive slope. A f la t  yield curve represents the situation where the yield on all 
maturities is essentially the same. An in verted  yield curve reflects the condition where long
term rates are less than short-term rates, giving the yield curve a negative slope.

When the yield curve undergoes a parallel shift, the yields on all maturities change in the 
same direction and by the same amount. As indicated in Figure 10, the slope of the yield 
curve remains unchanged following a parallel shift.

Figure 10: Parallel Yield Curve Shift
Yield

New curve

------------------------------------------------------  Maturity

When the yield curve undergoes a nonparallel shift, the yields for the various maturities 
change by differing amounts. The slope of the yield curve after a nonparallel shift is not the 
same as it was prior to the shift. Nonparallel shifts fall into two general categories: twists 
and butterfly shifts.

Yield curve twists refer to yield curve changes when the slope becomes either flatter or 
steeper. With an upward-sloping yield curve, a fla tten in g  of the yield curve means that the 
spread between short- and long-term rates has narrowed. Conversely, a steepening of the 
yield curve occurs when spreads widen.

As shown in Figure 1 1, the most common shifts tend to be either a downward shift and a 
steepened curve or an upward shift and a flattened curve.
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Figure 11: Nonparallel Yield Curve Shifts—Twists
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Yield Yield

There are two ways the yield curve would be perceived as flattening or steepening. The 
curve will flatten when long-term rates fall by more than short-term rates or when short
term rates rise by more than long-term rates. The curve will steepen when long-term rates 
rise by more than short-term rates or when short-term rates fall by more than long-term 
rates.

Given an upward-sloping yield curve, if a trader expects the curve to steepen, he is 
anticipating that the spread between short- and long-term rates will widen. Therefore, he 
would sell short a long-term rate and buy a short-term rate, because he expects bond prices 
in the long-term to fall (as rates increase, bond prices fall). If this trader instead expected the 
curve to flatten, he is anticipating that the spread between short- and long-term rates will 
narrow. Therefore, he would buy a long-term rate and sell short a short term rate, because 
he expects bond prices in the long-term to rise.

Yield curve butterfly shifts refer to changes in the degree of curvature. A positive butterfly 
means that the yield curve has become less curved. For example, if rates increase, the short 
and long maturity yields increase by more than the intermediate maturity yields, as shown 
in Figure 12. A negative butterfly means that there is more curvature to the yield curve. For 
example, if rates increase, intermediate term yields increase by more than the long and short 
maturity yields, as shown in Figure 12.

Figure 12: Nonparallel Yield Curve Shifts—Butterfly Shifts

Positive Butterfly Shift Negative Butterfly Shift

Yield Yield
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K ey C oncepts

LO 58.1

Annual compounding means paying interest once a year, while semiannual compounding 
means paying interest once every six months.

LO 58.2

Similar to a series of bond prices, discount factors can also be derived from a series of 
interest rate swap rates. To make this calculation, swap rates are treated as bond coupon 
payments and the swap notional amount represents the bond’s par value.

LO 58.3

A r-period spot rate is the yield to maturity on a zero-coupon bond that matures in t-years. 
The spot rate curve is the graph of the relationship between spot rates and maturity. The 
spot rate curve can be derived from either a series of STRIPS prices, or the comparable 
discount factors.

LO 58.4

Forward rates are interest rates corresponding to a future period implied by the spot curve. 
Bootstrapping is the process of computing forward rates from spot rates.

LO 58.5

The par rate at maturity is the rate at which the present value of a bond equals its par value. 
Par rates are the same as swap rates and can be accessed via the swap rate curve.

LO 58.6

A spot rate is approximately equal to the average of the forward rates of equal or lower term. 
As spot rates increase over time, forward rates are greater than corresponding spot rates.

Given an upward-sloping spot rate curve, par rates are near, but slightly below, 
corresponding spot rates. This relationship occurs because the spot rate curve is not flat.

LO 58.7

In general, bond prices will increase with maturity when coupon rates are above relevant 
forward rates. A bond’s return will depend on the duration of the investment and the 
relationship between spot and forward rates.
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LO 58.8

When the yield curve undergoes a parallel shift, the yield on all maturities change in the 
same direction and by the same amount. The slope of the yield curve remains unchanged 
following a parallel shift.

When the yield curve undergoes a nonparallel shift, the yields for the various maturities do 
not necessarily change in the same direction or by the same amount. The slope of the yield 
curve after a nonparallel shift is not the same as it was prior to the shift.

• Twists refer to yield curve changes when the slope becomes either flatter or more steep.
A flattening of the yield curve means that the spread between short- and long-term rates 
has narrowed.

• Butterfly shifts refer to changes in curvature of the yield curve. A positive butterfly means 
that the yield curve has become less curved. A negative butterfly means that there is more 
curvature to the yield curve.
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C oncept C h eckers

Use the following data to answer Questions 1 and 2.

Maturity (Years) STRIPS Price Spot Rate Forward Rate
0.5 98.7654 2.50% 2.50%
1.0 97.0662 3.00% 3.50%
1.5 95.2652 3.26% 3.78%
2.0 93.2775 ?.??% ?.??%

1. The 6-month forward rate in 1.5 years (ending in year 2.0) is closest to:
A. 4.04%.
B. 4.11%.
C. 4.26%.
D. 4.57%.

2 . The value of a 1 .5-year, 6% semiannual coupon, $100 par value bond is closest to:
A. $102.19.
B. $103.42.
C. $104.00.
D. $105.66.

3. The 4-year spot rate is 8.36% and the 3-year spot rate is 8.75%. What is the 1-year 
forward rate three years from today (assuming these are annual rates)?
A. 0.39%.
B. 7.20%.
C. 8.56%.
D. 9.93%

4. Given the interest rates, which of the following is closest to the price of a 4-year 
bond that has a par value of $ 1,000 and makes 10% coupon payments annually?

• Current 1 -year spot rate = 5.5%.
• 1-year forward rate one year from today = 7.63%.
• 1 -year forward rate two years from today = 12.18%.
• 1-year forward rate three years from today = 15-50%.

A. $844.55.
B. $995.89.
C. $1,009.16.
D. $1,085.62.
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5. Given the following bonds and forward rates:

Maturity YTM Coupon Price
1 year 4.5% 0% 95.694

2 years 7% 0% 87.344
3 years 9% 0% 77.218

• 1-year forward rate one year from today = 9.56%.
• 1 -year forward rate two years from today = 10 .77%.
• 2-year forward rate one year from today = 11.32%.

Which of the following statements about the forward rates, based on the bond 
prices, is true?
A. The 1 -year forward rate one year from today is too low.
B. The 2-year forward rate one year from today is too high.
C. The 1 -year forward rate two years from today is too low.
D. The forward rates and bond prices provide no opportunities for arbitrage.

Page 180 © 2014 Kaplan, Inc.



Topic 58
Cross Reference to GARP Assigned Reading — Tuckman, Chapter 2

C oncept C h ecker  A n sw e rs

1. C  First compute the 2-year spot rate:

N = 4; PV = -93.2775; PMT = 0; FV = 100; C P T I/Y  = 1.755% 

z(0.5) = 1.755% x2  = 3.51%

Next compute the forward rate in 1.5 years ending in year 2.

0.0351
=  1 +

0.0326 i + £ M

f(2.0) =  4.26%

2. C bond price = $3

1 +
0.0250

$3
0.0300

$103
0.0326

=  $104.00

3. B (1.0836)4
(1.0875)3

- 1  =  7 .20%

4. C The easiest way to find the bond value is to first calculate the appropriate spot rates to 
discount each cash flow.

Sj = 5.5%
S2= [(1.0551(1.0763)]1/2-1 =6.56%
53 = [(1.055)(1 -0763)(1.1218)]1/3 - 1 = 8.39%
54 = [(1.055)(1.0763)(1 -1218)(1.155)]1/4 - 1 = 10.13%
Then use the spot rates to discount each cash flow and take the sum of the discounted cash 
flows to find the value of the bond.

. . . $100 $100 $100 $ 1,100bond price = -------- 1---------- - H---------- r- H---------- 7
1.055 1.06562 1.08393 1.10134

$1,009.16

Note that you could also do this in one step using the forward rates, but breaking the 
problem into two steps makes the math easier to do on your calculator.

5. C  Given the bond spot rates on the zero-coupon bonds, the appropriate forward rates should 
be:

• 1-year forward rate one year from today = [(1 + 0.07)2 / (1 + 0.045)] — 1 = 0.0956, 
or 9.56%

• 1-year forward rate two years from today = [(1 + 0.09)3 / (1 + 0.07)2] — 1 = 0.1311, 
or 13.11%

• 2-year forward rate one year from today = [(1 + 0.09)3 / (1 + 0.045)] = 1.2393. 
1.239305 — 1 = 0.1132 = 11.32%

The 1-year forward rate two years from today is too low.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

R e t u r n s , S p r e a d s , a n d  Y i e l d s

Topic 59

Exam Focus

Bonds with coupons that are greater than market rates are said to trade at a premium, while 
bonds with coupon rates less than market rates are said to be trading at a discount. For 
coupon bonds, yield to maturity (YTM) is not a good measure of actual returns to maturity. 
When a bondholder receives coupon payments, the investor runs the risk that these cash 
flows will be reinvested at a rate of return that is lower than the original promised yield on 
the bond. This is known as reinvestment risk. For the exam, know how to calculate YTM 
given different compounding frequencies.

Realized Return

LO 59.1: Distinguish between gross and net realized returns, and calculate the 
realized return for a bond over a holding period including reinvestments.

The gross realized return for a bond is its end-of-period total value minus its beginning- 
of-period value divided by its beginning-of-period value. The end-of-period total value 
will include both ending bond price and any coupons paid during the period. If we denote 
current bond price at time t as BV(, coupons received during time period t  as Ct, and 
initial bond price as BV j, then the realized return for a bond from time period t- 1 to t  is 
computed as follows:

Rt-l,t —
BVt +C t —BVt_j

BV,t- 1

Example: Calculating gross realized return

What is the gross realized return for a bond that is currently selling for $ 1 12 if it was 
purchased exactly six-months ago for $105 and paid a $2 coupon today?

Answer:

Substituting the appropriate values into the realized return equation, we get:

Rt-l,t

R t- l , t

$112 + $2 — $105 
$105

8.57%
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The net realized return for a bond is its gross realized return minus per period financing 
costs. Cost of financing would arise from borrowing cash to purchase the bond. Even 
though borrowing cash to pay for the entire price of the bond would technically reduce the 
initial cash outlay to zero, convention is to use the initial bond price as the beginning-of- 
period value.

Example: Calculating net realized return

What is the net realized return for a bond that is currently selling for $112 and paid a $2 
coupon today if its purchase price of $105 was entirely financed at an annual rate of 0 .6% 
exactly six-months ago?

Answer:

Substituting the appropriate values into the realized return equation and then subtracting 
per period financing costs, we get:

_  $ 1 1 2  + $2 -$ 1 0 5  0 .6%
IVj- 1 f — -------------------------------------------------------

$105 2

Rt_iit = 8.57% -  0.3% = 8.27%

In order to compute the realized return for a bond over multiple periods, we must keep 
track of the rates at which coupons received are reinvested. When a bondholder receives 
coupon payments, the investor runs the risk that these cash flows will be reinvested at a rate 
that is lower than the expected rate. For example, if interest rates go down across the board, 
the reinvestment rate will also be lower. This is known as reinvestment risk.

Example: Calculating realized return with reinvested coupons

What is the realized return for a bond that is currently selling for $ 112 if it was purchased 
exactly one year ago for $105, paid a $2 coupon today, and paid a $2  coupon six months 
ago? Assume the coupon received six months ago was reinvested at an annual rate of 1%.

Answer:

R t-l,t

R t-l,t

$ 1 1 2  + $2 + $2 x f i + - ) -$1 05
l 2

$105
$112+ $2 + 2.01 —$105 

$105
10.49%
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Bond Spread

LO 59.2: Define and interpret the spread of a bond, and explain how a spread is 
derived from a bond price and a term structure o f rates.

The market price of a bond may differ from the computed price of a bond using spot rates 
or forward rates. Any difference between bond market price and bond price according to 
the term structure of interest rates is known as the spread of a bond. A bond’s spread is a 
relative measure of value which helps investors identify whether investments are trading 
cheap or rich relative to the yield curve (i.e., the term structure of rates).

Recall the calculation of bond price using forward rates from the previous topic. Assume 
a 2-year bond pays annual coupon payments, C, and a principal payment, P, at the end of 
year two. The bond’s price will be computed by discounting all cash flows by corresponding 
f-year forward rates as follows:

bond price -  + [i + f ( i . 0) ]x[ l  + f ( 2 .0)]

If the market price of this bond trades at a premium or discount to this computed price, we 
can find the spread of the bond by adding a spread, s, to the forward rates as follows:

C C + Pmarket bond price = -r------ -— ----- T + -r------ -— ------,—-r------ 7--------- 7
[l + f  (1 .0) + s] (l + f  (1 .0) + sj x  (l + f (2 .0) + sj

By deriving this spread, we can identify how much the bond is trading cheap or rich in 
terms of the bond’s return. For example, rather than saying the market price of the bond is 
trading 10  cents cheap, relative to the price determined by the term structure of rates, we 
can say that that the bond is trading 4.9 basis points cheap. Note that this spread could be 
the result of either bond-specific factors or sector-specific factors.

Yield to Maturity

LO 59.3: Define, interpret, and apply a bond’s yield-to-maturity (YTM) to bond 
pricing.

LO 59.4: Compute a bond’s YTM given a bond structure and price.

The yield to maturity, or YTM, of a fixed-income security is equivalent to its internal rate 
of return. The YTM is the discount rate that equates the present value of all cash flows 
associated with the instrument to its price.
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For a security that pays a series of known annual cash flows, the computation of yield uses 
the following relationship:

p= gl_ + C2 + C3 + +
(1 + y)1 (1 + y)2 (1 + y)3 (l + y)N

where:
P = the price of the security 
Ck = the annual cash flow in year k 
N = term to maturity in years 
y = the annual yield or YTM on the security

Example: Yield to maturity

Suppose a fixed-income instrument offers annual payments in the amount of $ 100 for ten 
years. The current value for this instrument is $700. Compute the YTM on this security.

Answer:

The YTM is they that solves the following equation:

$100 $100 $100 $100
$700 = -------- y + -------- y  + -------- V + . ..+ --------TX

(1 + y )1 (1 + y )2 (1 + y )3 (1 + y )10

We can solve for YTM using a financial calculator:

N = 10; PMT = 100; PV = -700; CPT =+ I/Y = 7.07%

If cash flows occur more frequently than annually, the previous equation can be rewritten as:

p = j L t i +_ + +_+_ A
(1 + y )1 (1 + y )2 (1 + y )3 (l + y )“

where:
n = N x m = the number of periods (years multiplied by payments per year)
Ck = the periodic cash flow in time period k 
y = the periodic yield or periodic interest rate

Example: Periodic yield and YTM

Suppose now that the security in the previous example pays the $100 semiannually for 
five years. Compute the periodic yield and the YTM on this security.
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Answer:

The periodic yield is the y  that solves the following equation:

e-7o o _  $100 , $100 , $100 , , $1003>/UU — ----------r  H------------7T H------------5- + . . .  H------------ttt
(1 + y )1 (1 + y )2 (1 + y )3 (1 + y )10

Using a financial calculator:

N = 10; PMT = 100; PV = -700; CPT =+ I/Y = 7.07%

Why is this the same value as in the previous example? Remember that this yield 
corresponds to a 6-month period. To compute the annual YTM, we must multiply 
the periodic yield by the number of periods per year, m = 2. This produces a YTM of 
14.14%.

The yield to maturity can be viewed as the realized return on the bond assuming all cash 
flows are reinvested at the YTM.

Example: Realized return

Suppose a bond pays $50 every six months for five years and a final payment of $1,000 
at maturity in five years. If the price is $900, calculate the realized return on the security. 
Assume all cash flows are reinvested at the YTM.

Answer:

The semiannual rate is they that solves the following equation:

^ , W +_»go+_ « o +_+ Co+nooo
(1 + y )1 (1 + y )2 (1 + y )3 (1 + y )10

Using a financial calculator, we arrive at a semiannual discount rate of 6.3835% and a 
YTM of 12.77%:

N = 10; PMT = 50; PV = -900; FV = 1,000; CPT +> I/Y = 6.3835;
YTM = 6.3835 x 2 = 12.77%

The yield to maturity calculated above (2 x the semiannual discount rate) is referred to 
as a bond equivalent yield (BEY), and we will also refer to it as a semiannual YTM or 
semiannual-pay YTM. If you are given yields that are identified as BEY, you will know that 
you must divide by two to get the semiannual discount rate. With bonds that make annual 
coupon payments, we can calculate an annual-pay yield to maturity, which is simply the 
internal rate of return for the expected annual cash flows.

For zero-coupon Treasury bonds, the convention is to quote the yields as BEYs (semiannual- 
pay YTMs).
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Example: Calculating YTM for zero-coupon bonds

A 5-year Treasury STRIP is priced at $768. Calculate the semiannual-pay YTM and 
annual-pay YTM.

Answer:

The direct calculation method, based on the geometric mean, is:

semiannual-pay YTM or BEY 1,000
768

10 x  2 =  5.35%

annual-pay YTM=
1,000
768

5.42%

The Limitations of Traditional Yield M easures

Reinvestment risk is a major threat to the bond’s computed YTM, as it is assumed in such 
calculations that the coupon cash flows can be reinvested at a rate of return that’s equal to 
the computed yield (i.e., if the computed yield is 8%, it is assumed the investor will be able 
to reinvest all coupons at 8%).

Reinvestment risk applies not only to coupons but also to the repayment of principal.
Thus, it is present with bonds that can be prematurely retired, as well as with amortizing 
bonds where both principal and interest are received periodically over the life of the bond. 
Reinvestment risk becomes more of a problem with longer term bonds and with bonds that 
carry larger coupons. Reinvestment risk, therefore, is high for long-maturity, high-coupon 
bonds and is low for short-maturity, low-coupon bonds.

The realized yield on a bond is the actual compound return that was earned on the initial 
investment. It is usually computed at the end of the investment horizon. For a bond to have 
a realized yield equal to its YTM, all cash flows prior to maturity must be reinvested at the 
YTM, and the bond must be held until maturity. If the “average” reinvestment rate is below 
the YTM, the realized yield will be below the YTM. For this reason, it is often stated that: 
The y ie ld  to maturity assumes cash flow s w ill be reinvested a t the YTM and  assumes that the 
bond w ill be h e ld  until maturity.
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LO 59.5: Calculate the price o f an annuity and a perpetuity.

Calculating the Price of an A nnuity

We can easily calculate the price of cash flows (annuities) if given the YTM and cash flows. 

Example: Present value of an annuity

Suppose a fixed-income instrument offers annual payments in the amount of $100 for 10 
years. The YTM for this instrument is 10%. Compute the price (PV) of this security.

Answer:

The price is the PV that solves the following equation:

$100 $100 $100 $100PV = —----------- 1----- ----------- 1----- ----------- 1- -|----------------
(1 +  0.10)1 (1 +  0.10)2 (1 +  0 .10)3 (1 +  0 .10)10

Using a financial calculator the price equals $614.46:

N = 10; PMT = 100; I/Y = 10; CPT => PV = $614.46

Calculating the Price of a  Perpetuity

The perpetuity formula is straightforward and does not require an iterative process:

PV of a perpetuity = —
y

where:
C = the cash flow that will occur every period into perpetuity 
y = yield to maturity

Example: Price of perpetuity

Suppose we have a security paying $ 1,000 annually into perpetuity. The interest rate is 
10%. Calculate the price of the perpetuity.

Answer:

We don’t need a financial calculator to do this calculation. The price of the perpetuity is 
simply $ 10 ,000:

PV $1.000
0.10

$ 10,000
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LO 59.6: Explain the relationship between spot rates and YTM.

In the previous topic, we discussed the calculation of spot rates and examined how to value 
a bond given a spot rate curve. Pricing a bond using YTM is similar to using spot rates in 
that YTM is a blend of the given spot rates. Consider the following example.

Example: Spot rates and YTM

A bond with a $100 par value pays a 5% coupon annually for 4 years. The spot rates 
corresponding to the payment dates are as follows:

Year 1: 4.0%
Year 2: 4.5%
Year 3: 5.0%
Year 4: 5.5%

Assume the price of the bond is $98.47. Show the calculation of the price of the bond 
using spot rates and determine the YTM for the bond.

Answer:

The formula for the price of the bond using the spot rates is as follows:

5 , 5 , 5 , 1 0 5P =
(1.04) (1.045)2 (1.05)3 (1.055)4

$98.47 = 4.81 + 4.58 + 4.32 + 84.76

Now compute the YTM: 

5$98.47 = + - - + ■
105

(1 + YTM) (1 + YTM)2 (1 + YTM)3 (1 + YTM)4 

FV = $100; PV = -$98.47 ; PMT = 5; N = 4; CPT —*■ 1/Y = 5.44%

YTM = 5.44%

We see from this example that the YTM is closest to the 4-year spot rate. This is because 
the largest cash flow occurs at year 4 as the bond matures. If the spot curve is upward 
sloping, as in this example, the YTM will be less than the 4-year spot (i.e., the last spot 
rate). If the spot curve is flat, the YTM will be equal to the 4-year spot, and if the spot 
curve is downward sloping, the YTM will be greater than the 4-year spot.
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The Relationship Between YTM , Coupon Rate, and Price

LO 59.7: Define the coupon effect and explain the relationship between coupon 
rate, YTM, and bond prices.

A bond’s price reflects its relative value in the market based on several factors. Assume that a 
firm issues a bond at par, meaning that the market rate for the bond is precisely that of the 
coupon rate. Immediately after this bond is issued and before the market has time to adjust, 
the bond will trade at par. After the bond begins trading in the market, the same cannot be 
said. The price of the bond will reflect market conditions.

For example, suppose that after the bond was issued, market interest rates declined 
substantially. Investors in the bond would receive coupon rates substantially higher than 
what the market currently offers. Because of this, the price of the bond would adjust 
upward. This bond is a premium bond. If interest rates were to increase substantially after 
the bond was issued, investors would have to be compensated for the fact that the coupon 
rate of the bond is substantially lower than those offered currently in the market. The price 
would adjust downward as a consequence. The bond would be referred to as a discount 
bond.

Therefore:

• If coupon rate > YTM, the bond will sell for more than par value, or at a premium.
• If coupon rate < YTM, the bond will sell for less than par value, or at a discount.
• If coupon rate = YTM, the bond will sell for par value.

Over time, the price of premium bonds will gradually fall until they trade at par value at 
maturity. Similarly, the price of discount bonds will gradually rise to par value as maturity 
gets closer. This converging effect is known as pull to par. The change in bond value 
associated with the passage of time for three 6% coupon-paying bonds with YTMs of 3%, 
6%, and 12% is presented graphically in Figure 1.

Figure 1: Premium, Par, and Discount Bonds

Bond 
Value ($)

1,085.458

1, 000.00

852.480

A premium bond (e.g., a 6% bond trading at 
YTM of 3%)'

Time
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If two bonds are identical in all respects except their coupon, the bond w ith the smaller 
coupon w ill be more sensitive to interest rate changes. That is, for any given change in yield, 
the smaller-coupon bond will experience a bigger percentage change in price than the 
larger-coupon bond. All else being equal:

• The lower the coupon rate, the greater the interest-rate risk.
• The higher the coupon rate, the lower the interest-rate risk.

Figure 2 summarizes the relationship between bond price sensitivity and coupon size. The 
bonds have equal maturities but different coupons. Assume semiannual coupons for both 
bonds.

Figure 2: Bond Price Reactions to Changes in Yield

Change in 
Interest Rates

Price Change From Par ($1,000)

20-year, 8% 20-year, 12%

-2% +231.15 + 171.59
-1% + 106.77 +80.23

0% 0 0
+ 1% -92.01 -70.73
+2% -171.59 -133.32

Coupon effect: For the same change in interest rates, the 20-year, 8% bond experiences a 
greater change in price than the 20-year, 12 % bond. This suggests that bonds with similar 
maturities, but different coupon rates, can have different yield to maturities.

Return Decomposition

LO 59.8: Explain the decomposition of P&L for a bond into separate factors 
including carry roll-down, rate change and spread change effects.

Return decomposition for a bond breaks down bond profitability or loss (P&L) into 
component parts. This decomposition of P&L helps bond investors understand how their 
investments are making or losing money. A bond’s profitability or loss is generated through 
price appreciation and explicit cash flows (i.e., cash-carry), such as coupons and financing 
costs. Bond total price appreciation can be broken down into three component parts for 
price effect analysis: carry-roll-down, rate changes, and spread change. Note that the sum of 
all component parts will equal total price appreciation.

The total price appreciation for a bond is equal to its price at t  minus its price at t - 1 .
Given the passage of time, total price appreciation results from moving along the original 
term structure, R , from t— 1 to t and accounts for changes in bond spread, s, from t - 1 to t. 
Mathematically, it can be represented as follows:

total price appreciation = BVt(Rt, st) -  BVt ] (Rt l , st l)
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The carry-roll-down component accounts for price changes due to interest rate movements 
from the original term structure to an expected term structure, R ' , as the bond matures. 
Different carry-roll-down scenarios for this expected term structure will be discussed in the 
next LO. This component does not account for spread changes.

carry-roll-down = BVt(R't, st l ) -  BVt l (Rt l , st l)

The rate changes component accounts for price changes due to interest rate movements 
from an expected term structure to the original term structure that exists at time t. Similar 
to carry-roll-down, this component does not account for spread changes.

Topic 59
Cross Reference to GARP Assigned Reading -  Tuckman, Chapter 3

rate changes = BVt(Rt, st l ) -  BVt(R't, st l )

The spread change component accounts for price changes due to changes in the bond’s 
spread from t- 1 to t. Expected changes in the spread are frequently the subject of 
investments for traders who are betting that a security is trading either cheap or rich.

spread change = BVt(Rt, st) -  BVt(Rt, s(1 )

Carry-Roll-Down Scenarios

LO 59.9: Identify the most common assumptions in carry roll-down scenarios, 
including realized forwards, unchanged term structure, and unchanged yields.

As mentioned, the carry-roll-down component of total price appreciation considers 
movement to an expected term structure. Traders make investment return calculations based 
on their expectations, and many traders will consider scenarios where rates do not change. 
Given this expectation, term structure choices for no change scenarios include: realized 
forwards, unchanged term structure, and unchanged yields.

The realized forward scenario assumes that forward rates are equal to expected future spot 
rates, and over the investment horizon, these forward rates will be realized. This implies, for 
example, that an investor could earn the same return by investing in a 5-year bond or by 
investing in a 3-year bond and then a 2-year bond after the 3-year bond expires. This means 
that the one-period gross realized return will equal the prevailing one-period rate.

For example, suppose the 1-year spot rate is 5% and the 2-year spot rate is 7%. Under the 
realized forward scenario, the 1 -year forward rate in one year must be 9%, because investing 
for two years at 7% will generate approximately the same annual return as investing for 
the first year at 5% and the second year at 9%. In other words, the 2-year rate of 7% is the 
average of the expected future 1 -year rates of 5% and 9%. The 9% rate is called the implied 
forward rate.

If the implied forward rates over the investment horizon are realized, then an investor will 
earn the same return by either rolling over short-term investments or investing in a long-
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term bond and reinvesting its coupons at short-term rates. However, if realized forward rates 
are greater than implied forward rates, the strategy of rolling over one-period bonds will 
generate a higher return. Conversely, if realized forward rates are less than implied forward 
rates, the long-term bond strategy will be more profitable. Thus, the chosen investment 
strategy will depend on how investor expectations of rates compare to implied forward rates.

The unchanged term structure scenario simply assumes that the term structure will remain 
unchanged over the investment horizon. This means that the gross realized return will 
depend greatly on the relationship between the bond’s coupon rate and the last forward 
rate before the bond matures. This scenario implies that there is a risk premium built into 
forward rates. For example, if the term structure is upward-sloping and remains unchanged, 
the term structure shape must reflect an investor risk premium that increases over the 
investment horizon.

As the name suggests, the unchanged yields scenario assumes that bond yields remain 
unchanged over the investment horizon. This means that the one-period gross realized 
return will equal a bond’s yield (i.e., its yield to maturity). Thus, this scenario assumes that 
bond coupon payments are reinvested at the YTM. As stated earlier, there are limitations 
to this reinvestment assumption since the term structure is unlikely to be flat and remain 
unchanged.
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K ey C oncepts

LO 59.1

The gross realized return for a bond is the difference between end-of-period total value 
(including end-of-period price and coupons) and starting period value divided by starting 
period value:

BVt + Ct — BVt ,
- t V f — 1 «-

BVt_x

The net realized return for a bond is its gross realized return minus per period financing 
costs.

LO 59.2

The difference between bond market price and bond model price (according to the term 
structure) is known as the spread. A bond’s spread helps investors identify whether fixed- 
income investments are trading cheap or rich.

LO 59.3

Yield is an internal rate of return found by equating the present value of the cash flows to 
the current price of the security. An iterative process is used for the actual computation of 
yield. On a financial calculator, it can be found by inputting all other variables and solving 
for YTM.

LO 59.4

For a security that pays a series of known annual cash flows, the computation of yield uses 
the following relationship:

P = - ^  + — — 3 + „, + - CN
(l +  y)1 (l +  y)2 (l +  y)3 d +  y)N

LO 59.5

The present value, or price, of a perpetuity can be found by dividing the coupon payment 
by the YTM.

LO 59.6

When pricing a bond, YTM or spot rates can be used. The YTM will be a blend of the spot 
rates for the bond.
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LO 59.7
If two bonds are identical in all respects except their coupon, the bond with the smaller 
coupon will be more sensitive to interest rate changes.

When the bond is trading at par, the coupon rate is equal to the YTM. When the bond is 
trading below par, the coupon rate is less than the YTM, and is said to trade at a discount. 
When a bond is trading above par, the coupon rate is greater than the YTM, and the bond 
then trades at a premium.

LO 59.8

A bond’s P&L is generated through price appreciation and explicit cash flows. Total price 
appreciation can be broken down into three component parts for price effect analysis: carry- 
roll-down, rate changes, and spread change.

LO 59.9
For an expected term structure, no change scenarios include: realized forwards, unchanged 
term structure, and unchanged yields. Realized forwards assume that forward rates are equal 
to expected future spot rates. Unchanged term structure assumes that the term structure will 
remain unchanged. Unchanged yields assume that bond yields remain unchanged.
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C oncept  C heckers

1. An annuity pays $ 10 every year for 100 years and currently costs $ 100. The YTM is 
closest to:
A. 5%.
B. 7%.
C. 9%.
D. 10%.

2. A $1,000 par bond carries a 7.75% semiannual coupon rate. Prevailing market rates 
are 8.25%. The price of the bond is:
A. less than $1,000.
B. greater than $1,000.
C. $1,000.
D. Not enough information to determine.

3. A $1,000 par bond carries a coupon rate of 10%, pays coupons semiannually, and 
has 13 years remaining to maturity. Market rates are currently 9.25%. The price of 
the bond is closest to:
A. $586.60.
B. $1,036.03.
C. $1,055.41.
D. $1,056.05.

4. Reinvestment risk would not occur if:
A. interest rates shifted over the time period the bond is held.
B. the bonds were callable.
C. bonds are issued at par.
D. only zero-coupon bonds are purchased.

5. An investment pays $50 annually into perpetuity and yields 6%. Which of the 
following is closest to the price?
A. $120.
B. $300.
C. $530.
D. $830.
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C oncept C h ecker  A n sw ers

1. D N = 100; PMT =10; PV = -100; CPT =>- I/Y = 10%

2. A Since the coupon rate is less than the market interest rate, the bond is a discount bond and
trades less than par.

3. D N = 26; PMT = 50; I/Y = 4.625; FV= 1,000; CPT =>PV= $1,056.05

4. D Callable bonds have reinvestment risk because the principal can be prematurely retired. The
higher the coupon, the higher the reinvestment risk, holding all else constant. A  bond being 
issued at par has nothing to do with reinvestment risk.

5. D PV = C/I = $50 / 0.06 = $833.33

© 2014 Kaplan, Inc. Page 197



The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

O ne-Factor Risk  M etrics and 
Hedges

Topic 60

Exam Focus

This topic looks at ways to measure and hedge risk for fixed income securities. The three 
main concepts covered are DV01, duration, and convexity. DV01 is an acronym for the 
dollar value of a basis point, which measures how much the price of a bond changes from a 
one basis point change in yield. Duration measures the percentage change in a bond’s value 
for a specific unit’s change in rates. Utilizing both DV01 and duration can measure price 
volatility, but they do not capture the curvature in the relationship between bond yield 
and price. In order to capture the curvature effects of the price-yield relationship, we use 
convexity to complement these measures. For the exam, be able to compare, contrast, and 
calculate DV01, duration, and convexity.

Interest Rate Factors

LO 60.1: Describe an interest rate factor and identify common examples o f interest 
rate factors.

Measures of interest rate sensitivity allow investors to evaluate bond price changes as a result 
of interest rate changes. Being able to properly measure price sensitivity can be useful in the 
following situations:

1. Hedgers must understand how the bond being hedged as well as the hedging 
instrument used will respond to interest rate changes.

2. Investors need to determine the optimal investment to make in the event that expected 
changes in rates do in fact occur.

3. Portfolio managers would like to know the portfolio level of volatility for expected 
changes in rates.

4. Asset/liability managers need to match the interest rate sensitivity of their assets with 
the interest rate sensitivity of their liabilities.

In order to estimate bond price changes, we need to have some idea as to how interest 
rates will change going forward. Price changes are based on interest rate factors, which 
are random variables that influence individual interest rates along the yield curve. For this 
topic, we will be evaluating price sensitivity based on parallel shifts in the yield curve. This 
is a one-factor approach (i.e., single-factor approach) which assumes that a change in one 
rate (e.g., 20-year rate) will impact all other rates along the curve in a similar fashion.
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LO 60.2: Define and compute the DV01 of a fixed income security given a change 
in yield and the resulting change in price.

The DV01 is the “dollar value of an 01,” meaning the change in a fixed income security’s 
value for every one basis point change in interest rates. The “01” refers to one basis point 
(i.e., 0.0001%). DV01 is the absolute change in bond price for every basis point change in 
yield, which is essentially a basis point’s price value. Therefore, an equivalent term for DV01 
is PVBP, the price value of a basis point.

DV01 is computed using the following formula:

DV01 = - ABV
10,000 X Ay

where:
ABV = change in bond value 
A y = change in yield

Example: Computing DV01

Suppose the yield on a zero-coupon bond declines from 3.00% to 2.99%, and the price of 
the zero increases from $17.62 to $17.71. Compute the DV01.

Answer:

DV01 = - ABV
10,000 X Ay

DV01 = — $17.71 —$17.62
10,000 x (-0.0001)

$0.09
1

$0.09

The DV01 formula is preceded by a negative sign, so when rates decline and prices increase, 
DV01 will be positive.

D V01 A pplication to Hedging

LO 60.3: Calculate the face amount of bonds required to hedge an option position 
given the DV01 of each.

Sensitivity measures like DV01 are commonly used to compute hedge ratios. Hedge ratios 
provide the relative sensitivity between the position to be hedged and the instrument used 
to hedge the position. For example, if the hedge ratio is 1, that means that the hedging 
instrument and the position have the same interest rate sensitivity.
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The goal of a hedge is to produce a combined position (the initial position combined 
with the hedge position) that will not change in value for a small change in yield. This is 
expressed as:

dollar price change of position = dollar price change of hedging instrument 

DV01 (per $100 of initial position)
T l X v  —  ~  |

DV01 (per $100 of hedging instrument)

Topic 60
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Example: Computing the hedge ratio

Suppose a 30-year semiannual coupon bond has a DV01 of 0.17195624, and a 15-year 
semiannual coupon bond will be used as the hedging instrument. The 15-year bond has a 
DV01 of 0.10458173. Compute the hedge ratio.

Answer:

HR = 0.17195624
0.10458173

1.644

For every $1 par value of the 30-year bond, short $1,644 of par of the 15-year bond.

P rofessor’s Note: On the exam, i f  y o u  a re g iv en  a y i e ld  beta, be sure to use it. 
The y i e ld  beta is th e rela tionsh ip b etw een  the y i e ld  o f  th e in it ia l p o s it ion  a n d  
th e im p lied  y i e ld  o f  th e h ed g in g  instrum ent. In th e above example, i f  the y i e ld  
beta is an y th in g o th er than 1, y o u  w ou ld  m u ltip le th e h ed ge ratio by th e y i e ld  
beta.

Example: Computing the amount of bonds needed to hedge

An investor takes a long position in an option worth $100 million. The option has a 
DV01 of 0.141. The investor wishes to hedge this option position with a 15-year zero- 
coupon bond which increases in price from $56.40 to $56.58 when yields drop by one 
basis point. Calculate the face amount of the bond required to hedge this option position.
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Answer:

First compute the DV01 of the bond position:

D V 0lB _ $56-58-$56.40 
10,000x-0.0001

0.18

To determine the face amount of the bond required to hedge this option exposure, we use 
the following approach:

.  , . . DV01°race value = option position X --------—
DV01b

face value = 100M x -------= $78.33M
0.18

So in order to hedge this $100 million option position, the investor must short $78.33 
million in face value of the bond.

Duration

LO 60.4: Define, compute, and interpret the effective duration of a fixed income 
security given a change in yield and the resulting change in price.

Duration is the most widely used measure of bond price volatility. A bond’s price volatility 
is a function of its coupon, maturity, and initial yield. Duration captures the impact of all 
three of these variables in a single measure. Just as important, a bond’s duration and its price 
volatility are directly related (i.e., the longer the duration, the more price volatility there 
is in a bond). Of course, such a characteristic greatly facilitates the comparative evaluation 
of alternative bond investments. For this LO, we will explain three duration measures: 
Macaulay, modified, and effective.

Macaulay duration is an estimate of a bond’s interest rate sensitivity based on the time, 
in years, until promised cash flows will arrive. Since a 5-year zero-coupon bond has only 
one cash flow five years from today, its Macaulay duration is five. The change in value in 
response to a 1% change in yield for a 5-year zero-coupon bond is approximately 5%. A 
5-year coupon bond has some cash flows that arrive earlier than five years from today (the 
coupons), so its Macaulay duration is less than five [the higher the coupon, the less the price 
sensitivity (duration) of a bond].

Macaulay duration is the earliest measure of duration, and because it was based on the time, 
duration is often stated as years. Since Macaulay duration is based on the expected cash 
flows for an option-free bond, it is not an appropriate estimate of the price sensitivity of 
bonds with embedded options.
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Modified duration is derived from Macaulay duration and offers a slight improvement over 
Macaulay duration in that it takes the current YTM into account:

modified duration Macaulay duration 
(l + periodic market yield)

Modified duration can also be computed as follows, given the initial bond value and how 
value changes for a given change in yield:

modified duration = 1 ABV 
BY Ay

Like Macaulay duration, and for the same reasons, modified duration is not an appropriate 
measure of interest rate sensitivity for bonds with embedded options. For callable and 
putable bonds, we instead use the formula for effective duration. Note that for option-free 
bonds, effective duration (based on small yield changes) and modified duration will be very 
similar. Effective duration is computed as follows:

effective duration
BV_A y-B V +Ay 

2 x BV0 x Ay

where:
BV_Ay= estimated price if yield decreases by a given amount, Ay 
BV+Ay= estimated price if yield increases by a given amount, Ay 
BV0 = initial observed bond price 
Ay = change in required yield, in decimal form
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Example: Computing duration

Suppose there is a 15-year, option-free noncallable bond with an annual coupon of 7% 
trading at par. Compute and interpret the bond’s duration for a 50 basis point increase 
and decrease in yield.

Answer:

If interest rates rise by 50 basis points (0.50%), the estimated price of the bond falls to 
95.586%.

N = 15; PMT = 7.00; FV = 100; I/Y = 7.50%; CPT =► PV = -95-586

If interest rates fall by 50 basis points, the estimated price of the bond is 104.701%. 
Therefore, the duration of the bond is:

, 104.701-95.586
duration = ----------------------

2(100)(0.005)
9.115

So, for a 100 basis point (1%) change in required yield, the expected price change is 
9.115%. In other words, if the yield on this bond goes up by 1%, the price should fall by 
about 9.115%. If yield drops by 1%, the price of the bond should rise by approximately
9.115%.

DV01 vs. Duration

LO 60.5: Compare and contrast DV01 and effective duration as measures o f price 
sensitivity.

While DV01 measures the change in dollar value of a security for every basis point change 
in rates, duration measures the percen tage change in a security’s value for a unit change in 
rates.

As it turns out, we can use duration to calculate the DV01 as follows:

DV01 = duration x 0.0001 x bond value

Duration is more convenient than DV01 in an investing context, in that a high duration 
number can easily alert an investor of a large percentage change in value. However, when 
analyzing trading or hedging situations, percentage changes are not that useful because 
dollar amounts of the two sides of the transaction are different. In this case, DV01 would be 
more useful.
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C onvexity

LO 60.6: Define, compute, and interpret the convexity of a fixed income security 
given a change in yield and the resulting change in price.

Duration is a good approximation of price changes for relatively small changes in interest 
rates. Like DV01, duration is a linear estimate since it assumes that the price change will 
be the same regardless of whether interest rates go up or down. As rate changes grow larger, 
the curvature of the bond price-yield relationship becomes more important, meaning that 
a linear estimate of price changes will contain errors. Figure 1 illustrates why convexity is 
important and why estimates of price changes based solely on duration are inaccurate.

Figure 1: Duration-Based Price Estimates vs. Actual Bond Prices

Price * 1

YTM

Convexity is a measure of the curvature in the relationship between bond yield and price. 
An understanding of convexity can illustrate how a bond’s duration changes as interest rates 
change. The formula for convexity is as follows:

1 d2BVconvexity = ----------—
BV dy2

The second term in this equation is the second derivative of the price-yield function. The 
first derivative measures how price changes with yields (i.e., duration), while the second 
derivative measures how the first derivative changes with yields (i.e., convexity). Generally, 
the higher the convexity number, the higher the price volatility.

Page 204 © 2014 Kaplan, Inc.



Topic 60
Cross Reference to GARP Assigned Reading — Tuckman, Chapter 4

While a precise calculation of convexity involves the use of calculus, an approximate 
measure of convexity can be generated as follows:

convexity =
BV_A y+BV+Ay-2 x B V 0 

BV0 X A y2

Example: Computing convexity

Suppose there is a 15-year option-free noncallable bond with an annual coupon of 7% 
trading at par. If interest rates rise by 50 basis points (0.50%), the estimated price of the 
bond is 95.586%. If interest rates fall by 50 basis points, the estimated price of the bond 
is 104.701%. Calculate the convexity of this bond.

Answer:

104.701 + 95.586-2(100) 11/cconvexity = ------------------------ --------- = 114.8
(100)(0.005)2

Unlike duration, a convexity of 114.8 cannot be conveniently converted into some measure 
of potential price volatility. Indeed, the convexity value means nothing in isolation, 
although a higher number does mean more price volatility than a lower number. This 
value can become very useful, however, when it is used to measure a bond’s convexity effect, 
because it can be combined with a bond’s duration to provide a more accurate estimate of 
potential price change.

Price C hange Using Both Duration and Convexity

Now, by combining duration and convexity, a far more accurate estimate of the percentage 
change in the price of a bond can be obtained, especially for large swings in yield. That is, 
the amount of convexity embedded in a bond can be accounted for by adding the convexity 
effect to duration effect as follows:

percentage price change ~ duration effect + convexity effect

= [-duration X Ay x l 00 ]+  ( ' / j x  convexity x (Ay )  xlOO
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Example: Estimating price changes with the duration/convexity approach

Using the duration/convexity approach, estimate the effect of a 150 basis point increase 
and decrease on a 15-year, 7%, option-free bond currently trading at par. The bond has a 
duration of 9.115 and a convexity of 114.8.

Answer:

Using the duration/convexity approach:

ABV_% sa [-9.115 x -  0.015 x 100] + (j/) x 114.8 x (-0 .015)2 x 100

= 13.6725% + 1.2915% = 14.9640%

ABV+ % pa [-9.115 x 0.015 x 100] + x 114.8 x (0.015)2 x 100

= -13.6725% + 1.2915% = -12.3810%

Portfolio Duration and C onvexity

LO 60.7: Explain the process o f calculating the effective duration and convexity of 
a portfolio of fixed income securities.

The duration of a portfolio of individual securities equals the weighted sum of the 
individual durations. Each security’s weight is its value taken as a percentage of the overall 
portfolio value.

K
duration of portfolio = Wj X Dj

H

where:
Dj = duration of bond j
w. = market value of bond j divided by market value of portfolio 
K = number of bonds in portfolio

Like portfolio duration, portfolio convexity is calculated as the value-weighted average of 
the individual bond convexities within a portfolio.
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Example: Computing portfolio duration

Assume there are three bonds in a portfolio, with portfolio weightings and individual 
durations shown as follows:

Coupon
Maturity
(years) YTM

Price
(% of par) Weights Duration

1% 5 0.75% 102.916 20% 4.02
2% 15 1.25% 109.579 35% 9.63
3% 30 2.125% 118.297 45% 13.75

Calculate the portfolio duration.

Answer:

duration of the portfolio = (0.20 X 4.02) + (0.35 X 9.63) + (0.45 X 13.75) = 10.36

A significant problem with using portfolio duration as a measure of interest rate exposure 
is its implication that all the yields for every bond in the portfolio are perfectly correlated. 
This is a severely limiting assumption and should be of particular concern in global 
portfolios because it is unlikely that yields across national borders are perfectly correlated.

N e g a t iv e  C o n v e x i t y

LO 60.8: Explain the impact o f negative convexity on the hedging of fixed income 
securities.

With callable debt, the upside price appreciation in response to decreasing yields is limited 
(sometimes called price compression). Consider the case of a bond that is currently callable 
at 102. The fact that the issuer can call the bond at any time for $1,020 per $1,000 of face 
value puts an effective upper limit on the value of the bond. As Figure 2 illustrates, as yields 
fall and the price approaches $ 1,020, the price-yield curve rises more slowly than that of an 
identical but noncallable bond. When the price begins to rise at a decreasing rate in response 
to further decreases in yield, the price-yield curve “bends over” to the left and exhibits 
negative convexity.

Thus, in Figure 2, so long as yields remain below levely', callable bonds will exhibit negative 
convexity, however, at yields above level/ , those same callable bonds will exhibit positive 
convexity. In other words, at higher yields the value of the call options becomes very small, 
so that a callable bond will act very much like a noncallable bond. It is only at lower yields 
that the callable bond will exhibit negative convexity.
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Figure 2: Price-Yield Function o f a Callable vs. an Option-Free Bond

Price (% of Par)

In terms of price sensitivity to interest rate changes, the slope of the price-yield curve at 
any particular yield tells the story. Note that as yields fall, the slope of the price-yield curve 
for the callable bond decreases, becoming almost zero (flat) at very low yields. This tells us 
how a call feature affects price sensitivity to changes in yield. At higher yields, the interest 
rate risk of a callable bond is very close or identical to that of a similar option-free bond.
At lower yields, the price volatility of the callable bond will be much lower than that of an 
identical, but noncallable, bond.

Convexity is an exposure to volatility, so as long as interest rates move, bond returns will 
increase when convexity is positive. Conversely, when convexity is negative, movement in 
either direction reduces returns. In other words, if an investor wishes to be “long volatility,” 
a security exhibiting positive convexity should be chosen, and if short volatility is desired, a 
security exhibiting negative convexity should be chosen.

C o n s t r u c t in g  a  B a r b e l l  P o r t f o l io

LO 60.9: Construct a barbell portfolio to match the cost and duration of a given 
bullet investment, and explain the advantages and disadvantages of bullet versus 
barbell portfolios.

A barbell strategy is typically used when an investment manager uses bonds with short and 
long maturities, thus forgoing any intermediate-term bonds. A bullet strategy is used when 
an investment manager buy bonds concentrated in the intermediate maturity range.

The advantages and disadvantages of a barbell versus a bullet portfolio are dependent on 
the investment manager’s view on interest rates. If the manager believes that rates will be 
especially volatile, the barbell portfolio would be preferred over the bullet portfolio.

Professor’s Note: S ince duration  is lin ea rly re la ted  to maturity, i t  is possib le 
f o r  a bu lle t a n d  a barbell stra tegy to have th e sam e duration . However, s in ce 
convex ity increases w ith  the square o f  maturity, these tw o stra tegies w il l  have 
d iffe r en t convexities.
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Assume that a portfolio manager is considering buying a $100 million U.S. Treasury 
security with coupons paying l%s due in 10 years, at a cost of $99,042,300. The manager 
is initially comfortable with the pricing of the bond at its present yield of 1.72%, but in 
looking at two other Treasury bonds on either side of the selected bond, one with a shorter 
maturity and one with a longer maturity, the manager wishes to consider alternatives.

Consider the three bonds in the following table, with maturities of 5 years, 10 years, and 
30 years:

Topic 60
Cross Reference to GARP Assigned Reading — Tuckman, Chapter 4

Coupon Maturity Price Yield Duration Convexity
% 5 years 100.0175 0.74% 4.12 21.9
1% 10 years 99.0423 1.72% 7.65 59.8
214 30 years 97.4621 2 .88% 14.93 310.5

Instead of buying the “bullet” investment of 10-year l%s, the manager is considering a 
“barbell” strategy, whereby he would buy the shorter maturity and the longer maturity 
bonds. The barbell portfolio can be constructed to have the same cost and duration as the 
individual bullet investment as follows:

V5 = value in barbell portfolio of the 5-year bonds 

V30 = value in barbell portfolio of the 30-year bonds

The barbell will have the same cost when: V5 + V30 = $99,042,300 

The duration of the barbell equals the duration of the bullet when:

V5 -X4.12 + - V30
■ X 14.93 = 7.65

99,042,300 99,042,300

With this equation, we can compute the proportion of each bond to purchase:

P x 4.12 + (1 -P )  x 14.93 = 7.65 

4.12P + 14.93 -  14.93P = 7.65

-10.81P = -7.28

P = 0.6735

Thus, V5 = 67.35% of the portfolio and V30 = 32.65% of the portfolio.

The combined convexity of the barbell portfolio can be computed as follows:

67.35% x 21.9 + 32.65% x 310.5 = 116.1
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The barbell’s convexity of 116.1 is greater than the bullet’s convexity of 59.8. Thus, for the 
same amount of duration risk, the barbell portfolio has greater convexity.

Looking at the weighted yield of the barbell portfolio we have:

67.35% x 0.74% + 32.65% x 2.88% = 1.439%

This is compared to the bullet’s yield of 1.72%. Thus, the barbell portfolio will not do as 
well as the bullet portfolio, assuming yields stay the same. If the manager projects that rates 
will be especially volatile, the barbell portfolio may be preferred.
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K ey C oncepts

LO 60.1

Interest rate factors are random variables that influence individual interest rates along the 
yield curve.

LO 60.2

DV01 is the absolute change in bond price for every basis point change in yield, which is 
essentially a basis point’s price value.

The DV01 formula is:

DV01 = -
ABV

10,000 x Ay

where:
ABV = change in bond value 
Ay = change in yield

LO 60.3

The hedge ratio when hedging a bond with another bond is calculated as:

DV01 (initial position)HR —--------------- -------------------
DV01 (hedging instrument)

LO 60.4

Duration measures the percentage change in a security’s value for a particular unit’s change 
in rates. The formula for effective duration is:

duration
BV_Ay -B V +Ay 

2 x BV0 x Ay

LO 60.5

DV01 works better for hedgers, while duration is more convenient for traditional investors.
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LO 60.6

Convexity is a measure of the degree of curvature in the price-yield relationship:

BV_Ay + BV+Ay — 2 X BV0
convexity = ----------------------- ------------

BVq X A y2

LO 60.7

K
duration of portfolio = X V j x D j 

1=1

where:
D- = duration of bond j
w. = market value of bond j divided by market value of portfolio 
K = number of bonds in portfolio

Convexity for the entire portfolio is simply the value-weighted average of each individual 
security’s convexity within the portfolio.

LO 60.8

Convexity is an exposure to volatility so as long as interest rates move; returns will increase 
when convexity is positive. If an investor wishes to be “long volatility,” a positively convex 
security should be chosen.

LO 60.9

A barbell strategy is typically used when an investment manager uses bonds with short and 
long maturities, thus forgoing any intermediate-term bonds. A bullet strategy is used when 
an investment manager buy bonds concentrated in the intermediate maturity range.
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C oncept C heckers

Use the follow ing inform ation to answer Questions 1 and 2.

An investor has a short position valued at $100 in a 10-year, 5% coupon, T-bond with a 
YTM of 7%. Assume discounting occurs on a semiannual basis.

1. Which of the following is closest to the dollar value of a basis point (DV01)?
A. 0.065.
B. 0.056.
C. 0.047.
D. 0.033.

2. Using a 20-year T-bond with a DV01 of 0.085 to hedge the interest rate risk in the 
10-year bond mentioned above, which of the following actions should the investor 
take?
A. Buy $130.75 of the hedging instrument.
B. Sell $130.75 of the hedging instrument.
C. Buy $76.50 of the hedging instrument.
D. Sell $76.50 of the hedging instrument.

3. The duration of a portfolio can be computed as the sum of the value-weighted 
durations of the bonds in the portfolio. Which of the following is the most limiting 
assumption of this methodology?
A. All the bonds in the portfolio must change by the same yield.
B. The yields on all the bonds in the portfolio must be perfectly correlated.
C. All the bonds in the portfolio must be in the same risk class or along the same 

yield curve.
D. The portfolio must be equally weighted.

4. Estimate the percentage price change in bond price from a 25 basis point increase in 
yield on a bond with a duration of 7 and a convexity of 243.
A. 1.67% decrease.
B. 1.67% increase.
C. 1.75% increase.
D. 1.75% decrease.

5. An investor is estimating the interest rate risk of a 14% semiannual pay coupon 
bond with 6 years to maturity. The bond is currently trading at par. The effective 
duration and convexity of the bond for a 25 basis point increase and decrease in 
yield are closest to:

Duration Convexitv
A. 3.970 23.20
B. 3.740 23.20
C. 3.970 20.80
D. 3.740 20.80
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C oncept  C h ecker  A n sw ers

1. A For a 7% bond, N = 10 x 2 = 20; I/Y = 7/2 = 3.5%; PMT = 5/2 = 2.5; FV = 100; 
CPT -> PV = -85.788

For a 7.01% bond, N = 20; I/Y = 7.01/2 = 3.505%; PMT = 2.5; FV = 100; 
CPT —> PV = -85.723

For a 6.99% bond, N = 20; I/Y = 6.99/2 = 3.495%; PMT = 2.5; FV = 100; 
CPT —> PV = -85.852

DVOl+Ay = | 85.788 -  85.723 | = 0.065

DVOl-Ay = | 85.788 -  85.852 | = 0.064

2. C The hedge ratio is 0.065 / 0.085 = 0.765. Since the investor has a short position in the bond,
this means the investor needs to buy $0,765 of par value of the hedging instrument for every 
$1 of par value for the 10-year bond.

3. B A significant problem with using portfolio duration is that it assumes all yields for every
bond in the portfolio are perfectly correlated. However, it is unlikely that yields across 
national borders are perfectly correlated.

4. A ABV+% « [-7 x 0 .0 0 2 5 x l0 0 ]  +  [()^ )x243x(0.0025)2 xl00] =  -1.67%

5. C N = 12; PMT = 7; FV = 100; I/Y = 13.75/2 = 6.875%; CPT —> PV = 100.999

N = 12; PMT = 7; FV = 100; I/Y = 14.25/2 = 7.125%; CPT -> PV = 99.014 

Ay = 0.0025

Duration ■
100.999-99.014

2(100)0.0025
=  3.970

Convexity = 100.999 +  99 .014-200  
(100)(0.0025)2

: 20.8
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

M u l t i -F a c t o r  R i s k  M e t r i c s  a n d  
H e d g e s

Topic 61

E x a m  F o c u s

This topic divides the term structure of interest rates into several regions, and makes 
assumptions regarding how rates change for each region. Key rate analysis measures a 
portfolios exposure to changes in a few key rates—for instance, 2-year, 5-year, 10-year, and 
30-year rates. The key rate method is straightforward and assumes that rates change in the 
region of the key rate chosen. The forward-bucket method is similar to the key rate approach, 
but instead uses information from a greater array of rates, specifically those built into the 
forward rate curve. For the exam, understand how to apply key rate shift analysis and be able 
to calculate key rate ‘01, key rate duration, and the face amount of hedging positions given a 
specific key rate exposure profile.

W e a k n e s s e s  o f  S i n g l e -F a c t o r  A p p r o a c h e s

LO 61.1: Describe and assess the major weakness attributable to single-factor 
approaches when hedging portfolios or implementing asset liability techniques.

A single-factor approach to measuring and hedging risk in fixed income markets is quite 
limiting because it assumes that within the term structure of interest rates (typically referred 
to as the yield curve), all rate changes are driven by a single factor (i.e., the term structure 
shifts in a parallel fashion).

It is more realistic to instead recognize that rates in different regions of the term structure 
are not always correlated. The risk that rates along the term structure move differently 
(i.e., nonparallel shifts) is called yie ld  curve risk. The single-factor approach does not 
protect against yield curve risk; however, it is easy to compute and understand for hedging 
or asset-liability management, as only one security is needed to hedge the risk of a large 
portfolio.

The simplifying assumption that rates of all terms move up or down by the same amount 
based on one factor, such as the 10-year par rate (i.e., the 10-year swap rate), is restrictive; 
thus, practitioners apply multi-factor approaches. These multi-factor approaches, such as 
key rate and bucket approaches, assume that rate changes are a function of two or even 
more factors.
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K e y  R a t e  E x p o s u r e s

LO 61.2: Define key rate exposures and know the characteristics o f key rate 
exposure factors including partial ‘01s and forward-bucket ‘01s.

Key rate exposures help describe how the risk of a bond portfolio is distributed along the 
term structure, and they assist in setting up a proper hedge for a bond portfolio. Key rate 
exposures are utilized for measuring and hedging risk in bond portfolios using rates from 
the most liquid bonds available, which are generally government bonds that have been 
issued recently and are selling at or near par.

Similar to key rate exposures, partia l ‘01s are utilized for measuring and hedging risk in 
swap portfolios (or a portfolio with a combination of bonds and swaps). These partial ‘01s 
are derived from the most liquid money market and swap instruments for which a swap 
curve is usually constructed. Forward-bucket ‘01s are also used in swap and combination 
bond/swap contexts, but instead of measuring risk based on other securities, they measure 
risk based on changes in the shape of the yield curve. Thus, forward-bucket ‘01s enable us 
to understand a portfolio’s yield curve risk. Partial ‘01s and forward-bucket ‘01s are similar 
to key rate approaches, but use more rates, which divide the term structure into many more 
regions.

K e y  R a t e  S h i f t  T e c h n i q u e

LO 61.3: Describe key-rate shift analysis.

Key rate shift analysis makes the simplifying assumption that all rates can be determined 
as a function of a few “key rates.” To cover risk across the entire term structure, a small 
number of key rates are used, pertaining only to the most liquid government securities.

The most common key rates used for the U.S. Treasury and related markets are par yield 
bonds—2-, 5-, 10- and 30-year par yields. If one of these key rates shifts by one basis point, 
it is called a key rate shift. Note that par yields are also referred to as par rates.

The key rate shift technique is an approach to nonparallel shifts in the yield curve, which 
allows for changes in all rates to be determined by changes from selected key rates.

For example, assume that there are three key rates: 1-year, 7-year, and 20-year par yields. 
The key rate technique indicates that changes in each key rate will affect rates from the term 
of the previous key rate to the term of the subsequent key rate. In this case, the 1-year key 
rate will affect all rates from 0 to 7 years; the 7-year key rate affects all rates from 1 year to 
20 years; and the 20-year key rate affects all rates from 7 years to the end of the curve. If 
one assumes a simplistic one basis point effect, the impact of each key rate will be one basis 
point at each key rate and then a linear decline to the subsequent key rate. This key rate 
shift behavior is illustrated in Figure 1.
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Figure 1: Key Rate Shifts
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Par Yield 
Shift (bps)

Maturity

This is obviously a somewhat limiting and simplistic approach. However, the key rate 
approach is appealing because (1) key rates are affected by a combination of rates closest to 
them; (2) key rates are mostly affected by the closest key rate; (3) key rate effects are smooth 
(do not jump across maturity); and (4) a parallel shift across the yield curve results.

K e y  R a t e  ‘01 a n d  K e y  R a t e  D u r a t io n

LO 61.4: Define, calculate, and interpret key rate ‘01 and key rate duration.

The following example demonstrates the calculation of key rate ‘01 and key rate duration, 
using a 30-year zero-coupon bond. Zero-coupon securities are also referred to as STRIPS 
(separate trading of registered interest and principal securities). Investors of zero-coupon 
bonds receive payment from STRIPS at maturity.

Figure 2: Key Rate ‘01s and Durations of a C-STRIP

(1) Value (2) Key Rate ‘01 (3) Key Rate Duration
Initial value 25.11584
2-year shift 25.11681
5-year shift 25.11984 -0.0040 -1.59
10-year shift 25.13984
30-year shift 25.01254

Column (1) in Figure 2 provides the initial price of a C-STRIP and its present value after 
application of key rate one basis point shifts.

Column (2) in Figure 2 includes the key rate ‘01s (i.e., the key rate DVOls). A key rate ‘01 
is the effect of a dollar change of a one basis point shift around each key rate on the value
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of the security. For example, the key rate ‘01 with respect to the 5-year shift is calculated as 
follows:
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1__25.11984-25.11584
10,000 0.01% -0 .0040

This implies that the C-STRIP increases in price by 0.0040 per $100 face value for a 
positive one basis point 5-year shift. Like DV01, the key rate ‘01 is negative when value, 
after a given shift, increases relative to the initial value. The key rate ‘01 would be positive if 
value, after a given shift, declines relative to the initial value.

Continuing with the same 5-year shift, its key rate duration is calculated as follows:

1 25.11984-25.11584 l  ^
25.11584 0.01%

Completing Column (3) in Figure 2 and summing all key rate durations would give us 
the effective duration of the 30-year C-STRIP. Note that key rate duration can also be 
computed using the corresponding key rate ‘01 and initial value as follows:

-0 .0040
25.11584

x l0 ,0 0 0  =  —1.59

H e d g in g  A p p l i c a t i o n s

LO 61.5: Describe the key rate exposure technique in multi-factor hedging 
applications; summarize its advantages/disadvantages.

For every basis point shift in a key rate, the corresponding key rate ‘01 provides the dollar 
change in the value of the bond. Similarly, key rate duration provides the approximate 
percen tage change in the value of the bond. Key rate duration works off 100 basis point 
changes, so it is the percentage of price movement for every 100 basis point change in rates.

The important information to be collected from these calculations is the bond’s price 
sensitivity to shifts in each key rate. Key rate shifts allow for better hedging of a bond 
position, and when summed across all key rates, assume a parallel shift across all maturities 
in the maturity spectrum.

As mentioned, key rate exposure analysis is a useful tool for measuring bond price 
sensitivity; however, it makes very strong assumptions about how the term structure 
behaves. It assumes that the rate of a given term is affected only by the key rates that 
surround it. In reality, shifts are not always perfectly linear.

LO 61.6: Calculate the key rate exposures for a given security, and compute the 
appropriate hedging positions given a specific key rate exposure profile.

Suppose a 30-year semiannual-paying noncallable bond pays a $4,500 semiannual coupon 
in a flat rate environment of 5% across all maturities. If we assume a one basis point shift in
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the key rates used (2-, 5-, 10- and 30-year key rates), the subsequent key rate effects on the 
security are as shown in Figure 3.
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Figure 3: Key-Rate Exposure o f 30-Year Sem iannual Pay N on-Callable Bond

(1) Value (2) Key Rate '01 (3) Key Rate Duration
Initial value 139,088.95
2-year shift 139,083.96 4.99 0.36
5-year shift 139,074.21 14.74 1.06
10-year shift 139,015.04 73.91 5.31
30-year shift 139,024.25 64.70 4.65
Total 158.34 11.38

To illustrate hedging based on key rates, suppose that four other securities (shown below) 
exist in addition to the noncallable bond just discussed and that each of these new hedging 
securities have the following key rate exposures:

• A 2-year security only has a 2-year key rate exposure of 0.015 per $100 face value.
• A 5-year security has exposures over the 2-year and 5-year key rate of 0.0025 and 0.035, 

respectively, per $100 face value.
• A 10-year security has exposures over the 2-year, 5-year, and 10-year key rates of 0.003, 

0.015, and 0.1, respectively, per $100 face value.
• A 30-year security only has exposure to the 30-year key rate of 0.15 per $ 100 face value.

It is assumed in this example that the 2-year bond and the 30-year bond are trading at par, 
so their only exposure is to the key rate corresponding to the maturity date. Using the key 
rate exposures from Figure 3 generates the following set of equations to establish the hedge:

2-year key-rate exposure:

5-year key-rate exposure:

10-year key-rate exposure:

30-year key-rate exposure:

0.015 „ , 0.0025 c , 0.003 „ . nn--------x F 2 H------------ x F5 H---------- xFm  - 4.99
100 100 3 100

0.035 „ ,0 .015 „------ xFs -I-------- xFln =14.74
100 3 100 u

—  xf\0 = 73.91 
100

0.15
100

x F30 = 64.70

By simultaneously solving for F2, F5, F10, and F30, these equations indicate that the investor 
needs to short the 2-year security in the face amount of $16,745, short the 5-year in the 
face amount of $10,439, short the 10-year in the face amount of $73,910, and short the 
30-year in the face amount of $43,133. Combining these short positions with the initial 
bond position will immunize the portfolio from changes in rates close to the key rates 
selected.

As is the case with most duration-based hedging techniques, the assumption of interest 
rate movements drives the effectiveness of immunized strategies. There are two factors 
at work when using key rates in an immunization-type setting. If interest rates change
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more dramatically than indicated, the immunized position will not perform as expected. 
This nonperformance will be exacerbated given larger changes in interest rates. More 
importantly, however, is the assumption of how interest rates will change around and 
between key rates. If the assumed rate shifts do not change in accordance with the assumed 
path indicated by the key rate technique, the effectiveness of the immunized position will be 
decreased. Losses or gains will accrue, which will directly affect the immunization strategy.

Simply stated, using the key rates in an immunized setting will only be an approximation of 
the effectiveness of immunization. This is a direct result of the dependence of the technique 
on the ultimate size and movement of rates in and around the key rates chosen. The only 
way immunization will work perfectly in a real-world setting is if all sources of interest rate 
changes are perfectly matched.
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Pa r t i a l  ‘0 1 s  a n d  F o r w a r d -B u c k e t  ‘0 1 s

LO 61.7: Relate key rates, partial ‘01s and forward-bucket ‘01s, and calculate the 
forward bucket ‘01 for a shift in rates in one or more buckets.

Key rate shifts utilize just a few key rates, and express position exposures in terms of 
hedging securities. For example, if we assume the key rates are 2-year, 5-year, 10-year, and 
30-year par yields, each exposure is measured and hedged separately, and all four securities 
are needed to hedge the fixed income position.

With more complex portfolios that contain swaps, partial ‘01s and forward-bucket ‘01s 
are often used instead of key rates. These approaches are similar to the key rate approach, 
but instead divide the term structure into more parts. Risk along the yield curve is thus 
measured more frequently, in fact daily.

For example, swap market participants fit a par rate curve (i.e., swap rate curve) daily or 
even more frequently, using a group of observable par rates and short-term money market/ 
futures rates. A partial ‘01 will measure the change in the value of the portfolio from a 
one basis point decrease in the fitted rate and subsequent refitting of the curve. In other 
words, with partial ‘01s, yield curve shifts are able to be fitted more precisely because we are 
constantly fitting securities.

The forward-bucket ‘01 approach is a more direct and mechanical approach for looking 
at exposures. Forward-bucket ‘01s are computed by shifting the forward rate over several 
regions of the term structure, one region at a time, after the term structure is divided into 
various buckets. For example, under this approach, we can analyze bond price changes 
after shifting the forward rate over the 2- to 5-year term bucket. Figure 4 illustrates the 
computation of forward-bucket ‘01s of a 5-year swap given a 0—2 year bucket and a 2—5 
year bucket.
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Figure 4: Forward-Bucket Exposures

Forward Rate %
Term Cash Flow Current 0-2 Year Shift 2—5 Year Shift Shift All
0.5 1.06 1.012 1.022 1.012 1.022

1.0 1.06 1.248 1.258 1.248 1.258
1.5 1.06 1.412 1.422 1.412 1.422
2.0 1.06 1.652 1.662 1.652 1.662
2.5 1.06 1.945 1.945 1.955 1.955
3.0 1.06 2.288 2.288 2.298 2.298
3.5 1.06 2.614 2.614 2.624 2.624
4.0 1.06 2.846 2.846 2.856 2.856
4.5 1.06 3.121 3.121 3.131 3.131
5.0 101.06 3.321 3.321 3.331 3.331
PV 99.9955 99.9760 99.9679 99.9483
Forward- 
Bucket ‘01 0.0196 0.0276 0.0472

This example demonstrates how semiannual rates shift using a forward-bucket ‘01 
approach. The PV line is the present value of the cash flows under the initial forward-rate 
curve, as well as under each of the “shifted” curve scenarios. To compute the forward-bucket 
‘01 for each shift, take the difference between the shifted and the initial present values, and 
change the sign. For example, for the 0—2 year shift, the forward-bucket ‘01 is:
(99.9760 -  99.9955), or 0.0196.

Hedging Across Forward-Bucket Exposures

LO 61.8: Construct an appropriate hedge for a position across its entire range of 
forward bucket exposures.

Suppose a counterparty enters into a euro 5x10 payer swaption with a strike of 4.044% on 
May 28, 2010. This payer swaption gives the buyer the right to pay a fixed rate of 4.044% 
on a 10-year euro swap in five years. The underlying is a 10-year swap for setdement on 
May 31, 2015. Figure 5 gives the forward-bucket ‘01s of this swaption for four different 
buckets, along with other swaps for hedging purposes.

Since the overall forward-bucket ‘01 of the payer swaption is negative (-0.0380), as rates 
rise, the value of the option to pay a fixed rate of 4.044% in exchange for a floating rate 
worth par also rises.
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Figure 5: Forward-Bucket Exposures

Security Rate 0-2 2-5 5-10 10-15 All
5x10 payer 4.044% 0.0010 0.0016 -0.0218 -0.0188 -0.0380
swaption 
5-year swap 2.120% 0.0196 0.0276 0.0000 0.0000 0.0472
10-year swap 2.943% 0.0194 0.0269 0.0394 0.0000 0.0857
15-year swap 3.290% 0.0194 0.0265 0.0383 0.0323 0.1164
5x10 swap 4.044% 0.0000 0.0000 0.0449 0.0366 0.0815

Continuing with this example, Figure 6 shows forward-bucket exposures of three different 
ways to hedge this payer swaption (as of May 28, 2010) using the securities presented in 
Figure 5. As you can see, the third hedge is the best option since this hedge best neutralizes 
risk in each of the buckets (the lowest net position indicates when risk is best neutralized).

Figure 6: Hedging with Forward-Bucket Exposures

Security / Portfolio 0-2 2-5 5-10 10-15 All
5x10 payer swaption 0.001 0.0016 -0.0218 -0.0188 -0.0380
Hedge #1:

Long 44.34% of 10-year swaps 0.0086 0.0119 0.0175 0.038
Net position 0.0096 0.0135 -0.0043 -0.0188 0.000
Hedge #2:

Long 46.66% of 5x10 swaps 0.0209 0.0171 0.038
Net position 0.001 0.0016 -0.0009 -0.0017 0.000
Hedge #3:

Long 57.55% of 15-year swaps 0.0112 0.0153 0.022 0.0186 0.067
Short 61.55% of 5-year swaps -0.012 -0.017 -0.029

Net position 0.0002 -0.0001 0.0002 -0.0002 0.000

E s t i m a t i n g  P o r t f o l i o  V o l a t i l i t y

LO 61.9: Apply key rate and multi-factor analysis to estimating portfolio volatility.

Key rates and bucket analysis allow a manager to use more than a single factor to manage 
interest rate risk effects on a portfolio. These multi-factor approaches work well not 
only in estimating changes in the level of the portfolio, but also in the estimation of 
portfolio volatility because it incorporates correlation effects between various interest rate 
assumptions.

Suppose one has information related to the volatility effects of two key rates. In this case, 
a manager can use traditional portfolio volatility relationships not only to incorporate 
the volatility impacts of each individual key rate, but also to incorporate the correlation 
between each key rate. The bucket technique works in a similar fashion, but because it is 
based on estimating forward rate effects, the number of inputs and correlation pairs that 
must be incorporated is greater.
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K ey C oncepts

LO 61.1

The single-factor approach to hedging risk of fixed-income portfolios is limiting because it 
assumes that all future rate changes are driven by a single factor.

LO 61.2

Key rate exposures hedge risk by using rates from a small number of available liquid bonds. 
Partial ‘01s are used with swaps, and use a greater number of securities. Forward-bucket ‘01s 
are also used with swaps and use predefined regions to determine changes due to shifts in 
forward rates. Forward-bucket ‘01s enable us to understand a portfolio’s yield curve risk.

LO 61.3

The key rate shift technique is a multi-factor approach to nonparallel shifts in the yield 
curve that allows for changes in all rates to be determined by changes in key rates. Choices 
have to be made regarding which key rates shift and how the key rate movements relate to 
prior or subsequent maturity key rates.

LO 61.4

Key rate ‘01s are calculated as follows:

DV01k __1__ABV
10,000 A yk

Key rate durations are calculated as follows:

Dk 1 ABV
BY A yk

LO 61.5

For every basis point shift in a key rate, the corresponding key rate ‘01 provides the dollar 
change in the value of the bond. Similarly, key rate duration provides the approximate 
percentage change in the value of the bond.

LO 61.6

Hedging positions can be created in response to shifts in key rates by equating individual 
key rate exposures adjacent to key rate shifts to the overall key rate exposure for that 
particular key rate change. The resulting positions indicate either long or short positions in 
securities to protect against interest rate changes surrounding key rate shifts.
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LO 61.7

A partial ‘01 is the change in the value of the portfolio from a one basis point decrease in 
the fitted rate and subsequent refitting of the curve. Forward-bucket ‘01s are computed by- 
shifting the forward rate over several regions of the term structure, one region at a time, 
after the term structure is divided into various buckets.

LO 61.8

In order to set up a proper hedge for a swap position across an entire range of forward- 
bucket exposures, the hedger will determine the various forward-bucket exposures for 
several different swaps and select the hedge that contains the lowest forward-bucket 
exposures in net position.

LO 61.9

Multifactor approaches to hedging, such as key rate and bucket shift approaches, can be 
used to estimate portfolio volatility effects because they incorporate correlations across a 
variety of interest rate effects.
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C oncept C h eckers

1. The main problem associated with using single-factor approaches to hedge interest 
rate risk is:
A. no method can hedge interest rate risk.
B. single-factor models assume mean-reversion between one short-term and one 

long-term rate.
C. single-factor models assume effects across the entire curve are dictated by one 

rate.
D. single-factor models assume risk-free securities have credit exposure.

2. Using key rates of 2-year, 5-year, 7-year, and 20-year exposures assumes all of the 
following except that the:
A. 2-year rate will affect the 5-year rate.
B. 7-year rate will affect the 20-year rate.
C. 5-year rate will affect the 7-year rate.
D. 2-year rate will affect the 20-year rate.

Use the following information to answer Questions 3 and 4.

The following table provides the initial price of a C-STRIP and its present value after 
application of a one basis point shift in four key rates.

Value
Initial value 25.11584
2-year shift 25.11681
5-year shift 25.11984
10-year shift 25.13984
30-year shift 25.01254

3. What is the key rate ‘01 for a 30-year shift?
A. -0.058.
B. 0.024
C. 0.103.
D. 0.158.

4. What is the key-rate duration for a 30-year shift?
A. -4.57.
B. 15.80.
C. 38.60.
D. 41.13.
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5. Assume you own a security with a 2-year key rate exposure of $4.78, and you would 
like to hedge your position with a security that has a corresponding 2-year key rate 
exposure of 0.67 per $100 of face value. What amount of face value would be used 
to hedge the 2-year exposure?
A. $478.
B. $239.
C. $713.
D. $670.
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C oncept C h ecker  A n sw ers

1. C Single-factor models assume that any change in any rate across the maturity spectrum can
indicate changes across any other portion of the curve.

2. D Key rate exposures assume that key rates chosen adjacent to the rate of interest are affected,
not across other key rates.

3. C Key rate ‘01 with respect to the 30-year shift is calculated as follows:
1 25.01254-25.11584 n------------------------------------ = 0.103

10,000 0.01%

This implies that the C-STRIP decreases in price by 0.103 per 100 face amount for a positive 
one basis point 30-year shift.

4. D Key-rate duration for the 30-year shift is calculated as follows:

1 25.01254-25.11584--------------------------------------- = 41.13
25.11584 0.01%

5. C —  x F = $4.78
100

F = $713.43
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

A ssessing C ountry Risk

Topic 62

Exam Focus

This topic is an introduction to country risk analysis. In conducting country risk analysis, 
many analysts focus heavily on quantitative risk measures, but qualitative assessments of 
country risk are as important, if not more important, than quantitative analysis. Analysts 
should choose reliable data sources and not rely too heavily on government sources of 
information, which may be manipulated for political purposes. There is also no substitute for 
the analyst’s own experience and on-site observations. For the exam, be able to identify the 
factors rating agencies use to assign sovereign debt ratings. Also, understand the limitations 
of agency ratings to country risk analysis, and how to analyze and measure political stability 
and economic openness within a country. Finally, be able to use economic and political data 
to compare the risks and opportunities of one country relative to another.

Effective C ountry Risk Analysis

LO 62.1: Identify characteristics and guidelines leading to effective country risk 
analysis.

Investors analyzing and managing risks in foreign investments must appreciate that 
economics cannot be disconnected from politics. Thus, political issues are a primary 
concern for those evaluating country risks. Managers must ensure that rewards are 
commensurate with the assumed risks. Both quantitative analysis and qualitative analysis are 
important to country risk assessment. An analyst’s intuition and experience are especially 
relevant where statistics are sometimes manipulated and where conditions change rapidly.

Two forms of risk relevant to country risk analysis are aleatoric risk and epistemic risk. 
Aleatoric risk arises from the randomness of nature and can be managed by insurance 
products and other risk mitigation tools. Epistemic risk arises out of a lack of information 
about specific circumstances and can be mitigated by increasing knowledge.

Whether the risk manager is using knowledge or risk mitigation tools such as insurance, 
there are four essential characteristics of effective country risk analysis. The analysis should 
be:

1. Consistent with rigorous risk management tools that allow for sound comparisons of 
risks between countries.

2. Concise, containing sufficient detail to draw meaningful and easy to understand 
conclusions without overwhelming the analyst with minutiae.
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3. Informative, allowing the analyst to understand the rationale behind the country risk 
assessment.

4. Decisive with clearly defined opinions regarding political conditions in a country and 
clearly stated current and future implications of existing conditions.

Country risk analysis involves seeing what the world w ill look like in thefiiture, not what it
looks like today. Many countries are suffering from massive amounts of debt and political
upheaval. As such, there are basic guidelines an analyst should consider when undertaking
country risk analysis. The guidelines for effective country risk management include:

• Understand that country risk management tools may not be logical. This is because 
the political process is generally not logical. Analysts must not rely solely on objective 
measures but must use intuition, experience, and instinct to assess risks.

• Choose trustworthy data sources. The accuracy and validity of data used for analysis is 
questionable if consultants and other information providers do not reveal their sources.

• Question government and other official statistics. Governments may manipulate 
statistics for political purposes. Many information providers and multilateral 
organizations rely on government statistics for analysis and forecasting.

• Rely on experience and observation. Adding experience to risk analysis increases the 
validity of the conclusions. Investors and risk managers should visit countries if possible 
to gain insight into potential risks.

• Recognize that qualitative analysis can be more useful than quantitative analysis.
Human behavior is unpredictable. Risk analysis can be more effective if the analyst keeps 
an open mind, sees the gray areas, and avoids categorizing conditions as either good or 
bad.

Key Rating Indicators

Topic 62
Cross Reference to GARP Assigned Reading — Wagner, Chapter 3

LO 62.2: Identify key indicators used by rating agencies to analyze a country’s debt 
and political risk, and describe challenges faced by country risk analysts in using 
external agency ratings. * •

Rating agencies offer opinions on a firm or country’s ability to incur and/or pay back debt. 
Agencies rate countries on both their ability and willingness to service debt. Rating agency 
reputations declined during the financial crisis that began in 2007. Agencies had awarded 
high ratings to banks and other financial firms that, upon closer inspection of the quality 
of assets, should have received lower ratings. Moreover, agencies were reactive rather than 
proactive. One would expect rating agencies to see what was ahead, but instead countries 
were downgraded after a problem became evident.

Both quantitative and qualitative factors are evaluated by rating agencies. When assessing 
sovereign risk, agencies consider:

• Political and social risks including participation by residents in the political process, 
leadership succession plans, government transparency, stability of political institutions, 
and geopolitical risks.

• Economic risk including the prosperity of citizens, whether the economy is market- 
based, income disparity between citizens, availability of credit, effectiveness of the 
financial sector, labor flexibility, and the level of protectionism.

• International security and border concerns.
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• Power structures in the country and region.
• Regime legitimacy.
• Government debt burden, including the share of revenue devoted to paying interest, 

gross and net external debt, the maturity of debt, and the interest rate sensitivity of 
existing debt.

Key indicators of a country’s political and financial risks are as follows:

• Macroeconomic factors such as a country’s historical and current inflation rates and 
growth prospects, the size and composition of savings and investment in the country, 
and the pattern of economic growth.

• Debt sustainability. Can a country continue to pay back debt, and is it susceptible to 
economic shocks?

• Factors that affect external financing such as the current account balance, the capacity 
to borrow domestically, the liquidity of foreign exchange markets, and the likelihood of 
capital flights. Factors that affect external liquidity such as fiscal and monetary policies 
and reserve adequacy are also important.

• Social pressures from the public including religious/ethnic concerns, domestic conflicts, 
disparities in income levels, civil liberties, and other demographic issues.

• Openness to trade and investment and other structural features.
• Factors that contribute to the legitimacy of a regime such as corruption, political rights, 

and political freedom of citizens.
• Factors affecting international security including relations and conflicts with countries 

in the region.

Risk analysts face several challenges using rating agency data. These challenges include the 
following:

• Despite large and often comprehensive amounts of data used in analysis, actual ratings 
may be based on subjective interpretations of the data. In that respect, the process a 
rating agency undertakes may be quite similar to that of a company seeking to utilize 
information from the rating agency. Risk analysts should therefore compare external 
ratings to internally generated assessments. Discrepancies between external and internal 
ratings provide a basis for discussion about the true risks that exist in a country.

• Ratings are often delayed relative to the dynamic business and political environments.
• Ratings may be influenced by politics.
• Ratings may not be considered useful in assessing a country’s ability and willingness to 

pay 5 to 10 years in the future.

Ratings can have a significant impact on a country’s or firm’s access to capital and cost of 
capital. Ratings also impact money and capital market liquidity. However, due to the issues 
discussed previously, ratings may not be particularly useful in determining a country’s 
long-term risk of default. Best practices suggest that analysts should use agency ratings as a 
reference, but should not rely too heavily on them for decision making.

Topic 62
Cross Reference to GARP Assigned Reading — Wagner, Chapter 3
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Political Stability and Economic O penness

Topic 62
Cross Reference to GARP Assigned Reading — Wagner, Chapter 3

LO 62.3: Describe factors which are likely to influence the political stability and 
economic openness within a country.

Many foreign investment problems stem from prolonged political instability in a country or 
region. As such, country risk managers must be able to assess and measure political stability. 
However, it is difficult to quantify political instability, which may be caused by changes in 
governments and regimes as well as social unrest and economic distress.

A crucial factor that has an enormous impact on political instability is popular discontent. 
An unhappy populace places demands on the government. If the government’s response falls 
short of expectations, demands increase and a negative cycle can ensue. This happened in 
Greece beginning in 2010 as a result of government-imposed austerity measures. Protests 
increased, and ultimately discontented citizens demanded an overthrow of the existing 
government. Factors that contribute to popular discontent include:

• Social change. Labor or gender inequality, technological changes, frustrations regarding 
job prospects, or urbanization can all lead to social change. Developing countries are 
especially susceptible as change occurs rapidly, resulting in greater impacts on society.

• Economic weakness. Economic distress within a country or the perception of economic 
weakness relative to other countries causes unrest. Countries that have experienced 
rapid growth and rising wages that suddenly stop are especially susceptible. This pattern 
is known as an invertedJ-cu rve. With years on the x-axis and annual growth rates on 
the y-axis, the curve initially slopes upward and then slopes downward as time passes, 
reflecting the fact that growth is declining.

Professor’s Note: Unrest in  the M idd le East d u r in g  th e Arab Spring was a g r ea t  
con cern  f o r  Saudi Arabia. There was tu rm o il in n e igh b orin g countries. Saudi 
go v ern m en t o fficia ls d e c id ed  to thw art d iscon ten t a t hom e th rough  gr ea ter  
en titlem en ts a n d  b enefits to th e pu b lic , in essence b r ib in g the p opu la tion  
to en sure p o l i t i ca l  stability. The go v ern m en t was ab le to do this because o f  
enorm ous in com e fr om  the sale o f  na tura l resources, ca lled  “ren ta l in com e. ” 
This is likely n o t a lon g-term  solu tion  f o r  the coun try  bu t in th e short-run , the 

p o li cy  has a llow ed  Saudi Arabia to m ain ta in  stability.

The relationship between the economic openness of a country and the stability of the 
country can be represented with a J-curve as seen in Figure 1. Closed societies, such as 
North Korea, can be quite stable despite a lack of openness. As a country moves toward a 
more open society, initially stability declines. Eventually, as openness increases, stability also 
increases. For example, Eastern Europe was largely successful in opening societies within 
the region and gained stability relative to prior authoritarian governments as a result. The 
United States and Western Europe are examples of areas where both stability and openness 
are high (the upper right corner of the graph).
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Figure 1: Relationship Between a Country’s Economic Openness and Stability

State capacity refers to a government’s ability to effectively administer its country. A high 
degree of state capacity along with a developed democracy indicates that a government’s 
high longevity is expected (e.g., the United States and Western Europe). For moderate 
degrees of state capacity and partially developed democracies, longevity is not assured 
(e.g., Bolivia). Poor state capacity and low levels of democracy imply a failing or failed state 
(e.g., Somalia).

Large amounts of external debt can be an indication of poor government decision making 
and may indicate long-term instability. Servicing large amounts of debt makes it difficult for 
a government to effectively manage its territory. Macroeconomic stability is crucial for high 
levels of investment and savings in a country.

C omparative Country Risk Analysis

LO 62.4: Apply basic country risk analysis in comparing two countries as 
illustrated in the case study.

Country risk managers must compare countries on a number of different economic 
factors to understand the risks of doing business in one country versus another. Consider a 
comparison of economic statistics for Vietnam and Indonesia presented in Figure 2. As of 
2010, Indonesia has more than 2.5 times the population ofVietnam (226 million versus 
85 million). However, gross national income (GNI) is 3.5 times larger in Indonesia than 
in Vietnam. On a per capita basis, Vietnam is a better manager of resources as Indonesia’s 
GNI per capita is only 1.4 times as large. Also, life expectancy is slightly better in Vietnam, 
as is access to clean water. Additionally, Indonesia carries a much higher debt burden, nearly 
5.5 times that ofVietnam. In contrast, export income is slightly more than 2 times greater 
in Indonesia. Both the debt burden and export income levels are indicators of Indonesia’s 
weakness relative to Vietnam. Finally, there are nearly 4 times as many internet users in 
Vietnam, implying more openness.
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Figure 2: Economic Statistics: Indonesia vs. Vietnam*

Indonesia Vietnam
Ratio

Indonesia/Vietnam 
Where Applicable

Population 226 million 85 million 2.66x
Gross National 
Income (GNI)

$855 billion $244 billion 3.52x

Per Capita GNI $3,570 $2,530 1.4lx
Life Expectancy 71 years 74 years 0.96x
Access to Clean 
Water

80% 92% 0.87x

Total External 
Debt

$158 billion $29 billion 5.45x

Export Income $158 billion from oil, 
natural gas, crude palm 

oil, coal, appliances, 
textiles, and rubber

$72 billion from crude 
oil, textiles, footwear, 

seafood, rice, pepper, wood 
products, coffee, rubber, and 

handicrafts

2.19x

Internet Users 5.8% 21% 0.28x

Currency Relative 
to the Dollar

Ranged between 9,000 
and 10,000 rupiah (IDR) 
per dollar between 2004 

and 2011, indicating 
relative stability of the 

currency

Increased from 
approximately 15,500 

dongs per dollar to slightly 
less than 20,000 dongs per 
dollar between 2008 and 

2011, indicating economic 
weakness in recent years

*The majority of the above statistics are from 2010.

The middle classes of Indonesia and Vietnam are similar in size, yet in neither country 
can middle-class citizens afford to buy durable goods such as appliances and cars. Few 
people in either country are wealthy, and the majority of both populations are classified 
as poor. Businesses planning to export to either country should consider these economic 
statistics when determining which products are viable to sell. Vietnam’s currency, the 
dong, depreciated significantly between 2008 and 2011. While growth was a strong 7%, 
Vietnam struggled to be competitive with its neighbors. Also, although not evidenced in 
the economic statistics in Figure 2, Vietnam was only mildly affected by the Asian Crisis of 
1997 while Indonesia’s growth rate was highly erratic during that period.

The World Bank Group publishes an annual survey called D oing Business, which rates 183 
countries on a variety of measures such as starting a business, paying taxes, and enforcing 
contracts. The worst score in any category is 183 (i.e., the country ranked last among rated 
countries), and the best ranking is 1. Figure 3 provides a sampling of rankings from 2010 
and 2011 for Indonesia and Vietnam from the survey.
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Figure 3: Summary Statistics Indonesia vs. Vietnam 2010-2011

Indonesia 2010 Vietnam 2010 Indonesia 2011 Vietnam 2011
Overall Ranking 115 88 121 78
Registering Property 94 39 98 43
Starting a Business 159 114 155 100
Getting Credit 109 30 116 15
Trading Across Borders 49 59 47 63
Enforcing Contracts 153 31 154 31
Protecting Investors 41 172 44 173

Vietnam is still evolving into a more market-based economy from a centrally controlled 
economy, and the rankings reflect this. The state owns many businesses in Vietnam, a 
practice the government refers to as “market forces with a socialistic orientation.” Indonesia 
has growing social freedoms and a free press but persistent inefficiencies, bureaucracy, and 
corruption. As Figure 3 indicates, it is easier to register property, start a business, get credit, 
and enforce contracts in Vietnam. However, investors are provided greater protections 
in Indonesia. It is also easier to trade across borders for Indonesian businesses. Overall, 
Vietnam is ranked higher than Indonesia and improved between 2010 and 2011 (up 10 
places in the D oing Business list while Indonesia was down 6 places).

Despite the previous data, Indonesia is considered a superior option to Vietnam by foreign 
investors in terms of foreign direct investment (FDI). This is because Indonesia has been 
more receptive of foreign investors, and foreign investors remain more uncertain about the 
long-term future of Vietnamese investments compared to Indonesian investments. Despite 
this, both Indonesia and Vietnam offer potential economic opportunities for investment. 
However, investment challenges remain in both countries as corruption is endemic, the 
judicial systems are tainted, and the regulatory structures are inconsistent and unreliable.

In conclusion, both Indonesia and Vietnam exhibit strengths and weaknesses based on 
an analysis of the data. Seeing the whole picture, not classifying either country as good or 
bad and weak or strong, will help an analyst or investor understand the opportunities and 
limitations of a specific country. It is important to focus on a country’s future prospects and 
not simply analyze past data.
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K ey C oncepts

LO 62.1

There are four essential characteristics of effective country risk analysis. The analysis 
should be consistent, concise, informative, and decisive. Guidelines that an analyst should 
bear in mind for effective country risk analysis include the following: (1) an awareness 
that country risk management tools may not be logical because the political process is 
often illogical, (2) analysts should choose trustworthy data sources, (3) analysts should 
question government and other official statistics, (4) analysts should rely on experience and 
observation in addition to data about the country, and (5) qualitative analysis can be more 
useful than quantitative analysis in country risk assessments.

LO 62.2

Rating agencies consider many factors in assigning default ratings to sovereign debt, 
including political and social risks, economic risks, international security, power structures 
in the country and region, regime legitimacy, and government debt burdens. Risk analysts 
face several challenges using ratings generated by agencies. Agencies use large amounts of 
data but must still interpret the data. Ratings are often delayed and may be influenced by 
politics. In addition, ratings may not be useful in assessing the agency’s ability to repay debt 
5 to 10 years in the future.

LO 62.3

Political instability is a chief contributor to country risk. Generally, the most important 
factor affecting political instability is popular discontent. Social change and economic 
weakness contribute to popular discontent.

LO 62.4

Analysts and investors must be able to assess the risks and opportunities of different 
countries by comparing and contrasting data. Information that should be evaluated includes 
the countries’ populations, gross national incomes, individual incomes, gross national 
products, life expectancies, access to clean water, external debt levels, export products, 
export incomes, internet users, stability of currencies, and factors that affect the ability to do 
business in a country.
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C oncept C heckers

1. Sonjana Singh is doing a country risk assessment of a developing country that 
is controlled by a one-state party that makes most of the political and economic 
decisions in the country. Singh should be wary of using government statistics in her 
analysis because official statistics are often:
A. lacking in detail.
B. quantitative in nature.
C. compiled by unreliable sources.
D. manipulated for political purposes.

2. There are several challenges analysts face when using agency ratings on foreign debt 
as an indicator of default risk. Which of the following statements is false regarding 
weaknesses of rating agency sovereign debt ratings?
A. Ratings can be politically influenced.
B. Ratings are often subjective interpretations of available data.
C. Ratings are often delayed relative to changes in real-life situations.
D. Rating agencies are required to use government data for quantitative assessments 

of the likelihood of repayment.

3. The most important factor affecting a country’s political stability is likely the:
A. debt load of the country.
B. discontent of the citizens.
C. transparency of government policy decisions.
D. legal structures put in place to protect investors.

4. Grandon Hummel, an analyst for global funds, is considering data from two 
countries that have potential for investments by his firm. He is given the following 
data:

Country X Country Y
Population (millions) 100 25
Total External Debt (billions) $50 $25
Gross National Income (billions) $400 00

Total Personal Income (billions) $250 $70
Total Export Income (billions) $30 $10
% of the Population Defined as Poor 65% 45%
% of the Population Defined as Wealthy 1% 2.5%

Based on the information in the table, which of the following statements
regarding the data is most accurate?

A. On a per capita basis, Country X has lower income than Country Y.
B. Durable goods manufacturers are likely to be more successful in Country X than 

in Country Y.
C. Country X appears more heavily burdened by debt relative to the overall 

economy compared to Country Y.
D. Relative to the populations, Country X is more capable of generating export 

income than Country Y.
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Ali Khan is performing an economic and political analysis of a country that is 
attempting to move from an authoritarian regime to a more open society. Leaders of 
the country intend to allow a more open press, greater access to the outside world 
via the internet, and free speech without retribution from the citizens. Which of 
the following events would Khan most likely observe if the country is successful in 
moving toward a more open society?
A. Stability will improve initially and then decline.
B. Stability will decline initially and then improve.
C. Stability will decline immediately and continue to decline.
D. Stability will improve immediately and continue to improve.
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C oncept C hecker A nsw ers

1. D Singh should question government and other official statistics because governments may
manipulate statistics for political purposes. Many information providers and multilateral 
organizations rely on government statistics for analysis and forecasting, but should attempt to 
verify the data using an unbiased source(s).

2. D Despite large and often comprehensive amounts of data used in analysis, actual ratings may
be based on subjective interpretations of the data. Also, ratings are often delayed relative to 
the dynamic business and political environments. Ratings may be influenced by politics.
Also, ratings may not be considered useful in assessing a country’s ability and willingness 
to pay 5 to 10 years in the future. Rating agencies are not required to use government data 
for quantitative assessments of the likelihood of repayment although, like other analyses, 
government data is often heavily relied upon for conclusions regarding default risk.

3. B While all of the answer choices may contribute to political stability or instability, a crucial
factor that has an enormous impact on political instability is popular discontent. An 
unhappy populace places demands on the government. If  the government’s response falls 
short of expectations, demands increase, and a negative cycle ensues.

4. A Country X  has lower income per citizen ($250 billion relative to 100 million people)
relative to Country Y  ($70 billion relative to a population of 25 million people). Country 
X  has relatively lower debt relative to gross national income ($50 billion/$400 billion) 
than Country Y  ($25 billion/$85 billion). Country X  appears poorer than Country Y, with 
fewer citizens defined as wealthy. This would more likely make durable goods sales and 
manufacturing better in Country Y  than in Country X. Finally, Country X  has lower export 
income given its population than does Country Y.

5. B The relationship between the economic openness of a country (the x-axis) and the stability
of the country (the y-axis) can be represented with a J-curve. As a country moves toward a 
more open society, stability initially declines. Eventually, as openness increases, stability also 
increases.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

C ountry Risk  A ssessment in Practice

Topic 63

Exam Focus

This topic is nontechnical in nature and provides a general discussion of country risk 
assessment in practice. For the exam, understand the basic steps involved in the country 
risk management process and the various qualitative country risk management tools. From 
the long list of standard and alternative measures of country risk, be able to identify which 
measures are relevant for a given scenario.

Key Considerations W hen A ssessing C ountry Risk

LO 63.1: Explain key considerations when developing and using analytical tools to 
assess country risk. * •

Analytical tools must be straightforward and practical in order to be broadly understood 
by users. They should be used in conjunction with other forms of due diligence and not 
merely as an alternative. Analysts make a choice between breadth of coverage and the depth 
of detail. For example, broad indicators will usually result in larger errors and variances 
while narrow indicators will usually have fewer errors and variances but at the cost of 
limited applicability. Therefore, it is necessary for any analytical tool to consider a sufficient 
number of variables in order to ensure a logical conclusion. The underlying assumptions 
and objectives of such tools should always be clear, and one must always be aware of the 
potential bias of such tools.

When assessing country risk and determining whether to engage in a particular transaction, 
there are two overall risk management processes to consider: the general risk management 
process and the country risk management process.

The general risk management process includes the following components:

• Develop a strategic plan.
• Identify targets for trade or investment.
• Identify the nature of the risks.
• Create a risk management process.
• Evaluate costs and benefits.
• Determine whether to proceed.

The country risk management process includes the following components:

• Identify exposures.
• Analyze exposures.
• Analyze risk management techniques.
• Select appropriate risk management technique.
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• Implement chosen technique.
• Monitor results/revise program.

The process of deciding whether or not to invest in a particular country may be relatively 
straightforward at times and can be as simple as examining a few important issues and 
whether such issues/risks can be easily resolved or accepted for the country in question. 
Given the huge volume of resources available to obtain information and assess the risk of 
international investments, an organization must be cognizant of the inherent bias associated 
with the specific information used in the risk assessment. For example, some country risk 
information providers may overweight certain factors and underweight others (deliberately 
or not). In addition, the numerical ranges for country rankings may be overly narrow or 
wide depending on the method of analysis used.

Topic 63
Cross Reference to GARP Assigned Reading -  Wagner, Chapter 4

C ountry Risk  Management Tools

LO 63.2: Describe a process for generating a ranking system and selecting risk 
management tools to compare the risk among countries.

In selecting country risk management tools, it is important to choose tools that are 
appropriate for the organization and to use reliable and relevant information. The risk 
management tools selected may be qualitative or quantitative in nature.

Qualitative Tools

A simple method of qualitative country risk assessment would be to rank countries 
numerically and/or with a color-coding system (e.g., lower numbers or red color for higher 
country risk and higher numbers or green color for lower country risk). Certain factors 
should be considered in classifying a country as red (i.e., high risk).

Characteristics of a high-risk country include lack of compliance with international law; the 
existence of past and current economic sanctions by the United Nations or major countries; 
known status as a terrorism supporter; producing chemical, biological, or nuclear weapons; 
producing military or defense-related items and selling them to prohibited countries; 
financial restrictions; or prohibited travel to or from the country in question.

The following table provides an example of a possible combined color-coding and 
numerical system from green (low risk) to red (high risk) and from 0 (high risk) to 100 (low 
risk).

Color Rating Numeric Rating Country
Green 90 Germany, France, New Zealand
Blue 70 Mexico, India, China

Yellow 40 Russia, Brazil
Red <40 Afghanistan, North Korea

A green rating may trigger automatic approval, and a red rating may trigger automatic 
rejection.
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There are at least six other qualitative approaches to consider, including: a grade-based 
rating scheme, qualitative listing of risks and mitigants, event probability, qualitative 
assessment of impact, letter ratings for different degrees of country risk, or a combination of 
methods.

Grade-Based Rating Scheme

This is similar to the rating scheme used by bond-rating agencies such as S&P and Moody’s. 
For example, a low-risk country would be rated as AAA (or Aaa), AA (or Aa), or A. A high- 
risk country would be rated as CCC (or Caa), CC (or Ca), or C.

Qualitative Listing of Risks and Mitigants (for a specific transaction)

An overall assessment is made to determine if the mitigants are sufficient to offset the 
identified risks (i.e., cost-benefit analysis). Examples of risks could include political 
instability, rising interest rates, and rising inflation rates. Examples of mitigants could 
include recent strong economic performance, economic reforms being implemented, and 
rising levels of foreign direct investment.

Event Probability

A specific negative event by a country (i.e., default on debt) is assessed as occurring with a 
given probability and is assigned a letter grade. There could be a range from “rare,” meaning 
a 0% chance of default, or close to it, with a letter grade of A; to “certain,” meaning 100% 
chance of default, or close to it, with a letter grade of E with options such as “unlikely,” 
“possible,” and “likely” falling in between letter grades A and E.

Qualitative Assessment o f Impact

Similar to the color-coding method referenced previously, each level of risk corresponds to 
a color. Within that color, the operational impact (i.e., minimal or no business interruption 
to full shut down of operations), physical asset impact (i.e., little or no property loss to 
complete loss of the asset), and financial impact (i.e., little or no financial loss to devastating 
impact on overall financial performance) are considered.

Letter Ratings for Different Degrees of Country Risk

This approach is similar to using a report card in school. An “A” might be a fully developed 
country with virtually no risk of political or economic risk. A “C” might be an almost 
developed country with some risk of political or economic failure. An “F” might be a 
developing country that suffers from on-going political and economic instability.

Combination of Methods

Letter ratings, impact ratings, and color ratings may be combined to assess various 
individual risks (e.g., terrorism, natural disaster).
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Quantitative Tools

Common quantitative economic measures include GDP by expenditure, foreign exchange 
rates, foreign exchange reserves, and foreign direct investment levels.

Economic growth may be measured by one or more of the following: growth in industrial 
production, urban versus rural population growth, population growth by age (e.g., higher 
risk if the country’s population is aging), and projected labor force growth.

Economic health may be measured by one or more of the following: percentage of 
GDP spent on health and education, percentage of GDP spent on military, labor force 
participation rate, and fiscal deficit/surplus from municipal to federal levels.

Qualitative and Quantitative C ountry Risk  Factors

LO 63-3: Describe qualitative and quantitative factors that can be used to assess 
country risk.

There are at least 16 possible variables and measures to consider when assessing country
risk, including:

• Economic environment. The higher the degree of economic openness and monetary 
stability, the lower the country risk. The higher the foreign financing needs and fiscal 
imbalance (i.e., government spending versus tax revenue), the higher the country risk.

• Trade and investment climate. The higher the level of import/export restrictions, capital 
controls, protectionism, and embargoes (restriction or cessation of trade with a specific 
country), the higher the country risk.

• Financial considerations. Excessive growth in national debt increases country risk, while 
a greater ability to convert/transfer currency freely decreases country risk.

• Local environment. A country that is prone to natural disasters, corruption, or labor 
unrest would have greater country risk. The existence of a civil society lowers country 
risk.

• Developmental issues. Sufficient infrastructure, low levels of poverty, adequate income 
levels, and notable progress toward middle income or developed country status decreases 
country risk.

• Cultural issues. Greater orientation toward Western values, strong work ethic, and 
a high degree of population homogeneity decrease country risk. A history of ethnic 
conflict increases country risk.

• Geostrategic considerations. A strong position or high-perceived value on the global 
political stage or a high-perceived military value in a regional conflict decrease country 
risk.

• Social environment. The greater the friendliness toward people from other cultures and 
the greater the international orientation, the lower the country risk.

• Political stability. The greater the degree of political competition, regularity of elections, 
political legitimacy, and frequency of changes in government, the lower the country risk.

• Personnel risks. The greater the mobility of the labor force, the lower the country 
risk. Additionally, the existence of employment regulations, staffing regulations, labor 
relations, and a robust legal environment will reduce country risk.
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• Currency risks. The existence of wide fluctuations in currency value and the 
vulnerability of exogenous shocks will increase country risk.

• Legal/regulatory risks. The existence of the rule of law, sanctity of contracts, central 
bank independence, and judiciary independence decreases country risk. The presence of 
nepotism/corruption increases country risk.

• Asset risks. Local ownership requirements (or restriction of foreign ownership) increases 
country risk. The existence of intellectual property protection decreases country risk.

• Supply/delivery risks. A reliance on critical raw materials and a history of supply 
interruptions increase country risk. Reliable modes of transportation into and out of the 
country decrease country risk.

• Operational risks. The existence of domestic participation requirements (or limitations 
on foreign participation) and production quotas as well as the frequent denial of permits 
or licenses increase country risk.

• Security risks. The existence of civil war, violent antigovernment uprisings, protracted 
conflict, and history of cross-border conflict increase country risk. Safe locations for 
conducting business as well as established and robust security procedures at business sites 
decrease country risk.

A lternative C ountry Risk  M easures and Indices

Topic 63
Cross Reference to GARP Assigned Reading — Wagner, Chapter 4

LO 63.4: Describe alternative measures and indices that can be useful in assessing 
country risk.

There are at least seven alternative measures and indices that can be used to supplement 
the more commonly used general measures, including: Corruption Perceptions Index, 
Democracy Index, freedom in the world survey, Gini coefficient, Global Peace Index, 
Human Development Index, and youth unemployment.

Corruption Perceptions Index

The most used indicator of corruption is the Corruption Perceptions Index of Transparency 
International (TI). This index is based on 13 independent surveys, measuring pub lic sector 
corruption for 178 countries. On a ranking of 0 to 10 (0 being highly corrupt and 10 being 
highly uncorrupt), Denmark, New Zealand, and Singapore rank the least corrupt while 
Afghanistan, Myanmar, and Somalia rank the most corrupt.

In general, poor countries with unstable governments and a history of war are the most 
corrupt. At the same time, well-developed countries do suffer from corruption, but more 
with business dealings in the p riva te sector.

Democracy Index

This index measures 167 countries using 60 indicators in five areas: civil liberties, the 
electoral process, government function, political culture, and political participation. It uses 
a 10-point scale (0 being least democratic and 10 being most democratic). Countries are 
classified in one of four groups: full democracy (8 to 10), flawed democracy (6 to 7.9), 
hybrid regime (4 to 5.9), and authoritarian regime (0 to 3.9). The best example of a full
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democracy would be Norway, and the best example of an authoritarian regime would be 
North Korea.

Freedom in the World

This is an annual survey that focuses on political rights and civil liberties. Overall, global 
political rights and civil liberties seem to be decreasing despite recent democratic increases 
in the Middle East and North Africa. It uses rankings on a 7-point scale (1 being most free 
and 7 being least free), with France as an example of a free country and Turkmenistan (a 
republic of the former Soviet Union) as an example of a country on the opposite side of the 
spectrum (i.e., lacks freedom).

Gini Coefficient

This indicator measures social inequality in terms of income and wealth using a scale of 0 to 
1 (0 being total equality and 1 being total inequality). In general, the higher the inequality, 
the higher the likelihood of social tension. It should be noted that the countries with the 
highest inequality are not always the poorest. For example, South Africa is in the first tier 
(highest inequality), followed by Brazil in the next tier (next highest inequality), and the 
United States and China in the third tier.

Global Peace Index

This index measures the relative level of peace for 153 countries and is derived from key 
information such as a country’s external conflicts, military expenditures, and levels of 
crime and violence. Examples of the most peaceful countries (lower risk) include Canada, 
Australia, Japan, and most of Western Europe. Examples of the least peaceful countries 
(higher risk) include Mexico, India, the former Soviet Union, and much of Africa.

Human Development Index

With this index, countries are rated based on the following factors: education level, literacy 
rate, years of schooling, income, life expectancy, and standard of living. Ratings are done on 
a scale of 0 to 1 (0 being least developed and 1 being most developed). The least developed 
countries tend to be in sub-Saharan Africa, and the most developed countries tend to be in 
North America, Western Europe, Japan, and Australia.

Youth Unemployment

Youth unemployment could be measured using a sample of 18- to 30-year-olds and is a 
good predictor of potential problems in the future. A high level of youth unemployment 
presents the risk of general dissatisfaction, leading to social upheaval. The “solution” 
to the problem is for a country to attract sufficient new investment in order to provide 
employment opportunities for a growing labor force.

Topic 63
Cross Reference to GARP Assigned Reading — Wagner, Chapter 4
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K ey C oncepts

LO 63.1

Analytical tools should be straightforward and practical, and able to be used in conjunction 
with other forms of due diligence. Analysts make a choice between breadth of coverage and 
level of detail, so it is necessary for any analytical tool to consider a sufficient number of 
variables in order to ensure a logical conclusion. The underlying assumptions and objectives 
of such tools should always be clear, and one must always be aware of the potential bias of 
such tools.

LO 63.2

Risk management tools may be qualitative or quantitative in nature. Qualitative tools 
include ranking using color-coding and numerical approaches. Additionally, there could be 
other qualitative tools such as a grade-based rating scheme, listing of risks and mitigants, 
event probability, and letter ratings for different degrees of country risk. Quantitative tools 
number in the thousands, but the most common ones used for country risk management 
would likely focus on economic growth and economic health.

LO 63.3

Sixteen qualitative and quantitative variables and measures used to assess country risk 
include: economic environment, trade and investment climate, financial considerations, 
local environment, developmental issues, cultural issues, geostrategic considerations, social 
environment, political stability, personnel risks, currency risks, legal/regulatory risks, asset 
risks, supply/delivery risks, operational risks, and security risks.

LO 63.4

Seven alternative measures and indices that can be used to supplement the more commonly 
used general measures include: Corruption Perceptions Index, Democracy Index, freedom 
in the world survey, Gini coefficient, Global Peace Index, Human Development Index, and 
youth unemployment.
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C oncept C heckers

1. Which of the following statements regarding the methodology for analyzing country 
risk is most accurate?

I. Analytical tools used must be simple and easy to understand.
II. A sufficiently robust analytical tool may save time in that other forms of due 

diligence would no longer be necessary.

A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.

2. Bryce, Inc. (Bryce), a manufacturing firm, is trying to determine whether it should 
conduct business with a potential new supplier in Brazil. This is the first time that 
Bryce will be conducting any business dealings in a foreign country. With regard to 
making this important decision, which of the following statements is most accurate 
within the framework of the country risk management process?
A. The decision process is likely to be a complicated and time-consuming process 

given Bryce’s lack of experience in dealing with foreign entities.
B. The first two steps involve developing a strategic plan and identifying targets for 

trade or investment.
C. The final step involves determining whether or not to proceed.
D. The process of identifying and analyzing exposures and monitoring results are 

unique to the country risk management process compared to the general risk 
management process.

3. In terms of output, which of the following country risk management tools is most 
likely to provide users with the greatest amount of detail?
A. Event probability.
B. Grade-based rating scheme.
C. Qualitative listing of risks and mitigants.
D. Letter ratings for different degrees of country risk.

4. A U.S.-based company is thinking of conducting business in a foreign country that 
is located in an area of military conflict and has a history of domestic participation 
requirements and production quotas. Based on this information alone, which of the 
following factors for the foreign country in question are most relevant in performing 
country risk analysis?

I. Economic environment and personnel risks.
II. Geostrategic considerations and operational risks.

A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.
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Which of the following alternative measures of country risk best quantifies social 
inequality?
A. Democracy Index.
B. Gini coefficient.
C. Human Development Index.
D. Youth unemployment.
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C oncept C hecker A nsw ers

1. A Analytical tools for assessing country risk must be simple and easy to use in order to be
accepted by general users. Also, they should not be used merely as an alternative to other 
forms of due diligence.

2. D In contrast to the general risk management process, the country risk management process
requires identifying exposures (step 1), analyzing exposures (step 2), and monitoring results 
(final step). The process of deciding whether or not to invest in a particular country may 
be relatively straightforward at times and can be as simple as examining a few important 
issues and whether such issues and risks can be easily resolved or accepted for the country in 
question.

3. C  By its nature, a qualitative listing of risks and mitigants for a particular transaction would
likely provide the greatest amount of detail. A  grade-based rating scheme would simply 
provide the relative risk of the country with a specific rating (e.g., ranging from A to 
C ). Event probability simply takes a specific negative event and provides a letter grade 
corresponding to the likelihood of occurrence (e.g., ranging from rare to certain). Using 
letter ratings for different degrees of country risk is similar in approach to event probability 
except that the letter grades correspond to generic definitions of country risk.

4. B Geostrategic considerations deal with a foreign country’s perceived value on the global
political stage and its perceived military value in a regional conflict. Therefore, geostrategic 
considerations would be relevant. Operational risks deal with issues such as domestic 
participation requirements (or limitations on foreign participation), production quotas, and 
the denial of permits or licenses, so, therefore, operational risks would be relevant as well.

The economic environment considers factors such as economic openness, monetary 
stability, foreign financing needs, and fiscal imbalance. Therefore, it is not direcdy relevant 
in this case. Personnel risks consider the mobility of the labor force, the existence of 
employment regulations, staffing regulations, labor relations, and a robust legal environment. 
Consequendy, personnel risks are also not directly relevant in this case.

5. B The Gini coefficient measures social inequality in terms of income and wealth using a scale
of 0 to 1 (0 being total equality and 1 being total inequality).

The Democracy Index is measured by considering civil liberties, the electoral process, 
government function, political culture, and political participation. The Human Development 
Index measures countries based on the following factors: education level, literacy rate, 
years of schooling, income, life expectancy, and standard of living. Youth unemployment is 
measured using a sample of 18- to 30-year-olds and is a good predictor of potential problems 
in the future. However, it is not a direct measure of social inequality and, as a result, not the 
best available answer.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

External and Internal Ratings

Topic 64

Exam Focus

Credit ratings can apply to whole companies or individual investments. Agencies determine 
external ratings with both qualitative and quantitative methods, and the historical 
relationship between ratings and subsequent defaults is quite strong. Banks generate their 
own internal ratings, and they may use an at-the-point approach or a through-the-cycle 
approach. For the exam, have a general understanding on how external and internal credit 
ratings are established.

External Credit Ratings

LO 64.1: Describe external rating scales, the rating process, and the link between 
ratings and default.

External rating scales are designed to convey information about either a specific instrument, 
called an issue-specific credit rating, or information about the entity that issued the 
instrument, which is called an issuer credit rating, or both. The ratings are typically 
one-dimensional, and the ratings scale goes from the highest rating to the lowest in uniform 
increments. The highest grade on the scale represents the lowest amount of risk (maximum 
safety), and each move down the scale represents a reduction in safety, or an increase in risk. 
An example is Moody’s ratings, which starts at Aaa and moves down to Aa, A, Baa, Ba, B, 
Caa, Ca, and C. Each successive move represents an increase in the expected loss caused 
by a default on the issue. Although the scale has many levels from Aaa to C, when applied 
to bonds, there is an important division that occurs between Baa and Ba. Ratings Baa and 
above are designated investment grade, and ratings Ba and below represent non-investment 
grade. Most other external ratings agencies have a similar set boundary between investment 
and non-investment grade bonds.

Professor’s Note: R eca ll that Standard an d  P oor’s uses a sligh tly  d i ffer en t scale 
than M oody’s. S&P uses the fo l lo w in g  ratings: AAA, AA, A, BBB, BB, B, CCC, 
CC, C, a n d  D. The sw itch  fr om  in vestm en t gra d e to n on -in vestm en t gra d e  
( i. e., junk ) occu rs betw een  BBB an d  BB. A ra tin g o fD  is con sid ered  a d e fau lt 
rating.

The rating process requires the existence of an adequate amount of information and a 
defined analytical framework that can be applied globally. The ratings process usually 
consists of the following steps:

1. Conducting qualitative analysis (e.g., competition and quality of management).

2. Conducting quantitative analysis, which would include financial ratio analysis.
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3. Meeting with the firm’s management.

4. Meeting of the committee in the rating agency assigned to rating the firm.

5. Notifying the rated firm of the assigned rating.

6. Opportunity for the firm to appeal or offer new information.

7. Disseminating the rating to the public via the news media.

After the initial rating, the ratings agency monitors the firm and adjusts the rating as 
needed.

Topic 64
Cross Reference to GARP Assigned Reading -  de Servigny & Renault, Chapter 2

LO 64.6: Describe a ratings transition matrix and explain its uses.

Researchers have composed tables (known as a transition matrices) that show the frequency 
of default, as a percent, over given time horizons for bonds that began the time horizon 
with a given rating. These tables use historical data to report that for bonds that began a 
5-year period with an Aa rating, for example, a certain percent defaulted during the five 
years. These tables demonstrate that the higher the credit rating, the lower the default 
frequency. An example of a transition matrix can be seen in Figure 1.

Figure 1: Transition Matrix from Moody’s

Rating
From:

Rating To:
Aaa Aa A Baa Ba B Caa-C Default

Aaa 91.75% 7.26% 0.79% 0.17% 0.02% 0.00% 0.00% 0.00%
Aa 1.32% 90.71% 6.92% 0.75% 0.19% 0.04% 0.01% 0.06%
A 0.08% 3.02% 90.24% 5.67% 0.76% 0.12% 0.03% 0.08%

Baa 0.05% 0.33% 5.05% 87.50% 5.72% 0.86% 0.18% 0.31%
Ba 0.01% 0.09% 0.59% 6.70% 82.58% 7.83% 0.72% 1.48%
B 0.00% 0.07% 0.20% 0.80% 7.29% 80.62% 6.23% 4.78%

Caa-C 0.00% 0.03% 0.06% 0.23% 1.07% 7.69% 75.24% 15.69%

Example: Ratings Migration

Given the following one-year transition matrix, what is the probability that a B rated firm 
will default over a two-year period?

Rating From Rating To

A B C Default
A 90% 5% 5% 0%
B 5% 85% 5% 5%
C 0% 5% 80% 15%
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Answer:

At the end of year 1, there is a 5% chance of default and an 85% chance that the firm will 
maintain a B rating.

In year 2, there is a 5% chance of default if the firm was rated B after 1 year 
(85% x 5% = 4.25%). There is a 0% chance of default if the firm was rated A after 
1 year (5% x 0% = 0%). Also, there is a 15% chance of default if the firm was rated 
C after 1 year (5% x 15% = 0.75%).

The probability of default is 5% from year 1 plus 5% chance of default from year 2 (i.e., 
4.25% + 0% + 0.75%) for a total probability of default over a two-year period of 10%.

LO 64.2: Describe the impact o f time horizon, economic cycle, industry, and 
geography on external ratings.

Ratings agencies determine the external rating of a firm or bond using current information 
with the goal of indicating the probability of future events such as default and/or loss. The 
probability of default given any rating at the beginning of a cycle increases w ith the horizon. 
The increase in the default rates, or cumulative default rate, is much more dramatic for 
non-investment grade bonds. In addition to the condition of the firm, forecasted events 
in the horizon will affect the probabilities. The most notable events are the econom ic and  
industrial cycles. Since the rating should apply to a long horizon, in many cases, ratings 
agencies try to give a rating that incorporates the effect o f  an average cycle. This practice leads 
to the ratings being relatively stable over an economic or industrial cycle. Unfortunately, this 
averaging practice may lead to an over- or underestimate during periods when the economic 
conditions deviate too far from an average cycle. Also, the default rate of lower-grade bonds 
is correlated with the economic cycle, while the default rate of high-grade bonds is fairly 
stable.

Ratings agencies apply their ratings to different types of firms around the world, and the 
ratings may be interpreted differently given a specific industry and geographic location. 
Evidence shows that for a given  rating category, defau lt rates can vary from  industry to industry 
(e.g., a higher percentage of banks with a given rating will default when compared with 
firms in other industries with the same rating). However, geographic location does not seem  to 
cause a sim ilar variation o f  defau lt for a given rating class.

One firm may receive different ratings from different agencies. The degree to which ratings 
discrepancies may exist for a given firm can vary by industry and geographic location.
The more ambiguous the data is, the more the ratings tend to vary, and the degree of the 
data’s ambiguity can also vary by industry and geographic location. In addition, the ratings 
delivered by more specialized and regional agencies tend to be less homogeneous than those 
delivered by major players like S&P and Moody’s.
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LO 64.3: Explain the potential impact o f ratings changes on bond and stock prices.

The evidence supporting the impact of ratings changes on bonds is not surprising:

• A rating downgrade is likely to make the bond p r ic e  decrease (stronger evidence).
• A rating upgrade is likely to make the bond p r ic e  increase (weaker evidence).

As indicated, the relationship is asymmetric in that the underperformance of recently 
downgraded bonds is more statistically significant than the over-performance of recendy 
upgraded bonds. Measuring the exact effect can be difficult because a rating change 
can occur along with other changes in the firm (e.g., a restructuring and changes in the 
economy such as fluctuating interest rates). Also, some theorize that ratings changes tend to 
lag the inflow of information, and the market anticipates the change, so the impact on the 
price is minimized.

For stocks, the change in bond ratings has an even more asymmetric effect on the stock 
prices than it does on bond prices:

• A rating downgrade is likely to lead to a stock p r ice  decrease (moderate evidence).
• A rating upgrade is somewhat likely to lead to a stock p r ice increase (evidence is mixed).

The relationship between a change in ratings and the stock price can be complex, and the 
effect is usually related either to the reason for or the direction of the rating change, or both. 
A downgrade from a fall in earnings will generally decrease stock prices, but a downgrade 
from an increase in leverage may leave the price of stocks the same or even increase them. 
Since firms tend to release good news more readily than bad news, downgrades may be 
more of a surprise, so downgrades affect stock prices more than upgrades when the firm 
reveals the good news associated with the upgrade prior to its occurrence.

Evolution of Internal Credit Ratings

LO 64.4: Compare external and internal ratings approaches.

The core business of a bank is to lend money; however, in order to continually make solid 
lending decisions, it is increasingly important for banks to create their own internal credit 
ratings. Today, a bank’s process for developing internal credit ratings is largely based on 
techniques developed and applied by external credit rating agencies. Since external ratings 
models have been thoroughly tested and validated, it makes sense for banks to apply these 
techniques when assessing the creditworthiness of their own borrowers.

Previous internal credit ratings approaches were very simplistic, as they often just identified 
a company as being either a good or a bad borrower. This process lacked the ability to assign 
unique interest rates based on individual probability of default (PD) and loss given default 
(LGD). As a result, average interest rates were assigned to good borrowers based on average 
PDs and average recovery rates.

Two key factors have contributed to the increase in sophistication of internal credit ratings: 
the growing use of external credit rating agency language in the financial markets and the 
encouragement of Basel II rules to refine the approach for calculating credit risk capital
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requirements. Internal credit ratings models continue to improve, but key issues still exist 
regarding objectivity, data quality, time horizon, and consistency with external ratings.

Topic 64
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Internal Credit Ratings

LO 64.5: Explain and compare the through-the-cycle and at-the-point internal 
ratings approaches.

Banks have increasingly been formulating their own internal ratings systems, which can vary 
from bank to bank. A given bank may have more than one system, such as an at-the-point 
approach, to score a company This approach’s goal is to predict the credit quality over a 
relatively short horizon of a few months or, more generally, a year. Banks use this approach 
and employ quantitative models (e.g., logit models) to determine the credit score. Other 
at-the-point models include those that are based on arbitrage between debt and equity 
markets, and structural models.

A bank may also use a through-the-cycle approach, which focuses on a longer time 
horizon and includes the effects of forecasted cycles. The approach uses more qualitative 
assessments. Given the stability of the ratings over an economic cycle, when using through- 
the-cycle approaches, high-rated firms may be underrated during growth periods and 
overrated during the decline of a cycle.

Some evidence suggests that ratings based on at-the-point methodologies tend to vary more 
over an economic cycle than ratings based on through-the-cycle methodologies. Generally 
though, the through-the-cycle and at-the-point approaches are not comparable. The users of 
the ratings should select the type of rating that suits their goal and horizon. However, some 
researchers have formulated models that derive longer-term, through-the-cycle ratings from 
a sufficient history of short-term, at-the-point probability of defaults.

Because of their short-term focus, the use of at-the-point approaches may be procyclica l 
(i.e., they tend to amplify the business cycle). The reason for this is as follows:

economic downturn —> rating downgrades —> decrease in loans and economic activity 
economic upturn —» rating upgrades —» increase in loans and economic activity

Furthermore, the changes in ratings and lending policies can lag the economic cycle, so just 
when the economy hits a trough and is about to start expanding, the banks may downgrade 
firms and restrict the credit they need to participate in the expansion.

LO 64.7: Describe the process for and issues with building, calibrating and 
backtesting an internal rating system.

One method for building an internal rating system is to create ratings that resemble those 
set by ratings agencies. A bank can accomplish this task by assigning weights to financial 
ratios and risk factors that have been deemed most important by the rating agency analyst. 
Internal rating templates can then be constructed to properly score a company (e.g., 0-100). 
This score is based on the pre-determined weights of important financial ratios and risk 
factors that contribute to the determination of a company’s creditworthiness. To ensure the
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weights used are an accurate representation of reality, a comparison of a sample of internal 
ratings and external ratings is appropriate.

Internal rating systems are established to determine the credit risk of a bank’s loans. In 
addition, they are also used for managing the bank’s loan portfolio by assisting with the 
calculation of economic capital required. In order to accomplish these two objectives, 
internal ratings systems should properly reflect information from cumulative default 
probability tables.

However, before banks can link default probabilities to internal ratings, it is necessary 
to backtest the current internal rating system. Sufficient historical data of 11-18 years is 
appropriate to properly validate these ratings.1 If a bank’s transition matrix is found to be 
unstable, then different matrices will need to be constructed. Once a robust rating system is 
found, the link between the internal ratings and default rates can be established.

Topic 64
Cross Reference to GARP Assigned Reading -  de Servigny & Renault, Chapter 2

LO 64.8: Identify and describe the biases that may affect a rating system.

An internal rating system may be biased by several factors. The following list identifies the 
main factors1 2:

• Time horizon bias-, mixing ratings from different approaches to score a company (i.e., at- 
the-point and through-the-cycle approaches).

• Homogeneity bias-, inability to maintain consistent ratings methods.
• Principal/agent bias-, moral hazard could result if bank employees do not act in the 

interest of management.
• Information bias-, ratings assigned based on insufficient information.
• Criteria bias-, allocation of ratings is based on unstable criteria.
• Scale bias-, ratings may be unstable over time.
• Backtesting bias-, incorrecdy linking rating system to default rates.
• Distribution bias-, using an incorrect distribution to model probability of default.

1 Carey and Hrycay. 2001. Parametrizing credit risk models with ratings data, Journal of Banking 
and Finance, 25, 197-270.

2 Servigny and Renault, Measuring and Managing Credit Risk. Chapter 2, Appendix 2C. New 
York: McGraw-Hill, 2004.
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K ey C oncepts

LO 64.1

External rating scales are designed to convey information about either a specific instrument, 
called an issue-specific credit rating, or information about the entity that issued the 
instrument, which is called an issuer credit rating, or both.

The usual steps in the external ratings process include qualitative and quantitative analysis, 
a meeting with the firm’s management, a meeting of the committee in the rating agency 
assigned to rating the firm, notification of the firm being rated of the assigned rating, an 
opportunity for the firm to appeal the rating, and an announcement of the rating to the 
public.

LO 64.2

The probability of default given any rating at the beginning of a cycle increases with the 
horizon.

Although external ratings have had a fairly good record in indicating relative rates of 
default, they are designed to be relatively stable over the business cycle (i.e., using an average 
cycle approach), which can produce errors in severe cycles.

Interpreting external ratings may vary based on the industry but not necessarily on the 
geographic location of the firm. Ratings delivered by more specialized and regional agencies 
tend to be less homogeneous than those delivered by major players like S&P and Moody’s.

LO 64.3

Generally for bonds, a ratings downgrade is likely to make the price decrease, and an 
upgrade is likely to make the price increase. For stocks, a ratings downgrade is likely to lead 
to a stock price decrease, and an upgrade is somewhat likely to lead to a price increase.

LO 64.4

Since external credit ratings models have been thoroughly tested and validated, it makes 
sense for banks to apply these techniques when developing internal credit ratings to assess 
the creditworthiness of their own borrowers.
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LO 64.5

The internal at-the-point ratings approach to score a company is usually short term, uses 
quantitative models like logit models, and produces scores that tend to vary over the 
economic cycle.

The internal through-the-cycle ratings approach to score a company has a longer horizon, 
uses more qualitative information, and tends to be more stable through the economic cycle.

Internal ratings can have a procyclical effect on the economy since banks often change 
ratings with a lag with respect to the change in the economy. Thus, after the economic 
trough has been reached, it is possible that a bank may downgrade a company poised for 
recovery with the use of additional credit from the bank.

LO 64.6

Transition matrices show the frequency of default, as a percentage, over given time horizons 
for bonds that began the time horizon with a given rating. These tables demonstrate that 
the higher the credit rating, the lower the default frequency.

LO 64.7

In order to build an internal rating system, banks should create ratings that resemble those 
set by ratings agencies. However, before banks can link default probabilities to internal 
ratings, it is necessary to backtest the current internal rating system.

LO 64.8

An internal rating system may be biased by several factors, including time horizon bias, 
information bias, criteria bias, and backtesting bias.
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C oncept C heckers

1. Which of the following is not part of the external ratings process? A(n):
A. qualitative assessment.
B. meeting with the representatives of the firm.
C. determination of a fair market price of the bond or company.
D. opportunity for the company being rated to appeal the rating.

2. External credit ratings scales indicate:
A. the probability of default or the probability of loss.
B. the probability of default but not the probability of loss.
C. the probability of loss but not the probability of default.
D. neither the probability of loss nor the probability default.

3. The longer the time horizon, the higher the incidence of default for a given rating. 
This effect:
A. is equal for low-rated and high-rated bonds.
B. is stronger for low-rated bonds than for high-rated bonds.
C. is stronger for high-rated bonds than for low-rated bonds.
D. has not been studied enough to be documented.

4. Given the effort by ratings agencies to incorporate the effect of an average cycle in 
external ratings, the ratings tend to:
A. underestimate the probability of default in an economic expansion.
B. overestimate the probability of default in an economic recession.
C. underestimate the probability of default in an economic recession.
D. be unbiased in all phases of the business cycle.

5. With respect to the effect on the price of a bond, the effect of a bond upgrade will:
A. be positive and stronger than the downward effect of a bond downgrade.
B. be positive and weaker than the downward effect of a bond downgrade.
C. have about the same negative effect, in absolute value terms, as a bond 

downgrade.
D. be negative and about equal to that of a bond downgrade.
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C oncept  C h ecker  A n sw ers

1. C The ratings process does not directly determine prices. The other steps do occur, along with
a quantitative assessment, a meeting of the committee in the rating agency assigned to the 
firm, and the release of the rating to the public.

2. A External credit ratings scales indicate either the probability of default, the probability of loss,
or both.

3. B There is a very strong increase of defaults over time for low-rated bonds. High-rated bonds
tend to have much more stable rates of default over time.

4. C Because the ratings agencies give ratings that tend to reflect an average business cycle and are
generally stable through the cycle, a firm’s probability of defaulting during a severe downturn 
may be underestimated based on the given rating.

5. B A bond’s upgrade will have a positive effect on the bond’s price, but the negative effect of a
bond downgrade is generally stronger.
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

Capital Structure in Banks

Topic 65

Exam Focus

This topic discusses a bottom-up approach to calculating economic capital for credit risk 
and issues related to that approach. Since a bank holds many assets, we need to examine 
the expected and unexpected loss in a portfolio setting. The portfolio expected loss is the 
sum of the individual expected losses; however, portfolio unexpected loss is significantly less 
than the sum of individual unexpected losses due to diversification effects. We will derive an 
expression for unexpected loss equal to a fraction of the exposure amount. As you will see, 
default and credit migration increase the unexpected loss of a risky asset (i.e., a loan). For 
the exam, be familiar with the calculations of expected loss, unexpected loss, and the risk 
contribution of each asset in a portfolio. Also, know that economic capital is used to cover 
unexpected losses.

Credit Risk  Factors

LO 65.2: Identify and describe important factors used to calculate economic 
capital for credit risk: probability of default, exposure, and loss rate.

The probab ility o f default (PD) is the likelihood that a borrower will default; however, this 
measure is not necessarily the creditor’s greatest concern. A borrower may briefly default 
and then quickly correct the situation by making a payment or paying interest charges or 
penalties for missed payments. Creditors must rely on other measures of risk in addition to 
PD.

The exposure am ount (EA), sometimes referred to as exposure at default (EAD), is the 
loss exposure stated as a dollar amount (e.g., the loan balance outstanding). EA can also be 
stated as a percentage of the nominal amount of the loan or the maximum amount available 
on a credit line.

The loss rate (LR), sometimes referred to as loss given default (LGD), represents the likely 
percentage loss if the borrower defaults. The severity of a default is equally as important to 
the creditor as the likelihood that the default would occur in the first place. If the default 
is brief and the creditor suffers no loss as a result, it is less of a concern than if the default 
is permanent and the creditor suffers significant losses. Both PD and LR are expressed as 
percentages. Note that, by definition, LR = 1 -  recovery rate (RR). Therefore, the factors 
that affect the loss rate will also impact the recovery rate.
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Expected Loss

LO 65.3: Define and calculate expected loss (EL).

Expected loss (EL) is defined as the anticipated deterioration in the value of a risky asset 
that the bank has taken onto its balance sheet. EL is calculated as the product of EA, PD, 
and LR:

EL = EA x PD x LR

This expected loss equation describes the average behavior of a risky asset. Over time, the 
value of the asset will fluctuate above and below its average level. At maturity, in most cases 
the asset will not have defaulted; however, a fraction of the time default will occur bringing 
a significant decrease in value. The EL measure does not capture the variation in the risky 
asset’s value. This variation is referred to as unexpected loss.

The unanticipated loss on the risky asset can arise from the incidence of default or credit 
migration. Default is a positive probability event for even the safest of borrowers. Banks 
can estimate the likelihood of default using historical data, the method employed by rating 
agencies. On the other hand, default can be estimated using models based on the “option” 
view of the firm such as the Merton model (which will be discussed at Part II of the FRM 
program). This approach views the firm as holding a call option with a strike price equal to 
the value of the outstanding debt. If the value of the firm is less than the value of its debt 
obligations, the firm will default.

Credit migration denotes the possible deterioration in creditworthiness of the borrower. 
While a shift in migration may not result in immediate default, the probability of such an 
event increases. It is also possible for the reverse to occur, that is, the credit quality of the 
obligor improves over time.

Unexpected Loss

LO 65.4: Define and calculate unexpected loss (UL).

As mentioned, unexpected loss (UL) represents the variation in expected loss. The 
observation that the unexpected loss represents the variability of potential losses can be 
modeled using the typical definition of standard deviation. If ULH denotes the unexpected 
loss at the horizon for asset value VH, then:

ULh = ^/var(VH)

In the following equation, the subscript H will be dropped but be aware that we are focused 
on the horizon date, H. After some algebra, we derive the following expression:

UL — EA x \]PD x -)- LR^ x
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Since we assume a two-state model, the variance of PD is simply the variance of a binomial 
random variable:

a2pD = PDx (1 -  PD)

Further note, the EA term explicitly recognizes that only the risky portion of the asset is 
subject to default.

© Professor’s Note: Do no t lose sigh t o f  the b ig  p ic tu r e  here. We are m erely
app ly in g th e basic d e fin ition  f o r  standard d ev ia tion  based  on th e term ina l 
va lu e o f  the risky asset on the horizon date.

It is also worthwhile to examine the multiplier (square root term) in more detail. Notice 
that each term is at most equal to one so the UL is a fraction of the exposure amount.
In addition, in the extreme case where the default (o2pD = 0) and recovery (ct2i r = 0) 
are known with certainty, the unexpected loss equals zero, which confirms that the EL is 
constant and also known with certainty.

Example: Com puting expected and unexpected loss

Suppose XYZ bank has booked a loan with the following characteristics: total 
commitment of $2,000,000 of which $1,800,000 is currently outstanding. The bank 
has assessed an internal credit rating equivalent to a 1% default probability over the next 
year. The bank has additionally estimated a 40% loss rate if the borrower defaults. The 
standard deviation of PD and LR is 5% and 30%, respectively. Calculate the expected and 
unexpected loss for XYZ bank.

Answer:

We can calculate the expected and unexpected loss as follows:

EL = EA x PD x LR

Exposure amount = $1,800,000 
Probability of default = 1%
Loss rate = 40%

EL = $1,800,000 x 0.01 x 0.40 = $7,200

UL = EA x y jPD x ct2lr + LR2 x ct2pd

UL = $ 1,800,000 x Vo.01x0.32 +0.42 x0.052 = $64,900

The unexpected loss represents 3.61% of the exposure amount: ($64,900 / $1,800,000).
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Portfolio Expected and Unexpected Loss

LO 65.5: Calculate UL for a portfolio and the risk contribution of each asset.

As mentioned previously, expected loss on the portfolio, ELp, is the sum of the expected 
losses of each asset:

ELP = EL; = (EA; x LR; x PD; ) 
i i

The calculation of portfolio unexpected loss (ULp) is more complicated from the cross
terms in the variance formula for an N-asset portfolio:

ULp = E  E PijULiULi

where each individual unexpected loss follows the unexpected loss equation discussed 
previously. In the special case where each p- = 1 for i 5* j, ULp = sum of individual 
unexpected losses. In most cases, ULp will be significantly less than the sum of individual 
U L .

This equation demonstrates that the risk of the portfolio is much less than the sum of 
the individual risk levels and illustrates that each asset contributes to only a portion of its 
unexpected loss in the portfolio. This effect is captured by the partial derivative of ULp 
with respect to UL.. Hence, the risk contribution (RC), also known as the unexpected loss 
contribution (ULC), is defined as:

RC; = UL; <9ULP
<9UL;

After differentiation, we see that:

U L ^U L jPij

RC; = J __
ULp

Thus, RCj isolates the incremental risk of adding asset i to the existing portfolio.

For a two-asset portfolio, the risk contributions of each asset are calculated as follows: 

ULj + (pi 2 x UL2 )
R C j =  U L j x -

RC2 = UL2 x

ULr

UL2 + (Pu x UL1)
ULp
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Together, the two risk contributions will equal the unexpected loss on the portfolio 
(i.e., RCj + RC2 = ULp).

P rofessor’s Note: We w il l  dem onstra te th e ca lcu la tion  o f  risk con tr ibu tion  
shortly.

Diversifiable and Undiversifiable Risk

An asset held in isolation bears both diversifiable (firm-specific) and undiversifiable (market) 
risk. In a portfolio context, the diversifiable risk is reduced effectively to zero in a large 
portfolio as the asset-specific risks, both good and bad, cancel each other out. On the other 
hand, undiversifiable risk is the residual credit risk (i.e., risk contribution) that cannot be 
diversified away.

The Effect of Correlation

The correlation between bank assets is critical to measuring the potential portfolio loss. 
Intuitively, as the correlation between assets increases, the bank suffers from concentration 
risk. In this scenario, default on one asset (due to, say, industry effects) spills over to other 
assets, exacerbating the problem.

It is, therefore, important to have reliable estimates of default correlations. Unfortunately, 
the practical implementation of this basic concept is challenging for two reasons. First, it 
is extremely difficult to assess the default correlation between unrelated obligors. Second, 
even if we were confident in our estimates, the sheer number of necessary calculations 
is unmanageable. For example, in a portfolio of only 20 assets, 190 correlation pairs are 
computed; in a portfolio of 100 assets, 4,950 pairs are computed {i.e, [n x (n -  1)] / 2 
covariances}.

The following numerical example highlights the impact of the correlation coefficient on 
expected and unexpected loss. Note the lengthy process based only on a two-asset portfolio.
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Example: Com puting portfolio expected and unexpected loss

Bigger Bank has two assets outstanding. The features of the loans are summarized in 
Figure 1. Assuming a correlation of 0.3 between the assets, compute ELp and ULp as well 
as the risk contribution of each asset.

Figure 1: Loan Features

Asset A Asset B
EA $8,250,000 $1,800,000
PD 0.50% 1.00%
LR 50.00% 40.00%

ctpd 2 .00% 5.00%

ctlr
25.00% 30.00%

Answer:

Step 1: Compute EL for both assets.

ELa = EA x PD x LR
= $8,250,000 x 0.005 x 0.50 
= $20,625

ELB = EA x PD x LR
= $1,800,000 x 0.01 x 0.40
= $ 7,200

Step 2 : Compute UL for both assets.

UL — FA x aJpD x o2Lr  + LR2 xo^pj^

ULa =$8,250, 000x V0.005x 0.252 +0.52 x 0.022 =$167,558 

ULb = $1,800,000x Vo.01x0.32 +0.42 x0.052 = $64,900

Step 3 : Compute ELp.

ELp = $20,625 + $7,200 
= $27,825

Step 4: Compute ULp.

ULP = ^(167,558)2 +(64,900)2 +(2)(0.3)(167,558)(64,900) = $197,009
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Step 5: Compute RC for both assets.

RCa = (16 7 . » 8) (167-W8 + 0'3X64-900) = 159,070 
A v ’  197,009

_  = 37,939
B v ’ 197,009

RCa + RCb = $197,009 = ULp

Example: Com puting portfolio expected and unexpected loss

Using the information provided in the previous example and assuming the correlation 
between the assets has decreased to 0.1, compute ELp and ULp.

Answer:

ELp = $27,825

ULp = ^(167,558)2 +(64,900)2 + (2)(0.l)(l67,558)(64,900) = $185,641

Because correlation does not impact each asset individually, the expected loss on the 
portfolio remains the same. However, the unexpected loss (variation) has decreased to 
$185,641.

Economic Capital

LO 65.1: Evaluate a bank’s economic capital relative to its level of credit risk. 

LO 65.6: Describe how economic capital is derived.

The best estimate of the devaluation of a risky asset is expected loss. However, as previous 
examples illustrate, the unexpected loss can exceed the expected loss by a wide margin. If 
the bank holds inadequate reserves, there is a possibility the bank will become impaired. 
Therefore, it is imperative that the bank hold capital reserves to buffer itself from 
unexpected losses so it can absorb large losses and continue to operate.

Banks set aside credit reserves in preparation for expected losses. However, for unexpected 
losses, banks need to estimate the excess capital reserves needed to cover any unexpected 
losses. The excess capital needed to match the bank’s estimate of unexpected loss is referred 
to as economic capital.

The amount of economic capital needed to absorb credit losses is the distance between the 
unexpected (negative) outcome and the expected outcome for a given confidence level.
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By knowing the shape of the loss distribution, ELp, and ULp, the difference between the 
expected outcome and the confidence level (typically 99.97%) can be estimated. This 
difference can then be represented as a multiple of portfolio unexpected loss, which is often 
referred to as the capital multiplier (CM). With this multiplier, economic capital for the 
portfolio can be derived as:

economic capitalp = ULp X CM

Topic 65
Cross Reference to GARP Assigned Reading -  Schroeck, Chapter 5

M odeling C redit Risk

LO 65.7: Explain how the credit loss distribution is modeled.

When estimating economic capital for credit risk, we are largely concerned with the tail of 
the chosen loss distribution. Credit risks are not normally distributed and tend to be highly 
skewed, because maximum gains are limited to receiving promised payments while extreme 
losses are very rare events. Therefore, in practice, a beta distribution is commonly applied in 
credit risk modeling. The mass of the beta distribution is located between zero and one, so 
when modeling credit events, losses are defined between 0% and 100%. This distribution 
is extremely flexible, and can be symmetric or skewed depending on the values of its shape 
parameters (i.e., (3 and a). When these shape parameters are equal, the distribution will be 
symmetric and its mean and variance will be characterized as ELp and ULp, respectively. 
The tail of the credit loss distribution, however, is more difficult to model. In practice, 
fitting the tail often involves combining the beta distribution with a Monte Carlo 
simulation.

LO 65.8: Describe challenges to quantifying credit risk.

The bottom-up risk measurement framework that attempts to quantify credit risk has
several limitations:

1. Credits are presumed to be illiquid assets. With a bottom-up approach, credit losses are 
measured by their risk contribution to the credit portfolio and are not influenced by the 
correlation among risk factors as they are in liquid markets.

2. Credit risk models used in practice only use a one-year estimation horizon. Ideally, 
credit risk models should incorporate unexpected and expected changes in credit quality 
of borrowers that occur over several years; however, in practice, this approach is very 
difficult.

3. Other risk components (such as operational risk and market risk) are separated from 
credit risk and, thus, managed and measured in different departments within the bank.

Page 266 © 2014 Kaplan, Inc.



Topic 65
Cross Reference to GARP Assigned Reading -  Schroeck, Chapter 5

K ey C oncepts

LO 65.1

A bank must hold capital reserves (i.e., economic capital) to buffer itself from unexpected 
losses so it can absorb large losses and continue to operate.

LO 65.2

Current measures used to evaluate credit risk are:

• The probability of default (PD), which is the likelihood that a borrower will default.
• The loss rate (LR), which represents the likely percentage loss if the borrower defaults.
• Exposure amount (EA), which can be stated as a dollar amount (e.g., the loan balance 

outstanding) or as a percentage of the nominal amount of the loan or the maximum 
amount available on a credit line.

LO 65.3

Expected loss is the product of exposure amount (EA), probability of default (PD), and loss 
rate (LR):

EL = EA x PD x LR

LO 65.4

Unexpected loss represents the variation in expected loss:

UL — EA x ^PD x ryj'ĵ  -f- LR2 x o’pp)

LO 65.5

In most cases, ULp will be significantly less than the sum of individual UL.

ULp = ^ E E p i jULiULi

For a two-asset portfolio, the risk contributions of each asset are calculated as follows: 

ULj +  (p12 x UL2)
RCj = ULj x

RC2 = UL2 x

ULP

UL2 + (pj]2 x ULj) 
ULp
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LO 65.6

The amount of economic capital needed to absorb credit losses is the distance between the 
unexpected (negative) outcome and the expected outcome for a given confidence level.

LO 65.7

In practice, a beta distribution is commonly used to model credit risk.

LO 65.8

The bottom-up risk measurement framework that attempts to quantify credit risk has 
several issues given that credits are presumed to be illiquid assets with one-year estimation 
horizons. In addition, other risk components, such as operational risks and market risks, are 
managed and measured in different departments within the bank.
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C oncept C heckers

1. XYZ Bank is trying to forecast the expected loss on a loan to a mid-size corporate 
borrower. It determines that there will be a 75% loss if the borrower does not 
perform the financial obligation. This risk measure is the:
A. probability of default.
B. loss rate.
C. unexpected loss.
D. exposure amount.

2. Which of the following statements about expected loss (EL) and unexpected loss 
(UL) is true?
A. Expected loss always exceeds unexpected loss.
B. Unexpected loss always exceeds expected loss.
C. EL and UL are parameterized by the exact same set of variables.
D. Expected loss is directly related to exposure.

3. If the recovery rate (RR) increases and the probability of default (PD) decreases, 
what will be the effect on expected loss (EL), all else equal?

RR Increase PD Decrease
A. Increase Increase
B. Decrease Increase
C. Increase Decrease
D. Decrease Decrease

Big Bank has contractually agreed to a $20,000,000 credit facility with Upstart
Corp., of which $18,000,000 is currently outstanding. Upstart has very little 
collateral, so Big Bank estimates a one-year probability of default of 2%. The 
collateral is unique to its industry with limited resale opportunities, so Big Bank 
assigns an 80% loss rate. The expected loss (EL) for Big Bank is closest to:
A. $68,000.
B. $72,000.
C. $272,000.
D. $288,000.

5. higger Bank has two assets outstanding. The features of the loans are summarized 
in the following table. Assuming a correlation of 0.2 between the assets, what is the 
value of the unexpected loss of the portfolio (ULp)?

Asset A Asset B
Exposure $5,100,000 $3,600,000
PD 2.00% 1.00%
LR 50.00% 40.00%

ctpd 2.00% 5.00%

ctlr 25.00% 20.00%

A. Less than $100,000.
B. Between $100,000 and $200,000.
C. Between $200,000 and $300,000.
D. Greater than $300,000.
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C oncept C hecker A nsw ers

1. B Current measures used to evaluate credit risk include the firm’s probability of default,
which is the likelihood that a borrower will default, the loss rate, which represents the likely 
percentage loss if the borrower defaults, the exposure amount, and the expected loss, which, 
for a given time horizon, is calculated as the product of the EA, PD, and LR. The stated 75% 
loss if the borrower defaults is the loss rate.

2. D EL increases with increases in the exposure amount. UL typically exceeds EL, but they are
both equal to zero when probability of default is zero. UL has additional variance terms.

3. D If recovery rates increase, the loss rate will decrease, which will decrease expected loss. If the
probability of default decreases, the expected loss will also decrease.

4. D EL = EA x PD x LR
= $18,000,000 x 0.02 x 0.8 
= $288,000

5. C The calculations below describe the steps to compute the unexpected loss of a portfolio.

Compute UL for both assets.
UL = EA x \]vDx ct2lr + LR2 x ct2pd

U L a =  $5,100,000 x -y/o.02 x 0.252 +  0.52 x 0.022 =  $187,386

U Lb =  $3,600,000 x Vo.01x0.22 + 0 .4 2 x0.052 =  $ 101,823

Compute ULp.

U LP =  ^/(l87,386)2 +(l01,823)2 +(2)(0.2)(l87,386)(l01,823) =  $230,464
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The following is a review of the Valuation and Risk Models principles designed to address the learning 
objectives set forth by GARP®. This topic is also covered in:

O p e r a t i o n a l  R i s k

Topic 66

E x a m  F o c u s

This topic introduces operational risk by defining operational risk and discussing the 
types of operational risk and bank business lines that must be considered when calculating 
operational risk capital requirements. Collecting data for loss frequency and loss severity 
distributions is an important component of allocating operational risk capital among various 
business lines. Methods for finding the necessary operational loss data points are based on 
both internal and external data and historical and forward-looking approaches.

D e f in i n g  O p e r a t io n a l  R is k

Some firms define operational risk as all risk that is not credit or market risk. However, most 
people agree that this definition is far too broad. Past industry definitions of operational risk 
include:

• Financial risk that is not caused by market risk (i.e., unexpected asset price movements) 
or credit risk (i.e., the failure of a counterparty to meet financial obligations).

• Any risk developing from a breakdown in normal operations (e.g., system failures or 
processing mistakes).

• Any risk from internal sources (e.g., internal fraud), excluding the impact of regulatory 
action or natural disasters.

• Direct or indirect losses that result from ineffective or insufficient systems, personnel, or 
external events (e.g., natural disasters or political events), excluding business risk (the risk 
of earnings volatility resulting from business conditions).

In 2001, the Basel Committee on Banking Supervision attempted to incorporate industry 
views and build a consensus on the definition of operational risk. The Committee’s 
statement of operational risk is as follows:

“The risk o f  d irect and  indirect loss resulting from  inadequate or fa i l e d  in ternal processes, 
people, and  systems or from  external events. ”

The Basel Committee defines operational risk to include internal functions or processes, 
human factors, systems, firm infrastructure, and outside events. Problems with any of 
these areas can lead to direct and indirect losses, both expected and unexpected. The 
operational risk definition explicitly includes legal risk, but does not address reputational 
risk or strategic risk, presumably because they can be difficult to quantify. This definition 
concentrates on sources of losses and the impact of operational losses.
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O p e r a t io n a l  R is k  C a p it a l  R e q u ir e m e n t s

LO 66.1: Compare three approaches for calculating regulatory capital.

The Basel Committee has proposed three approaches for determining the operational risk 
capital requirement (i.e., the amount of capital needed to protect against the possibility of 
operational risk losses): (1) the basic indicator approach, (2) the standardized approach, 
and (3) the advanced measurement approach. The basic indicator approach and the 
standardized approach determine capital requirements as a multiple of gross income at 
either the business line or institution level. The advanced measurement approach (AMA) 
offers institutions the possibility to lower capital requirements in exchange for investing in 
risk assessment and management technologies.

With the basic indicator approach, operational risk capital is based on 15% of the bank’s 
annual gross income over a 3-year period. Gross income in this case includes both net 
interest income and noninterest income. For the standardized approach, the bank uses eight 
business lines with different beta factors to calculate the capital charge. With this approach, 
the beta factor of each business line is multiplied by the annual gross income amount over 
a 3-year period. The results are then summed to arrive at the total operational risk capital 
charge under the standardized approach. The beta factors used in this approach are shown
as follows:
• Investment banking (corporate finance) 18%
• Investment banking (trading and sales) 18%
• Retail banking 12%
• Commercial banking 15%
• Settlement and payment services 18%
• Agency and custody services 15%
• Asset management 12%
• Retail brokerage 12%

Banks that want to take advantage of the possible lower capital requirements available by 
using the AMA will be required to determine the operational risk capital charge based on 
internal criteria that are both qualitative and quantitative in nature. The Basel Committee 
recommends that large banks move from the standardized approach to the AMA. In order 
to use either approach, banks must satisfy a number of conditions.

In order to use the standardized approach, banks must: (1) have an operational risk 
management function that is able to identify, assess, monitor, and control this type of risk, 
(2) document losses for each business line, (3) report operational risk losses on a regular 
basis, (4) have a system that has the appropriate level of documentation, and (5) conduct 
independent audits with both internal and external auditors.

In order to use the advanced measurement approach, banks must satisfy the above 
requirements in addition to being able to approximate unexpected losses. The calculation 
of unexpected losses is based on external and internal loss data as well as scenario analysis. 
With this estimate, the bank is able to find the necessary amount of capital to allocate 
to each business line based on the bank’s operational value at risk (VaR) measure. The 
operational risk capital requirement currently proposed by the Basel Committee is equal 
to the unexpected loss in a total loss distribution that corresponds to a confidence level of 
99.9% over a 1-year time horizon. This concept is illustrated in Figure 1.
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Figure 1: Capital Requirement

Topic 66
Cross Reference to GARP Assigned Reading -  Hull, Chapter 20

VaR = loss at a very high
confidence level (99.9%) expected loss

Professor’s Note: The ca lcu la tion  o f  op era tiona l risk ca p ita l u sin g a ll three 
m ethods w il l  be d iscu ssed  in m ore d e ta il in th e FRM Part II  cu rricu lum .

O p e r a t io n a l  R is k  C a t e g o r ie s

LO 66.2: Describe the Basel Committee’s seven categories of operational risk. * 1

The Basel Committee on Banking Supervision disaggregates operational risk into seven
types. A majority of the operational risk losses result from clients, products, and business
practices.

1. Clients, products, and  business practices. Failure (either intentional or unintentional) 
to perform obligations for clients. Examples include mishandling of confidential 
information, breaches in fiduciary duty, and money laundering.

2. In ternal fraud . Disobeying the law, regulations, and/or company policy, or misuse of 
company property. Examples include misreporting data or insider trading. Well-known 
case studies dealing with internal fraud include Barings, Allied Irish Bank, and Daiwa.

3. External fraud. Actions by a third party that disobey the law or misuse property. 
Examples include robbery or computer hacking.

4. Damage to physica l assets. Damage occurring from events, such as natural disasters. 
Examples include a terrorist attack, earthquakes, or fires.

5. Execution, delivery, a n d  process management. Failure to correctly process transactions and 
the inability to uphold relations with counterparties. Examples include data entry errors 
or unfinished legal documents.

6. Business disruption an d  system failures. Examples include computer failures, both 
hardware- and software-related, or utility outages.
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7. Employment practices and  workplace safety. Actions that do not follow laws related 
to employment or health and safety. Examples include worker compensation, 
discrimination disputes, or disobeying health and safety rules.

Assuming that a bank was active in each of the eight business lines discussed previously, 
it would have 56 different measures of risk to aggregate into a single operational risk VaR 
measure. Institutions that are not active in each of the lines of business would require fewer 
risk measures.

Topic 66
Cross Reference to GARP Assigned Reading -  Hull, Chapter 20

Loss F r e q u e n c y  a n d  L o s s  S e v e r it y

LO 66.3: Derive a loss distribution from the loss frequency distribution and loss 
severity distribution using Monte Carlo simulations.

Operational risk losses can be classified along two dimensions: loss frequency and loss 
severity. Loss frequency is defined as the number of losses over a specific time period 
(typically one year), and loss severity is defined as the value of financial loss suffered 
(i.e., the size of the loss). It can be reasonably assumed that these two dimensions are 
independent.

Loss frequency is most often modeled with a Poisson distribution (a distribution that 
models random events). The mean and variance of the Poisson distribution are equal to 
a single parameter, X. Over a short time horizon, the probability of losses is then equal to 
X x At. Over a time horizon, T, the probability of n losses using this distribution is equal to:

e-xTx(xir
n!

The parameter X is equal to the average number of losses over a given time horizon. So if 
ten losses occurred over a 5-year period, X would equal two per year (= 10 / 5).

Loss severity is often modeled with a lognormal distribution. This distribution is 
asymmetrical (the frequency of high-impact, low-frequency losses is not equal to the 
frequency of low-impact, high-frequency losses) and fat-tailed (rare events occur more often 
than would be indicated by a normal distribution). The mean and standard deviation are 
derived from the logarithm of losses.

Loss frequency and loss severity are combined in an effort to simulate an expected loss 
distribution (known as convolution). The best technique to accomplish this simulation is 
to use a Monte Carlo simulation process. With this process, we make random draws from 
the loss frequency data and then draw the indicated number of draws from the loss severity 
data. Each combination of frequency and severity becomes a potential loss event in our loss 
distribution. This process is continued several thousand times to create the potential loss 
distribution.

Having created the loss distribution, the desired percentile value can be measured directly. 
Lor example, the 99th percentile would correspond with the loss amount that is greater than 
99% of the distribution’s data. The difference between the losses at the selected percentile
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and the mean loss of the distribution equals the unexpected losses at the corresponding 
confidence level, as was illustrated in Figure 1.

Data Limitations

Topic 66
Cross Reference to GARP Assigned Reading -  Hull, Chapter 20

LO 66.4: Describe the common data issues that can introduce inaccuracies and 
biases in the estimation of loss frequency and severity distributions.

The historical record of operational risk loss data is currently inadequate. This creates 
challenges when trying to accurately estimate frequency and severity. Given the extreme risk 
that operational problems create, firms are beginning to build a database of potential loss 
events. Compared to credit risk losses, the data available for operational risk losses is clearly 
lacking. For example, firms can rely on credit rating agencies to get a clear view of default 
probabilities and expected losses when assessing credit risk.

It is recommended that banks use internal data when estimating the frequency of losses 
and utilize both internal and external data when estimating the severity of losses. Regarding 
external data, there are two data sources available to firms: sharing agreements with other 
banks and public data.

When incorporating both internal and external operational risk loss data, firms should 
adjust for inflation. In addition, when viewing external data from other banks it is necessary 
to use a scale adjustment that applies the loss event to your bank’s situation. For instance, 
if Bank Z has a $5 million operational risk loss, how would this loss apply to your bank? A 
simple mathematical proportion will likely over or underestimate the actual loss. As a result, 
the accepted scale adjustment for firm size is as follows:

estimated lossBank Y = external lossBank z  x revenueBankY
\0.23

revenueBank z

Example: Firm size scale adjustment

If the observed loss for Bank Z is $5 million and it has $1 billion in revenue, what will be 
the estimated loss adjusted for firm size for Bank Y, which has revenue of $2 billion?

Answer:

estimated lossBank Y = $5 million x
$2 billion 
$1 billion

$5,864,175

Notice that this loss is much less than the proportional estimate of a $10 million loss 
given that Bank Y has twice the revenue.

Scale-adjusted loss data and other data obtained through sharing agreements are useful 
when constructing a firm’s loss severity distribution. Public data, however, is less reliable 
given the inherent reporting biases. Public loss data likely only contains relatively large
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losses from firms that have weak internal controls. As a result, public data is more 
appropriate when used relative to internal losses. This would involve assigning a multiple to 
internal data estimates (i.e., mean and standard deviation) that reflects the severity of public 
external data.

Topic 66
Cross Reference to GARP Assigned Reading -  Hull, Chapter 20

LO 66.5: Describe how to use scenario analysis in instances when data is scarce.

Another method for obtaining additional operational risk data points is to use scenario 
analysis. Regulators encourage the use of scenarios since this approach allows management 
to incorporate events that have not yet occurred. This has a positive effect on the firm 
since management is actively seeking ways to immunize against potential operational risk 
losses. The drawback is the amount of time spent by management developing scenarios and 
contingency plans.

F o r w a r d - L o o k in g  A p p r o a c h e s

LO 66.6: Describe how to identify causal relationships and how to use risk and 
control self assessment (RCSA) and key risk indicators (KRIs) to measure and 
manage operational risks.

It is important for management to use forward-looking approaches in an attempt to prepare 
for future operational risk losses. One way to accomplish this objective is to learn from 
the mistakes of other companies. For example, in Book 1 we learned about a number of 
financial disasters, including Barings and Allied Irish Bank, which both suffered losses due 
to rogue traders. Another example is the Hammersmith and Fulham case, where banks took 
note of a court ruling dealing with counterparty risk.

In the Hammersmith and Fulham case, two traders entered into 600 interest rate swaps 
totaling 6 billion British pounds over the span of two years. The traders had a low level of 
understanding of these derivative contracts, and losses quickly grew to millions of pounds. 
Counterparties became very concerned about the level of credit risk. The auditor at 
Hammersmith and Fulham was able to void the swap agreements by convincing the court 
that the traders and, in turn, the company did not have the authority to enter into these 
transactions. The court agreed with the company and as a result, the swap counterparties 
were left with unhedged positions and were unable to collect payments from Hammersmith 
and Fulham.

Causal relationships are a convenient method of identifying potential operational risks. 
Relationships are analyzed to check for a correlation between firm actions and operational 
risk losses. For example, if employee turnover or the use of a new computer system 
demonstrates a strong correlation with losses, the firm should investigate the matter. It is 
necessary to conduct a cost-benefit analysis if significant relationships are discovered.

One of the most frequently used tools in operational risk identification and measurement is 
the risk and control self assessment (RCSA) program. The basic approach of an RCSA is to 
survey those managers directly responsible for the operations of the various business lines. It 
is presumed that they are the closest to the operations and are, therefore, in the best position 
to evaluate the risks. The problem with this assumption is that you cannot reasonably
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expect managers to disclose risks that are out of control. Also, a manager’s perception of an 
appropriate risk-return tradeoff may be different than that of the institution. A sound risk 
management program requires that risk identification and measurement be independently 
verified.

The identification of appropriate key risk indicators (KRIs) may also be very helpful when 
attempting to identify operational risks. Examples of KRIs include employee turnover and 
the number of transactions that ultimately fail. In order to be valuable as risk indicators, the 
factors must (1) have a predictive relationship to losses and (2) be accessible and measurable 
in a timely fashion. The idea of utilizing KRIs is to provide the firm with a system that 
warns of possible losses before they happen.

S c o r e c a r d  D a t a

LO 66.7: Describe the allocation of operational risk capital and the use of 
scorecards.

Allocating operational risk capital to each business unit encourages managers to improve 
their management of operational risks. Less capital will be allocated to those business units 
that are able to reduce the frequency and severity of risks. The reduction in capital will 
increase the unit’s return on invested capital measure; however, reducing capital may not be 
ideal if the costs of reducing certain risks outweigh the potential benefits. It is, therefore, 
necessary for each business line manager to be allocated the optimal amount of operational 
risk capital.

One method for allocating capital is the scorecard approach. This approach involves 
surveying each manager regarding the key features of each type of risk. Questions are 
formulated, and answers are assigned scores in an effort to quantify responses. The total 
score for each business unit represents the total amount of risk. Scores are compared across 
business units and validated by comparison with historical losses.

Examples of survey questions include: (1) the ratio of supervisors to staff, (2) employee 
turnover rate, (3) average number of open positions in the business unit at one time, and 
(4) the presence of confidential information. The objective of the scorecard approach is to 
make business line managers more aware of operational risks and the potential for losses 
from those risks. It also encourages senior management to become more involved with the 
risk management process.
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T h e  P o w e r  La w

LO 66.8: Explain how to use the power law to measure operational risk.

The power law is useful in extreme value theory (EVT) when we evaluate the nature of the 
tails of a given distribution. The use of this law is appropriate since operational risk losses 
are likely to occur in the tails. The law states that for a range of variables:

P (V > x )  == K X X-a

where:
V = loss variable
X = large value of V
K and a  = constants

The probability that V is greater than X equals the right side of the equation. The 
parameters on the right side are found by using operational risk loss data to form a 
distribution and then using a maximum-likelihood approach to estimate the constants. The 
power law makes the calculation of VaR at high confidence levels possible since low values 
of a  will represent the extreme tails and, hence, the value at risk from potential operational 
risks.

I n s u r a n c e

LO 66.9: Explain the risks o f moral hazard and adverse selection when using 
insurance to mitigate operational risks.

Managers have the option to insure against the occurrence of operational risks. The 
important considerations are how much insurance to buy and which operational risks to 
insure. Insurance companies offer polices on everything from losses related to fire to losses 
related to a rogue trader. A bank using the AMA for calculating operational risk capital 
requirements can use insurance to reduce its capital charge. Two issues facing insurance 
companies and risk managers are moral hazard and adverse selection.

A moral hazard occurs when an insurance policy causes an insured company to act 
differently with the presence of insurance protection. For example, if a firm is insured 
against a fire, it may be less motivated to take the necessary fire safety precautions. To help 
protect against the moral hazard issue, insurance companies use deductibles, policy limits, 
and coinsurance provisions. With coinsurance provisions, the insured firm pays a percentage 
of the losses in addition to the deductible.

An interesting dilemma exists for rogue trader insurance. A firm with a rogue trader has 
the potential for profits that are far greater than potential losses, given the protection of 
insurance. As a result, insurance companies that offer these policies are careful to specify 
trading limits, and some may even require the insured firm not to reveal the presence of the 
policy to traders. These insurance companies are also banking on the fact that the discovery 
of a rogue trader would greatly increase the firm’s insurance premiums and greatly harm the 
firm’s reputation.
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Adverse selection occurs when an insurance company cannot decipher between good and 
bad insurance risks. Since the insurance company offers the same polices to all firms, it will 
attract more bad risks since those firms with poor internal controls are more likely to desire 
insurance. To combat adverse selection, insurance companies must take an active role in 
understanding each firm’s internal controls. Like auto insurance, premiums can be adjusted 
to adapt to different situations with varying levels of risk.
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K e y  C o n c e p t s

LO 66.1

The Basel definition of operational risk is “the risk of direct and indirect loss resulting from 
inadequate or failed internal processes, people, and systems or from external events.”

The three methods for calculating operational risk capital requirements are: (1) the basic 
indicator approach, (2) the standardized approach, and (3) the advanced measurement 
approach (AMA). Large banks are encouraged to move from the standardized approach to 
the AMA in an effort to reduce capital requirements.

LO 66.2

Operational risk can be divided into seven types: (1) clients, products, and business 
practices, (2) internal fraud, (3) external fraud, (4) damage to physical assets, (5) execution, 
delivery, and process management, (6) business disruption and system failures, and (7) 
employment practices and workplace safety.

LO 66.3

Operational risk losses can be classified along two dimensions: loss frequency and loss 
severity. Loss frequency is defined as the number of losses over a specific time period, and 
loss severity is defined as the size of a loss, should a loss occur.

LO 66.4

Banks should use internal data when estimating the frequency of losses and utilize both 
internal and external data when estimating the severity of losses. Regarding external data, 
banks can use sharing agreements with other banks (which includes scale-adjusted data) and 
public data.

LO 66.5

Scenario analysis is a method for obtaining additional operational risk data points. 
Regulators encourage the use of scenarios since they allow management to incorporate 
events that have not yet occurred.

LO 66.6

Forward-looking approaches are also used to discover potential operational risk loss 
events. Forward-looking methods include: (1) causal relationships, (2) risk and control self 
assessment (RCSA), and (3) key risk indicators.

LO 66.7

Allocating operational risk capital can be accomplished by using the scorecard approach. 
This approach involves surveying each manager regarding the key features of each type of 
risk. Answers are assigned scores in an effort to quantify responses.
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The power law is useful in extreme value theory (EVT) when we evaluate the nature of the 
tails of a given distribution. The use of this law is appropriate since operational risk losses 
are likely to occur in the tails.

LO 66.9

Two issues facing insurance companies that provide insurance for operational risks are 
moral hazard and adverse selection. A moral hazard occurs when an insurance policy causes 
a company to act differently with insurance protection. Adverse selection occurs when an 
insurance company cannot decipher between good and bad insurance risks.
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C o n c e p t  C h e c k e r s

1. In constructing the operational risk capital requirement for a bank, risks are 
aggregated for:
A. commercial and retail banking.
B. investment banking and asset management.
C. each of the seven risk types and eight business lines that are relevant.
D. only those business lines that generate at least 20% of the gross revenue of the 

bank.

2. According to current Basel Committee proposals, banks using the advanced 
measurement approach must calculate the operational risk capital charge at a:
A. 99 percentile confidence level and a 1-year time horizon.
B. 99 percentile confidence level and a 5-year time horizon.
C. 99.9 percentile confidence level and a 1-year time horizon.
D. 99.9 percentile confidence level and a 5-year time horizon.

3. Which of the following is not one of the seven types of operational risk identified by 
the Basel Committee?
A. Failed business strategies.
B. Clients, products, and business practices.
C. Employment practices and workplace safety.
D. Execution, delivery, and process management.

4. The Basel definition of operational risk focuses on the risk of losses due to 
inadequate or failed processes, persons, and systems that cannot protect a company 
from outside events. The definition has been subject to criticism because it excludes:
A. market and credit risks.
B. indirect losses.
C. failure of information technology operations.
D. impacts of natural disasters.

5. Which of the following measurement approaches for assessing operational risk 
would be most appropriate for small banks?
A. Loss frequency approach.
B. Basic indicator approach.
C. Standardized approach.
D. Advanced measurement approach (AMA).
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C o n c e p t  C h e c k e r  A n s w e r s

1. C The construction of the operational risk capital for a bank requires that risks be aggregated
over each of the seven types of risk and each of the eight business lines that are relevant for 
the particular bank.

2. C Current Basel Committee proposals require that operational risk capital be calculated at the
99.9th percentile level over a 1-year horizon.

3. A Failed business strategies are not included in the definition of operational risk, which
includes (1) clients, products, and business practices; (2) internal fraud; (3) external fraud;
(4) damage to physical assets; (5) execution, delivery, and process management; (6) business 
disruption and system failures; and (7) employment practices and workplace safety.

4. A The Basel definition excludes credit or market risks. All of the other choices are incorporated
in the definition of operational risk.

5. B The basic indicator approach is more common for less-sophisticated, typically smaller banks.
There is only one indicator of operational risk: gross income.
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Self-Test: Valuation and 
Risk  M odels

15 questions: 36 minutes

1. As a junior quantitative analyst, you have been assigned to research coherent risk 
measures. Which of the following properties of coherent risk measures explicitly 
takes into the account the diversification benefits of holding assets in a portfolio with 
less-than-perfect correlation of returns?
A. Monotonicity.
B. Positive homogeneity.
C. Subadditivity.
D. Translation invariance.

2. Scenario analysis involves estimating portfolio value from extreme movements in 
model inputs. Therefore, as a risk manager, you are considering the use of scenario 
analysis to complement your existing use of sensitivity analysis. Which of the 
following types of scenario analysis explicitly considers the correlation across risk 
factors?
A. Conditional scenario method (of multidimensional scenario analysis).
B. Factor push method (of multidimensional scenario analysis).
C. Historical scenario analysis.
D. Unidimensional scenario analysis.

3. As an associate risk manager at a bank, you are concerned about the various risks 
faced by the bank’s securitization transactions. Which of the following risks refers to 
a bank having to hold onto assets for longer than planned and incurring financing 
costs as a result?
A. Contingent risk.
B. Funding liquidity risk.
C. Pipeline risk.
D. Wrong-way risk.

4. The current stock price of Heart, Inc., is $80. Call and put options with exercise 
prices of $50 and 15 days to maturity are currently trading. Which of these scenarios 
is most likely to occur if the stock price falls by $ 1 ?

Call value Put value
A. Decrease by $0.94 Increase by $0.08
B. Decrease by $0.76 Increase by $0.96
C. Decrease by $0.07 Increase by $0.89
D. Decrease by $0.76 Increase by $0.89
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5. A put option with an exercise price of $45 is trading for $3.50. The current stock 
price is $45. What is the most likely effect on the option’s delta and gamma if the 
stock price increases to $50?
A. Both delta and gamma will increase.
B. Both delta and gamma will decrease.
C. One will increase and the other will decrease.
D. Both delta and gamma will stay the same.

6. From the Black-Scholes-Merton model, N(dj) = 0.42 for a 3-month call option on 
Panorama Electronics common stock. If the stock price falls by $1.00, the price of 
the call option will:
A. decrease by less than the increase in the price of the put option.
B. increase by more than the decrease in the price of the put option.
C. decrease by the same amount as the increase in the price of the put option.
D. increase by more than the increase in the price of the put option.

7. Consider the following three bonds that all have par values of $100,000.
I. A 10-year zero coupon bond priced at 48.20.

II. A 5-year 8% semiannual-pay bond priced with a YTM of 8%.
III. A 5-year 9% semiannual-pay bond priced with a YTM of 8%.

Rank the three bonds in terms of how important reinvestment income is to an 
investor who wishes to realize the stated YTM of the bond at purchase by holding it 
to maturity.
A. Ill, II, I.
B. I, II, III.
C. II, III, I.
D. I, III, II.
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Use the following information to answer Questions 8 through 10.

A bond dealer provides the following selected inform ation on a portfolio of fixed-income 
securities.

Par Value Mkt. Price Coupon Modified
Duration

Effective
Duration Convexity

$2 million 100 6.5% 8 8 308

$3 million 93 5.5% 6 1 100

$1 million 95 7% 8.5 8.5 260

$4 million 103 8% 9 5 -70

8. What is the effective duration for the portfolio?
A. 4.81.
B. 5.63.
C. 7.17.
D. 7.88.

9. What is the price value of a basis point for this portfolio?
A. $5,551.18.
B. $7,026.60.
C. $3,234.08.
D. $4,742.66.

10. What is the approximate price change for the 7% bond if its yield to maturity- 
increases by 25 basis points?
A. -$19,415.63.
B. -$17,864.11.
C. -$20,181.85.
D. -$16,748.53. 11

11. Which of the following differences between key rate and forward bucket analysis 
is (are) true?

I. Estimating portfolio volatility with both methods is similar except the 
forward bucket technique requires fewer inputs and correlations.

II. The key rate shift approach assumes changes in rates in and around the 
chosen key rates.

A. I only.
B. II only.
C. Both I and II.
D. Neither I nor II.
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12. Sarah Johnson is a risk manager at the hedge fund International Management,
Inc. She is analyzing the debt levels of several emerging countries and is relying on 
bond rating agencies to draw conclusions regarding the ability and willingness of 
the various countries to service debt. The risk management division of her firm has 
prepared its own analysis and there are several discrepancies between the agency 
ratings and the firm’s own ratings. A colleague of Johnson recommends that she 
ignore the agency ratings and rely solely on the firm ratings. Which of the following 
statements correctly describes a reason Johnson may not want to rely solely on rating 
agency opinions regarding debt repayment?
A. Ratings are not influenced by politics and governments or regimes.
B. Ratings are often delayed relative to the dynamic business and political 

environments.
C. Rating agencies use objective judgments about a country’s ability and willingness 

to repay debt.
D. Ratings are only considered useful in assessing a country’s ability and willingness 

to pay 5 to 10 years in the future.

13. You are an associate at a rating agency reviewing a research report compiled by one 
of the new analysts. Which of the following statements in the report is correct?
A. For a given rating category, default rates show statistically significant variation 

based on geographic location.
B. For a given rating category, default rates show statistically significant variation 

based on industry.
C. The cumulative default rate is generally more dramatic for a bond rated Baa3 

than for a bond rated Bal.
D. The cumulative default rate is generally less dramatic for a bond rated BB than 

for a bond rated BBB.

14. Global Bank has made a loan with the following characteristics: total commitment 
of $5 million, of which $4.1 million is currendy outstanding. Global has assessed 
an internal credit rating equivalent to a 1.5% default probability over the next year.
Global has additionally estimated a 35% loss rate. What is the expected loss for the 
loan?
A. $21,525.
B. $24,596.
C. $26,250.
D. $27,735.

15. Loss frequency and loss severity are combined in an effort to simulate an expected 
loss distribution. Loss frequency is most often modeled with which of the following 
distributions?
A. Bernoulli distribution.
B. Binomial distribution.
C. Lognormal distribution.
D. Poisson distribution.
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Self-Test A nswers: Valuation and 
Risk  M odels

1. C  Subadditivity refers to the concept that the risk of a portfolio is at most equal to the risk of
the assets within the portfolio. This suggests that portfolio risk would be less than the sum of 
the individual risks of the assets due to diversification.

(See Topic 51)

2. A The primary advantage to the conditional scenario method is the inclusion of correlations
across risk factors. By focusing on changes in a subset of variables (holding the other variables 
constant), incorporation of the variance-covariance matrix is allowed.

(See Topic 52)

3. C Pipeline risk originates from market stress when a bank may not be able to complete
the entire process of selling the securities to the public through the issue-special purpose 
entities. Consequently, pipeline risk arises because market conditions may force the bank to 
warehouse underlying assets for longer than planned and therefore, incurring financing costs.

(See Topic 53)

4. A The call option is deep in-the-money and must have a delta close to one. The put option is
deep out-of-the-money and will have a delta close to zero. Therefore, the value of the in-the- 
money call will decrease by close to $1 (e.g., $0.94), and the value of the out-of-the-money 
put will increase by a much smaller amount (e.g., $0.08). The call price will fall by more 
than the put price will increase.

(See Topic 56)

5. C  The put option is currently at-the-money since its exercise price is equal to the stock price
of $45. As stock price increases, the put options delta (which is less than zero) will increase 
toward zero, becoming less negative. The put option’s gamma, which measures the rate of 
change in delta as the stock price changes, is at a maximum when the option is at-the-money. 
Therefore, as the option moves out-of-the-money, its gamma will fall.

(See Topic 56)

6. A If AS = -$1.00, AC w 0.42 x (-1.00) = -$0.42, and AP ps (0.42 -  1) x (-1.00) = $0.58.

The call will decrease by less ($0.42) than the increase in the price of the put ($0.58).

(See Topic 56)

7. A Reinvestment income is most important to the investor with the 9% coupon bond, followed
by the 8% coupon bond and the zero-coupon bond. In general, reinvestment risk increases 
with the coupon rate on a bond.

(See Topic 59)
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8. A Portfolio effective duration is the weighted average of the effective durations of the portfolio
bonds.

Numerators in weights are market values (par value x price as percent of par). Denominator 
is total market value of the portfolio.

^ (8) + (l) + ( 8 . 5 ) + ( 5 )  =  4.81 (weights are in millions)
9.86 w  9.86 w  9.86v ; 9.86w  6

(See Topic 60)

9. D Price value of a basis point can be calculated using effective duration for the portfolio and the
portfolios market value, together with a yield change of 0.01%. Convexity can be ignored for 
such a small change in yield.

4.81 x 0.0001 x 9,860,000 = $4,742.66

(See Topic 60)

10. A Based on the effective duration and convexity of the 7% bond, the approximate price change
is:

(-8.5 x 0.0025) + (0.5 x 260 x 0.00252) x 950,000 = -$19,415.63 

(See Topic 60)

11. B Estimating portfolio volatility with both methods is similar except the bucket technique
requires more inputs and correlations. The key rate shift approach assumes changes in rates 
in and around the chosen key rates.

(See Topic 61)

12. B Risk analysts like Johnson face several challenges when using rating agency data. First, rating
agencies, like firms, use subjective judgments about a country’s ability and willingness to 
repay debt, despite large and often comprehensive amounts of data used in analysis. Risk 
analysts should, therefore, compare external ratings to internally generated assessments and 
draw conclusions not just from similarities but also from differences of opinion between 
the firm and the rating agency. Second, ratings are often delayed relative to the dynamic 
business and political environments. If Johnson has more direct insight into a country either 
from visiting or working with firms that are operating there, she may have more up-to-date 
insight than the rating agency. Third, ratings may be influenced by politics and governments 
or regimes. Fourth, ratings may not be considered useful in assessing a country’s ability and 
willingness to pay 5 to 10 years in the future, so Johnson’s time line is important in terms of 
her reliance on rating agency reports.

(See Topic 62)

13. B Empirical evidence suggests that for a given rating category, default rates can vary from
industry to industry to a statistically significant degree.

(See Topic 64)
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14. A E L  = exposure amount x probability of default x loss rate

E L = $4.1 million x 0.015 x 0.35 

E L = $21,525 

(See Topic 65)

15. D Loss frequency is most often modeled with a Poisson distribution (a distribution that models
random events). Loss severity is often modeled with a lognormal distribution.

(See Topic 66)
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Formulas

Valuation and Risk Models

VaR Methods

VaR (X%) = zx % ct

where:
VaR (X%) = the X% probability value at risk
zx% = the critical z-value based on the normal distribution and the selected X%

probability
cr = the standard deviation of daily returns on a percentage basis

VaR (X%)dollar basis = VaR (X%)decimal basis x asset value

= (zx % ct) x  asset v a lu e

VaR(X%)J<1<),  = VaR(X%)1̂ N/J

VaR = [r p  —(z)(a)] Vp

Topic 49

GARCH(1,1):

CTj = a + brt2_ljC + ccr2 [

Topic 50

1 n 2
Taylor Series approximation (order two): f(x) = f(xo) + f r(xo^x — xo) + (xo)(x — xo) 

Topic 54

risk-neutral valuation:

U = size of the up-move factor = eCTv̂

D = size of the down-move factor = e_CT'̂ t = —̂ -r- = -—
e ^  U

ert — D
ttu = probability of an up move = —— —

Ttd = probability of a down move = 1 — Ttu
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Topic 55

expected value: E(ST) =

Black-Scholes-Merton Option Pricing Model:

co — [So xN (d j X x e ' Rfx T x N ( d 2 )

Po = {x X e_RfxT x [l -  N(d2 )]J -  {s0 x [l -  N (dx)]}

where:

In
A

So
l x  J

+ |r p + (o.5 xct2 jJxT
a l —

ctxVt

d2 = dj —(ctxVt )

continuously compounded returns: uj

put-call parity:

c0 = Po+S0 - ( x x e - RfxT] 

or

Po=c0- S o + ( x x e - RfxT]

Topic 56

delta = A dc
ds

n
portfolio delta = A p = ^^w jA ;

i=l

gamma: T d2c
ds2

relationship among delta, theta, and gamma: r l l  = 0  + rSA + 0.5cr2S2r

vega = dc
da

rho = dc
dr
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Topic 57 

accrued interest:

AI = c
number of days from last coupon to the settlement date 

number of days in coupon period

where:
c = coupon payment

clean price = dirty price -  accrued interest

Topic 58

1
1/ 721

spot rate: z(t) = 2
UoJ

- 1

FV„
mXn

PV0 x 1 + r
m

where:
r = annual rate
m = number of compounding periods per year 
n = number of years

HPR: r = m FV„
PVn

1
mXn

- 1

2TC y \ ̂  ,
par rate, CT: — X y  j d

2t=l ’

+ d(T) = l

Topic 59

PV of a perpetuity = —
y

realized return: Rt_lt BVt + Ct — BY,.,!
BVt_!
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bond price:

P =  C 1 +  C 2 +  C 3 +  ,„ +  C N
(1 + y)1 (1 + y)2 (1 + y)3 (l + y)N

where:
P = the price of the security 
Ck = the annual cash flow in year k 
N = term to maturity in years 
y = the annual yield or YTM on the security

Topic 60

DV01 = - ABV
10,000 X Ay

where:
ABV = change in bond value 
Ay = change in yield

. Macaulay duration
modified duration = -------------------------------- -

(1 + periodic market yield)

modified duration
1 ABV 

BV Ay

effective duration BV-Ay -BV+Ay
2 X BVq X Ay

where:
BV_^y = estimated price if yield decreases by a given amount, Ay 
BV+Ay = estimated price if yield increases by a given amount, Ay 
BVq = initial observed bond price 
Ay = change in required yield, in decimal form

DV01 = duration x 0.0001 x bond value

. BV_A +BV+A -2 x B V 0
convexity = ----------------------- ------------

BVq X A y2

percentage price change ~ duration effect + convexity effect

= [-duration X Ay x !00 ] + X convexity X (A y) xlOO

K
duration of portfolio = Wj X Dj

M
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Topic 61

key rate ‘01: DV01k = -----------------j—
1 10,000 A yk

, , • r^k i  a b vkey rate duration: u  —------------ j—
1 BY A yk

Topic 65

expected loss: EL = EA x PD x LR

unexpected loss: UL = EA X yjpD X ct2l r  + LR 2 X ct2PD

portfolio expected loss: ^Lp — 5 3 ^ '  — ^^(EAj X LR; X PDj;

portfolio unexpected loss: ULp — |^^^^pjjULjULj
' i

U L ^ U U p

risk contribution: RQ J ___
ULP
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Using the C umulative Z-Table

Probability Example

Assume that the annual earnings per share (EPS) for a large sample of firms is normally 
distributed with a mean of $5.00 and a standard deviation of $1.50. What is the 
approximate probability of an observed EPS value falling between $3.00 and $7.25?

If EPS = x = $7.25, then z = (x -  p)/cr = ($7.25 -  $5.00)/$ 1.50 = +1.50

If EPS = x = $3.00, then z = (x -  p)/a = ($3.00 -  $5.00)/$ 1.50 = -1.33

For z-value o f  1.50: Use the row headed 1.5 and the column headed 0 to find the value 
0.9332. This represents the area under the curve to the left of the critical value 1.50.

For z-value o f—1.33: Use the row headed 1.3 and the column headed 3 to find the value 
0.9082. This represents the area under the curve to the left of the critical value +1.33. The 
area to the left o f—1.33 is 1 — 0.9082 = 0.0918.

The area between these critical values is 0.9332 — 0.0918 = 0.8414, or 84.14%.

Hypothesis Testing -  One-Tailed Test Example

A sample of a stocks returns on 36 non-consecutive days results in a mean return of 2.0%. 
Assume the population standard deviation is 20.0%. Can we say with 95% confidence that 
the mean return is greater than 0%?

H(): p < 0.0%, Ha : p > 0.0%. The test statistic = ^-statistic = 
= (2.0 -  0.0) / (20.0 / 6) = 0.60.

x - p o

The significance level = 1.0 -  0.95 = 0.05, or 5%.

Since this is a one-tailed test with an alpha of 0.05, we need to find the value 0.95 in the 
cumulative z-table. The closest value is 0.9505, with a corresponding critical z-value of 
1.65. Since the test statistic is less than the critical value, we fail to reject H().

Hypothesis Testing -  Two-Tailed Test Example

Using the same assumptions as before, suppose that the analyst now wants to determine if 
he can say with 99% confidence that the stock’s return is not equal to 0.0%.

Hq: p = 0.0%, Ha : p ^  0.0%. The test statistic (z-value) = (2.0 — 0.0) / (20.0 / 6) = 0.60. 
The significance level = 1.0 -  0.99 = 0.01, or 1%.

Since this is a two-tailed test with an alpha of 0.01, there is a 0.005 rejection region in both 
tails. Thus, we need to find the value 0.995 (1.0 — 0.005) in the table. The closest value is 
0.9951, which corresponds to a critical z-value of 2.58. Since the test statistic is less than 
the critical value, we fail to reject H0 and conclude that the stock’s return equals 0.0%.
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C umulative 2T-Table
P(Z < z) = N(z) for z > 0 
P(Z < -z) = 1 -  N(z)

z 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359

0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141

0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517

0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224

0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549

0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852

0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133

0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389

1 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621

1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830

1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015

1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319

1.5 0.9332 0.9345 0.9357 0.937 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441

1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545

1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706

1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767

2 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.983 0.9834 0.9838 0.9842 0.9846 0.985 0.9854 0.9857
2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.989
2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936

2.5 0.9938 0.994 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964

2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981

2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986

3 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990
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A l t e r n a t iv e  Z - T a b l e
P(Z < z) = N(z) for z > 0 
P(Z < -z) = 1 -  N(z)

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 0.0000 0.0040 0.0080 0.0120 0.0160 0.0199 0.0239 0.0279 0.0319 0.0359

0.1 0.0398 0.0438 0.0478 0.0517 0.0557 0.0596 0.0636 0.0675 0.0714 0.0753

0.2 0.0793 0.0832 0.0871 0.0910 0.0948 0.0987 0.1026 0.1064 0.1103 0.1141

0.3 0.1179 0.1217 0.1255 0.1293 0.1331 0.1368 0.1406 0.1443 0.1480 0.1517

0.4 0.1554 0.1591 0.1628 0.1664 0.1700 0.1736 0.1772 0.1808 0.1844 0.1879

0.5 0.1915 0.1950 0.1985 0.2019 0.2054 0.2088 0.2123 0.2157 0.2190 0.2224

0.6 0.2257 0.2291 0.2324 0.2357 0.2389 0.2422 0.2454 0.2486 0.2517 0.2549

0.7 0.2580 0.2611 0.2642 0.2673 0.2704 0.2734 0.2764 0.2794 0.2823 0.2852

0.8 0.2881 0.2910 0.2939 0.2967 0.2995 0.3023 0.3051 0.3078 0.3106 0.3133

0.9 0.3159 0.3186 0.3212 0.3238 0.3264 0.3289 0.3315 0.3340 0.3356 0.3389

1.0 0.3413 0.3438 0.3461 0.3485 0.3508 0.3531 0.3554 0.3577 0.3599 0.3621

1.1 0.3643 0.3665 0.3686 0.3708 0.3729 0.3749 0.3770 0.3790 0.3810 0.3830

1.2 0.3849 0.3869 0.3888 0.3907 0.3925 0.3944 0.3962 0.3980 0.3997 0.4015

1.3 0.4032 0.4049 0.4066 0.4082 0.4099 0.4115 0.4131 0.4147 0.4162 0.4177

1.4 0.4192 0.4207 0.4222 0.4236 0.4251 0.4265 0.4279 0.4292 0.4306 0.4319

1.5 0.4332 0.4345 0.4357 0.4370 0.4382 0.4394 0.4406 0.4418 0.4429 0.4441

1.6 0.4452 0.4463 0.4474 0.4484 0.4495 0.4505 0.4515 0.4525 0.4535 0.4545

1.7 0.4554 0.4564 0.4573 0.4582 0.4591 0.4599 0.4608 0.4616 0.4625 0.4633

1.8 0.4641 0.4649 0.4656 0.4664 0.4671 0.4678 0.4686 0.4693 0.4699 0.4706

1.9 0.4713 0.4719 0.4726 0.4732 0.4738 0.4744 0.4750 0.4756 0.4761 0.4767

2.0 0.4772 0.4778 0.4783 0.4788 0.4793 0.4798 0.4803 0.4808 0.4812 0.4817
2.1 0.4821 0.4826 0.4830 0.4834 0.4838 0.4842 0.4846 0.4850 0.4854 0.4857
2.2 0.4861 0.4864 0.4868 0.4871 0.4875 0.4878 0.4881 0.4884 0.4887 0.4890

2.3 0.4893 0.4896 0.4898 0.4901 0.4904 0.4906 0.4909 0.4911 0.4913 0.4916

2.4 0.4918 0.4920 0.4922 0.4925 0.4927 0.4929 0.4931 0.4932 0.4934 0.4936

2.5 0.4939 0.4940 0.4941 0.4943 0.4945 0.4946 0.4948 0.4949 0.4951 0.4952

2.6 0.4953 0.4955 0.4956 0.4957 0.4959 0.4960 0.4961 0.4962 0.4963 0.4964

2.7 0.4965 0.4966 0.4967 0.4968 0.4969 0.4970 0.4971 0.4972 0.4973 0.4974

2.8 0.4974 0.4975 0.4976 0.4977 0.4977 0.4978 0.4979 0.4979 0.4980 0.4981

2.9 0.4981 0.4982 0.4982 0.4983 0.4984 0.4984 0.4985 0.4985 0.4986 0.4986

3.0 0.4987 0.4987 0.4987 0.4988 0.4988 0.4989 0.4989 0.4989 0.4990 0.4990
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A

accrued interest 157
advanced measurement approach 272
adverse selection 279
aleatoric risk 228
annuity 188
annuity factor 172
arbitrage opportunity 154
at-the-point approach 253

B

backtesting 39
backtesting bias 254
barbell strategy 208
basic indicator approach 272
basis 86
basis risk 86
beta factors 272
binomial model 93
Blacks approximation 119
Black-Scholes-Merton model 46,110
bond equivalent yield (BEY) 186
bond valuation 148
bootstrapping 169
bullet strategy 208

c
callable debt 207 
carry-roll-down component 192 
causal relationships 276 
clean price 159 
coherent risk measures 63 
concentration risk 263 
conditional distribution 25 
conditional scenario method 74 
conditional VaR 64 
contagion 52 
contingent risk 88 
convexity 204
Corruption Perceptions Index 243
country risk analysis 228
country risk factors 242
country risk management process 239
country risk management tools 240
coupon effect 191
covered position 128

criteria bias 254 
C-STRIPS 155

D

day-count convention 158 
debt sustainability 230 
delta 48, 96, 129 
delta-gamma approximation 51 
delta hedging 129 
delta neutral 130 
delta-neutral portfolio 132 
delta-normal VaR 19,51 
Democracy Index 243 
Derivatives Policy Group 72 
dirty price 159 
discount bond 190 
discount factors 151,165 
distribution bias 254 
dividend yield 100 
dollar value of a basis point 199 
duration 201
DV01 199

E

economic capital 82, 265 
economic openness 231 
effective duration 202 
efficient frontier 59 
epistemic risk 228 
event-driven scenario 72 
expected loss 260 
expected shortfall 64 
expected tail loss (ETL) 64 
exposure amount 259

F

factor push method 74 
forward-bucket‘01s 216 
forward rates 169 
freedom in the world survey 244 
full valuation methods 17,51 
funding liquidity risk 88

G

gamma 138
gamma-neutral 139 
GARCH model 31
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multidimensional scenario analysis 73 
multivariate density estimation 36

N

general risk management process 239 
Gini coefficient 244 
Global Peace Index 244 
gross realized return 182

H

hedge ratio 95, 199 
hedging 95
historical-based approaches 27 
historical scenarios 74 
historical simulation method 21, 32, 53 
historical volatility 121 
holding period return 165 
homogeneity bias 254 
Human Development Index 244 
hybrid approach 28, 34

I

implied volatility 28, 121 
information bias 254 
interest rate factors 198 
investment grade 249 
issuer credit rating 249

K

key rate’01 217 
key rate duration 218 
key rate exposures 216 
key rate shift 216 
key risk indicators 277

L

law of one price 153 
legal risk 271 
linear derivative 47 
linear methods 17 
local delta 48
lognormal distribution 274 
loss frequency 274 
loss rate 259 
loss severity 274

M

Macaulay duration 201
market portfolio 60
mean reversion 38
mean-variance framework 59
modified duration 202
monoline insurers 87
monotonicity 63
Monte Carlo simulation 22, 274
moral hazard 278

naked position 128 
negative convexity 207 
net realized return 183 
non-investment grade 249 
nonparallel shift 175 
nonparametric approach 28 
normal distribution 59

o
operational risk 271

P

parallel shift 175
parametric approaches for VaR 28
par rate 171
partial‘01s 216
par value 190
perfect hedge 95
perpetuity 188
pipeline risk 87
Poisson distribution 274
political stability 231
popular discontent 231
portfolio-driven scenario 72
portfolio insurance 143
positive homogeneity 63
premium bond 190
price-yield curve 49, 150
principal/agent bias 254
probability of default 259
prospective scenarios 74
P-STRIPS 155
pull to par 190
put-call parity 115

R

rate changes component 192 
rating agencies 229 
ratings process 249 
ratings scale 249 
realized forward scenario 192 
realized return 112,182,186 
realized yield 187 
reconstitute 155 
recovery rate 259
regime-switching volatility model 26 
reinvestment risk 183, 187 
reputational risk 271 
return decomposition 191
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rho 141
risk and control self assessment 276 
risk contribution 262 
risk governance 81 
RiskMetrics 28 
risk spectrum 65

s
scale bias 254
scenario analysis 65, 72, 143, 276 
scorecard approach 277 
securitization 87 
sensitivity analysis 75,84 
SPAN system 72 
spot rate 167 
spot rate curve 167 
spread 184
spread change component 192 
standardized approach 272 
state capacity 232 
stop-loss strategy 129 
strategic risk 271 
stress testing 53, 71, 80 
STRIPS 155
structured Monte Carlo (SMC) approach 51 
subadditivity 63 
swap rates 165

T

U

unchanged term structure scenario 193 
unchanged yields scenario 193 
unconditional distribution 25 
unexpected loss 260 
unexpected loss contribution 262 
unidimensional scenario analysis 73

V

value at risk 27, 62, 82 
vega 140

w

warrants 120 
worst case scenario 53 
wrong-way risk 87

Y

yield curve 174
yield curve butterfly shifts 176
yield curve risk 215
yield curve twists 175
yield to maturity 184
youth unemployment 244

Taylor Series approximation 48 
theta 136
through-the-cycle approach 253 
time horizon bias 254 
total price appreciation 191 
translation invariance 63
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	Getting Started

	Part I FRM® Exam

	Contact us for questions about your study package, upgrading your package, purchasing additional study materials, or for additional information: www.schweser.com/frm | Toll-Free: 888.325.5072 | International: +1 608.779.8397

	FRM Part I Book 4:

	VALUATION AND RlSK MODELS

	Linear Valuation: The Delta-Normal Valuation Method

	Full Valuation: Monte Carlo and Historic Simulation Methods

	Delta-Normal Method

	Historical Simulation Method

	Monte Carlo Simulation Method

	LO 49.1: Explain how asset return distributions tend to deviate from the normal distribution.

	LO 49.2: Explain reasons for fat tails in a return distribution and describe their implications.

	LO 49.3: Distinguish between conditional and unconditional distributions.

	LO 49.4: Describe the implications of regime switching on quantifying volatility.

	LO 49.5: Explain the various approaches for estimating VaR.

	LO 49.6: Compare and contrast different parametric and non-parametric approaches for estimating conditional volatility.

	LO 49.7: Calculate conditional volatility using parametric and non-parametric approaches.

	[(1 - X) / (1 - X^JX1 = [(1 - 0.96) / (1 - 0.9610°)]0.96 = 0.0391


	LO 49.8: Explain the process of return aggregation in the context of volatility forecasting methods.

	LO 49.9: Describe implied volatility as a predictor of future volatility and its shortcomings.

	LO 49.10: Explain long horizon volatility/VaR and the process of mean reversion according to an AR(1) model.

	Key Concepts

	LO 49.1

	LO 49.2

	LO 49.3

	LO 49.4

	LO 49.5

	LO 49.6

	LO 49.7

	LO 49.8

	LO 49.9

	LO 49.10


	Concept Checkers

	Concept Checker Answers

	LO 50.1: Explain and give examples of linear and non-linear derivatives.

	LO 50.2: Describe and calculate VaR for linear derivatives.

	LO 50.3: Describe the delta-normal approach to calculating VaR for non-linear derivatives.

	LO 50.4: Describe the limitations of the delta-normal method.

	LO 50.5: Explain the full revaluation method for computing VaR.

	LO 50.6: Compare delta-normal and full revaluation approaches for computing VaR.

	LO 50.8: Describe the implications of correlation breakdown for scenario analysis.

	LO 50.9: Describe worst-case scenario (WCS) analysis and compare WCS to VaR.


	Key Concepts

	LO 50.1

	LO 50.2

	LO 50.3

	LO 50.4

	LO 50.5

	LO 50.6

	LO 50.7

	LO 50.8

	LO 50.9


	Concept Checkers

	Concept Checker Answers

	LO 51.1: Describe the mean-variance framework and the efficient frontier.

	Mean-Variance Framework Limitations

	LO 51.2: Explain the limitations of the mean-variance framework with respect to assumptions about the return distributions.

	LO 51.3: Define the Value-at-Risk (VaR) measure of risk, describe assumptions about return distributions and holding period, and explain the limitations of VaR.

	LO 51.4: Define the properties of a coherent risk measure and explain the meaning of each property. * 1

	LO 51.5: Explain why VaR is not a coherent risk measure.

	LO 51.6: Explain and calculate expected shortfall (ES), and compare and contrast VaR and ES.

	LO 51.7: Describe spectral risk measures, and explain how VaR and ES are special cases of spectral risk measures.

	LO 51.8: Describe how the results of scenario analysis can be interpreted as coherent risk measures.


	Key Concepts

	LO 51.1

	LO 51.2

	LO 51.3

	LO 51.4

	LO 51.5

	LO 51.6

	LO 51.7

	LO 51.8


	Concept Checkers

	Concept Checker Answers

	LO 52.1: Describe the purposes of stress testing and the process of implementing a stress testing scenario.

	LO 52.2: Contrast between event-driven scenarios and portfolio-driven scenarios.

	LO 52.3: Identify common one-variable sensitivity tests.

	LO 52.4: Analyze drawbacks to scenario analysis.

	LO 52.5: Distinguish between unidimensional and multidimensional scenarios.

	LO 52.6: Compare and contrast various approaches to multidimensional scenario analysis.

	LO 52.7: Define and distinguish between sensitivity analysis and stress testing model parameters.

	LO 52.8: Explain how the results of a stress test can be used to improve risk analysis and risk management systems. * •


	Key Concepts

	LO 52.1

	LO 52.2

	LO 52.3

	LO 52.4

	LO 52.5

	LO 52.6

	LO 52.7

	LO 52.8


	Concept Checkers

	Concept Checker Answers

	LO 53.1: Describe the rationale for the use of stress testing as a risk management tool.

	LO 53.2: Describe weaknesses identified and recommendations for improvement in:

	Recommendations

	Risks Arising From Complex Structured Products

	Basis Risk

	Counterparty Credit Risk

	Pipeline Risk

	Contingent Risk

	Funding Liquidity Risk


	Key Concepts

	LO 53.1

	LO 53.2

	LO 53.3


	Concept Checkers

	Concept Checker Answers

	Using the Hedge Ratio to Develop the Replicating Portfolio

	$2.21

	LO 54.2: Describe how volatility is captured in the binomial model.

	LO 54.4: Explain how the binomial model can be altered to price options on: stocks with dividends, stock indices, currencies, and futures.

	($2.00x0.51)+ ($5.06x0.49)	^/0

	($0.96 x 0.51) + ($3.67 x 0.49)


	LO 54.3: Describe how the value calculated using a binomial model converges as time periods are added.



	Key Concepts

	LO 54.1

	LO 54.2

	LO 54.3

	LO 54.4


	Concept Checkers

	Concept Checker Answers

	i. c

	0.66.

	LO 55.1: Explain the lognormal property of stock prices, the distribution of rates of return, and the calculation of expected return.

	LO 55.2: Compute the realized return and historical volatility of a stock.

	Equation 1

	0.22

	0.10


	LO 55.3: Describe the assumptions underlying the Black-Scholes-Merton option pricing model.

	LO 55.4: Compute the value of a European option using the Black-Scholes-Merton model on a non-dividend-paying stock.

	Po = |x x e RfxT X [l - N (d2)]} - {s0 x [l - N (di)]}

	145 J

	+ 0.05 + fo.5x0.122) x 0.25


	LO 55.8: Compute the value of a European option using the Black-Scholes-Merton model on a dividend-paying stock.

	European Options

	45

	jo.05+ 0.5x(0.12)2 | x 0.25

	0.2


	LO 55.7: Explain how dividends affect the early decision for American call and put options.

	LO 55.9: Describe the use of Black’s Approximation in calculating the value of an American call option on a dividend-paying stock.

	American Options

	S(tn)-Dn-Xe-r(T-t")

	Dj <x(l-e_r(tl+I_t”))fori<n


	LO 55-5: Identify the complications involving the valuation of warrants.

	LO 55.6: Define implied volatilities and describe how to compute implied volatilities from market prices of options using the Black-Scholes-Merton model.



	Key Concepts

	LO 55.1

	LO 55.2

	LO 55.3

	LO 55.4

	LO 55.5

	LO 55.6

	LO 55.7

	LO 55.8

	LO 55.9


	Concept Checkers

	Concept Checker Answers

	LO 56.1: Describe and assess the risks associated with naked and covered option positions.

	LO 56.2: Explain how naked and covered option positions generate a stop loss trading strategy.

	LO 56.3: Describe delta hedging for an option, forward, and futures contracts. LO 56.4: Compute the delta of an option.

	Option Delta

	Forward Delta

	Futures Delta

	Dynamic Aspects of Delta Hedging

	LO 56.5: Describe the dynamic aspects of delta hedging.

	Maintaining the Hedge

	Other Portfolio Hedging Approaches

	LO 56.6: Define the delta of a portfolio.

	N'(d!) _	0.055


	LO 56.11: Describe how portfolio insurance can be created through option instruments and stock index futures.


	Key Concepts

	LO 56.7

	LO 56.8

	LO 56.9

	LO 56.10

	LO 56.11


	Concept Checkers

	Concept Checker Answers

	Calculating the Value of a Coupon Bond

	100	100	100	100 100	1,000


	LO 57.1: Define discount factor and use a discount function to compute present and future values.

	LO 57.2: Define the “law of one price,” explain it using an arbitrage argument, and describe how it can be applied to bond pricing.

	LO 57.5: Identify arbitrage opportunities for fixed income securities with certain cash flows.

	LO 57.3: Identify the components of a U.S. Treasury coupon bond, and compare and contrast the structure to Treasury STRIPS, including the difference between * •

	LO 57.4: Construct a replicating portfolio using multiple fixed income securities to match the cash flows of a given fixed income security.

	LO 57.6: Dififerentiate between "clean" and "dirty" bond pricing and explain the implications of accrued interest with respect to bond pricing.

	LO 57.7: Describe the common day-count conventions used in bond pricing.

	Accrued Interest

	Day-Count Convention

	Clean and Dirty Bond Pricing


	Key Concepts

	Concept Checkers

	Concept Checker Answers

	LO 58.1: Calculate and interpret the impact of different compounding frequencies on a bond’s value.

	0.10


	0.10

	FVn

	PVn

	$100


	LO 58.2: Calculate discount factors given interest rate swap rates.

	0.65^

	0.8

	0.8

	0.8



	100+™'

	LO 58.3: Compute spot rates given discount factors.

	LO 58.4: Interpret the forward rate, and compute forward rates given spot rates. * 1 2

	LO 58.5: Define par rate and describe the equation for the par rate of a bond.

	LO 58.6: Interpret the relationship between spot, forward and par rates.

	$2 $102

	$102


	LO 58.7: Assess the impact of maturity on the price of a bond and the returns generated by bonds.

	LO 58.8: Define the “flattening” and “steepening” of rate curves and describe a trade to reflect expectations that a curve will flatten or steepen.



	Key Concepts

	LO 58.1

	LO 58.2

	LO 58.3

	LO 58.4

	LO 58.5

	LO 58.6

	LO 58.7


	Concept Checkers

	Concept Checker Answers

	. . . $100 $100 $100 $1,100

	LO 59.1: Distinguish between gross and net realized returns, and calculate the realized return for a bond over a holding period including reinvestments.

	BVt+Ct—BVt_j

	BV,


	LO 59.2: Define and interpret the spread of a bond, and explain how a spread is derived from a bond price and a term structure of rates.

	LO 59.3: Define, interpret, and apply a bond’s yield-to-maturity (YTM) to bond pricing.

	LO 59.4: Compute a bond’s YTM given a bond structure and price.

	e-7oo_ $100	,	$100	,	$100	,	,	$100

	x 2 = 5.35%

	LO 59.5: Calculate the price of an annuity and a perpetuity.

	$100 $100 $100 $100



	(1 + 0.10)1 (1 + 0.10)2 (1 + 0.10)3 (1 + 0.10)10

	0.10

	LO 59.6: Explain the relationship between spot rates and YTM.

	LO 59.7: Define the coupon effect and explain the relationship between coupon rate, YTM, and bond prices.


	1,000.00

	Coupon Effect

	LO 59.8: Explain the decomposition of P&L for a bond into separate factors including carry roll-down, rate change and spread change effects.

	Carry-Roll-Down Scenarios

	LO 59.9: Identify the most common assumptions in carry roll-down scenarios, including realized forwards, unchanged term structure, and unchanged yields.



	Key Concepts

	LO 59.7

	LO 59.8

	LO 59.9


	Concept Checkers

	Concept Checker Answers

	LO 60.1: Describe an interest rate factor and identify common examples of interest rate factors.

	LO 60.2: Define and compute the DV01 of a fixed income security given a change in yield and the resulting change in price.

	10,000 x (-0.0001)

	LO 60.3: Calculate the face amount of bonds required to hedge an option position given the DV01 of each.

	.	,	. .	DV01°


	LO 60.4: Define, compute, and interpret the effective duration of a fixed income security given a change in yield and the resulting change in price.

	DV01 vs. Duration

	LO 60.5: Compare and contrast DV01 and effective duration as measures of price sensitivity.

	LO 60.6: Define, compute, and interpret the convexity of a fixed income security given a change in yield and the resulting change in price.

	LO 60.7: Explain the process of calculating the effective duration and convexity of a portfolio of fixed income securities.

	LO 60.8: Explain the impact of negative convexity on the hedging of fixed income securities.



	Key Concepts

	Concept Checkers

	Concept Checker Answers

	LO 61.1: Describe and assess the major weakness attributable to single-factor approaches when hedging portfolios or implementing asset liability techniques.

	LO 61.2: Define key rate exposures and know the characteristics of key rate exposure factors including partial ‘01s and forward-bucket ‘01s.

	LO 61.3: Describe key-rate shift analysis.

	LO 61.4: Define, calculate, and interpret key rate ‘01 and key rate duration.

	10,000 0.01%

	xl0,000 = —1.59

	LO 61.5: Describe the key rate exposure technique in multi-factor hedging applications; summarize its advantages/disadvantages.

	LO 61.6: Calculate the key rate exposures for a given security, and compute the appropriate hedging positions given a specific key rate exposure profile.

		xFs -I	xFln =14.74

	x F30 = 64.70


	LO 61.7: Relate key rates, partial ‘01s and forward-bucket ‘01s, and calculate the forward bucket ‘01 for a shift in rates in one or more buckets.

	Hedging Across Forward-Bucket Exposures

	LO 61.8: Construct an appropriate hedge for a position across its entire range of forward bucket exposures.

	LO 61.9: Apply key rate and multi-factor analysis to estimating portfolio volatility.



	Key Concepts

	LO 61.1

	LO 61.2

	LO 61.3

	LO 61.4

	LO 61.5

	LO 61.6


	Concept Checkers

	Concept Checker Answers

	10,000 0.01%

	LO 62.1: Identify characteristics and guidelines leading to effective country risk analysis.

	LO 62.3: Describe factors which are likely to influence the political stability and economic openness within a country.

	LO 62.4: Apply basic country risk analysis in comparing two countries as illustrated in the case study.


	Key Concepts

	Concept Checkers

	Concept Checker Answers

	LO 63.1: Explain key considerations when developing and using analytical tools to assess country risk. * •

	LO 63.2: Describe a process for generating a ranking system and selecting risk management tools to compare the risk among countries.

	Grade-Based Rating Scheme

	Qualitative Listing of Risks and Mitigants (for a specific transaction)

	Event Probability

	Qualitative Assessment of Impact

	Letter Ratings for Different Degrees of Country Risk

	Combination of Methods

	LO 63-3: Describe qualitative and quantitative factors that can be used to assess country risk.

	LO 63.4: Describe alternative measures and indices that can be useful in assessing country risk.

	Corruption Perceptions Index

	Democracy Index

	Freedom in the World

	Gini Coefficient

	Global Peace Index

	Human Development Index

	Youth Unemployment


	Key Concepts

	LO 63.1

	LO 63.2

	LO 63.3

	LO 63.4


	Concept Checkers

	Concept Checker Answers

	LO 64.1: Describe external rating scales, the rating process, and the link between ratings and default.

	LO 64.6: Describe a ratings transition matrix and explain its uses.

	LO 64.2: Describe the impact of time horizon, economic cycle, industry, and geography on external ratings.

	LO 64.3: Explain the potential impact of ratings changes on bond and stock prices.

	LO 64.4: Compare external and internal ratings approaches.

	LO 64.5: Explain and compare the through-the-cycle and at-the-point internal ratings approaches.

	LO 64.7: Describe the process for and issues with building, calibrating and backtesting an internal rating system.

	LO 64.8: Identify and describe the biases that may affect a rating system.


	Key Concepts

	LO 64.1

	LO 64.2

	LO 64.3

	LO 64.4

	LO 64.5

	LO 64.6

	LO 64.7

	LO 64.8


	Concept Checkers

	Concept Checker Answers

	LO 65.2: Identify and describe important factors used to calculate economic capital for credit risk: probability of default, exposure, and loss rate.

	LO 65.3: Define and calculate expected loss (EL).

	LO 65.4: Define and calculate unexpected loss (UL).

	UL — EA x \]PD x	-)- LR^ x

	UL = $ 1,800,000 x Vo.01x0.32 +0.42 x0.052 = $64,900


	LO 65.5: Calculate UL for a portfolio and the risk contribution of each asset.

	ULp

	ULr

	ULp


	Diversifiable and Undiversifiable Risk

	The Effect of Correlation

	= $1,800,000 x 0.01 x 0.40

	ULa =$8,250, 000xV0.005x0.252 +0.52 x0.022 =$167,558 ULb = $1,800,000x Vo.01x0.32 +0.42 x0.052 = $64,900

	ULP = ^(167,558)2 +(64,900)2 +(2)(0.3)(167,558)(64,900) = $197,009


	LO 65.1: Evaluate a bank’s economic capital relative to its level of credit risk. LO 65.6: Describe how economic capital is derived.

	LO 65.7: Explain how the credit loss distribution is modeled.

	LO 65.8: Describe challenges to quantifying credit risk.


	Key Concepts

	LO 65.1

	LO 65.2

	LO 65.3

	EL = EA x PD x LR

	LO 65.4

	UL — EA x ^PD x ryj'j^ -f- LR2 x o’pp)

	LO 65.5

	ULP

	UL2 + (pj]2 x ULj) ULp


	Concept Checkers

	Concept Checker Answers

	LO 66.1: Compare three approaches for calculating regulatory capital.

	LO 66.3: Derive a loss distribution from the loss frequency distribution and loss severity distribution using Monte Carlo simulations.

	Data Limitations

	LO 66.4: Describe the common data issues that can introduce inaccuracies and biases in the estimation of loss frequency and severity distributions.

	LO 66.5: Describe how to use scenario analysis in instances when data is scarce.

	LO 66.7: Describe the allocation of operational risk capital and the use of scorecards.

	LO 66.8: Explain how to use the power law to measure operational risk.

	LO 66.9: Explain the risks of moral hazard and adverse selection when using insurance to mitigate operational risks.


	Key Concepts

	LO 66.8

	LO 66.9


	Concept Checkers

	Concept Checker Answers

	VaR(X%)J<1<), = VaR(X%)1^N/J

	GARCH(1,1):

	BV-Ay -BV+Ay

	UL^UUp

	Probability Example

	Hypothesis Testing - One-Tailed Test Example

	Hypothesis Testing - Two-Tailed Test Example
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