
 
  

 Linear Programming 
Basic Concepts 

Constraint* The feasible region within which a solution must lie. 

Extreme Point 
Theorem 

It states that an optimal solution to a LPP occurs at one of 
the vertices of the feasible region. 

Feasible Region* 
 

Area contained within all of the constraint lines shown on a 
graphical depiction of a linear programming problem. All 
feasible combinations of output are contained within or 
located on the boundaries of the feasible region. 

Graphical Method 
 

It involves the following: 
(i) Formulating the linear programming problem 
(ii) Plotting the capacity constraints on the graph paper. 
(iii) Identifying feasible region and coordinates of corner 

points. 
(iv) Testing the corner point which gives maximum profit. 
(v) For decision – making purpose, sometimes, it is 

required to know whether optimal point leaves some 
resources unutilized. 

Linear 
Programming* 
 

Series of linear equations used to construct a mathematical 
model. The objective is to obtain an optimal solution to a 
complex operational problem, which may involve the 
production of a number of products in an environment in 
which there are many constraints. 

Methods of Linear 
Programming 

(i) Graphical Method 
(ii) Simplex Method 

Shadow Price* 
 

Increase in value which would be created by having available 
one additional unit of a limiting resource at its original cost. 
This represents the opportunity cost of not having the use of 
the one extra unit. This information is routinely produced 
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10.2 Advanced Management Accounting  

when mathematical programming (especially linear 
programming) is used to model activity. 

Slack Variables* 
 

Amount of each resource which will be unused if a specific 
linear programming solution is implemented. 

Simplex Method 
 

The Simplex Method is a computational procedure - an 
algorithm - for solving linear programming problems. It is an 
iterative optimizing technique. In the simplex process, we 
must first find an initial basis solution (extreme point). We 
then proceed to an adjacent extreme point. We continue 
moving from point to point until we reach an optimal 
solution. 

(*) Source- CIMA’s Official Terminology 
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Simplex Algorithm – Maximization 

Maximize 

  Z =   c1x1 + c2x2 + --- +cnxn 

Subject to the Constraints: 

 k11x1 + k12x2 + --- + k1nxn  ≤ b1 

 k21x1 + k22x2 + --- + k2nxn     ≤ b2 

 -- -- --- -- -- --  

 -- -- --- -- -- --  

 km1x1 + km2x2 + --- + kmnxn   ≤ bm 

 x1, x2, ---, xn  ≥  0  

 x1, x2, ---, xn are the ‘Decision Variables’. 

 cj (j = 1, 2, ---, n) in the objective function are called the ‘Profit Coefficients’. 

 bi (i = 1, 2, --- ,m) are called ‘Resources’. 

 Constants kij (i = 1, 2, ---, m; j = 1, 2, ---, n) are called ‘Structural Coefficients’. 

 An inequality of the “≤” type is changed into an equality: 

          By the addition of a non- negative ‘Slack Variable’. By adding a suitable positive 
quantity ‘si’ to the left hand side, the inequality constraint can, be written as: 

 ki1x1 + ki2x2 + ---+ kin xn + si  =  bi   (i = 1, 2, ---, m) 

Solution Steps 

 
Objective Function 

 Z  =    c1x1 + c2x2 + --- + cnxn  

    + 0s1 + 0s2 + --- + 0sm  

Subject to the Constraints: 

 k11x1 + k12x2 + --- + k1nxn + s1  = b1 
 k21x1 + k22x2 + --- + k2nxn + s2 =  b2 
 -- -- --- -- -- -- -- 
 -- -- --- -- -- -- -- 
 km1x1 + km2x2 + --- + kmnxn + sm =  bm 

 x1, x2, ---, xn, s1, s2, --- , sm ≥ 0  

 Note that slack variables have been allocated zero coefficients in the objective function 
as these variables typically contribute nil amount to the value of objective function. 

© The Institute of Chartered Accountants of India



10.4 Advanced Management Accounting  

     
INITIAL SIMPLEX TABLEAU 

Cj 
(Contribution per Unit) 

c
1
 c

2
 --- c

n
 0 0 --- 0 Minimum 

Ratio  
X

B / kij
 CB Basic 

Variables 
(B) 

Value of 
 Basic Variables 

b (=XB) 

x
1 x

2 --- x
n
 s

1 s
2 --- s

m 

Real Variables Slack Variables 

x
1 x

2 --- x
n
 s

1 s
2 --- s

m 

CB1 s1 b1 (= xB1) k11 k12 --- k1 n 1 0 --- 0 --- 

CB2 s2 b2 (= xB2) k21 k22 --- k2n 0 1 --- 0 --- 

- - - - - --- - - - --- - --- 

- - - - - --- - - - --- - --- 

CBm sm bm (= xBm) km1 k m2 --- k mn 0 0 --- 1 --- 

Zj =  Bi jC X 0 0 --- 0 0 0 --- 0  

Net Contribution per unit (Cj – Zj) c1 –z1 c2–z2 --- cn–zn 0 0 --- 0 

 In the first row ‘Cj’ we write the ‘Coefficients of the Real Variables and Slack Variables’ in 
the ‘Objective Function’ (c1, c2, c3, ---, cn, 0, 0, ---, 0). These values will remain unchanged 
in the subsequent tableaus. 

 In the first column labeled ‘CB’, we list the ‘Coefficients of the Basic Variables’ in the 
‘Objective Function’. In initial tableau: CB1 = 0, CB2 = 0, ---, CBm = 0. 

 In the second column ‘Basic Variables’ we place the ‘Basic Variables’. In initial tableau 
we place ‘Slack Variables (s1, s2, s3, ---, sm)’ as ‘Basic Variables’ to eliminate the impact of 
them first. 

 ‘The Matrix’ under ‘Real Variables Columns (x1, x2, ---, xn)’ in the tableau represents the 
‘Coefficients of the Decision Variables’ in the ‘Constraints Set’.  

 ‘The Matrix’ under ‘Slack Variables Columns (s1, s2, ---, sm)’ in the initial simplex 
tableau represents the ‘Coefficients of the Slack Variables’ in the ‘Constraint Set’. 

 To get ‘Zj’ row under a column, we multiply the entries of that column by the 
corresponding entries of ‘CB’ column and add the product. In initial tableau value of ‘Zj’ 
with respect to ‘Real Variable Columns’ and ‘Slack Variable Columns’ remains ‘0’ only. 

 The last row ‘Cj – Zj’ called the ‘Index Row or Net Evaluation Row’. In initial tableau 
value of ‘Cj – Zj’ with respect to ‘Slack Variable Columns’ remains ‘0’ only.  

 If all the elements or entries in the Cj – Zj row are Negative or Zero then the current 
solution is Optimum. 

 If current solution is not optimum, it can be further enhanced by eliminating one basic 
variable and replacing it by some non-basic one.  For this 
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 We now decide the ‘Variable to Enter’ in the solution mix (Basic Variable 
Column). Column with largest positive entry in the Cj – Zj row is called ‘Key 
Column’ (indicated by ). The non-basic variable at the top of the key column is 
the ‘Entering Variable’ that will replace a basic variable. 

 Next step is to determine ‘Leaving Variable’ (Basic Variable to be replaced).  This 
can be trace by dividing each number in the ‘XB’ column by the corresponding 
number in ‘Key Column’.  We compute ratio (b1/k1j, b2/k2j, ---, bm/kmj). The row 
corresponding to the minimum of these ratios is ‘Key Row’ (indicated by  ).  
Corresponding basic variable in the key row known as the ‘Leaving (Departing) 
Variable’. 

 ‘Key Element’ is the number that lies at the junction of the key column and key 
row. 

 Constructing Second Tableau. 

  New values for the key row are computed by simply dividing every element 
of key row by key element. 

  New values of the elements in the remaining rows for the new table can 
be obtained by performing elementary row operation on all rows so that all 
elements except the key element in the key column are zero.  For each row 
other than the key row, we use following formula- 

New Row Number  =  Number in Old Rows-{(Corresponding 
   Number in Key Row) × 
   (Corresponding Fixed Ratio)} 
 

Corresponding Fixed Ratio   = 
Old Row Number in Key Column

Key Number
 

 Compute Zj and Cj – Zj  rows.  If all the numbers in Cj – Zj rows are either Negative 
or Zero, an optimum solution has been obtained.  If any of the numbers in Cj – Zj  
row is Positive repeat the steps as explained above until an optimum solution has 
been obtained. 
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Simplex Algorithm - Minimization 

Minimize 
  Z = c1x1 + c2x2 + --- + cnxn 

Subject to the Constraints: 

 k11x1 + k12x2 +--- + k1nxn ≥ b1 
 k21x1 + k22x2 +--- + k2nxn ≥ b2 

 -- -- --- -- -- -- 
 -- -- --- -- -- -- 
 km1x1 + km2x2 +---+ kmnxn  ≥ bm 

 x1, x2, --- , xn ≥ 0 

 x1, x2, ---, xn are the ‘Decision Variables’. 

 cj (j = 1, 2, ---, n) in the objective function are called the ‘Cost Coefficients’. 

 bi (i = 1, 2, --- ,m) are called ‘Resources’. 

 Constants kij (i = 1,2, ---,m; j = 1, 2, ---,n) are called ‘Structural Coefficients’. 

 An inequality of the “≥” type is changed into an equality: 

 By the subtraction of a non negative ‘Surplus Variable’. By subtracting positive 
quantity ‘si’ from the left hand side, the inequality constraint can, be written as: 

 ki1x1 + ki2x2 + ---+ kin xn - si = bi   (i = 1, 2, ---, m) 

 If x1, x2, ---, xn are set equal to Zero, then si (i = 1, 2, ---, m) turn out to be negative, 
violating the non-negativity restriction. Therefore, to circumvent this, we introduce 
another similar device ‘Artificial Variable’ represented by ‘Ai’.  

 ki1x1 + ki2x2 + --- + kin xn - si + Ai = bi   (i = 1, 2, ---, m) 

Solution Steps 

Objective Function 

 Z =  c1x1 + c2x2 + --- + cnxn  

    + 0s1 + 0s2 + --- + 0sm  

    + MA1 + MA2 + --- + MAm 

Subject to the Constraints: 

 k11x1 + k12x2 + --- + k1nxn - s1 + A1 = b1 
 k21x1 + k22x2 + --- + k2nxn - s2 + A2 = b2 

 -- -- --- -- -- -- -- -- 
 -- -- --- -- -- -- -- -- 
 km1x1 + km2x2 + --- + kmnxn - sm + Am = bm 

 x1, x2, ---, xn, s1, s2, --- , sm, A1, A2, ---, Am ≥ 0 
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 Note that ‘Surplus Variables’ have been allocated ‘Zero Coefficients’ in the Objective 
Function. While ‘Artificial Variables’ have been allocated a Very Large Number indicated 
by ‘M’. 

    
INITIAL SIMPLEX TABLEAU 

Cj 

(Cost per Unit) 

c
1
 c

2
 --- c

n
 0 0 --- 0 M M --- M  

 
X

B / 

k
ij
 CB 

 

 

 

 

Basic 

Variables 

(B) 

Value of 

Basic 

Variables b 

(=XB) 

x
1 x

2 --- x
n
 s

1 s
2 --- s

m A
1 A

2 

 

--- A
m 

Real Variables Surplus Variables Artificial Variables 

x
1 x

2 --- x
n
 s

1 s
2 --- s

m A
1 A

2 --- A
m 

CB1 A1 b1 (= xB1) k11 k12 --- k1 n -1 0 --- 0 1 0 --- 0 ---

CB2 A2 b2 (= xB2) k21 k22 --- k2n 0 -1 --- 0 0 1 --- 0 ---

- - - - - --- - - - --- - - - --- - ---

- - - - - --- - - - --- - - - --- - ---

CBm Am bm (= xBm) km1 k m2 --- k mn 0 0 --- -1 0 0 --- 1 ---

Zj =  Bi jC X  z1 z2 --- zn -M -M --- -M M M --- M  

Net Evaluation Row 

(Cj – Zj) 

c1–z1 c2–z2 --- cn–zn M M --- M 0 0 --- 0 

 In the first row ‘Cj’ we write the ‘Coefficients of the Real Variables, Surplus Variables, 
and Artificial Variables’ in the ‘Objective Function’ (c1, c2, c3, ---, cn, 0, 0, ---, 0, M, M, ---, 
M). These values will remain unchanged in the subsequent tableaus. 

 In the first column labeled ‘CB’, we list the ‘Coefficients of the Basic Variables’ in the 
‘Objective Function’. In initial tableau: CB1 = M, CB2 = M, ---, CBm = M. 

 In the second column ‘Basic Variables’ we place the ‘Basic Variables’. In initial tableau 
we place ‘Artificial Variables (A1, A2, A3, ---, Am)’ as ‘Basic Variables’ to eliminate the 
impact of them first. 

 ‘The Matrix’ under ‘Real Variables Columns (x1, x2, ---, xn)’ in the tableau represents 
the ‘Coefficients of the Decision Variables’ in the ‘Constraints Set’.  

 ‘The Matrix’ under ‘Surplus Variables Columns (s1, s2, ---, sm)’ in the initial simplex 
tableau represents the ‘Coefficients of the Surplus Variables’ in the ‘Constraint Set’. 
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 ‘The Matrix’ under ‘Artificial Variables Columns (A1, A2, ---, Am)’ in the initial simplex 
tableau represents the ‘Coefficients of the Artificial Variables’ in the ‘Constraint Set’. 

 To get ‘Zj’ row under a column, we multiply the entries of that column by the 
corresponding entries of ‘CB’ column and add the product. In initial tableau value of ‘Zj’ 
with respect to ‘Surplus Variables Columns’ remains ‘-M’ only. While value of ‘Zj’ with 
respect to ‘Artificial Variables Columns’ remains ‘M’ only. 

 The last row ‘Cj – Zj’ called the ‘Index Row or Net Evaluation Row’. In initial tableau 
value of ‘Cj – Zj’ with respect to ‘Surplus Variables Columns’ remains ‘M’ only. While 
value of ‘Cj – Zj’ with respect to ‘Artificial Variable Columns’ remains ‘Zero’ only. 

 If all the elements or entries in the Cj – Zj row are Positive or Zero then the current 
solution is Optimum. 

 If current solution is not optimum, it can be further enhanced by eliminating one 
basic variable and replacing it by some non-basic one.  For this 

 We now decide the ‘Variable to Enter’ in the solution mix (Basic Variable 
Column). Column with largest negative entry in the Cj – Zj row is called ‘Key 
Column’ (indicated by ). The non-basic variable at the top of the key column is 
the ‘Entering Variable’ that will replace a basic variable. 

 Next step is to determine ‘Leaving Variable’ (Basic Variable to be replaced).  
This can be trace by dividing each number in the ‘XB’ column by the 
corresponding number in ‘Key Column’.  We compute ratio (b1/k1j, b2/k2j, ---, 
bm/kmj). The row corresponding to the minimum of these ratios is ‘Key Row’ 
(indicated by ).  Corresponding basic variable in the key row known as the 
‘Leaving (Departing) Variable’. 

 ‘Key Element’ is the number that lies at the junction of the key column and key 
row. 

 Constructing Second Tableau. 

 New values for the key row are computed by simply dividing every 
element of key row by key element. 

 New values of the elements in the remaining rows for the new table can 
be obtained by performing elementary row operation on all rows so that all 
elements except the key element in the key column are zero.  For each row 
other than the key row, we use following formula. 

New Row Number  =  Number in Old Rows-{(Corresponding 
   Number in Key Row) × 
   (Corresponding Fixed Ratio)} 
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Corresponding Fixed Ratio   = 
Old Row Number in Key Column

Key Number
 

 Compute Zj and Cj – Zj  rows.  If all the numbers in Cj – Zj rows are either Positive 
or Zero, an optimum solution has been obtained.  If any of the numbers in Cj – Zj  
row is negative repeat the steps as explained above until an optimum solution 
has been obtained. 

Primal – Dual 
Primal LP Problem 

Maximize 

  Z =   c1x1 + c2x2 + --- + cnxn 

Subject to the Constraints: 

 k11x1 + k12x2 + --- + k1nxn  ≤ b1 
 k21x1 + k22x2 + --- + k2nxn     ≤ b2 

 -- -- ---  -- -- -- 
 -- -- ---  -- -- -- 
 km1x1 + km2x2 + --- + kmnxn   ≤ bm 

 x1, x2, ---, xn  ≥  0  

Corresponding Dual LP Problem  

Minimize 

  Z =   b1y1 + b2y2 + --- + bmym 

Subject to the Constraints: 

 k11y1 + k21y2 + --- + km1ym  ≥ c1 
 k12y1 + k22y2 + --- + km2ym     ≥ c2 
 -- -- ---  -- -- -- 
 -- -- ---  -- -- -- 
 k1ny1 + k2ny2 + --- + kmnym   ≥ cn 

 y1, y2, ---, ym  ≥  0  
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Types of Constraint Extra Variable Required Coefficients of Extra 
Variables in the 

Objective Function 

Max Z Min Z 

Less than or equal to (≤) A Slack Variable is to be added 0 0 

Greater than or equal to 
(≥) 

A Surplus Variable is to be 
subtracted  
and  
An Artificial Variable is to be 
added. 

0 0 

-M +M 

Equal to (=) Only an artificial variable is to 
be added  

-M +M 
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Linear Programming & Applications 
Question-1 

Write short notes on the characteristics of the dual problem.  

Answer 

Characteristics of the dual problem: 

(i) For any linear programming model called primal model, there exists a companion model 
called the dual model. 

(ii) The number of constraints in the primal model equals the number of variables in the 
dual model. 

(iii) The number of variables in the primal problem equals the number of constraints in the 
dual model. 

(iv) If the primal model has a maximization objective then the dual model will have a 
minimization objective and vice-versa. Inequalities get reversed. 

(v) The solution of the primal model yields the solution of the dual model. Also, an optimal 
simplex table for the dual model yields the optimal solution to the primal model. Further, 
the objective functions of the two optimal tables will have identical values. 

(vi) Dual of the prima’s dual problem is the primal problem itself. 

(vii) Feasible solutions to a primal and dual problem are both optimal if the complementary 
slackness conditions hold. If this relationship does not hold, than either the primal 
solution or the dual solution or both are no optimal. 

(viii) If the primal problem has no optimal solution because of infeasibility, then the dual 
problem will have no optimal solution because of unboundedness. 

(ix) If the primal has no optimal solution because of unboundedness, then the dual will have 
no optimal solution because of infeasibility. 

 

Question-2 

What are the practical applications of Linear Programming? 

Answer 

In addition to its wide use in industrial and administrative applications, linear programming has 
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extensive application to agricultural, aircraft and several military problems. These are briefly 
discussed below.  

(i) Industrial Applications: These are basically product-mix problems in which the 
general objective is to derive the optimal production and procurement plan for the time 
period under consideration. The measure of effectiveness is either a defined return that 
is sought   to be maximized or a defined cost that is to be minimized.  

(ii) Production Planning - Product Mix: An industrial concern has available a certain 
production capacity on various manufacturing processes and has the opportunity to 
utilize this capacity to manufacture various products. Typically, different products will 
have different selling prices, will require different amounts of production capacity at the 
several processes, and therefore will have different unit profits; there may also be 
stipulations on maximum and/or minimum production levels. The problem is to 
determine the optimal mix so that the total profit is maximized. 

(iii) Blending Problems: These problems are likely to arise when a product can be made 
from a variety of available raw materials of various compositions and prices. The 
manufacturing process involves blending (mixing) some of these materials in varying 
quantities to make a product conforming to given specifications. The supply of raw 
materials and specifications serve as constraints in obtaining the minimum cost 
material blend. The solution would state the number of units of each raw material which 
are to be blended to make one unit of product.  

(iv) Diet Problems: Diet Problems are not much different from the blending problem.  

(v) Trim Problems: Trim Problems are applicable to paper industry where paper of 
standard width has to be cut into smaller width as per customer requirements with the 
objective of minimizing the waste produced.  

(vi) Advertising-Mix: Advertising Mix problem is analogous to the product-mix problem.  

(vii) Financial Applications: The investment portfolio selection problems can be 
satisfactorily handled by linear programming.  

(viii) Agriculture Applications: These deal with somewhat different resource, but the 
objectives are nevertheless same - to maximize the return from the allocation activity or 
to minimize some defined cost.  

(ix) Flight Scheduling Applications: Linear programming has been effectively applied to a 
variety of operational scheduling problems. 

Other applications of linear programming include structural design, scheduling military tanker 
fleet, minimizing the number of carriers to meet a fixed schedule, the least ballast shipping 
required to meet a specific shipping program, cost cutting in business, fabrication scheduling, 
computations of maximum flows in network, steel production scheduling, stocks and flows the 
balancing of assembly lines, etc. 
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Question-3 

What are limitations of Linear Programming Technique?  

Answer 

Important limitations of linear programming problems are as follows:  

(i) A primary requirement of linear programming is that the objective function and every 
constraint function must be linear. This requires that the measure of effectiveness and 
resource usage must be proportional to the level of each activity conducted individually. 
However, programming problems which are non-linear arise quite frequently. It is 
occasionally possible to reformulate a non-linear programming problem into the linear 
programming format so that the simplex method can be used. This is, however, the 
fortunate exception rather than the rule.  

(ii)  It may not be possible to solve those problems using linear programming, in which non-
linearity arises because of joint interactions between some of the activities regarding 
the total measure of effectiveness or total usage of some resource. Hence linear 
programming problem requires that the total measure of effectiveness and total 
resource usage resulting from the joint performance of the activities must equal the 
respective sums of these quantities resulting from each activity being performed 
individually.  

 In some situations, it may not be true. For example, consider a situation where by a 
product is produced with the scrap material from the primary product. The material 
would still have to be procured if only one of the two products were produced. However, 
the total material requirements if both products are produced is less than the sum of 
requirements is each were produced individually. It may not be possible to handle such 
situation with linear programming problems.  

(iii) In linear programming problem, fractional values are permitted for the decisions 
variables. However, many decision problems require that the solution for decision  
variable should be obtained in non-fractional values. Rounding-off the values obtained 
by linear programming techniques may not result into an optimal solution in such cases.  

(iv)  In linear programming problem, coefficients in the objective function and the constraint    
equations must be completely known and they should not change during the period of 
study i.e. they should be known constraints. In practical situation, it may not be possible 
to state all coefficients in the objective function and constraints with certainty. 
Furthermore, these coefficients may actually be random variables, each with an 
underlying probability distribution for the values. Such problems cannot be solved using 
linear programming. 

 

© The Institute of Chartered Accountants of India



10.14 Advanced Management Accounting  

Question-4 

“Coefficients in the objective function and the constraint equations must be completely known 
and they should not change during the period of study.”  

Elucidate the above statement in respect of linear programming. 

Answer 

In linear programming problem, coefficients in the objective function and the constraint 
equations must be completely known and they should not change during the period of study. 
They should be known constraints. In practical situation, it may not be possible to state all 
coefficients in the objective function and constraints with certainty. Furthermore, these 
coefficients may actually be random variables, each with an underlying probability distribution 
for the values. Such problems cannot be solved using linear programming. 
 

Question-5 

Identify three Similarities and three Differences between Linear Programming Model and 
Transportation Model.  

Answer 

Similarities 

(i) Both the models have an objective function. 

(ii) Both models’ objective functions are linear. 

(iii)  Both the models require non-negativity constraints. 

Differences 

(i)  The general linear programming problem may be of maximization or minimization type, 
whereas, transportation problem predominately deals with minimization problem. 

(ii) A general linear programming problem is solved by using simplex algorithm; whereas 
transportation problem is solved by using transportation algorithm (as simplex method 
is less appropriate to solve). 

(iii)  The resources, for which the structural constraints are built up is homogeneous in 
transportation model; whereas in Linear Programming model they are heterogeneous. 
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LPP-Formulation 
Problem-1 

A firm buys casting of P and Q type of parts and sells them as finished product after 
machining, boring and polishing. The purchasing cost for casting are ` 3 and ` 4 each for 
parts P and Q and selling price are ` 8 and ` 10 respectively. The per hour capacity of 
machines used for machining, boring and polishing for two products is given below: 

Capacity (per hour) 
Parts 

P Q 

Machining  30 50 

Boring 30 45 

Polishing 45 30 

The running costs for machining, boring and polishing are ` 30, ` 22.5 and ` 22.5 per hour 
respectively.  

Required 

Formulate the linear programming problem to find out the product mix to maximize the profit.   

Solution 

Let the firm by x units of castings of P and y units of castings of Q which are sold as finished 
product after machining, boring and polishing.  

Conditions: 

According to the given data, the capacity constraints of machining, boring and polishing 
machines on per hour basis have been formulated as below: 

 
x y

+
30 50

 ≤ 1 (Machining Constraint) 

Or  50x + 30y ≤ 1,500    

 
45

y

30

x
  ≤ 1 (Boring Constraint) 

Or  45x + 30y ≤ 1,350    
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30

y

45

x
  ≤  1  (Polishing Constraint) 

Or 30x + 45y  ≤  1,350    

Objective function: 

In order to compute the profit/per unit of castings of P and castings of Q, we will first calculate 
the total cost per unit for each casting of P and Q. Running cost for machining is ` 30 per hour 
and it can produce 30 units of casting of P type on one hour. Hence, cost of machining for one 
unit of castings of P is ` 30/30 i.e. `1. Following the same procedure, the total cost and the 
profit per unit for castings of P and castings of Q type are calculated in the table given below:  

Particulars Cost (per unit) 

 Castings of P Type (`) Casting of Q Type (`) 

Machining  1.00 
(30/30) 

0.60 
(30/50) 

Boring 0.75 
(22.50/30) 

0.50 
(22.50/45) 

Polishing 0.50 
(22.50/45) 

0.75 
(22.50/30) 

Purchasing Cost  3.00 4.00 

Total Cost 5.25 5.85 

Sale Price 8.00 10.00 

Profit 2.75 4.15 

The required product mix to maximise the profit of the firm will be given by the following 
relation: 

Maximise Z =  2.75x + 4.15y 

Required mathematical formulation of L.P. problem is as given below: 

Maximise  

 Z = 2.75x + 4.15y 

Subject to the Constraints: 

 50x + 30y ≤ 1,500 

 45x + 30y ≤ 1,350 

 30x + 45y ≤ 1,350 

Where  x, y ≥ 0 
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Problem-2 

The manufacturing company has 100 kg of A, 180 kg of B and 120 kg of C ingredients 
available per month. Company can use these materials to make three basic products namely 
5-10-5, 5-5-10 and 20-5-10, where the numbers in each case represent the percentage of 
weight of A, B and C respectively in each of products. The cost of these raw materials are as 
follows: 

Ingredient Cost per Kg. (`) 

A 64 

B 16 

C 40 

Inert Ingredients 16 

Selling price of these products are ` 32.60, ` 34.80, and ` 36.00 per Kg, respectively. There 
is capacity restriction of the company product 5-10-5, so that company cannot produce more 
than 30 Kg per month.  

Required 

Formulate this problem as an LP model to determine the productions (in Kg.) of each product 
which will maximise its monthly profit. 
Note: Formulate Only 

Solution 

Let the P1, P2 and P3be the three products to be manufactured. Then the data are as follows: 

Products 
Product ingredients 

A B C Inert Ingredients 

P1 5 % 10% 5% 80% 

P2 5% 5% 10% 80% 

P3 20% 5% 10% 65% 

Cost per kg (`) 64 16 40 16 

Cost of Product P1  

 =  5% × ` 64 + 10% × ` 16 + 5% × ` 40 + 80% × ` 16  

 = `19.60 per kg 

Cost of Product P2 

 =  5% × ` 64 + 5% × ` 16 + 10% × ` 40 + 80% × ` 16  

 =   `20.80 per kg.  
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Cost of Product P3 

 =  20% × ` 64 + 5% × ` 16 + 10% × ` 40 + 65% × ` 16  

 =  ` 28.00 per kg.  

Let x1, x2, and x3 be the quantity (in kg) of P1,P2,and P3 respectively to be manufactured. The 
LP problem can be formulated: 

Objective function: 

Maximise Z   = (Selling Price - Cost Price) × Quantity of Product 

  = (`32.60 − `19.60) x1 + (`34.80 − `20.80) x2 + (`36.00−`28) x3  

  =  13x1 + 14 x2 + 8x3 

Subject to Constraints: 

 1/20x1 + 1/20x2 + 1/5x3   ≤  100  

Or  x1 +x2+ 4x3  ≤  2,000  

 1/10x1 + 1/20x2 + 1/20x3  ≤ 180   

Or 2x1 + x2 + x3  ≤  3,600  

 1/20x1 + 1/10x2 + 1/10x3  ≤ 120  

Or x1 + 2x2 + 2x3  ≤ 2,400  

 x1 ≤  30 

and x1, x2, x3  ≥ 0 
 

Problem-3 

A Mutual Fund Company has ` 20 lakhs available for investment in Government Bonds, blue 
chip stocks, speculative stocks and short-term bank deposits. The annual expected return and 
risk factor are given below: 

Type of Investment Annual Expected Return (%) Risk Factor (0 to 100) 

Government Bonds 14 12 

Blue Chip Stocks  19 24 

Speculative Stocks  23 48 

Short term deposits  12 6 

Mutual fund is required to keep at least ` 2 lakhs in short-term deposits and not to exceed an 
average risk factor of 42. Speculative stocks must be at most 20 percent of the total amount 
invested.  
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Required 

How should mutual fund invest the funds so as to maximize its total expected annual return? 
Formulate this as a Linear Programming Problem. Do not solve it.   

Solution 

Let x1, x2, x3 and x4 denote the amount of funds to be invested in government bonds, blue chip 
stocks, speculative stocks and short term deposits respectively. Let Z denote the total 
expected return.  

Condition-1: 

Since the Mutual Fund Company has ` 20 lakhs available for investment,  

 x1 + x2 + x3 + x4 ≤ 20,00,000     

Condition-2: 

Also, Mutual fund is required to keep at least ` 2 lakhs in short-term deposits. 

Hence,   x4 ≥ 2,00,000    

Condition-3: 

Since the average risk factor for Mutual Fund should not exceed 42, we get the following 
constraint 

 1 2 3 4

1 2 3 4

12x + 24x + 48x + 6x

x + x + x + x
 ≤ 42 

Or 12x1 + 24x2 + 48x3 + 6x4 ≤ 42 (x1+x2+x3+x4) 

Or  − 30x1 − 18x2 + 6x3 − 36x4 ≤ 0    

Condition-4: 

Further, speculative stock must be at most 20 per cent of the total amount invested, hence 

 x3 ≤ 0.20 (x1+x2+x3+x4)  

Or  − 0.2x1 − 0.2x2 + 0.8x3 − 0.2 x4 ≤ 0    

Objective function: 

Finally, the objective is to maximise the total expected annual return, the objective function for 
Mutual Fund can be expressed as 

Maximise Z =  

 0.14x1 + 0.19x2 + 0.23x3 + 0.12x4  

The linear programming model for the Mutual Fund Company is formulated as below: 
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Maximise  

 Z  = 0.14x1 + 0.19x2 + 0.23x3 + 0.12x4 

Subject to the Constraints: 

 x1 + x2 + x3 + x4 ≤ 20,00,000 

 x4 ≥ 2,00,000 

 − 30x1 − 18x2 + 6x3 − 36x4 ≤ 0 

 − 0.2x1 − 0.2x2 + 0.8x3 − 0.2x4 ≤ 0 

Where  x1, x2, x3 and x4 ≥ 0 (non-negativity constraint) 
 

Problem-4 

The owner of Fancy Goods Shop is interested to determine, how many advertisements to 
release in the selected three magazines A, B and C. His main purpose is to advertise in such 
a way that total exposure to principal buyers of his gods is maximized. Percentages of readers 
for each magazine are known. Exposure in any particular magazine is the number of 
advertisements released multiplied by the number of principal buyers. The following data are 
available: 

Particulars 
Magazines 

A B C 

Readers 1.0 Lakhs 0.6 Lakhs 0.4 Lakhs 

Principal buyers 20% 15% 8% 

Cost per advertisement  `v8,000 ` 6,000 ` 5,000 

The budgeted amount is at the most ` 1.0 lakh for the advertisements. The owner has already 
decided that magazine A should have no more than 15 advertisements and that B and C each 
gets at least 8 advertisements.  

Required 

Formulate a Linear Programming model for this problem.  

Solution 

Let x1, x2 and x3 denote the number of advertisements to be released in three magazines A, B 
and C respectively. Let Z denote the total exposure to the principal buyers of the goods. 

Objective function: 

Since the exposure in any magazine is the number of advertisements multiplied by the number 
of principal buyers, therefore, the value of Z is given by: 
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 Z = (0.20 × 1,00,000) x1 + (0.15 × 60,000) x2 + (0.08 × 40,000) x3  

  = 20,000x1 + 9,000x2 + 3,200x3 

Constraints: 

The budgeted amount for the advertisements is at the most `1,00,000 

Hence, 8,000x1 + 6,000x2 + 5,000x3 ≤ 1,00,000 

Also, the magazine A should have no more than 15 advertisements, B and C each should get 
at least 8 advertisements. 

Hence, x1 ≤ 15, 
  x2 ≥ 8 and 
  x3 ≥ 8 

The linear programming model for the problem:  

Maximise  

 Z = 20,000x1 + 9,000x2 + 3,200x3 

Subject to the Constraints:  

  8,000x1 + 6,000x2 + 5,000x3 ≤ 1,00,000 
  x1 ≤ 15  
  x2 ≥ 8  
  x3 ≥ 8 
Where  x1, x2 and x3 ≥ 0 
 

Problem-5 

An agriculturist has a farm with 125 acres. He produces Radish, Mutter and Potato. Whatever 
he raises is fully sold in the market. He gets ` 5 for Radish per kg ` 4 for Mutter per kg and ` 
5 for Potato per kg. The average yield is 1,500 kg of Radish per acre, 1,800 kg of Mutter per 
acre and 1,200 kg of Potato per acre. To produce each 100 kg of Radish and Mutter and to 
produce each 80 kg of Potato, a sum of ` 12.50 has to be used for manure. Labour required 
for each acre to raise the crop is 6 man days for Radish and Potato each and 5 man days for 
Mutter. A total of 500 man days of labour at a rate of ` 40 per man day are available. 

Required 

Formulate this as a Linear Programming model to maximize the Agriculturist’s total profit. 

Solution 

Let x1, x2 and x3 be the number of acres allotted for cultivating radish, mutter and potato 
respectively. 
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Objective function: 

Since the average yield of radish is 1,500 kg per acre, and the selling price for radish is `5/kg 
hence the selling amount which the agriculturist gets from one acre is- 

   `5 × 1,500 kg 

Or,    `7,500 

To produce 100 kg of radish, the manure cost is `12.50, so the manure cost per acre will be- 

 
12.50 × 1,500 kg

100kg
`

  

Or,    `187.50 

Labour cost per acre for radish-  

 `40 × 6 man days 

Or, `240 

Profit per acre for radish-  

 `7,500 − `187.50 − `240 

Or, `7,072.50 

Similarly, the selling price, manure cost, labour cost and profit per acre of land for mutter and 
potato are also calculated and presented in the following table-     

Per Acre Radish Mutter Potato 

Selling Price `7,500 
(`5 × 1,500 kg) 

`7,200 
(`4 × 1,800 kg) 

`6,000 
(`5 × 1,200 kg) 

Less: Manure Cost ` 187.50 

12.50 × 1,500 kg
100kg

 
 
 

`
 

` 225 

12.50  1,800kg
100kg

 
 
 

`
 

` 187.50 

12.50  1,200kg
80kg

 
 
 

`
 

Less: Labour Cost  ` 240 
( ` 40 × 6 man days)   

` 200 
( ` 40 × 5 man days) 

` 240 
( ` 40 × 6 man days)  

Profit ` 7,072.50 ` 6,775 ` 5,572.50 

Since, the agriculturist wants to maximise the total profit, hence the objective function of the 
problem is given by-  

Z = 7,072.50x1 + 6,775.00x2 + 5,572.50x3 

The linear programming model for the problem:  

Maximise 

         Z    =  7,072.50x1 + 6,775.00x2 + 5,572.50x3 
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Subject to the Constraints: 

   x1 + x2 + x3 ≤ 125     

   6x1 + 5x2 + 6x3 ≤ 500     

Where   x1, x2 ,x3 ≥ 0 
 

Problem-6 

A firm produces three products A, B and C. It uses two types of raw materials I and II of which 
5,000 and 7,500 units respectively are available. The raw material requirements per unit of the 
products are given below:  

Raw Material 
Requirement (per unit) of Product 

A B C 

I 3 4 5 
II 5 3 5 

The labour time for each unit of product A is twice that of product B and three times that of 
product C. The entire labour force of the firm can produce the equivalent of 3,000 units. The 
minimum demand of the three products is 600, 650 and 500 units respectively. Also the ratios 
of the number of units produced must be equal to 2 : 3 : 4. Assuming the profits per unit of A, 
B and C as ` 50, ` 50 and ` 80 respectively. 

Required 

Formulate the problem as a linear programming model in order to determine the number of 
units of each product, which will maximize the profit.   

Solution 

Let the firm produce x1 units of product A, x2 units of product B and x3 units of product C.  

Objective function: 

The profit per unit of product A, B and C is ` 50, ` 50 and ` 80 respectively. Since objective 
of the firm is to maximize the profit, therefore, the objective function is given by  

Maximise  

 Z  = 50x1 + 50x2 + 80x3 

Condition-1: 

The firm uses two types of raw materials I and II of which 5,000 and 7,500 units respective are 
available. As per the given data, the raw material constraints can be formulated as given 
below: 

 3x1 + 4x2 + 5x3  ≤ 5,000 and 

 5x1 + 3x2 + 5x3  ≤ 7,500 
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Condition-2: 

The labour time for each unit of product A is twice that of product B and three times that 
product C. Also the entire labour force can produce the equivalent of 3,000 units. 

 x1 + 2x
2

+ 3x

3
 ≤ 3,000 

Or 6x1 + 3x2 + 2x3 ≤ 18,000 

Condition-3: 

The minimum demand of the three products is 600, 650 and 500 units respectively.  

Hence, x1 ≥ 600, 

  x2 ≥ 650 and  

 x3 ≥ 500  

Condition-4: 

Since the ratios of the number of units produced must be equal to 2 : 3 : 4, therefore, 

 
2
1 x1 = 

3
1 x2 

Or  3x1 = 2x2 

 
3
1 x2 = 

4
1 x3 

Or  4x2 = 3x3 

The linear programming model can be formulated as follows: 

Maximise  

 Z  = 50x1 + 50x2 + 80x3 

Subject to the Constraints: 

 3x1 + 4x2 + 5x3 ≤ 5,000 
 5x1 + 3x2 + 5x3 ≤ 7,500 
 6x1 + 3x3 + 2x3 ≤ 18,000 
 3x1 = 2x2 
 4x2 = 3x3 

 x1 ≥ 600 
 x2 ≥ 650 
 x3 ≥ 500 
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Problem-7 

A leading Chartered Accountant is attempting to determine a ‘best’ investment portfolio and is 
considering six alternative investment proposals. The following table indicates point estimates 
for the price per share, the annual growth rate in the price per share, the annual dividend per 
share and a measure of the risk associated with each investment.                    

Portfolio Data 

 Shares under Consideration 

A B C D E F 

Current Price per Share (`) 80 100 160 120 150 200 

Projected Annual Growth Rate 0.08 0.07 0.10 0.12 0.09 0.15 

Projected Annual Dividend per Share 
(`) 

4.00 4.50 7.50 5.50 5.75 0.00 

Projected Risk in Return 0.05 0.03 0.10 0.20 0.06 0.08 

The total amount available for investment is ` 25 lakhs and the following conditions are 
required to be satisfied. 

(i) The maximum rupee amount to be invested in alternative F is ` 2,50,000. 

(ii) No more than ` 5,00,000 should be invested in alternatives A and B combined. 

(iii) Total weighted risk should not be greater than 0.10, where 

  
  Amount Invested in Alternativej Risk of  Alternativej

Total Weighted Risk =
   Total Amount Invested in all the Alternatives

 

(iv) For the sake of diversity, at least 100 shares of each stock should be purchased. 

(v) At  least 10 percent of the total investment should be in alternatives A and B combined. 

(vi) Dividends for the year should be at least ` 10,000. 

Rupees return per share of stock is defined as price per share one year hence less current 
price per share plus dividend per share. If the objective is to maximize total rupee return, 
formulate the linear Programming model for determining the optimal number of shares to be 
purchased in each of the shares under consideration. You may assume that the time horizon 
for the investment is one year.  

Required 

The formulated LP problem is not required to be solved. 
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Solution 

Let x1, x2, x3, x4, x5 and x6 denote the number of shares of companies A, B, C, D, E, and F, 
respectively. 

The rupee return for various shares is shown as follows-  

 A B C D E F 

No. of Share Purchased x1 x2 x3 x4 x5 x6 

Projected Growth per 
share (`) 

6.40 

(80×0.08)

7.00 

(100×0.07)

16.00 

(160×0.10)

14.40 

(120×0.12)

13.50 

(150×0.09) 

30.00 

(200×0.15) 

Projected Annual 
Dividend per share (`) 

4.00 4.50 7.50 5.50 5.75 0.00 

Rupee Return per share 
(`) 

10.40 11.50 23.50 19.90 19.25 30.00 

Objective function: 

The objective of the Chartered Accountant is to maximize the total rupee return, the objective 
function of the linear programming problem is given by:- 

Maximise Z = 10.40x1 +11.50x2 + 23.50x3 + 19.90x4 + 19.25x5 + 30.00x6 

Constraint 1: 

Total amount available for investment is ` 25 lakhs, hence 

 80x1 + 100x2 + 160x3 + 120x4 + 150x5 + 200x6 ≤ 25,00,000 

Constraint 2: 

The maximum rupee amount to be invested in alternative F is ` 2,50,000. 

                                                                    200x6 ≤ 2,50,000                  

Constraint 3: 

No more than ` 5,00,000 should be invested in alternatives A and B combined. 

                                       80x1 + 100x2  ≤  5,00,000                    

Constraint 4: 

Total weighted risk should not be greater than 0.10. 

           1 2 3 4 5 6

1 2 3 4 5 6

80x 0.05  + 100x 0.03  + 160x 0.10  + 120x 0.20 + 150x 0.06  + 200x 0.08

               80x + 100x + 160x + 120x + 150x + 200x
  ≤ 0.10 

Or − 4x1 − 7x2 + 12x4 − 6x5 − 4x6 ≤ 0 
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Constraint 5: 

At least 100 shares of each stock should be purchased. 
 x1  ≥ 100 

 x2  ≥ 100 

 x3  ≥ 100 

 x4  ≥ 100 

 x5  ≥ 100 

 x6  ≥ 100 

Constraint 6: 

At  least 10 percent of the total investment should be in alternatives A and B combined. 

  80x1 + 100x2  ≥ 

 0.10 (80x1 + 100x2 + 160x3 + 120x4 + 150x5 + 200x6)  

Or   72x1 + 90x2 − 16x3 − 12x4 − 15x5 − 20x6 ≥ 0 

Constraint 7: 

Dividends for the year should be at least ` 10,000 

 4.00x1 + 4.50x2 + 7.50x3 + 5.50x4 + 5.75x5 ≥ 10,000 

Combining all the constraints, the linear programming problem becomes: 

Maximise Z = 10.40x1 + 11.50x2 + 23.50x3 + 19.90x4 + 19.25x5 + 30.00x6 

Subject to the Constraints: 

 80x1 + 100x2 + 160x3 + 120x4 + 150x5 + 200x6 ≤ 25,00,000 

                                                                    200x6 ≤ 2,50,000                  

                                       80x1 + 100x2 ≤  5,00,000                     

 − 4x1 − 7x2 + 12x4 − 6x5 − 4x6 ≤ 0 

 72x1 + 90x2 − 16x3 − 12x4 − 15x5 − 20x6 ≥ 0 

 4.00x1 + 4.50x2 + 7.50x3 + 5.50x4 + 5.75x5 ≥ 10,000 

 x1 ≥ 100 

 x2 ≥ 100 

 x3 ≥ 100 

 x4 ≥ 100 

 x5 ≥ 100 

 x6 ≥ 100 
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Problem-8 

A firm makes three types of models, which are first required to be machined and then 
assembled. The time (in hours) for these operations for each model is give below: 

Model Machine Time Assembly Time 

P III 20 5 

P II 15 4 

Celeron 12 3 

The total available machine time and assembly time are 1,000 hours and 1,500 hours 
respectively. The selling price and other variable costs for three models are: 

 P III P II Celeron 

Selling Price (`) 3,000 5,000 15,000 

Labour, Material and    

Other Variable Costs (`) 2,000 4,000 8,000 

The firm has taken a loan of ` 50,000 from a Nationalised Bank, which is required to be repaid 
on 1.4.2013. In addition, the firm has borrowed ` 1,00,000 from XYZ Cooperative Bank. 
However, this bank has given its consent to renew the loan. 

The balance sheet of the firm as on 31.3.2013 is as follows: 

Liabilities (`) Assets (`) 

Capital 1,20,000 Land 80,000 

Profit & Loss Account 30,000 Buildings 50,000 

Long-term Loan 2,00,000 Plant & Machinery 1,00,000 

Loan from XYZ 
Cooperative Bank 

1,00,000 Furniture etc. 20,000 

Loan from Nationalized 
Bank  

50,000 Cash 2,10,000 

Total 5,00,000 Total 5,00,000 

The firm is required to pay a sum of ` 15,000 towards the salary. Interest on long-term loan is 
to be paid every month @ 18% per annum. Interest on loan from XYZ Cooperative and 
Nationalised Banks may be taken as ` 1,500 per month. The firm has already promised to 
deliver three P III, Two P II and five Celeron type of computers to M/s ABC Ltd. next month. 
The level of operation in the company is subject to the availability of cash next month. 

The firm’s Manager is willing to know that how many units of each model must be 
manufactured next month, so as to maximize the profit. 
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Required 

Formulate a linear programming problem for the above.  

Solution 

Let x1, x2 and x3 denote the number of P III, P II and Celeron computers respectively to be 
manufactured in the company. The following data is given: 

 P III P II Celeron 

Selling Price per unit (`) 3,000 5,000 15,000 

Less: Labour Material & Other 
Variable Cost per unit (`) 

2,000 4,000 8,000 

Profit per unit (`) 1,000 1,000 7,000 

Objective function: 

Since the company wants to maximize the profit, hence the objective function is given by: 

Maximize 

 Z = 1,000x1 + 1,000x2 + 7,000x3 − (`15,000 + `3,000 + `1,500) 

Condition-1: 

From the data given for time required for various models and the total number of hours 
available for machine time and assembly time, we get the following constraints: 

 20x1 + 15x2 + 12x3  ≤ 1,000 (Machine Time Restriction) 

 5x1 + 4x2 + 3x3  ≤ 1,500 (Assembly Time Restriction) 

Condition-2: 

The level of operations in the company is subject to availability of cash next month i.e. the 
cash required for manufacturing various models should not exceed the cash available for the 
next month. 

The cash requirements for x1 units of P III, x2 units of P II and x3 units of Celeron computers 
are: 

  = 2,000x1 + 4,000x2 + 8,000x3  .....(i) 

The cash availability for the next month from the balance sheet is as below: 

  = Cash Balance (`2,10,000) Less Loan to 
    repay to Nationalized Bank (`50,000) 
    Less Interest on loan from XYZ Cooperative 
    bank (`1,000) Less Interest on long term  
   loans  
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12

2,00,0000.18
 

   Less Salary to Staff (`15,000) 

Or  = `2,10,000 − (`50,000 + `1,000 + `3,000 + 
    `15,000)  

Or   = `1,41,000     .....(ii)  

Thus, from (i) and (ii) 

 2,000x1 + 4,000x2 + 8,000x3 ≤ 1,41,000 

Or 4x1 + 8x2 + 16x3 ≤ 282 

Condition-3: 

The company has also promised to deliver 3 P III, 2 P II and 5 Celeron computers to M/s ABC 
Ltd. Hence, 

 x1 ≥ 3, 

 x2 ≥ 2, and 

 x3 ≥ 5 

The LP formulation of the given problem is as follows: 

Maximize  

    Z = 1,000x1 + 1,000x2 + 7,000x3 − `19,500 

Subject to the Constraints:  

 20x1 + 15x2 + 12x3 ≤ 1,000  
 5x1 + 4x2 + 3x3 ≤ 1,500  
 4x1 + 8x2 + 16x3 ≤ 282 
 x1 ≥ 3 
 x2 ≥ 2 
 x3 ≥ 5 

 

Problem-9 

Transport Ltd. Provides tourist vehicles of 3 types –  

20-Seater Vans,  

8-Seater Big Cars and  

5-Seater Small Cars   
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(These seating capacities are excluding the drivers) 

The company has – 

4 Vehicles of the 20-Seater Van type 

10 Vehicles of the 8-Seater Big Car type and  

20 Vehicles of the 5-Seater Small Car types  

These vehicles have to be used to transport employees of their client company from their 
residences to their offices and back.  All the residences are in the same housing colony.  The 
offices are at two different places, one is the Head Office and the other is the Branch.  Each 
vehicle plies only one round trip per day, if residence to office in the morning and office to 
residence in the evening.  Each day, 180 officials need to be transported in Route I (from 
residence to Head Office and back) and 40 officials need to be transported in Route II (from 
Residence to Branch office and back).  The cost per round trip for each type of vehicle along 
each route is given below. 

                                                                           Figs. – ` / Round Trip 

 20-Seater 
Vans 

8-Seater 

Big Cars 

5-Seater Small 
Cars 

Route I:  
Residence--Head Office and Back  

 
600 

 
400 

 
300 

Route II: 
Residence--Branch Office and Back  

 
500 

 
300 

 
200 

Required 

Formulate the information as a linear programming problem, with the objective of minimising 
the total cost of hiring vehicles for the client company, subject to the constraints mentioned 
above.  (Only formulation is required. Solution is not needed). 

Solution 

Let i be the route and j be the type of vehicle, so that  

 S11 = No. of 20 Seater Vans on Route I 

 S12  = No. of 8 Seater Big Cars on Route I 

 S13 = No. of 5 Seater Small Cars on Route I 

 S21 = No. of 20 Seater Vans on Route II 

 S22 = No. of 8 Seater Big Cars  on Route II 

 S23 = No. of 5 Seater Small Cars  on Route II 
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 20-Seater 

 Vans 

(In Numbers) 

8-Seater 

Big Cars 

(In Numbers) 

5-Seater  

Small Cars 

(In Numbers) 

Route I:  
Residence--Head Office and Back  

 
S11 

 
S12 

 
S13 

Route II: 
Residence--Branch Office and Back  

 
S21 

 
S22 

 
S23 

Objective function: 

Minimise Cost 

 Z  = 600S11 + 400S12 + 300S13 + 500S21 + 300S22 + 200S23 

Condition-1: 

Each day, 180 officials need to be transported in Route I (from residence to Head Office and 
back). 

 20S11 + 8S12 + 5S13 = 180 

Each day, 40 officials need to be transported in Route II (from Residence to Branch office and 
back). 

 20S21 + 8S22 + 5S23 = 40 

Condition-2: 

Company has 4 Vehicles of the 20-Seater Van type; 

 S11 + S21  4 

10 Vehicles of the 8-Seater Big Car type and  

 S12 + S22  10 

20 Vehicles of the 5-Seater Small Car types 

 S13 + S23  20 

The LP formulation of the given problem is as follows:  

Minimise Cost 

  Z =  600S11 + 400S12 + 300S13 + 500S21 + 300S22 + 200S23 

Subject to the Constraints: 

 20S11 + 8S12 + 5S13 = 180 

 20S21 + 8S22 + 5S23 = 40 

 S11 + S21  4 
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 S12 + S22  10 
 S13 + S23  20 
 S11, S12, S13, S21, S22, S23 ≥ 0 
 

Problem-10 

The following matrix gives the unit cost of transporting a product from production plants P1, P2 
and P3 to destinations D1, D2 and D3.  Plants P1, P2 and P3 have a maximum production of 65, 
24 and 111 units respectively and destinations D1, D2 and D3 must receive at least 60, 65 and 
75 units respectively: 

To 
From 

D1 D2 D3 Supply 

P1 400 600 800 65 
P2 1,000 1,200 1,400 24 
P3 500 900 700 111 
Demand 60 65 75 200 

Required 

Formulate the above as a linear programming problem.  

(Only formulation is needed.  Please do not solve).                                        

Solution 

Let pidj be the variable to denote the number of units of product from the ith plant to the jth 
destination, so that 

 p1d1 = transport from plant P1 to D1 

 p2d2 = transport from plant P2 to D2 etc. 

Objective function: 

Minimize 

 Z  =  400p1d1 + 600p1d2 + 800p1d3 + 1,000p2d1 + 1,200 p2d2 + 1,400 p2d3  

    + 500 p3d1 + 900 p3d2 + 700 p3d3   

Subject to the: 

 p1d1 + p1d2 + p1d3  65 

 p2d1 + p2d2 + p2d3  24 Plant Constraints 

 p3d1 + p3d2 + p3d3  111 
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and 

 p1d1 + p2d1 + p3d1 ≥ 60 

 p1d2 + p2d2 + p3d2 ≥ 65 Destination Constraints 

 p1d3 + p2d3 + p3d3 ≥ 75 

 

All   pidj ≥  0 
 

Problem-11 

An oil refinery can blend three grades of crude oil to produce quality A and quality B petrol. 
Two possible blending processes are available. For each production run, the older process 
uses 5 units of crude Q, 7 units of crude P and 2 units of crude R and produces 9 units of A 
and 7 units of B. The newer process uses 3 units of crude Q, 9 unit of crude P and 4 units of 
crude R to produce 5 units of A and 9 units of B.  

Because of prior contract commitments, the refinery must produce at least 500 units of A and 
at least 300 units of B for the next month. It has 1,500 units of crude Q, 1,900 units of crude P 
and 1,000 of crude R. For each unit of A, refinery receives ` 60 while for each unit of B, it 
receives ` 90. 

 

Required 

Formulate the problem as linear programming model so as to maximize the revenue.  

Solution 

Crude Oil Type Older Process Newer Process Available Crude Oil 

Q 5 units 3 units 1,500 units 

P 7 units 9 units 1,900 units 

R 2 units 4 units 1,000 units 

Output Obtained 

(per process) 

A = 9 units 
B = 7 units 

A = 5 units 
B = 9 units 

 
 

Revenue Obtained (per 
process) 

 

`1,170 

(`60 × 9 units + `90 
× 7 units) 

`1,110 
(`60 × 5 units + `90  

× 9 units) 

Let x1, x2 the number of times the refinery decides to use ‘Older’ process and ‘Newer' process 
respectively. 
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Maximize  Z   = 1,170x1 + 1,110x2    

Subject to 

 9x1 + 5x2  ≥  500  Commitment for A 
 7x1 + 9x2  ≥ 300  Commitment for B 
 5x1 + 3x2  ≤ 1,500  Availability of Q 
 7x1 + 9x2  ≤  1,900  Availability of P  
 2x1 + 4x2  ≤  1,000  Availability of R 
 x1, x2  ≥  0 
 

Problem-12 

A manufacturer produces three products Y1, Y2, Y3 from three raw materials X1, X2, X3. The 
cost of raw materials X1, X2 and X3 is ` 30, ` 50 and ` 120 per kg respectively and they are 
available in a limited quantity viz 20 kg of X1, 15 kg of X2 and 10 kg of X3. The selling price of 
Y1, Y2 and Y3 is ` 90, ` 100 and ` 120 per kg respectively. In order to produce 1 kg of Y1, 1/2 
kg of X1, 1/4 kg of X2 and 1/4 kg of X3 are required. Similarly to produce 1 kg of Y2, 3/7 kg of 
X1, 2/7 kg of X2 and 2/7 kg of X3 and to produce 1 kg Y3, 2/3 kg of X2 and 1/3 kg of X3 will be 
required. 

Required 

Formulate the linear programming problem to maximize the profit.   

Solution 

The information given in the Problem can be presented in the following tabular form- 

 

Products 

Raw Material (in kg) required to produce one kg of product Selling Price 
(per kg) X1 X2 X3 

Y1 1
2

 
1
4

 
1
4

 ` 90 

Y2 3
7

 
2
7

 
2
7

 `100 

Y3 --- 2
3

 1
3

 `120 

Cost of Raw 
Material per kg 

` 30 ` 50 ` 120  

Availability of 
Raw Material 

20 kg 15 kg 10 kg  
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Let the manufacturer produce y1, y2 and y3 units of the products Y1, Y2 and Y3 respectively. 

Objective function: 

From the above table, the cost of producing 1 kg of Y1, Y2 and Y3 can be calculated as given 
below: 

Cost to produce 1 kg of Y1  = 
1
2

 × `30 + 
1
4

 × `50 + 
1
4

 × `120

  = `15.00 + `12.50 + `30.00 

      = ` 57.50 

  Profit per kg of Y1   = `90.00 − `57.50  

      = `32.50 

Similarly, cost to produce 1 kg of Y2  = 
3
7

 × `30 + 
2
7

 × `50 + 
2
7

 × `120 

      = 
1
7

 × (`90 + `100 + `240) 

      = `61.43 

  Profit per kg of Y2   = `100 − `61.43 

      = `38.57 

Similarly, cost to produce 1 kg of Y3   = 2
3

 × `50 + 1
3

 × `120 

      = 220
3

`  

     = `73.33 

  Profit per kg of Y3  = `120 − `73.33  

     = `46.67 

Since the manufacturer wants to maximise the profit, the objective function is given by- 

Maximize  Z   =  32.50y1 + 38.57y2 + 46.67y3 

Constraints: 

Availability of Raw Material X1 

 
1
2

y1 + 
3
7

y2 ≤ 20 

Or 7y1 + 6y2 ≤ 280 

Availability of Raw Material X2 
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1
4

y1 + 
2
7

y2 + 2
3

y3 ≤ 15 

Or 21y1 + 24y2 + 56y3 ≤ 1,260 

Availability of Raw Material X3 

 
1
4

y1 + 
2
7

y2 + 1
3

y3 ≤ 10 

Or  21y1 + 24y2 + 28y3 ≤ 840 

The LP formulation of the given problem is as follows: 

Maximize  Z = 32.50y1 + 38.57y2 + 46.67y3 

Subject to the Constraints: 

  7y1 + 6y2 ≤ 280 

  21y1 + 24y2 + 56y3 ≤ 1,260 

 21y1 + 24y2 + 28y3 ≤ 840 

Where  y1, y2 and y3 ≥ 0 
 

Problem-13 

In a chemical industry two products A and B are made involving two operations. The 
production of B also results in a by-product C. The product A can be sold at a profit of ` 3 per 
unit and B at a profit of ` 8 per unit. The by-product C has a profit of ` 2 per unit. Forecast 
show that upto 5 units of C can be sold. The company gets 3 units of C for each unit of B 
produced.  The manufacturing times are 3 hrs per unit for A on each of the operation one and 
two and 4 hrs and 5 hrs per unit for B on operation one and two respectively. Because the 
product C results from producing B, no time is used in producing C. The available times are 18 
hrs and 21 hrs of operation one and two respectively. The company desires to know that how 
much A and B should be produced keeping C in mind to make the highest profit.  

Required 

Formulate LP model for this problem.   

Solution 

Let x1, x2 x3 be the number of units produced of products A, B and C respectively.  

Objective function: 

Then the profit gained by the industry is given by  

 Z =  3x1 + 8x2 + 2x3  
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Here it is assumed that all the units of products A and B are sold. 

Condition-1: 

In first operation, A takes 3 hrs of manufacturer’s time and B takes 4 hrs of manufacturer’s 
time. Therefore, total number of hours required in first operation becomes- 

 3x1 + 4x2 

In second operation, per unit of A takes 3 hrs of manufacturer’s time and per unit B takes 5 hrs 
of manufacturer’s time. Therefore, the total number of hours used in second operation 
becomes 

 3x1 + 5x2 

Since there are 18 hrs available in first operation and 21 hrs in second operation, the 
restrictions become 

 3x1 + 4x2 ≤ 18     
 3x1 + 5x2 ≤ 21     

Condition-2: 

Since the maximum number of units of C that can be sold is 5, therefore, 

 x3 ≤ 5      

Condition-3: 

Further, the company gets three units of by product C for every unit of product B produced, 
therefore 

 x3 = 3x2     

Now, the allocation problem of the industry can be finally put in the following linear 
programming problem: 

Maximise  
 Z  =  3x1 + 8x2 + 2x3  
Subject to the Constraints: 
 3x1 + 4x2 ≤ 18 
 3x1 + 5x2 ≤ 21 
 x3 ≤ 5 
  x3 = 3x2 
 x1, x2, x3 ≥ 0 

 

Problem-14 

An investor is interested in investing ` 15,00,000 in a portfolio of investments. The investment 
choices and expected rates of return on each one of them are:  
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Investment Projected Rate of Return 

Mutual Fund ‘XY’ 15% 

Mutual Fund ‘HN’ 9% 

Money Market Fund 8% 

Government Bonds 8.75% 

Shares ‘P’ 17% 

Share ‘Q’ 18% 

The investor wants at least 40% of his investment in Government Bonds. Because of the 
higher perceived risk of the two shares, he has specified that the combined investment in 
these two shares not to exceed ` 2,60,000. The investor has also specified that at least 25% 
of the investment should be in the money market fund and that the amount of money invested 
in shares should not exceed the amount invested in Mutual Funds. His final investment 
condition is that the amount invested in mutual fund 'XY' should be no more than the amount 
invested in mutual fund 'HN'. The problem is to decide the amount of money to invest in each 
alternative so as to obtain the highest annual total return. 

Required 

Formulate the above as a linear programming problem.   

Solution 

Let 

 u = Investment in “Mutual Fund ‘XY’” 

 v = Investment in “Mutual Fund ‘HN’” 

 w  = Investment in “Money Market Fund” 

 x = Investment in “Government Bonds” 

 y  = Investment in “Share ‘P’“ 

 z = Investment in “Share ‘Q’“ 

Objective function: 

Maximize  

 Z  =  0.15u + 0.09v + 0.08w + 0.0875x + 0.17y + 0.18z 

Condition-1: 

` 15,00,000 to be invested - 

 u + v + w + x + y + z ≤ 15,00,000 
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Condition-2: 

At least 40% of investment in Government Bonds- 

 x ≥ (u + v + w + x + y + z) × 0.40 

Or 2u +2v + 2w − 3x + 2y + 2z ≤ 0 

Condition-3: 

Combined Investment in two shares not to exceed ` 2,60,000- 

 y + z ≤ 2,60,000 

Condition-4: 

At least 25% of the investment in the money market fund- 

 w ≥ (u + v + w + x + y + z) × 0.25 

Or u + v − 3w + x + y + z ≤ 0 

Condition-5: 

Amount of money invested in shares should not exceed the amount invested in mutual funds- 

 y + z ≤ u + v 

Or − u − v + y + z ≤ 0 

Condition-6: 

Amount invested in mutual fund ‘XY’ should be not be more than the amount invested in 
mutual fund ‘HN’- 

 u ≤ v 

Or u − v ≤ 0 

Maximize  

Z= 0.15u + 0.09v + 0.08w + 0.0875x + 0.17y + 0.18z 

Subject to the Constraints: 

 u + v + w + x + y + z ≤ 15,00,000 

 2u +2v + 2w − 3x + 2y + 2z ≤ 0 

 y + z ≤ 2,60,000 

 u  +  v − 3w  + x  + y + z ≤ 0 

 − u − v + y + z ≤ 0 

 u − v ≤ 0 

 u, v, w, x, y, z ≥ 0 

 
This problem can be solved with the assumption of Investment Exactly `15,00,000 
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Graphical Method 
Problem-15 

A company manufactures two products A and B, involving three departments - Machining, 
Fabrication and Assembly. The process time, profit/unit and total capacity of each department 
is given in the following table: 

 Machining 
(hours) 

Fabrication 
(hours) 

Assembly 
(hours) 

Profit (`) 

A 1 5 3 80 

B 2 4 1 100 

Capacity 720 1,800 900  

Required 

Set up Linear Programming problem to maximize profits. What will be the product-mix at 
maximum profit level?  What will be the profit? (Solve by using graphic method) 

Solution 

Let x and y denote the number of units produced for the product A & B respectively. 

The linear programming model for the given problem is:  

Maximize 

 Z = 80x + 100y   

Subject to the Constraints: 

   x + 2y ≤ 720  (Machining Time) 

 5x + 4y ≤ 1,800 (Fabrication Time) 

 3x + y ≤ 900  (Assembly Time) 

 x, y ≥ 0 

The graphical solution for the problem is given below: 
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Working to find points to draw the lines and intersection points: 

Points to draw  x + 2y  =  720 
If  x  =  0 
     2y  =  720 
      y  =  720/2 
  =  360 
If  y  =  0 
       x  =  720 
 (x, y)  −  (0, 360); (720, 0) 
Points to draw  5x + 4y  =  1,800 
If  x  =  0 
         4y  =  1,800 
          y  =  450 
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The shaded portion in the diagram represents the feasible region. 

Value of the objective function at the feasible points is calculated below: 

Point Co-Ordinates of the corner points of the 
feasible region (value of x and y)  

Value of the objective function 

Z = 80x + 100y 

P (300,0) ` 24,000 

Q (257,129) ` 33,460 

If  y  =  0 
       5x  =  1,800 
          x  =  360 
 (x, y)  −  (0, 450); (360, 0) 
Points to draw  3x + y  =  900 
If  x  =  0 
          y  =  900 
If  y  =  0 
        3x  =  900 
          x  =  300 
 (x, y)  −  (0, 900); (300, 0)  
Intersection Point (R) 
 5x + 4y  =  1,800 (Equation1) 
   x + 2y  =  720    (Equation2) 
Or  
 5x + 4y  =  1,800  
 5x + 10y  =  3,600   [(Equation 2) × 5] 
                                    −       −     −  
       − 6y  =  −1,800 
          y   =   300 
On putting value of y in any one of the above equation, the value of x = 120  
 Point R –  (120, 300)       

Intersection Point (Q) 
 5x + 4y  =  1,800 (Equation1) 
 3x + y  =  900    (Equation2) 
Or  
   5x +  4y  = 1,800  
 12x +  4y  = 3,600  [(Equation 2) × 4] 
                          −          −       −  
          −7x  =  −1,800 
  x   =   257 
On putting value of x in any one of the above equation, the value of y = 129 
 Point Q  –  (257, 129)  
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R (120,300) ` 39,600 

S (0,360) ` 36,000 

T (0,0)               `       `   0 

Since at Point R company makes maximum profit hence product mix at Point R i.e. 120 units 
of Product A and 300 units of product B should be produced.     
 

Problem-16 

A manufacturer produces two types of products i.e. X and Y. Bach of these products requires 
three types of processing. The processing time for each unit and the profit per unit are given in 
the following table: 

 
Product X 

(hours/unit) 
Product Y 

(hours/unit) 
Available Capacity per 

day (hours) 

Process I 12 12 840 

Process II 3 6 300 

Process III 8 4 480 

Profit per unit (`) 5 7  

Required 
Applying Graphical method, how many units of each product should' the company 
manufacture per day in order to maximize profit? 

Solution 

The new formulation of the problem is as follows: 

Let x and y denote the number of units produced for the product X & Y respectively. 

The linear programming model for the given problem is:  

Maximize 

 Z = 5x + 7y   

Subject to the Constraints: 
   12x + 12y ≤ 840  (Process-I) 

Or   x + y ≤ 70   

 3x + 6y ≤ 300  (Process-II) 

Or   x + 2y ≤ 100   

 8x + 4y ≤ 480  (Process-III) 
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Or   2x + y ≤ 120   

 x, y ≥ 0 

The graphical solution for the problem is given below: 

 

The shaded portion in the diagram represents the feasible region. 

Value of the objective function at the feasible points is calculated below: 

Point Co-Ordinates of the Corner Points of 
the Feasible Region (value of x and y)  

Value of the objective function 
Z = 5x + 7y 

P (0,50) Rs.350 

Q (40,30) Rs.410 

R (50,20) Rs.390 

S (60,0) Rs.300 

T (0,0) Rs.0 
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Since at Point Q manufacturer makes maximum profit hence product mix at Point Q i.e. 40 
units of Product X and 30 units of Product Y should be produced.                              
 

Problem-17 

An advertising firm desires to reach two types of audiences – customers with annual income of 
more than ` 40,000 (target audience A) and customers with annual income of less than ` 
40,000 (target audience B). The total advertising budget is ` 2,00,000. One programme of 
T.V. advertising costs ` 50,000 and one programme of Radio advertising costs ` 20,000. 
Contract conditions ordinarily require that there should be at least 3 programmes on T.V. and 
the number of programmes on Radio must not exceed 5. Survey indicates that a single T.V. 
programme reaches 7,50,000 customers in target audience A and 1,50,000 in target audience 
B. One Radio programme reaches 40,000 customers in target audience A and 2,60,000 in 
target audience B. 

Required 

Formulate this as a linear programming problem and determine the media mix to maximize the 
total reach using graphic method.     

Solution 

Let x be the number of programmes of T.V. advertising and y denote the number of 
programmes of radio advertising. 

Objective function: 

One T.V. programme reaches 7,50,000 customers in target audience A and 1,50,000 
customers in target audience B, whereas one radio programme reaches 40,000 customers in 
target audience A and 2,60,000 in target audience B. Since the advertising firm desires to 
determine the media mix to maximise the total reach, the objective function in given by 

Maximise Z  = (7,50,000 + 1,50,000) x + (40,000 + 2,60,000) y          

Or Z  =  9,00,000x + 3,00,000y 

Condition-1: 

One programme of T.V. advertising costs ` 50,000 and that of Radio advertising cots ` 
20,000. The total advertising budget is ` 2,00,000. 

Hence,  50,000x + 20,000y ≤ 2,00,000 

Or 5x + 2y ≤ 20 

Condition-2: 

Contract conditions require that there should be at least 3 programmes on T.V. and the 
number of programmes on Radio must not exceed 5. 

Therefore, x ≥ 3 

 y ≤ 5 
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The linear programming model for the given problem is:  

Maximise 

 Z = 9,00,000x + 3,00,000y 

Subject to the Constraints: 

 5x + 2y ≤ 20 

  x ≥ 3 

 y ≤ 5 

where  x, y ≥ 0 

The graphical solution for the problem is given below: 

 

© The Institute of Chartered Accountants of India



10.48 Advanced Management Accounting  

Intersection Points: 

The feasible region is given by the shaded area PQR, and the feasible points are P (3, 2.5), Q 
(4, 0) and R (3, 0). 

Value of the objective function at the above mentioned feasible points is calculated below: 

Point Co-Ordinates of the corner points of the 
feasible region (value of x and y)  

Value of the objective function 
Z = 9,00,000 x + 3,00,000 y  

P (3, 2.5) ` 34,50,000 

Q (4, 0) ` 36,00,000 

R (3, 0) ` 27,00,000 

It can be seen that the value of Z is maximum at point Q (4, 0). Thus, solution to the given 
problem is: x = 4, y = 0 and Maximum Z = 36,00,000. 

In other words, the advertising firm should give 4 programmes on TV and no programme on 
Radio in order to achieve a maximum reach of 36,00,000 customers. 
 

Problem-18 

Let us assume that you have inherited ` 1,00,000 from your father-in-law that can be invested 
in a combination of only two stock portfolios, with the maximum investment allowed in either 
portfolio set at ` 75,000. The first portfolio has an average rate of return of 10%, whereas the 
second has 20%. In terms of risk factors associated with these portfolios, the first has a risk 
rating of 4 (on a scale from 0 to 10), and the second has 9. Since you wish to maximize your 
return, you will not accept an average rate of return below 12% or a risk factor above 6. 
Hence, you then face the important question. How much should you invest in each portfolio? 

Required 

Formulate this as a Linear Programming Problem and solve it by Graphic Method.   

Point of intersection for lines  
 x = 3 and 
 5x + 2y = 20 is P (3, 2.5) 
Similarly, lines  
 y = 5 and 
 5x + 2y = 20 intersect at point (2, 5) 
Line  x = 0 meets  
 5x + 2y = 20 at point (0, 10) 
Line  y = 0 meets  
 5x + 2y = 20 at point Q (4, 0) 
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Solution 

Let x and y be the amount to be invested in first and second stock portfolio respectively. 

Objective function: 

The average rate of return for first portfolio is 10% and for second portfolio, it is 20%. Since 
the company wishes to maximize the return from investment, the objective function is as given 
below: 

Maximise  Z =  0.10x + 0.20y 

Condition-1: 

The maximum amount available for investment is ` 1,00,000. 

Hence,  x + y ≤ 1,00,000                

Condition-2: 

Further, the maximum investment allowed in either portfolio set is ` 75,000. 

Therefore,  x ≤ 75,000 and      

 y ≤  75,000       

Condition-3: 

The first portfolio has a risk rating of 4 (on a scale from 0 to 10) and the second has 9. The 
company will not accept a risk factor above 6. 

Therefore,  4x + 9y ≤ 6(x + y)       

Or  − 2x + 3y ≤ 0    

Condition-4: 

Further, the company will not accept an average rate of return below 12%. 

Hence,  0.10x + 0.20y ≥ 0.12(x + y)      

Or  − 0.02x + 0.08y ≥ 0        

Condition-5: 

Also,  x, y ≥ 0       

The linear programming model for the given problem can now be formulated as follows: 

Maximise  

 Z =  0.10 x + 0.20 y 
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Subject to the Constraints: 

 x + y ≤ 1,00,000       

 x, y ≤ 75,000  

 − 2x + 3y ≤ 0     

 − 0.02x + 0.08y ≥ 0 

Where  x, y ≥ 0       

The problem is solved graphically below: 
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Intersection Points: 

The point of intersection for the lines  
 − 2x + 3y = 0 and 
 x + y = 1,00,000 is given by Intersection Point R (60,000, 
   40,000) 

The point of intersection for the lines 
 x = 75,000 and 
 x + y = 1,00,000 is given by Intersection Point Q (75,000, 
   25,000) 

Similarly, the lines 
 x = 75,000 and 
 − 0.02x + 0.08y = 0 Intersect at Point P (75,000, 18,750) 

Thus, the feasible region is bounded by SRQP and feasible points are S (0, 0); R (60,000, 
40,000); Q (75,000, 25,000) and P (75,000, 18,750). 

Value of the objective function at the above mentioned feasible points is calculated below: 

Point Co-Ordinates of the corner points of the 
feasible region (value of x and y) 

Value of the objective function 

Z = 0.10 x + 0.20 y 

S (0, 0) ` NIL 

R (60,000, 40,000) ` 14,000 

Q (75,000, 25,000) ` 12,500 

P (75,000, 18,750) ` 11,250 

We find that the value of the objective function is maximum (`14,000) at point R (60,000, 
40,000). 

Hence, there should be investment of ` 60,000 in first portfolio and investment of ` 40,000 in 
second portfolio to achieve the maximum average rate of return of `14,000. 
 

Problem-19 

A farm is engaged in breeding pigs. The pigs are fed on various products grown in the farm. In 
view of the need to ensure certain nutrient constituents (call them X, Y and Z), it becomes 
necessary to buy two additional products say, A and B. One unit of product A contains 36 
units of X, 3 units of Y and 20 units of Z. One unit of product B contains 6 units of X, 12 units 
of Y and 10 units of Z. The minimum requirement of X, Y and Z is 108 units, 36 units and 100 
units respectively. Product A costs ` 20 per unit and product B ` 40 per unit. 
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Required 

Formulate the above as a linear programming problem to minimize the total cost and solve this 
problem by using graphic method.     

The data of the given problem can be summarized as under: 

Nutrient 

Constituents 

Nutrient Content in Product Minimum Requirement of 

Nutrient 

 A B  

X 36 06 108 

Y 03 12 36 

Z 20 10 100 

Cost of Product ` 20 ` 40  

Solution 

Let x units of product A and y units of product B are purchased.  

Required mathematical formulation of L.P. problem is as given below: 

Minimize 

               Z = 20x + 40y  

Subject to the Constraints:  

 36x +   6y  ≥  108 

 3x + 12y  ≥  36 

 20x + 10y  ≥  100 and 

  x,  y  ≥  0 

The problem is solved graphically below: 
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For solving the above problem graphically, consider a set of rectangular axis x, y in the plane. 
As each point has the coordinates of type (x, y), any point satisfying the conditions x ≥ 0 and y 
≥ 0 lies in the first quadrant only. 

The constraints of the given problem as described earlier are plotted by treating them as 
equations: 

 36x + 6y = 108 

 3x + 12y = 36 

 20x + 10y = 100 
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The area beyond these lines represents the feasible region in respect of these constraints; 
any point on the straight lines or in the region above these lines would satisfy the constraints.  

Intersection Points: 

The point of intersection for the lines  

 36x + 6y = 108 and 

 20x + 10y = 100 is given by Intersection Point R (2, 6) 

The point of intersection for the lines 

 20x + 10y = 100 and 

 3x + 12y = 36 is given by Intersection Point Q (4, 2) 

The coordinates of the extreme points of the feasible region are given by 

 S = (0, 18) 

 R = (2, 6) 

 Q = (4, 2) and 

  P = (12, 0) 

The value of the objective function at each of these points can be evaluated as follows: 

Extreme 

Point  

Co-Ordinates of the corner points of the 

feasible region (value of x and y)  

Value of the objective function 

Z = 20x + 40y 

S (0, 18) ` 720 

R (2, 6) ` 280 

Q (4, 2) ` 160 

P (12, 0) ` 240 

The value of the objective function is minimum at the point Q (4, 2). Hence, the optimum 
solution in to purchase 4 units of product A and 2 units of product B in order to have minimum 
cost of `160. 
 

Problem-20 

The costs and selling prices per unit of two products manufacturing by a company are as 
under: 

Product A (`) B (`) 

Selling Price 500 450 

© The Institute of Chartered Accountants of India



 Linear Programming 10.55 

Variable Costs:   

Direct Materials @ ` 25 per kg. 100 100 

Direct Labour @ ` 20 per hour 80 40 

Painting @ ` 30 per hour 30 60 

Variable Overheads 190 175 

Fixed Costs @ ` 17.50 / D.L.Hr.    70    35 

Total Costs  470  410 

Profit 30 40 

In any month the maximum availability of inputs is limited to the following: 

Direct Materials  480 kg. 

Direct Labour Hours  400 hours 

Painting Hours  200 hours 

Required 

(i) Formulate a linear programme to determine the production plan which maximizes the 
profits by using graphical approach. 

(ii) State the optimal product mix and the monthly profit derived from your solution in (i) 
above. 

(iii) If the company can sell the painting time at ` 40 per hour as a separate service, show 
what modification will be required in the formulation of the linear programming problem.  
(You are required to re-formulate the problem but not to solve) 

Solution 

Contribution Analysis: 

Products A B 

 (`) (`) 

Selling Price (A) 500 450 

Variable Costs:   

Direct Materials 100 100 

Direct Labour 80 40 
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Painting 30 60 

Variable Overheads 190 175 

Total Variable Costs (B) 400 375 

Contribution (A − B) 100   75 

Direct Material per unit `100 / `25 = 4 kg. `100 / `25 = 4 kg. 

Direct Labour hour per unit `80 / `20 = 4 hrs. `40 / `20 = 2 hrs. 

Painting hour per unit `30 / `30 = 1 hr. `60 / `30 = 2 hrs. 

Let x be the units to be produced of product A and y be the units to be produced of product B. 

LP Problem formulation: 

Maximize  

 Z =  100x + 75y    (Maximisation of contribution) 

Subject to the Constraints: 

 4x + 4y  480   (Raw material constraint) 

Or x + y  120 

 4x + 2y  400   (Direct Labour hour constraint) 

Or 2x + y  200  

 x + 2y  200   (Painting hour constraint) 

 x, y ≥  0   (Non negativity constraint) 

The graphical representation will be as under: 
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Points to draw the lines and intersection points: 

For  x + y  120  
If   y = 0 
  x = 120 
If   x = 0 
  y = 120 

For  2x + y  200  
If  y = 0 
 x = 100 
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If  x = 0 
 y = 200 

For  x + 2y  200  
If  x = 0 
 y = 100 
If y = 0 
 x = 200 

The point of intersection for the lines  
 x + y = 120 and 
 x + 2y = 200 is given by Intersection Point R (40, 80) 

The point of intersection for the lines 
 2x + y  = 200 and 
  x + y  = 120 is given by Intersection Point Q (80, 40) 

Evaluation of corner points: 

Point Products (Units) Amount (`) Contribution (`) 

(Z = 100 x + 75 y) A B A 

  `100 per unit 

B 

`75 per unit 

P 100 0 10,000 0 10,000 

Q* 80 40 8,000 3,000 11,000 

R 40 80 4,000 6,000 10,000 

S 0 100 0 7,500 7,500 

T 0 0 0 0 0 

*Optimal product mix is Q 

Statement showing optimal profit: 

Products Units Contribution (`) 

A 80 8,000 

B 40 3,000 

Total Contribution 11,000 

Less: Fixed Cost  
(400 DL Hrs.  `17.50)  

7,000 

Optimal Profit 4,000 
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If the painting time can be sold at ` 40 per hour the opportunity cost is calculated as under: 

Particulars A 

(`) 

B 

(`) 

Income from Sale per hour 40 40 

Less: Painting Variable Cost per hour 30 30 

Opportunity Cost per hour 10 10 

Painting Hours per unit 1 2 

Opportunity Cost 10 20 

Revised Contribution 90 
(100 − 10) 

55 
(75 − 20) 

Hence, modification is required in the objective function.      

Re-formulated problem will be: 

Maximize 

 Z  =  90x + 55y     (Maximisation of contribution) 

Subject to the Constraints: 

 4x + 4y  480    (Raw material constraint) 

Or x + y  120 

 4x + 2y  400    (Direct Labour hour constraint) 

Or 2x + y  200 

 x + 2y  200    (Painting hour constraint) 

 x, y ≥ 0    (Non negativity constraint) 
 

Simplex- Method 
Problem-21 

A manufacturer produces two products D1 and D2 using two machines R1 and R2 Products D1 
requires 2 hours on machine R1 and 6 hours on machine R2. Product D2 utilises 5 hours of 
machine R1 only. Total hours available per day on machine R1 is 16 and R2 is 30.  Profit 
margin from D1 and D2 is ` 2 and ` 10 per unit respectively.  

Required 

Using simplex method find out the daily production mix to optimise profit.                           
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Solution 

The following table represents the data given in the problem: 

 Machine R1 Machine R2 Profit/Unit (in `) 

Product D1 2 hours 6 hours 2 

Product D2 5 hours Nil 10 

Available Hours 16 30  

Let x1 and x2 represent the number of units of products D1 and D2 respectively then the 
mathematical formulation of the linear programming problem based on the above data will be 
as follows: 

Maximize  

 Z = 2x1 + 10x2 

Subject to the Constraints: 

        2x1 + 5x2 ≤ 16 
                   6x1 + 0x2 ≤ 30 
     x1,x2 ≥ 0 

Introduce slack variables in the above constrains, we get: 

Maximize 

 Z = 2x1 + 10x2 + 0s1 + 0s2 

Subject to: 

   2x1 + 5x2 + s1 = 16 
   6x1 + 0x2 + s2 = 30 
   x1, x2, s1 and s2 ≥ 0 

We shall prepare the simplex tableau as follows: 

SIMPLEX TABLEAU-I 

Cj 2 10 0 0 Min. Ratio 

CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 

0 s1 16 2 5 1 0  3.2 

0 s2 30 6 0 0 1 − 

Zj = Bi jC X 0  0 0 0  

Cj – Zj 2 10 0 0 
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SIMPLEX TABLEAU-II 

Cj 2 10 0 0 

CB Basic Variable 
(B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 

10 x2 16
5

 2
5

 1 1
5

 0 

0 s2 30 6 0 0 1 

Zj = Bi jC X 4 10 2 0 

Cj – Zj −2 0 −2 0 

Since all numbers in the Cj – Zj row are either negative or zero, the optimum solution to the 

given problem has been obtained and is given by x1 = 0 units and x2 = 16
5

 units 

Maximum Profit = `2  0 units + `10  16
5

 units = ` 32   

Hence, the optimum solution is to produce 0 units of product D1 and 16
5

 units of product D2 to 

get maximum profit of ` 32    
  

Problem-22 

A company manufactures two products A and B, involving three departments - Machining, 
Fabrication and Assembly. The process time, profit/unit and total capacity of each department 
is given in the following table: 

 Machining 
(hours) 

Fabrication 
(hours) 

Assembly 
(hours) 

Profit (`) 

A 1 5 3 80 

B 2 4 1 100 

Capacity 720 1,800 900  

Required 

Set up Linear Programming problem to maximize profits.  What will be the product-mix at 
maximum profit level?  What will be the profit? Solve by Simplex Method. 

Solution 

Let x and y denote the number of units produced for the product A & B respectively. 
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Maximize (Profit)  

 Z = 80x + 100y   

Subject to the Constraints:    

    x + 2y ≤ 720  (Machining Time) 

   5x + 4y ≤ 1,800  (Fabrication Time) 

   3x + y ≤ 900  (Assembly Time) 

   x, y ≥ 0 

By introducing slack variables s1 ≥ 0, s2 ≥ 0 and s3 ≥ 0 the linear programming problem in 
standard form becomes: 

Maximize    

 Z = 80x + 100y + 0s1 + 0s2 + 0s3 

Subject to:  

   x + 2y + s1 = 720  (Machining Time) 

   5x + 4y + s2 = 1,800  (Fabrication Time) 

   3x + y + s3 = 900  (Assembly Time) 

   x, y, s1, s2, s3 ≥ 0 

We shall prepare the simplex tableau as follows: 

SIMPLEX TABLEAU-I 

Cj 80 100 0 0 0 Min. 
Ratio* CB Basic 

Variable 
(B) 

Value of 
Basic 

Variables 
b (=XB) 

x y s1 s2 s3 

0 s1 720 1 2 1 0 0  360

0 s2 1,800 5 4 0 1 0 450

0 s3 900 3 1 0 0 1 900

Zj = Bi jC X 0 0 0 0 0  

Cj – Zj 80 100 0 0 0 

(*) Replacement Ratio 
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SIMPLEX TABLEAU-II 

Cj 80 100 0 0 0 Min. 

Ratio CB Basic 

Variable (B) 

Value of Basic 

Variables b(=XB) 

x y s1 s2 s3 

100 y 360 1
2

 1 1
2

 0 0 720

0 s2 360 3 0 -2 1 0  120

0 s3 540 5
2

 0 1
2

  0 1 216

Zj = Bi jC X 50  100 50 0 0  

Cj − Zj 30 0 −50 0 0 

SIMPLEX TABLEAU-III 

Cj 80 100 0 0 0 

CB Basic 

Variable (B) 

Value of Basic 

Variables b(=XB) 

x y s1 s2 s3 

100 y 300 0 1 5
6

 
1
6

  0 

80 x 120 1 0 2
3

  
1
3

 0 

0 s3 240 0    0 7
6

 
5
6

  1 

Zj = Bi jC X 80  100 30 10 0 

Cj − Zj 0 0 −30 −10 0 

Since all numbers in the Cj − Zj row are either negative or zero, the optimum solution to the 
given problem has been obtained and is given by x = 120 units and y = 300 units 

Maximum Profit = `80  120 units + `100  300 units 

Hence, the optimum solution is to produce 120 units of product A and 300 units of product B to 
get maximum profit of ` 39,600    
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Problem-23 

 A factory produces 3 products X1, X2 and X3. Each of these products is processed in two 
departments, machining and Assembly. The processing time in hours for each product in each 
department and the total available time in hours in the departments and contribution per unit 
are given below: 

Product 

Processing time (in hours) 
Contribution  

` /unit 
Machining 

Department 
Assembly 

Department 

X1 4 3 8 

X2 4 2 6 

X3 6 4 5 

Available time (hours) 384 288  

Exactly 30 units of X3 must be produced. 

Required 

(i) Determine the optimal product mix using simplex method and find the optimal profit. 

(ii)  Comment on the solution, objective function and the constraints.  

Solution 

 (i) Let x1, x2, and x3 represent the number of units of products X1, X2 and X3 respectively 
then the mathematical formulation of the linear programming problem based on the 
above data will be as follows: 

 Maximize  

   Z = 8x1 + 6x2 + 5x3 

Subject to the Constraints: 

  4x1 + 4x2+ 6x3 ≤ 384 

                   3x1 + 2x2+ 4x3 ≤ 288 

  x3 = 30 

  x1, x2, x3 ≥ 0 

 Or 

 Maximize  

   Z = 8x1 + 6x2 + 5 x 30 
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Subject to the Constraints: 

  4x1 + 4x2+ 6 x 30 ≤ 384 

                   3x1 + 2x2+ 4 x 30 ≤ 288 

  x1, x2 ≥ 0 

Or 

Maximize  

   Z = 8x1 + 6x2 + 150 

 Subject to the Constraints: 

  4x1 + 4x2 ≤ 204 

                   3x1 + 2x2 ≤ 168 

  x1, x2 ≥ 0 

 By introducing slack variables in the above constrains, we get: 

 Maximize 

   Z = 8x1 + 6x2 + 150 + 0s1 + 0s2  

 Subject to: 

  4x1 + 4x2 + s1 = 204 

                3x1 + 2x2 + s2 = 168 

  x1, x2, s1, s2  ≥ 0 

 We shall prepare the simplex tableau as follows: 

SIMPLEX TABLEAU-I 

Cj 8 6 0 0 Min. 

Ratio CB Basic  

Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 

0 s1 204 4 4 1 0 51 

0 s2 168 3 2 0 1 56 

    Zj = Bi jC X 0 0 0 0  

     Cj − Zj 8 6 0 0 
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SIMPLEX TABLEAU-II 

Cj 8 6 0 0 

CB Basic 
Variable (B) 

Value of Basic Variables 
b(=XB) 

x1 x2 s1 s2 

8 x1 51 1 1 1/4 0 

0 s2 15 0 −1 −3/4 1 

Zj = Bi jC X 8 8 2 0 

Cj − Zj 0 −2 −2 0 

 Since all numbers in the Cj – Zj row are either negative or zero, the optimum solution to 
the given problem has been obtained and is given by x1 = 51 units, x2 = 0 units and x3 = 
30 units (already given). 

 Maximum Contribution = `8  51 units + `6  0 units + `5  30 units = `558   

(ii) Solution, Objective Function and The Constraints  

 ‘When a non basic variable in the final tableau (showing optimal solution) to a problem 
has a net zero contribution then optimal solution to given problem is not one but 
multiple’ 

and 

 Multiple optimal solutions can occur when the objective function parallel to a constraint. 

 In the above case x2 and s1 are non basic variables in the optimal table (Simplex 
Tableau-II) and have Cj − Zj ≠ 0. Hence, LPP has no multiple optimal solutions. 
Accordingly objective function is also not parallel to constraint. 

  
This problem can also be solve by taking ‘Artificial Variable’ for Equation x3 = 30. 

 

Problem-24 

A factory engaged in the manufacturing of pistons, rings and valves for which the profits per 
unit are ` 10, 6 and 4 respectively wants to decide the most profitable mix. It takes one hour 
of preparatory work, ten hours of machining and two hours of packing and allied formalities for 
a piston. Corresponding time requirements for rings and valves are 1, 4 & 2 and 1, 5 & 6 hours 
respectively. The total number of hours available for preparatory work, machining and packing 
& allied formalities are 100, 600 and 300 respectively.  

Required 

Determine the most profitable mix, assuming that all produced can be sold.                                                                
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Solution 

Hours required in manufacturing: 

Nature of Work 

 

Pistons Rings Valves Total Hours 

Available Hrs. per Unit Hrs. per Unit Hrs. per Unit 

Preparatory 1 1 1 100 

Machining 10 4 5 600 

Packing & Allied  2 2 6 300 

 

Profit per unit 

        Pistons           Rings          Valves 

`10 `6 `4 

Let x1, x2 and x3 be the required quantities of pistons, rings and valves manufactured and sold 
to maximize the profit of the factory. 

Maximise 

 Z = 10x1 + 6x2 + 4x3  
Subject to the Constraints: 

   x1 + x2 + x3 ≤ 100 

   10x1 + 4x2 + 5x3 ≤ 600 

                2x1 + 2x2 + 6x3 ≤ 300 

                Also  x1, x2, x3 ≥ 0 

Introduced slack variables in the above constraints to convert them into equalities: 

Maximise 

 Z = 10x1 + 6x2 + 4x3 + 0s1 + 0s2 + 0s3 

Subject to: 

   x1 + x2 + x3 + s1 = 100 

   10x1 + 4x2 + 5x3 + s2 = 600 

  2x1 + 2x2 + 6x3 + s3 = 300 

 Here  x1, x2, x3, s1, s2, s3 ≥ 0 

We shall prepare the simplex tableau as follows: 
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SIMPLEX TABLEAU-I 

Cj 10 6 4 0 0 0 Min. 

Ratio CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

0 s1 100 1 1 1 1 0 0 100

0 s2 600 10 4 5 0 1 0  60

0 s3 300 2 2 6 0 0 1 150

Zj = Bi jC X 0 0 0 0 0 0  

Cj − Zj 10 6 4 0 0 0 

SIMPLEX TABLEAU-II 

Cj 10 6 4 0 0 0 Min. 

Ratio CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB)

x1 x2 x3 s1 s2 s3 

0 s1 40 0 3
5

 1
2

 1 1
10

 0 66.66..

10 x1 60 1 2

5
 1

2
 0 1

10
 0 150 

0 s3 180 0 6

5
 5 0 1

5
  1 150 

Zj = Bi jC X 10 4 5 0 1 0  

Cj − Zj 0 2 −1 0 −1 0 

SIMPLEX TABLEAU-III 

Cj 10 6 4 0 0 0 

CB Basic Variable 
(B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

6 x2 200
3

 0 1 5
6

 5
3

 1
6

  0 

10 x1 100
3

 1 0 1
6

 2
3

  
1
6

 0 

0 s3 100 0 0 4 −2 0 1 

Zj = Bi jC X 10 6 20
3

 10
3

 2
3

 0 

Cj − Zj 0 0 8
3

  10
3

  2
3

  0 
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Since all numbers in the Cj − Zj row are either negative or zero, the optimum solution to the 

given problem has been obtained and is given by x1 = 100
3

 units, x2 = 200
3

and x3 = 0 units 

Maximum Profit = `10  100
3

units + `6  200
3

 units + `4  0 = 733.33 

Hence the most profitable mix includes the manufacture and sale of 100
3

 Pistons and 200
3

 

Rings. The maximum profit in this case is ` 733.33. 
 

Problem-25 

Three grades of coal A, B and C contains phosphorus and ash as impurities.  In a particular 
industrial process, fuel up to 100 ton (maximum) is required which could contain ash not more 
than 3% and phosphorus not more than 0.03%.  It is desired to maximize the profit while 
satisfying these conditions.  There is an unlimited supply of each grade.  The percentage of 
impurities and the profits of each grades are as follows: 

Coal Phosphorus (%) Ash (%) Profit in ` (Per ton) 

A 0.02 3.0 12.00 

B 0.04 2.0 15.00 

C 0.03 5.0 14.00 

Required 

Formulate the Linear Programming (LP) model to solve it by using simplex method to 
determine optimal product mix and profit.  

Solution 

Let x1, x2 and x3 respectively be the amounts in tons of grades A, B & C used. The constraints 
are: 

(i) Phosphorus content must not exceed 0.03% 

   0.02x1 + 0.04x2 +0.03x3  ≤  0.03 (x1 + x2 + x3) 

 Or    −x1 + x2 ≤ 0 

(ii) Ash content must not exceed 3% 

   3x1 + 2x2 + 5x3  ≤ 3 (x1 + x2 + x3)  

 Or    −x2 + 2x3  ≤  0 

(iii) Total quantity of fuel required is not more than 100 tons.  

   x1 + x2 + x3  ≤  100 
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The Mathematical formulation of the problem is: 

 Maximize 

  Z   =  12x1 + 15x2 + 14x3 

 Subject to the Constraints: 

   −x1 + x2 ≤ 0 

   −x2 + 2x3  ≤ 0 

   x1 + x2 + x3  ≤ 100 

   x1,  x2, x3  ≥ 0 

 Introducing Slack Variables s1, s2, s3: 

 Maximize 

                  Z  =  12x1 + 15x2 + 14x3 + 0s1 + 0s2 + 0s3 

 Subject to: 

   −x1 + x2 + s1 ≤ 0 

   −x2 + 2x3 + s2 ≤ 0 

   x1 + x2 + x3+ s3  ≤ 100 

   x1,  x2, x3, s1, s2, s3 ≥ 0 

We shall prepare the simplex tableau as follows: 

SIMPLEX TABLEAU-I 

Cj 12 15 14 0 0 0 Min. 

RatioCB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

0 s1 0 −1 1 0 1 0 0 0 

0 s2 0 0 −1 2 0 1 0 − 

0 s3 100 1 1 1 0 0 1 100 

Zj = Bi jC X 0 0 0 0 0 0  

Cj − Zj 12 15 14 0 0 0 
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SIMPLEX TABLEAU-II 

Cj 12 15 14 0 0 0 Min. 

RatioCB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

15 x2 0 −1 1 0 1 0 0 − 

0 s2 0 −1 0 2 1 1 0 − 

0 s3 100 2 0 1 −1 0 1 50 

Zj = Bi jC X −15 15 0 15 0 0  

Cj - Zj 27 0 14 −15 0 0 

SIMPLEX TABLEAU-III 

Cj 12 15 14 0 0 0 Min. 

RatioCB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

15 x2 50 0 1 1
2

 
1
2

 
0 1

2
 

100 

0 s2 50 0 0 5
2

 
1
2

 
1 1

2
 

20 

12 x1 50 1 0 1
2

 
1
2


0 1

2
 

100 

Zj = Bi jC X 12 15 27
2

 
3
2

 
0 27

2
 

 

Cj − Zj 0 0 1
2


3
2


0 27

2
  

SIMPLEX TABLEAU-IV 

Cj 12 15 14 0 0 0 

CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

15 x2 40 0 1 0 2
5

 
1
5

  
2
5

 

14 x3 20 0 0 1 1
5

 
2
5

 
1
5
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Cj 12 15 14 0 0 0 

CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 x3 s1 s2 s3 

12 x1 40 1 0 0 3
5

  
1
5

  
2
5

 

Zj = Bi jC X 12 15 14 8
5

 
1
5

 
68
5

 

Cj − Zj 0 0 0 8
5

  
1
5

  
68
5

  

Since all numbers in the Cj – Zj row are either negative or zero, the optimum solution to the 
given problem has been obtained. The optimum solution is x1 = 40, x2 = 40 and x3 = 20 with 
maximum Z = `1,360. 

Hence, the optimum product mix is 40 tons of grade A, 40 tons of grade B and 20 tons of 
grade C to get maximum profit of ` 1,360.    
 

Problem-26 

A gear manufacturing company makes two types of gears - A and B. Both gears are 
processed on 3 machines. Hobbing M/c, Shaping M/c and Grinding M/c. The time required by 
each gear and total time available per week on each M/c is as follows:                                                               

Machine    Gear (A)            
(Hours) 

Gear (B) 

(Hours) 

Available Hours 

Hobbing M/c……...... 3 3 36 

Shaping M/c……….. 5 2 60 

Grinding M/c……….. 2 6 60 

Other Data:    

Selling Price (`)…… 820 960  

Variable Cost (`)….. 780 900  

Required 

Determine the optimum production plan and the maximum contribution for the next week by 
simplex method. The initial tables given below: 
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Cj 40 60 0 0 0 

CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 s3 

0 s1 36 3 3 1 0 0 

0 s2 60 5 2 0 1 0 

0 s3 60 2 6 0 0 1 

Solution 

We shall prepare the simplex tableau as follows: 

SIMPLEX TABLEAU-I 

Cj 40 60 0 0 0 Min. 

Ratio CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 s3 

0 s1 36 3 3 1 0 0 12

0 s2 60 5 2 0 1 0 30

0 s3 60 2 6 0 0 1 10

Zj = Bi jC X 0 0 0 0 0  

Cj − Zj 40 60 0 0 0 

SIMPLEX TABLEAU-II 

Cj 40 60 0 0 0 Min. 

Ratio CB Basic 
Variable (B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 s3 

0 s1 6 2 0 1 0 1
2

  
3

0 s2 40 13
3

 
0 0 1 1

3
  

120
13

60 x2 10 1
3

 
1 0 0 1

6
 

30

Zj = Bi jC X 20 60 0 0 10  

Cj − Zj 20 0 0 0 −10 
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SIMPLEX TABLEAU-III 

Cj 40 60 0 0 0 

CB Basic Variable 
(B) 

Value of Basic 
Variables b(=XB) 

x1 x2 s1 s2 s3 

40 x1 3 1 0 1
2

0 1
4

  

0 s2 27 0 0 13
6


1 3

4
 

60 x2 9 0 1 1
6


0 1

4
 

Zj = Bi jC X 40 60 10 0 5 

Cj - Zj 0 0 −10 0 − 5 

Since all Cj − Zj are negative or zero, this is the optimum solution with, x1 =3 & x2 =9 and 
optimum Z = `660. 
 

Problem-27 

Maximize  

 Z = 62,000x1 + 1,24,000x2 

Subject to the Constraints: 

 3x1 + 4x2  ≤ 260 
 x1  ≥ 2  
 x2  ≥ 3 

 x1, x2  ≥ 0    

Required 

Solve above linear programming problem by Simplex Method.   

Solution 

Introduced Slack, Surplus and Artificial Variables: 

Maximize  

 Z = 62,000x1 + 1,24,000x2 + 0s1 + 0s2 + 0s3 − MA1 − MA2 
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Subject to: 

   3x1 + 4x2 + s1 = 260 
   x1 − s2+ A1 = 2 
   x2 − s3+ A2 = 3 
   x1, x2, s1, s2, s3, A1, A2 ≥ 0 

We shall prepare the simplex tableau as follows: 

SIMPLEX TABLEAU-I 

Cj 62,000 1,24,000 0 0 0 −M −M Min. 

Ratio CB Basic 
Variable 

(B) 

Value of 
Basic 

Variables 
b(=XB) 

x1 x2 s1 s2 s3 A1 A2 

0 s1 260 3 4 1 0 0 0 0 65 

−M A1 2 1 0 0 −1 0 1 0 − 

−M A2 3 0 1 0 0 −1 0 1 3 

Zj = Bi jC X  −M −M 0 M M −M −M  

Cj−Zj 62,000+M 1,24,000+M 0 −M −M 0 0 

SIMPLEX TABLEAU-II 

Cj 62,000 1,24,000 0 0 0 −M Min. 

Ratio CB Basic 
Variable 

(B) 

Value of 
Basic 

Variables 
b(=XB) 

x1 x2 s1 s2 s3 A1 

0 s1 248 3 0 1 0 4 0 82.66

−M A1 2 1 0 0 −1 0 1  2 

1,24,000 x2 3 0 1 0 0 −1 0 − 

Zj = Bi jC X −M 1,24,000 0 M −1,24,000 −M  

Cj − Zj 62,000+M 0 0 −M 1,24,000 0 
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SIMPLEX TABLEAU-III 

Cj 62,000 1,24,000 0 0 0 Min. 

Ratio CB Basic 
Variable 

(B) 

Value of 
Basic 

Variables 
b(=XB) 

x1 x2 s1 s2 s3 

0 s1 242 0 0 1 3 4  60.5

62,000 x1 2 1 0 0 −1 0 − 

1,24,000 x2 3 0 1 0 0 −1 − 

Zj = Bi jC X  62,000 1,24,000 0 − 62,000 −1,24,000  

Cj − Zj 0 0 0 62,000 1,24,000 

SIMPLEX TABLEAU-IV 

Cj 62,000 1,24,000 0 0 0 

CB Basic 
Variable 

(B) 

Value of 
Basic 

Variables 
b(=XB) 

x1 x2 s1 s2 s3 

0 s3 60.5 0 0 1
4

 
3
4

 
1 

62,000 x1 2 1 0 0 -1 0 

1,24,000 x2 63.5 0 1 1
4

 
3
4

 
0 

Zj = Bi jC X 62,000 1,24,000 31,000 31,000 0 

Cj − Zj 0 0 − 31,000 − 31,000 0 

Since all entries in ‘Cj − Zj’ row are either zero or negative in table IV, the current solution is 
the optimum one and is given by: 

x1=2, x2=63.5, Maximum Z= 79,98,000 
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Primal & Dual  
Problem-28 

Minimize 

 Z = 2x1 − 3x2 + 4x3 

Subject to the Constraints: 

     3x1 + 2x2 + 4x3 ≥ 9 

     2x1 + 3x2 + 2x3 ≥ 5 

     7x1 − 2x2 − 4x3 ≤ 10 

     6x1 − 3x2 + 4x3 ≥ 4 

     2x1 + 5x2 − 3x3 = 3 

     x1, x2, x3 ≥ 0 

Required 

Find the dual problem for the above problem. 

Solution 

Primal: 

Minimize   

 Z = 2x1 − 3x2 + 4x3 

Subject to the Constraints 

 3x1 + 2x2 + 4x3  ≥  9 

 2x1 + 3x2 + 2x3  ≥  5 

       −7x1 + 2x2 + 4x3  ≥ − 10 

 6x1 − 3x2 + 4x3  ≥  4 

 2x1 + 5x2 − 3x3  ≥  3 

 −2x1 − 5x2 + 3x3  ≥ − 3 

     x1, x2, x3  ≥  0 

Dual: 

Maximize 

 Z =  9y1 + 5y2 − 10y3 + 4y4 + 3y5 − 3y6 

Subject to the Constraints: 

 3y1 + 2y2 − 7y3 + 6y4 + 2y5 − 2y6 ≤  2 
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 2y1 + 3y2 + 2y3 − 3y4 + 5y5 − 5y6 ≤ − 3 

 4y1 + 2y2 + 4y3 + 4y4 − 3y5 + 3y6 ≤  4 

 y1, y2, y3, y4, y5, y6  ≥  0 

By substituting y5−y6= y7 the dual can alternatively be expressed as: 

Maximize  Z = 9y1 + 5y2 − 10y3 + 4y4 + 3y7 

Subject to the Constraints: 

     3y1 + 2y2 − 7y3 + 6y4 + 2y7 ≤ 2 

     −2y1 − 3y2 − 2y3 + 3y4 − 5y7  ≥ 3 

     4y1 + 2y2 + 4y3 + 4y4 − 3y7 ≤ 4 

              y1, y2, y3, y4 ≥ 0, y7 unrestricted in sign. 
 

Problem-29 

Maximise  

 Z = 100x1 + 90x2 + 40x3 + 60x4 

Subject to 
 6x1+ 4x2 + 8x3 + 4x4 ≤ 140 
 10x1 + 10x2 + 2x3 + 6x4 ≤ 120 
 10x1 + 12x2 + 6x3 + 2x4 ≤ 50 
 x1, x2, x3, x4 ≥ 0 

Required 

Formulate the dual for the above problem. Only formulation is required. Please do not solve. 

Solution 

Dual: 

 

Minimize 

 Z =  140u1 + 120u2 + 50u3 

Subject to the Constraints: 
 6u1 + 10u2 + 10u3 ≥ 100 
 4u1 + 10u2 + 12u3 ≥ 90  
 8u1 + 2u2 + 6u3 ≥ 40  
 4u1 + 6u2 + 2u3 ≥ 60      
 u1, u2, u3 ≥ 0 
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Simplex Method – Miscellaneous Concepts 
(Slack/ Surplus Variable, Shadow Price, Feasible/ Alternate Solution/ Optimal Solution) 

Problem-1 

The following information is given relating to the simplex method of a linear program with the 
usual notations. 

Objective function: 
                               Z = x1 + 5x2     → (1) 

Subject to: 
    6x1 + 8x2 ≤ 12           → (2)     
    5x1 +15x2    ≥ 10           → (3) 
    x1, x2    ≥ 10           → (4) 

Let s1 be the variable introduced to restate (2) as an equality and let s2 and A2 be variables to 
restate (3) as an equality. 

Required 

If the objective is to maximize Z, 

(i) What will be the coefficients of s1, s2 and A2 in equation (1) and (3) restated as 
equality? 

(ii) Identify the slack and surplus variables. 

(iii) Which variables will form part of the initial solution? Why? 

(iv) If the objective is to minimize Z what will be your answer to (i) above?  

Solution 

 (i) Working  

Introducing Slack/ Surplus/ Artificial Variables 

In Case of Maximization… 

    Z  =    x1 + 5x2 + 0s1 + 0s2 – MA2                           … (1) 

Subject to: 

   6x1 + 8x2 + s1 = 12              … (2) 

   5x1 + 15x2 – s2+ A2 = 10              … (3) 

   x1,  x2, s1, s2, A2 ≥ 0                … (4) 
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For Equation (1) 

 Coefficients of s1, s2, and A2 are 0, 0 and – M respectively. 

 For Equation (3) 

 Coefficients of s1, s2, and A2 are 0, –1 and 1 respectively. 

(ii) s1 is Slack Variable and s2 is Surplus Variable. 

(iii) In any Maximisation problem, this tableau must satisfy the following requirements:  

– All the Slack Variables (and thus Surplus Variables as well) must form part of 
the initial solution mix (basis).  

– The table must contain as many rows as there are constraints.  

– The elements in the columns of variables appearing in the basis must form a unit 
vector. 

If s2 is included in the basis, the elements of the s2 will be 0 and –1 and thus not a unit 
vector. This is contrary to the non-negativity restriction i.e. all variables must have a 
positive value. This problem is solved by adding an Artificial Variable (denoted by Ai) to 
the equation, that is, a variable that has a positive value. Artificial variables do not 
represent any quantity relating to the decision problem and must not be present in the 
final solution (if at all they do, it represents a situation of infeasibility). Accordingly, in 
the initial tableau we will place A2 along with s1 to eliminate the impact of them first. 

(iv) Working  

 Introducing Slack/ Surplus/ Artificial Variables 

 In Case of Minimization… 

               Z      =       x1 + 5x2 + 0s1 + 0s2 + MA2                                                  … (1) 

 Subject to: 

    6x1 + 8x2 + s1 = 12                   … (2) 

    5x1 + 15x2 – s2+ A2 = 10                   … (3) 

    x1,  x2, s1, s2, A2 ≥ 0                     … (4) 

 For Equation (1) 

 Coefficients of s1, s2, and A2 are 0, 0 and M respectively. 

 For Equation (3) 

 Coefficients of s1, s2, and A2 are 0, –1 and 1 respectively. 
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Problem-2 

 Given below is an iteration in a simplex table for a maximization objective linear programming 
product mix problem for products X1, X2 and X3.  

Cj 6 4 10 0 0 0 

 
Basic  

Variable 
Quantity X1 X2 X3 S1 S2 S3 

0 S1 400 0 4/3 0 1 -1/3 0 

6 X1 400 1 2/3 2 0 1/3 0 

0 S3 400 0 5/3 0 0 -2/3 1 

Zj 2,400 6 4 12 0 2 0 

Cj - Zj  0 0 -2 0 -2 0 

Answer the following questions:  

(i)  Is the above solution feasible?  

(ii)  Perform one more iteration with X2 entering the solution to get a solution with the same 
value for the objective function.  

(iii)  Indicate the shadow prices.  

(iv)  If customer is prepared to pay higher price for product X3 then by how much should the 
price be increased so that the company's profit remains unchanged?  

(v)  From the given table, derive any one original constraint inequality with the coefficients 
of variables in their simplest whole number forms.   

Solution 

Workings 

Cj 6 4 10 0 0 0 Min. 

Ratio CB Basic Variable  Quantity X1 X2 X3 S1 S2 S3 

0 S1 400 0 4/3 0 1 –1/3 0 300

6 X1 400 1 2/3 2 0 1/3 0 600

0 S3 400 0 5/3 0 0 –2/3 1 240

Zj = Bi jC X 6 4 12 0 2 0  

Cj − Zj 0 0 –2 0 –2 0 
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(i) Yes, because the given solution has no artificial variables in the basic column. 

(ii)  Perform one more iteration with X2: 

Cj 6 4 10 0 0 0 

CB Basic 
Variable  

Quantity X1 X2 X3 S1 S2 S3 

0 S1 80 0 0 0 1 1/5 –4/5 

6 X1 240 1 0 2 0 3/5 –2/5 

4 X2 240 0 1 0 0 –2/5 3/5 

Zj = Bi jC X 6 4 12 0 2 0 

Cj − Zj 0 0 –2 0 –2 0 

(iii) Shadow Price is `0, `2 and `0 (or any other given monetary unit) for Constraint 1, 
Constraint 2 and Constraint 3 respectively and same has been obtained from row Cj − 
Zj. 

(iv) Cj − Zj for X3 being –2, production of each unit of X3 would cause a reduction of `2 (or 
any other given monetary unit). Thus, the price for X3 should be increased by at least 
two rupee per unit to ensure no reduction of profits. 

(v) Original Constraint Inequality with the coefficient of variables: 

 Let us consider the given iteration is the 2nd one. The first iteration (I1) must have had S2 
instead of X1. Row X1 of I2 has been computed by dividing the S2 row of I1 by 3. S2 of I1 (in 
Identity Matrix) would have been 1. Now it is 1/3. Working backwards, we multiply row X1 of 
I2 by 3 to get Row S2 of I1. 

 

Original Row S2 [X1 of I2 × 3]: 

  (1X1 + 2/3X2 + 2X3) × 3 ≤ 400 x 3 

Or  

  3X1 + 2X2 + 6X3 ≤ 1,200 

Similarly Original Row S1 [S1 of I2 + X1 of I2]: 

  (0X1 + 4/3X2 + 0X3) + (1X1 + 2/3X2 + 2X3) ≤ 400 + 400   

Or 

  X1 + 2X2 + 2X3 ≤ 800 

Similarly Original Row S3 [S3 of I2 + 2 × X1 of I2]: 
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  0X1 + 5/3X2 + 0X3 + (1X1 + 2/3X2 + 2X3) × 2 ≤ 400 + 400 × 2  

Or 

  2X1 + 3X2 + 4X3  ≤ 1,200 

 

Original Constraint Inequality (with the coefficient of variables) can also be traced 
through algebraic method by solving through system of equations. 

 

Problem-3 

Given below is an iteration in a simplex table for a maximization objective linear programming 
product mix problem for products x, y and z. Each of these products is processed in three 
machines KA-07, KB-27 & KC-49 and each machine has limited available hours.  

Cj 30 40 20 0 0 0 

CB Basic 
Variable (B) 

Value of Basic 
Variables b (=XB) 

x y z s1 s2 s3 

30 x 250 1 0 -26/16 10/16 -12/16 0 

40 y 625 0 1 31/16 -7/16 10/16 0 

0 s3 125 0 0 11/16 -3/16 1/8 1 

s1, s2 and s3 are slack variables for machine KA-07, KB-27 and KC-49 respectively.  
 
Answer the following questions, giving reasons in brief: 

(i) Does the table above give an ‘Optimal Solution’? 

(ii) Are there more than one ‘Optimal Solution’ / ‘Alternate Optimal Solution’? 

(iii) Is this solution ‘Feasible’? 

(iv)  Is this solution ‘Degenerate’? 

(v) Write down the ‘Objective Function’ of the problem.  

(vi) Write the ‘Optimal Product Mix’ and ‘Profit’ shown by the above solution. 

(vii) Which of these machines is being used to the full capacity when producing according to 
this solution? 

(viii) How much would you be prepared to pay for another hour of capacity each on machine 
KA-07, machine KB-27, and machine KC-49? 

(ix) If the company wishes to expand the production capacity, which of the three resources 
should be given priority? 
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(x) What happens if 16 machine hours are lost due to some mechanical problem in 
machine KB-27? 

(xi) A customer would like to have one unit of product z and is willing to pay higher price for 
z in order to get it. How much should the price be increased so that the company’s 
profit remains unchanged? 

(xii)  A new product is proposed to be introduced which would require processing time of 4 
hours on machine KA-07, 2 hours on machine KB-27 and 4 hours on machine KC-49. It 
would yield a profit of `12 per unit. Do you think it is advisable to introduce this 
product? 

Solution 

 (i) Yes, the given solution is optimal because all Cj − Zj are less than, or equal to, zero. 

Cj 30 40 20 0 0 0 

CB Basic 
Variable (B) 

Value of Basic 
Variables b (=XB)

x y z s1 s2 s3 

30 x 250 1 0 -26/16 10/16 -12/16 0 

40 y 625 0 1 31/16 -7/16 10/16 0 

0 s3 125 0 0 11/16 -3/16 1/8 1 

Zj = Bi jC X 30 40 115/4 5/4 5/2 0 

Cj – Zj 0 0 -35/4 -5/4 -5/2 0 

(ii) No, because for each of the non - basic variables z, s1 and s2, the Cj − Zj is strictly 
negative. Alternate optimal solution (s) exist when either of non-basic variables has a 
zero Cj − Zj. 

Non Basic Variables z s1 s2 

Cj – Zj -35/4 -5/4 -5/2 

(iii) Yes, because the given solution has no artificial variable in the basis. 

(iv) No, solution is not degenerate as none of the basic variables has zero quantity. 

Basic Variables x y s3 

Quantity 250 625 125 

(A solution degenerates if the Quantity of one or more basic variables is zero) 

(v)   Maximize Z = 30x + 40y + 20z 
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(vi) According to the given solution, 250 units of x and 625 units of y are being produced. 
The total profit is `32,500 (250 units × `30 + 625 units × `40). 

(vii) Machine KA-07 and KB-27 are being used to the full capacity because, the slack 
variable s1 and s2 corresponding to them has a zero value in the solution. 

(viii) The shadow price of hours on machine KA-07, machine KB-27 and machine KC-49 are 
being `5/4, `5/2 and `0, respectively, these are the maximum prices one would be 
prepared to pay for another hour of capacity for these three machines. 

(ix) Machine KB-27 may be given priority as its shadow price is the highest. 

(x) When 16 hours are lost, then production of x would increase by 12 units and that of y 
would decrease by 10 units and the total profit decrease by `40. 

(xi) Cj − Zj for z being -35/4, production of each unit of z would cause a reduction of 35/4 
rupee. Thus, the price for z should be increased by at least 35/4 rupee to ensure no 
reduction of profits. 

(xii) Shadow prices of times on machines KA-07, KB-27 and KC-49 are `5/4, `5/2 and `0. 
Production of a unit of the proposed new product would, therefore, reduce profit by `10 
[(4 hrs. × `5/4) + (2 hrs. × `5/2) + (4 hrs. × `0)]. Since the product would yield a profit of 
`12, it would result in a net increase in profit at a rate of `2 per unit. It is advisable, 
therefore to introduce it.   
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