
EQUITY VALUATION

Estimating the Required Return on Equity

The required return on equity may be estimated using anyone of the following models: e v

1. The Capital Asset Pricing Model (CAPM)

Required return on a stock = Expected risk-free rate + Beta x Equity risk premium

The CAPM uses only one factor and is therefore very simple. However, choosing the 
appropriate factor can be problematic and the model may have low explanatory power 
in some cases.

2. Multifactor Models

Required return = Risk-free rate + (Risk premium)! + (Risk premium)2 + ... + (Risk
premium)k

o Fama-French Model
■ r; = RF + P'"kI RMRF + pfze SMB + |3,value HML 

o The Pastor-Stambaugh model adds a liquidity factor to the Fama-French 
model.

o Macroeconomic multifactor models use economic variables that affect the 
value of companies as factors.

o Statistical factor models use statistical methods to determine a portfolio of 
securities (serving as factors) that explain historical returns.

Multifactor models generally have higher explanatory power but are more complex 
and costly.

3. Build-Up Method

The build-up method starts with the risk-free rate and adds premiums for different 
risks, but does not use betas to adjust factor risk premiums.

rx -  Risk-free rate + Equity risk premium + Size premium + Specific-company 
premium

Another example of this method is the bond-yield plus risk premium approach.

BYPRP cost of equity = YTM on the company’s long-term debt + Risk premium

Build-up models tend to be very simple and can be applied to closely held companies.
However, they use historical estimates that may no longer be relevant.

Methods of Estimating Beta

• Through a regression of the return of a stock on the return of the market. The value 
obtained is called “raw” or unadjusted beta and needs to be adjusted for beta drift.

Adjusted beta = (2/3) (Unadjusted beta) + (1/3) (1.0)
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• For thinly traded stocks or non-public companies, beta may be estimated using the 
pure-play method:

o Identify a comparable public company, 
o Estimate the beta of the comparable public company, 
o Un-lever the beta of the public company to estimate the beta of its assets, 
o Re-lever the asset beta of the public company based on the financial leverage 

of the subject company.

Issues in Estimating the Required Return on Equity in an International Context

• Analysts should incorporate exchange rate forecasts into their expectations of the local 
currency performance of the equity market and the risk-free asset.

• It is difficult to estimate the required return and risk premium in emerging markets.
o The country spread and country risk rating models can be used to estimate the 

equity risk premium.

The Weighted Average Cost of Capital (WACC)

WACC =
MVD

MVD + MVCE
(1 -  Tax rate) +

MVCE
MVD + MVCE r

• The cost of debt is adjusted downwards by a factor of (1 -  t) to reflect the tax 
deductibility of corporate interest payments.

• Use of the marginal tax rate is preferred over use of the effective tax rate in adjusting 
the cost of debt.

• Analysts often use target weights instead of current market value-weights of equity 
and debt in the capital structure when calculating the WACC.

Discount Rate Selection in Relation to Cash Flows

• When a cash flow to equity is discounted, the nominal required return on equity is the 
appropriate discount rate.

• When a cash flow to the firm is discounted, the nominal after-tax WACC is the 
appropriate discount rate.
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EQUITY VALUATION

INDUSTRY AND COMPANY ANALYSIS
Cross-Reference to CFA Institute Assigned Reading #28

APPROACHES TO PROJECTING FUTURE REVENUE

• Under a top-down approach, the analyst begins with the overall economy and then 
moves to more narrowly defined levels (sector, industry, or specific product) before 
eventually arriving at a revenue forecast for a particular company. There are two 
common top-down approaches to modeling revenue:

o In the growth relative to GDP growth approach, the analyst considers how a 
company’s growth rate will compare with growth in nominal GDP.

o In the market growth and market share approach, the analyst first forecasts 
growth for a particular market, and then considers how the company’s current 
market share is likely to grow over time.

• Under a bottom-up approach, an analyst begins at the individual company level or the 
individual unit level (product line, segment, or location) within the company, and then 
aggregates those forecasts to project total revenue for the company. Subsequently, revenue 
projections for individual companies are aggregated to develop forecasts for the sector, 
industry, or overall economy. Bottom-up approaches to forecasting revenue include:

o Time series, where forecasts are based on historical growth rates or time series 
analysis.

o Return on capital, where forecasts are based on balance sheet accounts.
o Capacity-based measures, e.g., same-store sales growth or sales related to new 

stores in the retail industry.

Under a hybrid approach, elements of both the top-down and bottom-up approach are 
combined. Hybrid approaches are the most commonly used approaches as they are useful (1) 
in uncovering implicit assumptions made, and (2) in identifying any errors made when using a 
single approach.

Income Statement Modeling

When forecasting costs, analysts must carefully consider fixed and variable costs.

• Variable costs are usually directly linked to revenue growth and are often modeled as 
(1) a percentage of revenue or (2) projected unit volumes multiplied by variable costs 
per unit.

• Fixed costs are not related to revenue; instead they are typically linked to (1) future 
investment in PP&E and (2) total capacity growth.

Economies of scale occur when average cost per unit declines as total output increases.
Factors that can lead to economies of scale include:

• Greater bargaining power with suppliers.
• Lower cost of capital.
• Lower per-unit marketing costs.

If a company/industry is benefiting from economies of scale, its gross and/or operating 
margins would be positively correlated with sales levels. An analysis of common-size income 
statements would show that larger companies in the industry would have lower COGS and/or 
SG&A as a percentage of sales compared to smaller companies.
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Cost of Goods Sold (COGS)

e v  Generally speaking, COGS tends to be the largest component of total cost for manufacturing
and merchandising companies.

Future COGS = (Historical COGS / Revenue) x Projected sales

Future COGS = (1 -  Historical GP margin) x Projected sales

• Given that COGS comprises the bulk of operating costs, analysts may find it useful to 
break down these costs (e.g., by segment, by product category, or by volume and price 
components) to improve forecasting accuracy.

• Analysts should also consider the company’s general strategy regarding hedging 
various input costs.

• Finally, analysts should also check their gross margin assumptions against those of the 
company’s competitors.

Selling, General, and Administrative Expenses (SG&A)

Generally speaking, SG&A have less of a correlation with revenue than COGS. While some 
components may be forecasted as a percentage of sales (e.g., wages and salaries), others tend 
to be less variable in nature (e.g., R&D expense and employee overheads).

Financing Expenses

• Interest income depends on (1) the amount of cash and cash equivalents held by the 
company, and (2) the rate of return earned on investments.

• Interest expense depends on (1) the amount of debt in the company capital structure, 
and (2) the interest rate associated with the debt.

Corporate Income Tax

• The statutory tax rate, which is the legally applicable rate charged in the country 
where the company is located.

• The effective tax rate, which is calculated as the reported tax amount (income tax 
expense) on the income statement divided by pre-tax income.

• The cash tax rate, which is calculated as tax actually paid divided by pre-tax income.

Differences between cash taxes and reported taxes result from (temporary) timing differences 
in the recognition of certain items between the tax return and the financial statements of a 
company. These differences are reflected in deferred tax assets and liabilities. On the other 
hand, differences between the statutory tax rate and the effective tax rate arise from permanent 
differences. Examples include tax credits, withholding taxes on dividends, adjustments to prior 
years, and expenses not deductible for tax purposes. A reconciliation of these two is typically 
contained in the notes to the financial statements.

• Effective tax rates can differ if a company operates in multiple jurisdictions with 
different statutory tax rates.

• In order to minimize taxes, some companies create special purpose entities to 
minimize profits reported in high-tax rate countries.
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• Analysts should adjust the effective tax rate for one-time events. Further, if income 
from investments in subsidiaries accounted for using the equity method forms a
substantial and volatile part of pre-tax income, analysts should exclude this item in e v

estimating the future tax expense.
• Generally speaking, analysts project future tax expense using a tax rate based on 

normalized operating income (i.e., income before special items and income from 
associates).

• While the effective tax rate is used for forecasting earnings, it is the cash tax rate that 
is used for forecasting cash flows. Any differences between the tax amount on the 
P&L (income tax expense) and the amount on the cash flow statement (cash taxes) 
should be reconciled through a change in deferred tax assets/liabilities.

Other Items

• A company’s stated dividend policy can be used to project future dividends. Typically, 
analysts assume that dividends grow each year (1) by a particular dollar amount, or (2) 
as a proportion of net income.

• If a company owns more than 50% of an affiliate, it will generally consolidate the 
affiliate’s results with its own and report the portion of income that does not belong to 
it as minority interest.

• If a company owns less than 50% of an affiliate, it will report its share of income from 
the affiliate using the equity method.

• Share count (shares issued and outstanding) is a key input in the calculation of an 
intrinsic value estimate and earnings per share. Changes in a company’s share count 
may come from (1) dilution related to exercise of stock options, convertible bonds, 
and similar securities, (2) issuance of new shares, and (3) share repurchases.

• Analysts usually exclude unusual charges from their forecasts as they are very difficult 
to predict. However, if a company has a history of classifying certain recurring costs 
as “unusual,” analysts may want to include a “normalized” level of unusual charges in 
their forecasts.

Balance Sheet and Cash Flow Statement Modeling

Working capital accounts are typically forecast using efficiency ratios.

Long-term assets such as net PP&E are not strongly linked to the income statement. Net 
PP&E changes are linked to capital expenditures and depreciation (which are both important 
components of the cash flow statement).

• Depreciation forecasts are based on historical depreciation and disclosures relating to 
depreciation schedules.

• Capital expenditure forecasts depend on estimated future need for new PP&E. Capital 
expenditure includes:

o Maintenance capital expenditures, which are required to sustain current 
business.

o Growth capital expenditures, which are required to expand the business.

In order to project future debt and equity levels, analysts must make assumptions regarding 
leverage ratios (e.g., debt-capital, debt-equity and debt-EBITDA). Analysts must also consider 
the company’s historical practices, current financial strategy and capital requirements when 
projecting future capital structure.
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Return on Invested Capital (ROIC)

Return on invested capital (ROIC) measures the profitability of capital invested by the company.

ROIC = NOPLAT / Invested capital

• NOPLAT = Net operating profit less adjusted taxes.
• Invested capital = Operating assets -  Operating liabilities.

ROIC is a better measure of profitability than return on equity (ROE) as it is not affected by 
the company’s financial leverage/capital structure. Generally speaking, a sustainably high 
ROIC indicates a competitive advantage.

Return on Capital Employed (ROCE)

Return on capital employed (ROCE) is similar to ROIC, but focuses on pretax operating profit.

ROCE = Operating profit / Capital employed

• Operating profit is a pretax measure of profitability.
• Capital employed = Debt capital + Equity capital.

Since it is a pretax measure, ROCE is useful in performing comparisons across companies in 
different countries with different tax structures.

INFLATION AND DEFLATION 

Industry Sales and Inflation or Deflation

The relationship between increases in input costs and increases in the price of final products 
depends on the following factors:

• Industry structure.
• Price elasticity of demand.
• Reaction of competitors and availability of substitutes.

Company Sales and Inflation or Deflation

In order to forecast revenue for a company that faces rising input costs, analysts must consider 
the following: •

• Price elasticity of demand for its products.
• The different rates of cost inflation in countries where the company operates.
• Likely inflations in costs for individual product categories.
• Pricing strategy and market position.

Industry Costs and Inflation or Deflation

In order to forecast industry costs, analysts must consider the following:

178

Specific purchasing characteristics. 
Underlying drivers of input prices. 
The competitive environment.
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Company Costs and Inflation or Deflation

In order to forecast company costs, analysts should: e v

• Break down costs by category and geography, and evaluate the impact of inflation or 
deflation on each individual item.

• Consider whether the company can find cheaper substitutes or increase efficiency to 
offset the impact of higher input prices.

Technological Developments

Since the impact of technological innovation can be so unpredictable and significant, analysts 
typically employ a variety of assumptions and use scenario and/or sensitivity analysis to 
project future earnings.

• If a new innovation threatens to cannibalize sales of an existing product, a unit sales 
forecast for the new product must be combined with an expected cannibalization 
factor to project demand for the existing product.

• Technological developments can affect demand, supply, or both.

Longer-Term Forecasting

In determining the appropriate forecasting horizon, analysts must consider the following:

• Investment strategy for which the stock is being considered.
• Industry cyclicality.
• Company-specific factors.
• Valuation methods mandated by supervisor.

Longer-term projections typically provide a better reflection of normalized earnings than 
short-term forecasts. Normalized earnings reflect mid-cycle earnings for a company after 
excluding any unusual or temporary factors that (favorably or unfavorably) affect profitability.

Considerations in Deriving a Terminal Value Estimate

• If historical multiples are used to estimate terminal value, the implicit assumption 
is that the past is a good reflection of future expectations regarding growth and 
required returns. If the future growth and/or profitability of the company is likely to 
be significantly different from the historical average, a premium/discount should be 
applied to the historical multiple to reflect those differences.

• If the discounted cash flow (DCF) approach is used to estimate terminal value, the 
analyst should first determine whether the terminal year free cash flow forecast 
actually reflects normalized (mid-cycle) cash flows. If it does not, then an adjustment 
to reflect the normalized amount must be performed.
Further, the analyst should also consider how the future long-term growth rate may be 
different from the historical growth rate.
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• A final challenge for analysts in long-term forecasting is anticipating inflection 
points, where the future will significantly differ from the recent past. Such abrupt 

ev changes can come from:
o Economic disruption (e.g., the 2008 financial crisis), 
o Changes in business cycle stage, 
o Government regulation, 
o Technological advances.

Building a Model

1. Collect industry information.
2. Collect company information including segment-wise financial information.
3. Construct the pro forma financial income statement.

a. Forecast revenues for each individual segment using a top-down, bottom-up, 
or hybrid approach.

• Under the top-down approach, any of the market growth plus market 
share, trend growth rate, or growth relative to GDP growth approaches 
can be used.

• In the bottom-up approach, sales revenues are forecast based on 
assumptions of future prices, volumes, and exchange rates.

b. Estimate COGS. COGS can be estimated based on a percentage of sales, or on 
a more detailed method which examines the company’s business strategy, and 
competitive environment.

c. Estimate SG&A. SG&A can be assumed to be fixed, or be related to sales.
d. Estimate financing costs. Financing costs require making assumptions 

regarding future interest rates, debt levels, capital structure, and capital 
expenditure requirements.

e. Estimate income tax expense. This is based on the historical effective tax rate 
(with adjustments if necessary).

f. Estimate cash taxes. This requires consideration of changes in deferred tax 
items.

4. Construct the pro forma balance sheet.
a. Most balance sheet accounts (retained earnings, accounts receivable, accounts 

payable, and inventory) are related to the income statement.
b. Net PP&E is estimated based on depreciation estimates and capital 

expenditures (for maintenance and growth) which are typically estimated 
based on sales.

c. Liability and capital accounts are influenced by the target capital structure, 
dividend payments, share repurchases, and debt redemptions/issues.

5. Construct the pro forma cash flow statement. Most of the inputs for the pro forma cash 
flow statement (e.g., operating profit, capital expenditures, working capital estimates, 
and capital structure changes) are estimated while constructing the pro forma income 
statement and balance sheet.

Analysts must use sensitivity analysis or scenario analysis to come up with a range of potential 
outcomes and assign probabilities to each outcome when appropriate.

180 ©2019 Wiley



EQUITY VALUATION

DISCOUNTED DIVIDEND VALUATION
Cross-Reference to CFA Institute Assigned Reading #29

Present Value Models

Dividend Discount Models

The advantage of using dividends as a measure of cash flow is that dividends are less volatile 
than earnings and other return measures. The use of dividends as a measure of cash flow is 
appropriate when:

• The firm has a history of paying dividends.
• The company has an established dividend policy where dividends are related to the 

firm’s earnings.
• The investor takes a non-control perspective.

Discounting Free Cash Flow

• Free cash flow to the firm (FCFF): The cash flow generated from a firm’s operations 
less capital expenditure (investments in new assets and working capital).

• Free cash flow to equity (FCFE): The cash flow generated from a firm’s operations 
less capital expenditures and net payments to debt holders.

The advantage of using DCF approaches is that they can be used for most companies, even 
those that do not currently pay dividends. However, free cash flows may sometimes be 
negative, which makes the application of the model difficult. The use of discounted free cash 
flow models is appropriate when:

• The firm does not have a history of paying dividends.
• The firm does pay dividends, but dividends significantly deviate from FCFE.
• The firm’s free cash flow is related to its profitability.
• The investor takes a control perspective.

Residual Income Models

Residual income is calculated as the firm’s earnings over a given period minus the investors’ 
required rate of return on the beginning-of-period investment. The model asserts that the value 
of a company equals its book value plus the present value of expected future residual earnings. 
Use of the residual income is appropriate when: •

• The firm does not have a history of paying dividends.
• The firm’s expected free cash flows are negative for the foreseeable future.
• The firm’s quality of accounting disclosures is good.

The Dividend Discount Model

One-Period DDM

D| +P|
(1 + r)1
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Multiple-Year Holding Period DDM

EV

Infinite Period DDM (Gordon Growth Model)

The relation between r and g is critical:

• As the difference between r and g increases, the intrinsic value of the stock falls.
• As the difference narrows, the intrinsic value of the stock rises.
• Small changes in either r or g can cause large changes in the value of the stock.

For the infinite-period DDM model to work, the following assumptions must hold:

• Dividends grow at a rate, g, which is not expected to change.
• r must be greater than g; otherwise, the model breaks down because of the 

denominator being negative.

The long-term constant growth rate can be calculated as earnings retention rate times return on 
equity.

g = Retention rate x Net profit margin x Asset turnover x Financial leverage

The Gordon growth formula can be rearranged to calculate either the implied required rate of 
return on equity or the implied growth rate, given the other variables.

r = D[/P0 + g

g = r -  D,/P0

DDM models can also be used to value companies that repurchase stock as long as the effect 
of expected repurchases on the dividend growth rate is taken into account.

If the firm distributes all of its earnings to shareholders in the form of dividends, the growth 
rate would equal zero. In this case, the value of the firm would equal current dividend divided 
by the required rate of return.

182 ©2019 Wiley



EQUITY VALUATION

Present Value of Growth Opportunities

The value of a stock can be broken down into two components:

• The value of the company without the earnings reinvestment (Ej/r) -  known as 
no-growth value per share.

• The present value of growth opportunities (PVGO).

V0 = -=!■ + PVGO 
r

PVGO is determined by:

• The company’s options or opportunities to invest.
• The company’s available real options and managerial flexibility.

Explaining Negative PVGO

• There may be an expectation that management’s current competitive and investment 
strategy will destroy value.

• The stock may be severely undervalued (possibly as a result of a significant recent 
market crash).

• The estimate of the no-growth value may be too high (i.e., the earnings estimate is too 
high and/or required return estimate is too low).

Gordon Growth Model and the Price-to-Earnings Ratio

The P/E ratio derived from the Gordon growth model is referred to as the justified P/E ratio as
it is “justified” on the basis of fundamentals.

The P/E ratio based on forecasted next year’s earnings is called leading P/E.

Justified leading P/E ratio = Dj/E, _ (1 — b) 
r - g  r - g

The P/E ratio based on earnings over the last four quarters is called trailing P/E.

Justified trailing P/E = D i / E q

r - g
D0(l + g)/E0 _ (1 —b)(l + g) 

r - g  r - g
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Strengths and Limitations of the Gordon Growth Model

ev Strengths

• The model is applicable to stable, mature, and dividend-paying companies.
• It is applicable to broadly developed market equity indices.
• It is very simple and easy to implement.
• It can be used to determine the growth rate, cost of equity, and the present value of 

growth opportunities implied by a security’s current market price.
• As you will see in the next section of this reading, it is used in multistage DDMs to 

compute company value in the mature phase.

Weaknesses

• Valuations are very sensitive to estimates of the required return on equity and the 
growth rate.

• The model cannot be applied to non-dividend-paying stocks.
• It cannot be applied to companies whose growth patterns are not expected to remain 

constant indefinitely.

Value of Non-Callable Fixed-Rate Perpetual Preferred Stock

Terminal Value

The value estimated at the end of the high-growth stages, based on the assumption of a 
constant future growth rate, is referred to as the terminal value of the stock (also known as 
continuing value).

The terminal value of a stock may be calculated by either:

• Using the Gordon growth model; or
• Applying a multiple (e.g., P/E) to a forecasted value of a fundamental (e.g., earnings). 

Multistage Dividend Discount Models

Companies usually go through the following phases:

• Growth phase: High growth in earnings, low or zero dividend payout ratios, and heavy 
reinvestments.

• Transition phase: Relatively lower earnings growth rate, declining capital 
requirements, and increasing dividend payout ratios.

• Mature phase: Earnings growth rates, dividend payout ratios, and return on equity 
stabilize at their long-run levels.
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Two-Stage DDM

This model assumes that a company experiences a relatively high growth rate in the short-run e v

(the first stage) and then growth stabilizes in the long run (the second stage).

v  y 1 D0(l + gs)* , Dp(l + gs)n(l + gL)
° h (1 + O' (l + r)n( r - g L)

gs = Short-term supernormal growth rate 
gL= Long-term sustainable growth rate 
r = required return
n = Length of the supernormal growth period

H-Model

The H-Model employs a more realistic assumption (relative to the 2-stage DMM) that the 
growth rate declines linearly from a temporary short-run extraordinarily high rate to a long-run 
constant sustainable growth rate.

v  _ D 0(l + gL) , D0H(gs - g L)
V0 “  1

r “ gL  r “ gL

gs = Short-term high growth rate 
gL= Long-term sustainable growth rate 
r = required return
H = Half-life = 0.5 times the length of the high growth period

The above equation can also be rearranged to calculate the required rate of return as follows:

D  ̂u o
V P() J

[(1 + gL) + H(gs g L )] +  gL

Three-Stage Dividend Discount Models

There are two versions of the three-stage DDM. The difference between the two lies in the 
modeling of the second stage.

In the first version, the company is assumed to have three stages of growth, where the growth 
rate during each stage is different but constant. For example, Stage 1 may have 25% growth 
for 3 years, Stage 2 may have 15% growth for 5 years, and Stage 3 could have 5% growth 
thereafter. Valuing the company under this DDM model requires the following steps:

• Estimate dividends for each year during the first 2 stages of growth and then discount 
them to the present.
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• Estimate the dividend for the first year of the 3rd (constant growth into perpetuity) 
stage.

• Compute the terminal value at the beginning of the 3rd stage.
• Compute the present value of the terminal value.
• Add up the present values of the dividends over the first 2 stages and the present value 

of the terminal value.

In the second version of the three-stage DDM, the middle stage is similar to the first stage 
of the H-model. For example, Stage 1 may have 25% growth for 3 years, Stage 2 may see a 
linear decline in the growth rate to 5% over 5 years, and Stage 3 could have 5% growth into 
perpetuity. Valuing the company under this DDM model requires the following steps:

• Estimate dividends for each year during the first stage of growth and then discount 
them to the present.

• Apply the H-model to the second and third stages to obtain an estimate of value as of 
the beginning of the second stage. Then discount this estimated value to the present.

• Add up the present values of the dividends over the first stage, and the present value of 
value obtained from applying the H-model to the second and third stages.

The Sustainable Growth Rate

The sustainable growth rate (SGR) is defined as the growth rate of dividends (and earnings) 
that the company can sustain for a given return on equity, assuming that the capital structure 
remains unchanged over time, and no new equity is issued. The long-term sustainable growth 
rate can be calculated as earnings retention rate times return on equity:

g = b x ROE

b = Earnings retention rate, calculated as 1 -  Dividend payout ratio

• The higher the return on equity, the higher the sustainable dividend (earnings) growth 
rate.

• The higher the earnings retention rate, the higher the sustainable dividend (earnings) 
growth rate. This relationship is referred to as dividend displacement of earnings.
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FREE CASH FLOW VALUATION
Cross-Reference to CFA Institute Assigned Reading #30

The use of free cash flow as the definition of return is appropriate when:

• The company does not pay dividends.
• The company does pay dividends, but dividends paid deviate significantly from the 

ability of the firm to pay dividends.
• The company’s free cash flows are in line with profitability over the forecasting horizon.
• The perspective is that of an investor with a controlling interest in the company.
• There is a high probability of the company being acquired.

Definition of Free Cash Flow

Free Cash Flow to the Firm (FCFF): This is the cash flow generated from a firm’s operations 
after operating expenses (and taxes) have been paid, and investments in fixed and working 
capital have been made. In other words, it is the cash flow available to be distributed to a 
firm’s bondholders and stockholders. In order to calculate the value of the firm, FCFF must be 
discounted at the weighted average cost of capital.

Firm Value =
o o

I
FCFFt

(1 + WACC)1

• Free Cash Flow to Equity (FCFE): This is the cash flow available to holders of 
common equity after all operating expenses, interest, and principal payments have 
been paid, and necessary investment in fixed and working capital have been made. In 
order to calculate the value of a firm’s equity, FCFE is discounted at the required rate 
of return on equity.

Equity Value =
FCFEt 
(1 + r)1

Analysts prefer the use of FCFF and FCFE over other cash-flow concepts as they can be used 
directly in a DCF framework without any adjustments. Other measures, such as CFO, net 
income, EBIT and EBITDA require a few adjustments before they can be used as proxies for 
free cash flow.

FCFE versus FCFF

• If the company’s capital structure is relatively stable, using FCFE is more direct and 
simple than using FCFF.

• FCFE may sometimes be negative. In such cases, the value of the firm’s equity can be 
calculated as the difference between the value of the firm (estimated using FCFF) and 
the market value of the firm’s debt.

• The growth in FCFF may reflect a company’s fundamentals more accurately than 
FCFE, which is affected by fluctuating amounts of net borrowings.
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Computing FCFF

Computing FCFF from Net Income

FCFF = NI + NCC + Int(l -  Tax rate) -  FCInv -  WCInc

• Non-cash charges are subtracted from revenue to arrive at a firm’s net income. These 
need to be added back as they do not result in any cash outflows.

o Depreciation, amortization, and losses on sale of assets must be added back to 
net income. Similarly, gains on sales of investments must be subtracted from 
net income.

o Restructuring charges must be added back to net income, while any income 
from reversals of restructuring charges must be subtracted from net income.

o Amortization of bond discounts must be added back to net income, while 
accretion of bond premiums must be subtracted from net income.

o Increases in deferred tax liabilities that are not expected to reverse must be 
added back to net income, while increases in deferred tax assets that are not 
expected to reverse must be subtracted from net income.

• Interest expense is subtracted from a firm’s earnings in order to arrive at net income. 
Interest expense is a financing cash outflow and therefore, must be added back to 
net income in order to arrive at FCFF. However, only the after-tax portion of interest 
expense is added back. Similarly, any dividends on preferred stock must be added 
back to net income to arrive at FCFF.

• Investment in fixed assets is a non-operating cash outflow and therefore, must be 
subtracted from net income to arrive at FCFF.

o FCInv = Capital expenditures -  Proceeds from sales of long-term assets
• Investments in working capital can be estimated as the increase in working capital 

from year to year excluding cash, cash equivalents, notes payable, and the current 
portion of long-term debt.

Computing FCFF from CFO

FCFF = CFO + Int( 1 -  Tax rate) -  FCInv

When computing FCFF from CFO, do not make any adjustments related to non-cash charges 
and investments in working capital as they have already been made in the calculation of CFO.

Computing FCFF from EBIT

FCFF = EBIT(1 -  Tax rate) + Depreciation -  FCInv -  WCInv

When calculating FCFF from EBIT, do not make any adjustments for interest expense. 
Further, the above formula assumes that apart from depreciation, non-cash charges in the 
income statement are made after the calculation of operating earnings (EBIT).

Computing FCFF from EBITDA

FCFF = EBITDA(1 -  Tax rate) + Depreciation(Tax rate) -  FCInv -  WCInv
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Computing FCFE

Computing FCFE from FCFF

FCFE = FCFF -  Int(l -  Tax rate) + Net borrowing 

Computing FCFE from Net Income

FCFE = NI + NCC -  FCInv -  WCInv + Net borrowing

Computing FCFE from CFO

FCFE = CFO -  FCInv + Net borrowing

Computing FCFE from EBIT

FCFE = EBIT(1 -  Tax rate) -  Int(l -  Tax rate) + Depreciation -  FCInv -  WCInv + NB

Computing FCFE from EBITDA

FCFE = EBITDA(1 -  Tax rate) -  Int(l -  Tax rate) + Dep(Tax rate) -  FCInv -  WCInv + NB

Computing FCFF and FCFE on a Uses-of-Free-Cash-Flow Basis

A firm generally has the following uses of positive FCFF:

• Retain it to increase its balances of cash and marketable securities.
• Make payments to providers of debt capital.
• Make payments to providers of equity capital (e.g., cash dividends or share 

repurchases).

Increases in cash balances 
Plus: Net payments to providers of debt capital 

+ Interest expense (1 -  tax rate)
+ Repayment of principal
-  New borrowings

Plus: Net payments to providers of equity capital 
+ Cash dividends 
+ Share repurchases
-  New equity issues 
= Uses of FCFF

FCFE is usually only used to make payments to providers of equity capital.

Increases in cash balances 
Plus: Net payments to providers of equity capital 

+ Cash dividends 
+ Share repurchases
-  New equity issues 
= Uses of FCFE
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Forecasting FCFF and FCFE

ev • Calculate the current level of free cash flow and apply a specific growth rate assuming
that free cash flow will grow at a constant growth rate, and that the historical 
relationship between free cash flow and fundamental factors is expected to continue.

• Forecast the individual components of free cash flow. For example, analysts may 
forecast EBIT, net non-cash charges, investments in fixed capital, and working capital 
and use these figures to calculate free cash flow.

Important

• Dividends, share repurchases, and share issues have no effect on FCFF and FCFE.
• Changes in leverage have a minor effect on FCFE and no impact on FCFF.

Net Income as a Proxy for Cash Flow

Net income is a poor proxy for FCFE for use in valuation because it:

• Includes the effects of non-cash charges like depreciation that should be added back to 
compute cash flow available to equity holders.

• Ignores cash outflow for investment in fixed and working capital.
• Ignores cash inflow from net borrowings.

EBITDA as a Proxy for Cash Flow

EBITDA is a poor proxy for FCFF for use in valuation because it:

• Does not account for cash outflow from taxes paid.
• Does not account for the contribution of the depreciation tax shield to FCFF.
• Ignores cash outflow for investment in fixed and working capital.

Free Cash Flow Model Variations

Single-Stage Valuation Model

Value of the firm =
FCFF! 

WACC- g

Value of equity =
FCFE!

r - g
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Multistage Valuation Models

There can be many different patterns of future growth rates depending on a firm’s prospects. e v

However, the same discounting principles are applied for valuing firms over multiple holding
periods. In order to estimate the value of the firm, we first estimate the free cash flows that
will be generated by the firm each year and then discount these expected cash flows at the
appropriate rate.

Non-operating assets (e.g., excess cash and marketable securities) are separated from the 
company’s operating assets. They are valued separately and their value is then added to the 
calculated value of the company’s operating assets to determine total firm value.

General expression for the two-stage FCFF model:

n

Firm value
FCFF,

+ FCFF
n + l

1
“  (1 + WACCy (WACC -  g) (1 + WACC)n

Firm value = PV of FCFF in Stage 1 + Terminal value x Discount Factor

General expression for the two-stage FCFE model:

Importance of Sensitivity Analysis

There are two major sources of errors in the valuation exercise.

1. Errors in estimating growth rates of FCFE and FCFF. These growth forecasts are 
dependent on a variety of factors including the company’s sales growth, net profit 
margins, capital requirements, and industry profitability.

2. Errors in estimating the base-year values of FCFF and FCFE. Given the same set 
of growth forecasts, the estimate of value obtained from the model will vary with 
different base year values for FCFF and FCFE.
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ESG Considerations in Free Cash Flow Models

Environmental, social, and governance (ESG) factocs, both quantitative or qualitative, can 
have a material impact on a company’s value. Quantitative ESG-related information (e.g., the 
effects of projected environmental fines/penalties) is relatively easy to integrate into valuation 
models. Qualitative ESG-related information, however, is more difficult to integrate. The 
typical (albeit subjective) approach is to adjust the cost of equity by adding a risk premium in 
a valuation model.

Non-Operatinve Assets and Firm Value

Value of firm = Value of operating assets + Value of non-operating assets
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MARKET-BASED VALUATION: PRICE AND ENTERPRISE VALUE
MULTIPLES

Cross-Reference to CFA Institute Assigned Reading #31

The Method of Comparables

• Based on the law of one price (i.e., two identical assets should sell at the same price).
• Values an asset based on multiples of comparable (similar) assets.
• Is a relative valuation method, so the stock is evaluated relative to a benchmark.

The Method of Forecasted Fundamentals

• Uses multiples that are derived from forecasted fundamentals.
• These fundamentals may be related to the company’s earnings, growth, or financial 

strength.

Price Multiples

Price to Earnings

Advantages:

• Earnings are key drivers of stock value.
• The ratio is simple to calculate and widely used in the industry.
• According to empirical research, differences in P/E ratios are significantly related to 

long-term stock returns.

Disadvantages:

• Companies that make losses have negative EPS. Negative P/E ratios are useless as far 
as relative valuation is concerned.

• It can be difficult to separate recurring components of earnings from transient 
components.

• Management may use different accounting standards and assumptions to prepare 
financial statements, which reduces the comparability of P/E ratios across companies.
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Versions of the P/E Ratio

e v  •  The trailing P/E ratio divides the current stock price by earnings over the most recent
four quarters.

o It is used when future earnings are expected to be volatile and cannot be 
forecasted accurately.

• The leading P/E ratio divides the current stock price by expected earnings over the 
next year.

o It is used if a company’s business has changed fundamentally in the recent past 
(e.g., due to an acquisition).

Issues to Consider in Calculating Trailing P/E

• Potential dilution of EPS.
o This is not such a major problem as companies now report both basic and 

diluted EPS.
• Transitory, non-recurring components of earnings that are company specific.

o Analysts aim to estimate underlying or persistent earnings (that exclude non-
recurring components). Financial statement footnotes and the MD&A section 
are important sources of information in this exercise.

• Transitory components of earnings related to business or industry cycle.
o In order to eliminate the effects of business cycles on P/E ratios, analysts 

usually calculate normalized earnings.
• Differences in accounting methods.

Calculating Underlying or Persistent Earnings

• There are no prescribed rules for calculating underlying earnings.
• Analysts should not rely on company-reported core or continuing earnings.
• Analysts should compute the adjusted P/E ratio based on their own judgment 

regarding how the company’s underlying earnings should be calculated, and the same 
basis should then be applied for all stocks under review.

• Non-recurring components of earnings cannot easily be identified by just looking at 
the income statement. The financial statement footnotes and the MD&A section can 
be important sources of information in this regard.

• Earnings may also be segregated into their cash flow and accrual component. A higher 
P/E should be assigned to the cash flow component when calculating P/Es.

Calculating Normalized Earnings

• Under the method of historical average EPS, normalized EPS is calculated as average 
EPS over the most recent full cycle.

o This method does not account for changes in a company’s size over the period.
• Under the method of average return on equity, normalized EPS is calculated as current 

book value per share times the average return on equity over the most recent full 
cycle.

o This method does account for changes in a company’s size.
• Other methods (that are particularly useful when a cyclical company reports a loss) 

include (1) multiplying total assets by estimated long-run return on assets, and (2) 
multiplying shareholders’ equity by estimated long-run return on equity.
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The Earnings Yield

• Earnings may sometimes be zero or negative, which makes the P/E ratio useless. e v

• In such cases, analysts use the reciprocal of the P/E ratio to rank investments. The 
earnings-to-price ratio is known as the earnings yield.

• Securities may be ranked based on earnings yield from highest to lowest i.e., from 
cheapest to most costly in terms of the amount of earnings per unit of price.

P/E based on the method of forecasted fundamentals

Leading P/E = —  = -^ iT i
Ei r - g

(1 ~ b)
r - g

Trailing P/E =
D0(l + g ) / E 0 _ (1 -  b)(l + g)

r - g  r - g

P/Es based on cross-sectional regression

P/E ratios may also be calculated based on cross-sectional regression. However, such a model 
has the following limitations:

• It is only applicable for a specific stock for a specific time period.
• The relationships between P/E and fundamentals may change over time.
• The regression may suffer from multicollinearity.

The P/E-to-Growth (PEG) Ratio

The impact of earnings growth on the P/E ratio is captured by the P/E-to-growth (PEG) ratio. 
This ratio is calculated as the stock’s P/E divided by the expected earnings growth rate in 
percent. All else being equal, investors prefer stocks with lower PEGs over stocks with higher 
PEGs. The PEG ratio has the following drawbacks:

• It incorrectly assumes a linear relationship between P/E and growth.
• It does not account for the different risks in different stocks.
• It does not account for differences in the duration of growth.

Price-to-Book Value

_ .  Market price per share 
P/B ratio = --------- ----------------

Book value per share

Book value of equity = Common shareholders’ equity = Shareholders’ equity -  
Total value of equity claims that are senior to common stock

Book value of equity = Total assets -  Total liabilities -  Preferred stock
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Advantages

• Book value usually remains positive even when the company reports negative 
earnings.

• Book value is typically more stable than reported earnings.
• For financial sector companies that have significant holdings of liquid assets, P/B is 

more meaningful as book values reflect recent market values.
• P/B is useful in valuing a company that is expected to go out of business.
• Studies suggest that differences in P/B ratios over time are related to differences in 

long-term average returns on stocks.

Disadvantages

• Book values ignore non-tangible factors such as the quality of a company’s human 
capital and brand image.

• P/B can lead to misleading valuations if significantly different levels of assets are 
being used by the companies being studied.

• Accounting differences can impair the comparability of P/B ratios across companies.
• Inflation and changes in technology may result in significant differences between 

accounting book values and actual fair values of a company’s assets.
• Share repurchases or issuances may distort historical comparisons.

Analysts usually make the following adjustments to book value in order to increase its
comparability with other companies:

• They use tangible book value per share, which is calculated as common shareholders’ 
equity less certain intangible assets (goodwill).

• They adjust reported financials to eliminate the effects of differences in accounting 
standards.

• They adjust the balance sheet for off-balance sheet items.
• They adjust certain balance sheet (historical) values to reflect current fair values.

P/B based on the method of forecasted fundamentals

P0 _ ROE -  g
Bo r - g

Price to Sales

_ . Market price per share
P/S ratio = --------- ----------------

Sales per share

Advantages

• Sales are less prone to manipulation by management than earnings and book values.
• Sales are positive even when EPS is negative.
• The P/S ratio is usually more stable than the P/E ratio.
• Price-to-sales is considered an appropriate measure for valuing mature, cyclical, and 

loss-making companies.
• Studies have shown that differences in price-to-sales ratios are related to differences in 

long-term average returns on stocks.
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Disadvantages

• Sales reveal no information about the operating profitability of a company. e v

• Using the P/S ratio does not reflect the differences in cost structure and operating 
efficiency between companies.

• Revenue recognition practices may allow management to distort revenue figures.

P/S ratio based on the method of forecasted fundamentals

P0 _ (Eq /Sq XI -  bXl + g)
S0 r - g

Price to Cash Flow

P/CF ratio =
Market price per share 

Free cash flow per share

Advantages

• Cash flows are less susceptible to management manipulation than earnings.
• P/CF is more stable than the P/E ratio.
• Using the price to cash flow ratio gets around the problem related to differences in 

accounting methods used by companies.
• Differences in price to cash flow ratio over time are related to differences in long-term 

average returns on stocks.

Disadvantages

• When “EPS plus non-cash charges” is used as the definition for cash flow, non-cash 
revenue, and changes in working capital items are ignored.

• FCFE is more appropriate for valuing a company than operating cash flow. However, 
FCFE has the following drawbacks:

o For many businesses it is more volatile than operating cash flow, 
o It is more frequently negative than operating cash flow.

• Companies may inflate certain cash flow measures (e.g., CFO).

Justified P/CF Multiple Based on Fundamentals

The justified P/CF multiple based on fundamentals can be determined by first computing the 
intrinsic value of the stock using a discounted cash flow model and then dividing the intrinsic 
value estimate by the chosen definition of cash flow.

For example, the constant growth FCFE model is given as:

FCFE0 (1 + g) 
( r - g )
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We could divide both sides of this equation by our desired definition of cash flow to obtain the 
justified P/CF multiple for a stock.

• The justified P/CF multiple is positively related to the growth rate of cash flows (g).
• The justified P/CF multiple is inversely related to stock’s required rate of return (r).

Price-to-Dividends and Dividend Yield

Dividend yield = Dividend per share / Price per share

Advantages

• The dividend yield is a component of total return.
• The dividend yield component of total return is less risky than the capital gains 

component.

Disadvantages

The dividend yield is only one of the (two) components of total return. Ignoring the 
capital appreciation component in valuation is risky.
Dividends paid now “displace” earnings in future periods. A higher dividend yield 
usually implies a lower earnings growth rate going forward.
The argument that dividends are relatively safe (less risky) assumes that the market 
prices reflect differences in relative risk between the two components of total return. 
Trailing dividend yield is calculated by dividing the annualized amount of the most 
recent dividend by the current market price per share.
Leading dividend yield is calculated by dividing next year’s forecasted dividend per 
share by the current market price per share.

Dividend yield using the method based on forecasted fundamentals •

• The dividend yield is positively related to the required rate of return on equity (r).
• The dividend yield is negatively related to the expected rate of growth in dividends 

(g). This implies that investing in a low-dividend-yield stock reflects a growth rather 
than a value strategy.

Enterprise Value Multiples

Enterprise Value to EBITDA

Enterprise value = Market value of common equity + Market value of preferred stock
+ Market value of debt + Minority interest 
-  Value of cash and short-term investments
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Advantages

• The EV/EBITDA multiple is appropriate for comparing companies with different e v

levels of financial leverage.
• Unlike net income, EBITDA controls for differences in depreciation and amortization 

among companies and therefore, is more appropriate for valuing capital-intensive 
businesses.

• EBITDA is often positive when EPS is negative.

Drawbacks

• EBITDA ignores the effects of differences in revenue recognition policies on cash 
flow from operations.

• EBITDA may overstate CFO if working capital is growing.
• Free cash flow to the firm (FCFF) can have a stronger link to company value than EBITDA.

Other enterprise value multiples, such as EV/FCFF and EV/Sales are also frequently used.

Alternative Definitions of Cash Flow for EV Multiples

EPS-plus non-cash charges (CF)

• Calculated as EPS + Depreciation + Amortization.
• Ignores non-cash revenue and changes in working capital items.

Cash flow from operations (CFO)

• May require adjustments for non-recurring components of cash flow.
• Adjustments may be required when comparing companies that use different 

accounting standards.

Free cash flow to equity (FCFE)

• Calculated as CFO -  FCInv + Net borrowing
• Theoretically, it is the most suitable definition for free cash flow.
• However, it may be more volatile than CFO and may also be more frequently negative 

than CFO.

EBITDA

• Calculated by adding depreciation and amortization to EBIT.
• Since it represents a flow available to both equity holders and bond holders, it is more 

suited for calculating the value of the company; not the value of equity.

Valuation Based on Forecasted Fundamentals

All other things remaining the same, the justified EV/EBITDA multiple based on fundamentals is:

• Positively related to the expected growth rate of FCFF.
• Positively related to the return on invested capital, ROIC (expected profitability).

o ROIC is calculated as operating profit after tax divided by total invested capital.
• Negatively related to the WACC.
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Momentum Valuation Indicators

Unexpected earnings is the difference between a company’s reported earnings and its expected 
earnings.

UEt = EPSt -  £(EPSt)

• Standardized unexpected earnings is calculated by dividing a company’s unexpected 
earnings by the standard deviation of past unexpected earnings over a period of time.

EPS. -  £(EPS,)
SUEt = -------1----- ------—

' a[EPS, -  £(EPS,)]

• Relative-strength indicators compare a stock’s performance during a particular 
period, either with its own past performance, or with the performance of a group of 
comparable stocks.

Valuation Indicators: Issues in Practice

Average Multiples: The Harmonic Mean

The P/E for a portfolio or an index is most accurately calculated through the harmonic mean 
and the weighted harmonic mean.

Simple harmonic mean: XH
n

S ( i / x , )
;=i

Weighted harmonic mean = X WH
1

2>,./xf)
1=1

• The simple harmonic mean inherently gives a lower weight to higher P/Es and a 
higher weight to lower P/Es.

• Using the median (as opposed to the mean) mitigates the effect of outliers.
• The harmonic mean may also be used to reduce the impact of outliers. However, while 

the harmonic mean mitigates the impact of large outliers, it may actually aggravate the 
impact of small outliers.

• For an equal-weighted index, simple harmonic mean, and weighted harmonic mean 
are equal.

Using Multiple Valuation Indicators

• When back-testing, analysts should be wary of look-ahead bias.
• Stock screens usually define criteria (based on valuation indicators) for including 

stocks in an investor’s portfolio and provide an efficient way to narrow a search for 
investments.

©2019 Wiley



EQUITY VALUATION

RESIDUAL INCOME VALUATION
Cross-Reference to CFA Institute Assigned Reading #32

Residual Income

Residual income, or economic profit, recognizes the cost of equity capital. It is calculated by 
deducting a charge for equity capital from net income.

Residual income = Net income -  Equity charge

Equity charge = Cost of equity capital x Equity capital

• Companies with positive RI create value as they generate more income than their cost 
of obtaining capital.

• Companies with negative RI effectively destroy value as they do not generate 
sufficient income to cover their cost of capital.

• Companies with higher (lower) residual income should be associated with higher 
(lower) valuations.

Economic Value Added (EVA)

EVA measures the value added for shareholders by the management of a company during a 
given year.

EVA = [EBIT (1 -  Tax rate)] -  (C% x TC)

EVA = NOPAT -  $WACC

Market Value Added (MVA)

Market value added (MVA) measures the value created by management for the company’s 
investors by generating economic profits over the life of the company.

MVA = Market value of the company -  Book value of invested capital

Market value of company = Market value of debt + Market value of equity

The Residual Income Model

The residual income (RI) model breaks the intrinsic value of a stock into the following two 
components: •

• Current book value of equity
• Present value of expected future residual income
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The intrinsic value of a stock can be calculated as:

EV
V„ = B0 + y  R1‘ v E t- r B M

t=i (1 + r)
r - Bo + Xtt (1+ 0*

The general residual income model may also be expressed as:

The intrinsic value of a stock under the residual income model can be expressed as:

Under this constant-growth residual income model, the intrinsic value of a stock equals the 
sum of:

• Its current book value (B0); and
• The present value of its expected stream of residual income [(ROE -  r) x Bo/(r -  g)]. 

This term represents the additional value created as a result of the company’s ability to 
generate returns in excess of its cost of equity.

Also note that:

• If the return on equity (ROE) equals the required return on equity (r), the intrinsic 
value of the stock would equal its book value.

• If the return on equity (ROE) is greater than the required return on equity (r), the 
present value of the expected stream of residual income will be positive, the intrinsic 
value of the stock will be greater than its book value, and the justified P/B ratio will be 
greater than 1.

• If the return on equity (ROE) is less than the required return on equity (r), the present 
value of the expected stream of residual income will be negative, the intrinsic value 
of the stock will be lower than its book value, and the justified P/B ratio will be less 
than 1.

Therefore, a stock’s justified P/B ratio is directly related to the company’s expected future
residual income.

Tobin’s q

_  , . , Market value of debt and equity Tobin s q = --------------------------------- 1— -
Replacement cost of total assets
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Tobin’s q is different from the P/B in the following respects:

• It uses the market value of equity and debt (rather than just equity) in the numerator e v

and uses total assets (rather than equity) in the denominator.
• Assets are valued at replacement cost (as opposed to book or accounting values).

All else equal, the greater the productivity of a firm’s assets, the higher the Tobin’s q.

Single-Stage Residual Income Model

The single-stage residual income model makes the following simplifying assumptions:

• The company earns a constant return on equity.
• The earnings growth rate is constant at a level that is lower than the required return on 

equity.

R O E - r

r - g

• If the return on equity (ROE) equals the required return on equity (r), the intrinsic 
value of the stock would equal its book value.

• If the return on equity (ROE) is greater than the required return on equity (r), the 
intrinsic value of the stock would be greater than its book value.

• If the return on equity (ROE) is less than the required return on equity (r), the intrinsic 
value of the stock would be less than its book value.

The single-stage RI model assumes that the return on equity will remain in excess of the 
required rate of return on equity (resulting in positive RI) for an indefinite period of time. This 
assumption is a bit unrealistic as residual income will likely fall to zero at some point in time.

Multistage Residual Income Valuation

In the multistage residual income model, the intrinsic value of a stock has three components:

V0 = B0 + (PV of future RI over the short-term) + (PV of continuing RI)

T

V0 = B0 + £
t=l

(ROEt -  r)BM PT -  B

(1 + r)1
+

0  + r)
_t
T

Analysts may make any one of the following assumptions regarding continuing residual 
income: •

• It continues indefinitely at a positive level.
• It is zero from the terminal year forward.
• It declines to zero as ROE reverts to the cost of equity over time.
• It reflects the reversion of ROE to some mean level.
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The more sustainable a company’s competitive advantage and the brighter the industry’s 
prospects, the higher the persistence factor.

Implied Growth Rate

g = r -
(ROE -  r) x B0

V0 - B 0

Advantages and Disadvantages of the Residual Income Model

Advantages

• Unlike DDM and FCF valuation models, the terminal value estimate (which has a 
significant amount of uncertainty associated with it) does not constitute a significant 
proportion of intrinsic value in the RI model. Most of the value under the RI model 
comes from current book value, which leads to earlier recognition of value relative to 
other valuation models.

• It uses accounting data which is easily available.
• It is applicable to companies that do not pay any dividends or have negative free cash 

flows.
• It is applicable to companies with uncertain cash flows.
• It focuses on economic profitability.

Disadvantages

• It is based on accounting data which can be manipulated by management.
• Accounting data must be adjusted to be used in the model.
• It assumes that the clean-surplus relation holds (i.e., ending book value of equity 

equals beginning book value plus earnings less dividends).
• It assumes that interest expense appropriately reflects the cost of debt capital.

Scenarios when the residual income model is appropriate

• The company does not have a history of paying dividends, or dividends cannot be 
predicted with certainty.

• The company’s free cash flows are expected to remain negative for the foreseeable 
future.

• The estimates of terminal value using alternative valuation models entail a great 
amount of uncertainty.

Scenarios when the residual income model is not appropriate

• There are significant violations of the clean surplus relation.
• It is difficult to predict the main determinants of residual income (i.e., book value and 

ROE).
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Important Considerations in RI Valuation

• Analysts should ensure that the clean-surplus relation holds. The clean-surplus e v

relation may be violated if items are charged directly to equity without going through
the income statement. If the clean-surplus relation does not hold, forecasted value of 
ROE obtained through the RI model will not be accurate.

• The book values of many balance sheet items may be significantly different from their 
fair values. If this is the case, analysts need to make adjustments to these items to 
reflect fair value.

• The balance sheet may contain intangible assets. These items require close attention 
as they can have a significant effect on book value.

• The book value of common equity should be adjusted for off-balance sheet items and 
amortization of certain intangible assets.

• Non-recurring items should be excluded when forecasting residual income.
• Analysts need to consider the reliability of earnings estimates, and whether “poor 

quality” accounting rules result in delayed recognition of value changes.
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PRIVATE COMPANY VALUATION
Cross-Reference to CFA Institute Assigned Reading #33

Private versus Public Company Valuation

Company-Specific Factors

• Private companies are typically in an earlier stage of their life cycle compared to 
public companies, which generally tend to be more mature.

• Private companies are usually smaller in size than public companies, which is why 
they are more risky investments.

• Owners of private companies are usually also involved in the management of 
the company. In public companies, there is a distinction between owners and 
management, which gives rise to agency problems.

• Public companies are usually able to attract better quality management than private 
companies.

• Public companies are required by regulatory authorities to publish their financial 
statements regularly. This is not a requirement for private firms, which increases the 
level of risk for investors as they do not have access to credible financial information 
regarding the company. Higher risk results in lower valuations.

• Managers in public companies constantly face pressure to maintain or increase the 
company’s stock price, which makes them focus on short-term goals. Managers of 
private companies do not face such pressures and therefore, pursue profitable long-
term strategies even if they may have a negative short-term impact.

• Private companies are usually more concerned about taxes than public companies.

Stock-Specific Factors

• Private company shares are usually less liquid than public company shares.
• Control of private companies is generally concentrated in the hands of a few 

shareholders, who may pursue activities that benefit a few shareholders at the cost of 
others.

• Private companies may restrict shareholders from selling their stakes in the company, 
which further reduces the marketability of their equity interests.

Reasons for Performing Valuations

• Transaction-related valuations refer to valuations for:
o Private financing 
o Initial public offering (IPO) 
o Acquisition 
o Bankruptcy
o Share-based payment (compensation)

• Compliance-related valuations may be required by law and primarily focus on 
financial reporting and tax reporting.

• Litigation-related valuations arise from shareholder disputes, damage claims, etc.
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Definitions of Value

Fair market value (FMV): The price that similarly informed buyers and sellers would agree to e v

trade an asset where the trade must be an arm’s length transaction and neither the buyer nor 
seller is under any external pressure to trade.

• Fair market value is mostly used for tax reporting purposes.

Market value: The estimated amount for which a property should exchange on the date of 
valuation between a willing buyer and willing seller in an arm’s length transaction after 
proper marketing wherein the parties had each acted knowledgeably, prudently, and without 
compulsion.

• Market value is frequently used in appraisals of real estate and tangible assets when 
they are used as collateral for borrowings.

Fair value (financial reporting): Under IFRS, fair value is defined as “the price that would 
be received for an asset or paid to transfer a liability in a current transaction between two 
marketplace participants in the reference market for the asset or liability.” Under U.S. GAAP, 
fair value is defined as “the price that would be received to sell an asset or paid to transfer a 
liability in an orderly transaction between market participants at the measurement date.”

• This value is used in financial reporting and is very similar to the fair market value.

Fair value (litigation): The definition of fair value in a legal setting is generally similar to the 
definitions of fair value for financial reporting.

Investment value: The value of an asset to a particular buyer based on her investment 
requirements and expectations.

• Investment value is important in acquisitions of private companies.

Intrinsic value: The “true” or “real” value of an asset based on its risk-return expectations 
absent short-term mispricings.

• Intrinsic value is often used in investment analysis.

Private Company Valuation Approaches

• The income approach values a private company based on the present value of its 
expected future income.

• The market approach values a private company based on price multiples derived from 
sales of comparable companies.

• The asset-based approach values a private company based on the value of its 
underlying net assets.
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Factors to Consider when Deciding on a Valuation Approach

ev Nature of operations and life cycle stage: Generally speaking:

• A company in the earliest stages of development should be valued using the asset-based 
approach as future cash flows might be too unpredictable and there is no guarantee that 
the company will be able to operate as a going concern for the foreseeable future.

• A company that has successfully negotiated the early development stage and is 
witnessing high growth should be valued using the income approach (based on 
discounted expected future cash flows).

• A stable, relatively mature company should be valued using the market approach. 

Company size: Generally speaking:

• Use of multiples from larger public companies is not appropriate for smaller, 
relatively mature private firms with limited growth prospects.

• Use of multiples from large public companies is not appropriate for smaller private 
firms that entail significantly more risk.

Finally, note that non-operating assets (e.g., excess cash and investments) which are not part of 
the firm’s core business should be accounted for in the valuation of an entity regardless of the 
valuation approach or method used.

Earnings Normalization Issues in Private Companies

Analysts may sometimes need to make significant adjustments to a private company’s earnings 
due to the following reasons:

• There is concentration of control which may lead to significant discretionary and tax- 
motivated expenses being recognized on the income statement.

• Personal expenses may be included as company expenses.
• The effects of significant related-party transactions (which may be recorded at inflated 

or deflated prices) must be accounted for.
• The company’s profitability may suffer if excessive compensation is being paid out to 

senior managers (owners).
• Revenues and expenses related to company-owned real estate should be removed from 

the company’s income statement, and a market estimate for rent should be recognized 
instead. The property should be treated as a non-operating asset.

• In estimating normalized earnings for strategic buyers, the effects of synergies should 
be incorporated.

Cash Flow Estimation in Private Companies

Calculating free cash flow for private companies is a challenging process given the uncertainty 
of future cash flows. Further, company projections may be biased as they are usually prepared 
by managers who are also owners.

• Analysts may develop a number of scenarios to forecast cash flows and discount future 
cash flows in each scenario using an appropriate risk-adjusted discount rate. They can then 
calculate the value of the company as the weighted-average of the value in each scenario.

• Alternatively, they may forecast future cash flows in a single scenario considering all 
the associated risks and discount them at an appropriate risk-adjusted discount rate to 
calculate the value of the firm.
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• Use of FCFF is preferred over FCFE when the company’s capital structure is expected 
to change going forward as the WACC is less sensitive to leverage changes than the
cost of equity capital. e v

Income Approach Methods of Private Company Valuation

• The free cash flow method calculates the value of a firm as the present value of future 
free cash flows expected to be generated by the firm discounted at an appropriate risk- 
adjusted discount rate.

• The capitalized cash flow method calculates firm value by dividing a single 
representative estimate of economic benefits by a capitalization rate, where the 
capitalization rate is calculated as an appropriate discount rate minus a growth rate.

• The excess earnings method calculates firm value by adding the value of the firm’s 
intangible assets to the value of working capital and fixed assets. The value of 
intangible assets is calculated by capitalizing future earnings of the firm in excess of 
the estimated return requirements associated with working capital and fixed assets.

Challenges in Determining the Required Rate of Return

• A size premium must be added to the discount rate in valuing small private firms. Size 
premiums based on public company data can capture premiums for distress which 
may not be relevant for private companies.

• The use of the CAPM may not be appropriate for estimating the cost of equity for 
private firms (especially if they have slim chances of going public or being acquired 
by a public company).

• If the build-up approach is used, an industry risk premium must be included in the 
model. This premium may be difficult to determine.

• It may be more difficult for private companies to raise debt capital than for public 
companies. This makes them more reliant on equity financing, which results in a 
larger WACC. Further, the cost of debt is higher for private companies due to their 
smaller size and higher operating risk.

• When acquiring a private firm, the acquirer should use the target’s capital structure 
and cost of capital to determine the WACC applicable to the target’s cash flows.

• A premium for projection risk (the risk that arises due to uncertainty involved in 
projecting future cash flows of private firms) and managerial inexperience may be 
added to the required rate of return.

Market Approach Methods of Private Company Valuation

• The guideline public company method calculates the value of a private company 
based on price multiples from trading data of comparable public companies. The price 
multiple is adjusted to reflect the differences in the relative risk and growth prospects 
between the companies. Factors that require consideration include:

o Type of transaction 
o Industry factors 
o Form of consideration 
o Reasonableness

• The guideline transaction method calculates the value of a private company based on 
price multiples obtained from past acquisitions of entire public or private companies.
The multiples used must consider the following factors:

o Synergies
o Contingent consideration
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o Non-cash consideration 
o Availability of transactions

ev o Changes between the transaction date and valuation date
• The prior transaction method calculates the value of a private company based on 

actual transactions in the stock of the subject private company.

Asset-Based Approach

This approach values a private company based on the fair value of its underlying net assets. 
This method is not appropriate for valuing going concerns and is only suitable for valuing:

• Small firms that are in the early stages of their life cycle.
• Firms with minimal profits, with no prospects for doing better in the future.
• Firms whose assets and liabilities are based on market values (e.g., banks).
• Investment companies where the value of underlying assets is determined using the 

market or income approaches (e.g., REITs).
• Firms with natural resources whose assets can be valued using data from comparable 

sales.

Valuation Discounts and Premiums

Discount for Lack of Control (DLOC)

A discount for lack of control is applied to the pro rate share of the value of an equity interest 
in a business to reflect the absence of all or some of the powers on control.

DLOC = 1 -
________1________
1 + Control Premium

The application of DLOC varies with the method and basis used to value the equity interest:

• The guideline public company method values a company from a non-controlling 
perspective and therefore, a DLOC must not be applied.

• The guideline transaction method values a company from a control perspective and 
therefore, a DLOC should be applied.

• The application of DLOC in the capitalized cash flow or the free cash flow method 
depends on the type of cash flows used.

o Generally speaking, the CCM and FCF models use cash flows and discount 
rates that are estimated on a controlling interest basis so a DLOC is applied to 
the results of the model.

o However, if control cash flows are not used and/or the discount rate does not 
reflect an optimal capital structure, a DLOC must not be applied.

Discount for Lack of Marketability (DLOM)

A discount for lack of marketability is applied to the value of an ownership interest to reflect 
the relative absence of marketability. The DLOM is affected by the following variables: •

• Prospects for liquidity
• Contractual arrangements affecting marketability

212 ©2019 Wiley



EQUITY VALUATION

• Restrictions on transferability
• Pool of potential buyers
• Risk or volatility
• Size and timing of distributions
• Uncertainty of value
• Concentration of ownership

The DLOM may be estimated based on:

• Private sales of restricted stock in public companies relatively to their freely traded 
stock price.

• Private sales of a company’s stock prior to an IPO.
• The pricing of put options.

The relationship between DLOC and DLOM is not additive, so you should compound when 
both exist. For example, if the DLOC is 5% and the DLOM is 3%, the total discount is not 
8%, but:

1 -  [(1 -  0.05)(1 -  0.03)] = 7.85%

Important:

• If publicly traded shares are used as the basis for price multiples, control premiums 
should be added when measuring the total value of a private company.

• A DLOM may not need to be applied when there is a high likelihood of a liquidity 
event in the near future.
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THE TERM STRUCTURE AND INTEREST RATE DYNAMICS
Cross-Reference to CFA Institute Assigned Reading #34

A forward rate is an interest rate that is determined today for a loan that will be initiated in the 
future. We denote the x-year forward rate y years from today as xfy. Here, a loan with a term of 
x years will be initiated y years from today.

• For example, the three-year forward rate two years from today will be denoted as 3f2.

The Forward Pricing Model

The forward pricing model describes the valuation of forward contracts. It is based on the 
no-arbitrage argument.

FI

Forward pricing model: P(T* * + T) = P(T*)F(T*,T)

Determining Forward Rates from Spot Rates

Forward Pricing Model

P ( T * )  F ( T * , T )  =  P ( T * , T )

■

• Forward rates can be extrapolated from spot rates.
• A forward rate can be looked upon as a type of breakeven interest rate.
• A forward rate can also be looked upon as the rate that can be locked in by extending 

maturity by one year.
• The x-year spot rate today can be expressed as a geometric mean of the 1-year spot 

rate today, and a series of 1-year forward rates (where the number of 1-year forward 
rates equals x - 1).

Other Important Relationships between Spot and Forward Rates

• If the yield curve is upward-sloping, then the x-year forward rate y years from today, 
xfy, will be greater than the long-term spot rate, x+ys0

o Example: If 3s0 > 2s0 > jS0 then 2fj > 3s0
• For an upward-sloping yield curve, the forward rate rises as y (the initiation date) 

increases.
o Example: If 3s0 > 2s0 > jSq then tf2 > 3s0
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• If the yield curve is downward sloping, then the x-year forward rate y years from 
today, xfy, will be lower than the long-term spot rate, x+ys0

o Example: If 3s0 > 2So > iS0 then 2fi < 3S0
• For a downward-sloping yield curve, the forward rate declines as y increases.

o Example: If 3s0 > 2s0 > 2s0 then jf2 <
• If the yield curve is flat, all one-year forward rates are equal to the spot rate.

Yield to Maturity in Relation to Spot Rates and Expected and Realized Returns on
Bonds

• The yield to maturity (YTM) is calculated as the internal rate of return on a bond’s 
cash flows.

• It only equals the expected rate of return on a bond if (1) the bond is held until 
maturity, (2) all coupon and principal payments are made in full when due, and (3) 
all coupons are reinvested at the original YTM. This last condition typically does not 
hold.

• The YTM is a poor estimate of the expected return on a bond if (1) interest rates are 
volatile, (2) the yield curve has a steep slope, (3) there is significant risk of default, 
and (4) the bond contains embedded options.

• Even if we make the assumption that actual future spot rates will turn out to be the 
same as forward rates (that are based on current spot rates), the expected return on a 
bond still will not equal its YTM. This is because the YTM implicitly assumes that the 
yield curve is flat (the same discount rate is applied to each cash flow regardless of its 
maturity).

• The realized rate of return is the actual return earned by a bond investor over the 
holding period. It is based on (1) actual reinvestment rates and (2) the yield curve at 
the end of the holding period.

Yield Curve Movements and the Forward Curve

• If future spot rates evolve as predicted by today’s forward curve, forward rates remain 
unchanged; and since forward rates remain unchanged, so does the forward contract 
price.

• A change in the forward rate (and the forward price) reflects a deviation of the spot 
curve from that predicted by today’s forward curve.

• If a trader expects that the future spot rate will be lower than what is predicted by 
the prevailing forward rate, he would buy the forward contract because he expects its 
value to increase.

• If a trader expects that the future spot rate will be greater than what is predicted by 
the prevailing forward rate, he would sell the forward contract because he expects its 
value to decrease.

Active Bond Portfolio Management

• The return on bonds of varying maturities over a one-year period is always the one- 
year rate (the risk-free rate over the one-year period), if spot rates evolve (at the end of 
the first year) as implied by the current forward curve.

• If a portfolio manager’s projected spot curve is above (below) the forward curve and 
his or her expectation turns out to be true, the return will be less (more) than the one- 
period risk-free interest rate because the market would have overpriced (underpriced) 
the forward contract.
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Riding the Yield Curve

If the yield curve is upward-sloping, and if a trader is confident that the yield curve will not 
change its level and shape over her investment horizon, she would buy bonds with a maturity 
greater than her investment horizon (instead of bonds with maturities that exactly match her 
investment horizon) to enhance her total return.

THE SWAP RATE CURVE

The yield curve of swap fixed rates is known as the swap rate curve or swap curve. Since it is 
based on par swaps (the present values of the fixed- and floating-rate legs are equal at swap 
initiation), the swap curve is a type of par curve.

The swap market is a highly liquid market for two main reasons:
FI

• Swap arrangements offer significant flexibility and customization in contract design.
• Swaps provide a very efficient way to hedge interest rate risk.

The Swap Spread

• The swap spread is defined as the difference between the swap fixed rate on a swap 
and the rate of the “on-the-run” government security with the same maturity/tenor as 
the swap.

• The swap spread can be used to measure credit risk and liquidity risk. The higher 
the swap spread, the higher the compensation demanded by investors for accepting 
credit and/or liquidity risk. Note, however, that if the bond entails no default risk, 
then the swap spread could indicate liquidity risk, or it could suggest that the bond is 
mispriced.

• A more accurate measure (than the swap spread) of credit and liquidity risk is the 
zero-spread (or z-spread). The z-spread is the constant spread that would be added to 
the implied spot curve such that the present value of the cash flows of a bond, when 
discounted at relevant spot rates plus the z-spread, equals its current market price.

Spreads as a Price Quote Convention

• The swap spread represents the difference between the swap rate and the government 
bond yield (of the same maturity).

o The swap rate does reflect some counterparty credit risk, while the U.S.
Treasuries are considered free from default risk, so the swap rate is typically 
greater than the corresponding Treasury note rate.

• The TED spread (Treasuries vs. Eurodollars) is calculated as the difference between 
LIBOR and the yield on a T-bill with the same maturity.

o The TED spread indicates the perceived level of credit risk in the overall 
economy.

o The TED spread can also be thought of as a measure of counterparty credit risk 
in swap contracts.

• The LIBOR-OIS spread is calculated as the difference between LIBOR and the 
overnight indexed swap (OIS) rate.

o The LIBOR-OIS spread is an indicator of the risk and liquidity of money- 
market securities.

• The I-spread is calculated as the difference between the yield on a corporate bond and 
the swap rate on a swap with the same tenor as the bond.
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TRADITIONAL THEORIES OF THE TERM STRUCTURE OF INTEREST RATES 

Unbiased Expectations Theory

The unbiased expectations theory or pure expectations theory states that the forward rate is 
an unbiased predictor of future spot rates. This implies that bonds of any maturity are perfect 
substitutes for each other. The unbiased expectations theory assumes that investors are risk- 
neutral. The argument against this theory is that investors tend to be risk-averse.

Local Expectations Theory

The local expectations theory is similar but narrower than the unbiased expectations theory. 
Instead of asserting that every maturity strategy has the same expected return over a given 
investment horizon, this theory states that the return over a short-term investment horizon 
that starts today will be the same (i.e., the risk-free rate) regardless of maturity of the chosen 
security as long as forward rates are actually realized.

The local expectations theory is economically appealing, but it is often observed that short-
term returns on longer-maturity bonds exceed those on shorter-maturity bonds.

Liquidity Preference Theory

The liquidity preference theory accounts for the fact that investors in long-term securities 
require some compensation for taking higher interest rate risk. This theory asserts that the 
longer the term to maturity, the greater the price sensitivity (duration) of a bond to changes in 
interest rates, and the greater the compensation (risk premium) required by investors.

Segmented Markets Theory

The segmented markets theory asserts that the yield for each maturity along the yield curve 
is determined independently, solely by the supply and demand of funds for the particular 
maturity, which means that yields do not reflect expected spot rates or liquidity premiums.

The Preferred Habitat Theory

The preferred habitat theory does not assert that yields at different maturities are determined 
independently of each other. In this theory, both market expectations and the institutional factors 
emphasized in the segmented markets theory influence the term structure of interest rates.

MODERN TERM STRUCTURE MODELS

Equilibrium Term Structure Models

• Equilibrium term structure models look to describe the dynamics of the term structure 
using fundamental economic variables that affect interest rates.

• They can be structured as one-factor or multifactor models.
• They make assumptions about the behavior of factors. For example, the model must 

make an assumption whether the short-term interest rate should be modeled as mean- 
reverting, or whether it should be modeled to exhibit jumps.

• They typically require estimation of less parameters than arbitrage-free term structure 
models (described later), but this comes at the cost of less precision in modeling the 
observed yield curve.
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• They typically make an assumption regarding the term premium, i.e., the additional 
return required by lenders to invest in long-term securities. Arbitrage-free models do 
not make a term premium assumption.

The Cox-Ingersoll-Ross (CIR) Model

• The CIR model uses one factor, i.e., the short-term rate to determine the entire term 
structure of interest rates.

• The model has (1) a deterministic component and (2) a stochastic (or random) 
component.

o The deterministic component is also called the drift term.
■ Within this deterministic component, the interest rate is modeled as 

mean-reverting (towards a level b).
■ Another parameter (a) represents the speed at which interest rates 

revert to the mean. The higher the value of this parameter, the quicker 
the mean reversion.

o The stochastic term models risk (volatility).
■ This term makes volatility proportional to the short-term rate, i.e., 

interest rate volatility increases with the level of interest rates.
■ It also precludes the possibility of negative interest rates.

The Vasicek Model

• The Vasicek model also assumes that interest rates are mean-reverting.
• The model also has the same drift term as the CIR model.
• However, the stochastic component assumes that interest rate volatility is constant.
• The main disadvantage of the model is that it is theoretically possible for interest rates 

to be negative.

The yield curve estimated with the Vasicek or CIR model may not match the observed yield
curve. However, if model parameters are believed to be correct, these models can be used to
identify mispricings.

Arbitrage-Free Models

• Arbitrage-free models start with market prices of a reference set of financial 
instruments. Under the assumption that these instruments are correctly priced, a random 
process with a drift term and volatility factor is used to generate the yield curve.

• The advantage of arbitrage-free models is the ability to calibrate the model to market 
data. They exhibit greater accuracy in modeling the market yield curve.

• Arbitrage-free models are also known as partial equilibrium models because they do 
not attempt to explain the yield curve; instead they take the yield curve as given.

The Ho-Lee Model

• The Ho-Lee model uses the relative valuation concepts of the Black-Scholes-Merton 
option-pricing model.

• The time-dependent drift term of the model is inferred from market prices, so the 
model can accurately generate the current term structure.
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• This exercise is typically performed via a binomial lattice-based model, which makes 
use of risk-neutral probabilities.

• The advantage of the model lies in its simplicity, and it can be used to illustrate most 
of the salient features of arbitrage-free interest rate models.

• Interest rate volatility can be modeled as a function of time in the model.
• The downside is that negative interest rates are theoretically possible.

YIELD CURVE FACTOR MODELS

• The sensitivity of a bond’s price to changes in the shape of the yield curve is known as 
shaping risk.

• Studies that have made use of yield curve factor models have found that yield curve 
movements are historically well described by three independent movements—level, 
steepness, and curvature.

o The level movement refers to upward or downward (parallel) shifts in the yield 
curve.

o The steepness movement refers to changes in the slope of the yield curve.
These movements are also known as yield curve twists, 

o The curvature movement refers to movements in the three segments of the 
yield curve. These movements are also known as butterfly shifts.

Managing Yield Curve Risks

Yield curve risk refers to the risk to portfolio value from unanticipated changes in the yield
curve. It can be identified and managed using:

• Key rate duration, which measures the change in the value of a portfolio in response 
to a small change in the yield for a specific maturity.

• A measure based on the factor model, which uses three types of movements—level, 
steepness, and curvature, to explain changes in the yield curve.

The Maturity Structure of Yield Curve Volatilities

• Interest rate volatility is important for at least two reasons:
1. Changes in the price of a bond results depends on (1) its duration and convexity,

i.e., the impact per basis point change in the YTM and (2) the magnitude of 
the change in the YTM, i.e., yield volatility. Therefore, controlling the impact 
of interest rate volatility on a bond’s price volatility is an important part of risk 
management.

2. Most fixed-income instruments and derivatives contain embedded options, whose 
values depend on the level of interest rate volatility.

• The term structure of interest rate volatilities is a representation of the yield volatility 
of a zero-coupon bond for a range of maturities. This volatility curve (also known as 
vol or volatility term structure) measures yield curve risk.

• Interest rate volatility varies across different maturities. Generally speaking, short-
term rates tend to be more volatile than long-term rates.

• Interest rate volatility is typically expressed in terms of an annualized standard 
deviation. For example, if the monthly standard deviation of the 3-month T-bill is 
10.15%, then its yield volatility will be expressed as 0.3516 or 35.16% [=0.1015 H- 
(1/12)05].
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THE ARBITRAGE-FREE VALUATION FRAMEWORK
Cross-Reference to CFA Institute Assigned Reading #35

• The law of one price states that two securities or portfolios that will generate identical 
cash flows in the future, regardless of future events, should have the same price today 
(in the absence of transaction costs).

• An arbitrage opportunity can be defined as a transaction that involves no cash outlay 
and results in a risk-less profit. There are two types of arbitrage opportunities.

o Value additivity, where the value of the whole equals the sum of the values of 
the parts.

o Dominance, where one asset offers a greater return for the same level of risk. 

Arbitrage-Free Valuation for Fixed-Income Securities

The arbitrage-free valuation approach uses the relevant spot rate (i.e., YTM on the appropriate 
zero-coupon bond) to discount each individual cash flow from a bond. The sum of the present 
values of cash flows from a bond, individually discounted at the relevant spot rate, should 
equal the price of the bond.

INTEREST RATE TREES AND ARBITRAGE-FREE VALUATION

For bonds that contain embedded options, the challenge in developing an arbitrage-free 
valuation framework is to account for the fact that their expected cash flows are interest rate 
dependent. An interest rate tree represents the possible future interest rates consistent with the 
assumed level of volatility. The interest rate tree serves two purposes in the valuation process: 
(1) it is used to generate cash flows that are dependent on interest rates and (2) it supplies the 
interest rates that are used to compute present values of cash flows.

The binomial interest rate tree framework assumes that the one-year interest rate can take on 
one of two possible values in the next period. These two possible interest rates in the next 
period must be consistent with three conditions:

1. The interest rate model that dictates how interest rates move.
2. The assumed level of interest rate volatility.
3. The current benchmark yield curve.

Backward induction is then used to compute the value of the bond at any given node.

PATH-WISE VALUATION

Path-wise valuation computes the present value of a bond for each possible interest rate path 
and then computes the average of those values. The resulting price of an option-free bond is 
the same as the price determined through backward induction. Path-wise valuation entails the 
following steps:

1. Specify a list of possible paths through a tree.
2. Determine the present value of the bond through each potential path.
3. Compute the average present value across all possible paths.

©2019 Wiley 223



FIXED INCOME

The number of interest rate paths in the binomial model can be computed using Pascal’s 
Triangle.

MONTE CARLO METHOD

The Monte Carlo method is a method for simulating a sufficiently large number of potential 
interest rate paths in an effort to discover how a value of a fixed-income security is affected.
It is often used when a security’s cash flows are path dependent, i.e., when the cash flow to be 
received in a particular period depends not only on the current level of interest rates, but also 
on the path interest rates have taken to reach their current level.
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VALUATION AND ANALYSIS: BONDS WITH EMBEDDED OPTIONS
Cross-Reference to CFA Institute Assigned Reading #36

Callable Bonds

Callable bonds give the issuer the right to redeem (or call) all or part of the bond before 
maturity. This embedded option offers the issuer the ability to take advantage of (1) a decline 
in market interest rates and/or (2) an improvement in its creditworthiness.

• Callable bonds include different types of call features:
o An American-style callable bond can be called by the issuer at any time 

starting with the first call date until maturity, 
o A European-style callable bond can only be called by the issuer at a single date 

at the end of the lockout period.
o A Bermudan-style callable bond can be called by the issuer on specified dates 

following the lockout period.

Putable Bonds and Extendible Bonds

Putable bonds give bondholders the right to sell (or put) the bond back to the issuer at a pre-
determined price on specified dates. The embedded put option offers bondholders protection 
against an increase in interest rates, i.e., if interest rates increase (decreasing the value of the 
straight bond) they can sell the putable bond back to the issuer at the pre-specified price, and 
then reinvest the principal at (higher) newer interest rates.

• As is the case with callable bonds, putable bonds also typically include lockout 
periods.

• Most of the time they tend to be European-style and are rarely Bermudan-style, but 
there are no American-style putable bonds.

• Putable and extendible bonds are equivalent, except that their underlying option-free 
bonds are different.

Bonds with Other Types of (Complex) Embedded Options

Sometimes the option embedded in a bond may be contingent upon some future event.
For example, death-put bonds (which come with an estate put or survivor’s option) can be 
redeemed at par by the heirs of the deceased bondholder. The important thing to note here 
is that the value of such bonds depends not only on interest rate movements, but also on the 
holder’s life expectancy.

Sinking fund bonds (or sinkers) require the issuer to retire a certain proportion of the issue 
each year following the lockout period (thereby reducing credit risk). These bonds may also 
contain additional options, for example: •

• Standard call options, which allow the issuer to redeem the entire issue at any point in 
time following the lockout period.

• Acceleration provisions, which allow the issuer to repurchase more than the 
mandatory amount of bonds.
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• Delivery options, which allow the issuer to satisfy a sinking fund payment by 
delivering bonds to the trustee instead of cash. If the bonds are trading at less than 
par, then it is more cost-effective for the issuer to buy back bonds from investors to 
meet sinking fund requirements than to pay par to redeem them. The delivery options 
benefit the issuer when interest rates rise.

• A combination of a call option and a delivery option is effectively a long straddle, where 
the sinking fund benefits the issuer not only if interest rates decline, but also if they rise.

VALUATION OF CALLABLE AND PUTABLE BONDS

Value of callable bond = Value of straight bond -  Value of embedded call option

Value of putable bond = Value of straight bond + Value of embedded put option

Effect of Interest Rate Volatility on the Value of Callable and Putable Bonds

All else remaining the same:

• The embedded call option increases in value with higher interest rate volatility. 
Therefore, the value of a callable bond decreases with higher volatility.

• The embedded put option also increases in value with higher interest rate volatility. 
Therefore, the value of a putable bond increases with higher volatility.

Effect of Level and Shape of the Yield Curve on the Value of Callable and Putable Bonds

Callable Bonds

All else remaining the same:

• As interest rates decrease, the value of a straight bond increases, and the value of 
the embedded call option in a callable bond also increases. Since the investor is 
effectively short on the embedded call option, the value of the callable bond increases 
less than that of the straight bond, limiting the upside for the investor.

• The value of the embedded call option increases as the yield curve goes from being 
upward sloping to being flat to downward sloping.

• If the yield curve is upward-sloping at the time of issue and if a callable bond is issued 
at par, it implies that the embedded call option is out-of-the-money.

• Typically, callable bonds are issued at a large premium. Embedded call options are 
in-the-money and would be exercised if arbitrage-free forward rates actually prevailed 
in the future.

Putable Bonds

All else remaining the same:

• As interest rates increase, the value of a straight bond decreases, but the value of the 
embedded put option in a putable bond increases. Since the investor is effectively long 
on the embedded call option, the value of the putable bond decreases less than that of 
the straight bond, offering the investor protection on the downside.

• The value of the embedded put option decreases as the yield curve goes from being 
upward sloping to being flat to downward sloping.
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Valuation of Default-Free Callable and Putable Bonds in the Presence of Interest Rate 
Volatility

• To value a callable bond, at each node during the call period, the value of the bond 
must equal the lower of (1) the value if the bond is not called (using the backward 
induction methodology) and (2) the call price.

• To value a putable bond, at every node we use the higher of (1) the value determined 
through backward induction and (2) the put price in the analysis.

Valuing Risky Callable and Putable Bonds: The Option-Adjusted Spread

In order to value bonds with embedded options using an interest rate tree, the option-adjusted 
spread (OAS) is used instead of the z-spread. The OAS is the constant spread that, when added 
to all the one-year forward rates in the interest rate tree, makes the arbitrage-free value of the
bond equal to its current market price. f i

• The OAS essentially removes option risk from the z-spread.
• If the OAS for a bond is lower than that for a bond with similar characteristics and 

credit quality, it suggests that the bond is relatively overpriced (rich).
• If the OAS for a bond is greater than that for a bond with similar characteristics and 

credit quality, it suggests that the bond is relatively underpriced (cheap).
• If the OAS for a bond is close to that of a bond with similar characteristics and credit 

quality, the bond looks fairly priced.
• For a given bond price, the lower the interest rate volatility assumed, the lower the 

option cost and therefore, the higher the OAS for the callable bond given the z-spread.

INTEREST RATE RISK OF BONDS W ITH EM BEDDED OPTIONS

Effective Duration

For bonds with embedded options, cash flows can change if the embedded options (which are 
typically contingent on interest rates) are exercised. Therefore, effective (or option-adjusted) 
duration, which is a curve duration measure, is the appropriate duration measure for bonds 
with embedded options.

Effective Duration = [[(F V ]]_ )-[[(F V ]]+)
2 x  (A Curve) x  PV0

ACurve = the magnitude of the parallel shift in the benchmark yield curve (in decimal). 
PV_ = Full price of the bond when the benchmark yield curve is shifted down by ACurve. 
PV+ = Full price of the bond when the benchmark yield curve is shifted up by ACurve. 
PV0 = Current full price of the bond (i.e., with no shift).

Effective Durations of Callable, Putable, and Straight Bonds

The effective duration of a callable bond cannot exceed that of the straight bond.

• When interest rates are high relative to the bond’s coupon, the callable and straight 
bonds have very similar effective durations.
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• When interest rates fall, the limit on the upside of the callable bond due to the 
presence of the call option reduces the effective duration of the callable bond relative 
to that of the straight bond.

The effective duration of a putable bond also cannot exceed that of the straight bond.

• When interest rates are low relative to the bond’s coupon, the putable bond and 
straight bond have very similar effective durations.

• When interest rates rise, the price of the putable bond does not fall as much as that 
of a straight bond as the put price acts as a floor on its value. Therefore, its effective 
duration is lower than that of the straight bond.

When the embedded option (call or put) is deep in-the-money, the effective duration of the 
bond with an embedded option resembles that of the straight bond maturing on the upcoming 
exercise date, reflecting the fact that the bond is highly likely to be called or put on that date.

Also note that:

• The effective duration of an option-free bond changes very little in response to interest 
rate movements.

• For a putable bond, its effective duration falls when interest rates rise, as the put 
moves into the money and the bond’s price-yield profile flattens out.

• For a callable bond its effective duration falls when interest rates fall, as the call 
moves into the money and the bond’s price-yield profile flattens out.

• Effective duration is not as effective in capturing the interest rate sensitivity of 
callable and putable bonds as (1) the price response to up-movements (i.e., one-sided 
up-duration) and (2) the price response to down-movements (i.e., one-sided down- 
duration). This is especially true when the embedded option is near-the-money.

Key Rate Duration

Key rate durations (or partial durations) measure the sensitivity of a bond’s price to changes 
in specific maturities on the benchmark yield curve. Key rate durations are used to identify the 
shaping risk for bonds, i.e., the bond’s sensitivity to changes in the shape of the yield curve 
(steepening and flattening).

• For option-free bonds that are not trading at par, a change in any of the key rate 
durations has an impact on the price of the bond.

• For option-free bonds that are not trading at par, a change in the key/par rate 
corresponding to the bond’s maturity (10 years) has the greatest impact on price.

• For option-free bonds trading at par, the par rate corresponding to the bond’s maturity 
is the only one that affects its price.

• Key rate durations can sometimes be negative at maturity points that are shorter than 
the maturity of the bond, if the bond has a very low coupon rate or is a zero-coupon 
bond.

For option-free bonds, duration is (among other factors) a function of time to maturity. For 
bonds with embedded options, duration depends on time to maturity and on time to exercise.
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Callable Bonds

• When the bond’s coupon rate is significantly less than market interest rates, it is 
highly unlikely to be called. In such a case it is more likely to behave like a straight 
bond, and the par rate that will have the largest impact on its price will be the rate 
corresponding to its maturity.

• As the bond’s coupon increases relative to the market rate, the likelihood of the bond 
being called also increases. As a result, the bond’s effective duration decreases and 
gradually, the rate that has the largest impact on the bond’s price moves from rate 
corresponding to its maturity to the rate corresponding to the next call date.

Putable Bonds

• When the bond’s coupon rate is significantly higher than market interest rates, it is
highly unlikely to be put. In such a case it is more likely to behave like a straight fi
bond, and the par rate that will have the largest impact on its price will be the rate 
corresponding to its maturity.

• As the bond’s coupon decreases relative to the market yield, the likelihood of the bond 
being put increases. As a result, the bond’s effective duration decreases and gradually, 
the rate that has the largest impact on the bond’s price moves from rate corresponding 
to its maturity to the rate corresponding to the next put date.

Effective Convexity

Effective Convexity = [[(PV]]_) + [[(PV]]+)-2[[(PV ]]0)
(A Curve)2 x PV0

• Option-free bonds exhibit positive effective convexity. Their prices rise slightly more 
when interest rates fall than they fall when interest rates rise by the same magnitude.

• For callable bonds:
o When interest rates are high, they behave like straight bonds, 
o When interest rates fall and the embedded call option is at or near the

money, their effective convexity turns negative. This is because their price is 
effectively capped at the call price.

• For putable bonds:
o When interest rates are low, they behave like straight bonds, 
o When interest rates increase and the embedded put option is at or near the 

money, their effective convexity remains positive. At this point, the upside 
from a decrease in interest rates is far greater than the downside from an 
increase in interest rates, as the put price effectively serves as a floor on the 
putable bond’s value.

• Therefore, putable bonds have more upside potential than otherwise identical callable 
bonds when interest rates fall, while callable bonds have more downside potential than 
otherwise identical putable bonds when interest rates rise.
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VALUATION AND ANALYSIS OF CAPPED AND FLOORED  
FLOATING-RATE BONDS

Valuation of a Capped Floater

Valuing a capped floater using a binomial interest rate tree is different from valuing an option- 
free bond in the following two ways:

• Since it is a floating-rate security, the coupon payment on the capped floater on the 
next payment date is based on the interest rate today. Basically, the coupon for the 
period is determined at the beginning of the period, but paid (in arrears) at the end of 
the period.

• Since the coupon rate is capped, the coupon at each node must be adjusted to reflect 
the coupon characteristics of the cap. The effective coupon rate for the upcoming 
period is the lower of (1) the current rate and (2) the cap rate.

Value of capped floater = Value of uncapped floater -  Value of embedded cap

• The higher the cap rate, the closer the instrument will trade to its par value (as the 
embedded interest rate call options carry a lower likelihood of exercise, and are 
therefore less valuable to the issuer).

Valuation of a Floored Floater

A floor provision in a floater prevents the effective coupon rate on the bond from declining 
below a specified minimum rate. Therefore, it offers investors protection against declining 
interest rates.

Value of floored floater = Value of non-floored floater + Value of embedded floor

• The procedure valuing a floored floater through a binomial interest rate tree is similar 
to that of valuing a capped floater, except that at each node, the effective coupon rate 
for the upcoming period is the higher of (1) the current rate and (2) the floor rate.

Ratchet Bonds

Ratchet bonds are floating-rate bonds with both investor and issuer options.

• Just like conventional floaters, the coupon rate is periodically reset according to a 
formula based on a reference rate and credit spread.

• However, the bonds are structured to ensure that at any reset date, the effective coupon 
rate can only decline; it can never exceed the existing level. As a result, the coupon 
rate “ratchets down” over time.

• In order to compensate investors for this, the coupon rate on ratchet bonds at the time 
of issuance is set at a level much higher than that of a standard floater.

• This makes a ratchet bond similar to a conventional callable bond in that when a 
bond is called, the investor can only purchase a replacement bond carrying a lower 
(prevailing) coupon rate. A ratchet bond can be thought of as the life cycle of a 
callable bond, with one callable bond being replaced by another until the bond’s 
eventual maturity is reached. The appeal for the issuer is that the call decision is on 
autopilot, and there are no transaction costs.
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• Ratchet bonds also contain investor options. At any coupon reset date, the investor 
has the option to put the bonds back to the issuer at par. Note that this put is actually a 
“contingent put” as it can only be exercised if the coupon is actually reset.

• Generally speaking, the market price of ratchet bonds remains above par at time of 
reset unless there has been a deterioration in the credit quality of the issuer.

VALUATION AND ANALYSIS OF CONVERTIBLE BONDS

A convertible bond is a hybrid security that grants the holder the option to convert the security
into a predetermined number of common shares of the issuer (so it is essentially a call option
on the stock) during a pre-determined conversion period at a pre-determined conversion price.

Convertible bonds offer benefits to the issuer and the investor:

• Investors accept lower coupons on convertible bonds compared to otherwise identical fi
non-convertible bonds because they can participate in the upside of the issuer’s equity
through the conversion mechanism.

• Issuers benefit from lower coupon rates and from no longer having to repay the debt 
(if the bonds are converted into equity).

However, note that:

• The issuer’s current shareholders face dilution if these securities are converted.
• If the bond is not converted (if the share price remains below the conversion price) the 

issuer may have to refinance the debt at a higher cost.
• If conversion is not achieved, bondholders would have lost out on interest income 

relative to an otherwise identical non-convertible bond.

Im portant Terminology

• The share price at which the investor can convert the convertible bond into ordinary 
shares is known as the conversion price.

• The number of shares of common stock that the holder of a convertible bond receives 
from converting the bonds into shares is dictated by the conversion ratio.

• Until they convert their bonds into shares, holders of convertible bonds only receive 
coupon payments, while common shareholders receive dividend payments.

• Annual dividends below the threshold dividend level have no impact on the conversion 
price. However, if annual dividends exceed this level, the conversion price is adjusted 
downward for annual dividend payments to compensate convertible bond holders.

• Almost all convertible bonds are callable and some are also putable.
o The issuer may call the bond (1) if interest rates have fallen, (2) if its credit 

rating has improved, or (3) if it believes that its share price will improve 
significantly in the future.

o If a convertible bond is callable, the issuer can force conversion if the 
underlying share price rises beyond the conversion price, in order to avoid 
making interest payments.

o The put option may be classified as a hard put (which can only be redeemed 
for cash) or a soft put (which may be redeemed for cash, common stock, 
subordinated notes, or a combination of the three).
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Analysis of a Convertible Bond

The conversion (or parity) value of a convertible bond indicates the value of the bond if 
converted at the market price of the shares.

Conversion value = Market price of common stock x Conversion ratio

The minimum value of a convertible bond equals the greater of (1) its conversion value (the 
value if the security is converted into shares immediately) or (2) its straight value (its value 
without the conversion option). It acts as a moving floor on the value of the security.

The price that an investor effectively pays for common stock if a convertible bond is 
purchased and then converted into common stock is known as the market conversion price or 
conversion parity price. It basically reflects the “break-even” price for the investor.

Market conversion price = Market price of convertible security
Conversion ratio

The market conversion premium per share is the excess amount that an investor pays for 
acquiring the company’s shares by purchasing a convertible bond instead of purchasing them 
in the open market.

Market conversion premium per share = Market conversion price -  Current market price

The market conversion premium per share can be viewed as the price of the conversion 
call option. However, there is a difference between (1) buying a stand-alone call option on 
the issuer’s stock and (2) purchasing the call option on the issuer’s stock embedded in a 
convertible bond. The buyer of the stand-alone call option knows the exact dollar amount of 
downside risk (the call premium), while the buyer of the convertible bond only knows that her 
maximum loss equals the difference between the price paid for the convertible bond and its 
straight value. The straight value at any future date is unknown.

The market conversion premium ratio equals the market conversion premium per share 
divided by the current market price of the company’s common stock.

_ _ . . . . Market conversion premium per shareMarket conversion premium ratio = -----------------------------------------------
Market price of common stock

The premium over straight value is sometimes used as a measure for downside risk in a 
convertible bond. This interpretation, however, is theoretically flawed because the straight 
value (which serves as a floor on the convertible’s price) changes as interest rates/credit
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spreads change. All other factors remaining the same, the higher the premium over straight 
value, the less attractive the convertible bond.

_ . , Market price of convertible bond .Premium over straight value = ------------------------------------------- 1
Straight value

The upside potential for a convertible security depends on the prospects for the underlying 
stock, which are evaluated using techniques for analyzing common stocks.

Valuation of a Convertible Bond

Convertible security value = Straight value + Value of the call option on the stock

FI

Convertible callable bond value = Straight value + Value of the call option
on the stock
-  Value of the call option on the bond

Convertible callable and putable bond value = Straight value + Value of the call
option on the stock
-  Value of the call option on the bond 
+ Value of the put option on the bond

Investment Characteristics of a Convertible Security

• If the price of the company’s common stock is relatively low, such that the straight 
value of a convertible bond is significantly greater than the conversion value, the 
security will trade like a fixed-income security, with factors such as interest rates and 
credit spreads having a significant impact on its price. In such a situation, the security 
may be referred to as a fixed-income equivalent or a busted convertible. Further, the 
closer the security is to the end of the conversion period, the more the convertible 
bond will behave like a fixed-income security, as it becomes increasingly likely that 
the call option on the stock with expire out of the money.

• If the price of the company’s common stock is relatively high, such that the 
conversion value is significantly greater than the straight value, the security will trade 
like an equity instrument, with its value heavily influenced by share price movements 
and relatively immune to interest rate movements. In this case, the security may be 
referred to as a common stock equivalent. Note that when the embedded call option on 
the stock is in the money, it is more likely to be exercised when the conversion value 
exceeds the redemption value of the bond.
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• In between these two scenarios, the convertible will trade as a hybrid security with 
characteristics of both fixed-income and equity instruments.

o When the underlying share price is below the conversion price and increases 
toward it, the return on the convertible bond increases significantly, but at a 
lower rate than the underlying share price. Once the share price exceeds the 
conversion price, the change in the convertible bond’s price increases at the 
same rate as the underlying share price, 

o When underlying share price is above the conversion price and decreases 
toward it, the relative change in the convertible bond’s price is less than the 
change in the share price because the convertible bond has a floor on its value.

• Finally, note that except in the case of busted convertibles, the primary driver of a 
convertible bond’s value is the underlying share price. However, large movements in 
interest rates or the issuer’s credit spread continue to affect the value of a convertible 
bond. For a convertible bond with a fixed coupon, all else being equal:

o If interest rates rise (fall) significantly, its value would decrease (increase), 
o If the issuer’s credit rating were to improve (decline), its value would increase 

(decrease).
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CREDIT ANALYSIS MODELS
Cross-Reference to CFA Institute Assigned Reading #37

Default risk addresses the likelihood of an event of default. Credit risk is a broader term 
because it considers both the default probability and how much is expected to be lost if default 
occurs.

Expected exposure to default loss is the projected amount of money the investor could lose if 
an event of default occurs, before factoring in possible recovery.

Recovery rate is percentage of the loss recovered from a bond in default.

Loss given default (LGD) is the amount of loss if a default occurs.

Probability of default (POD) is the probability that a bond issuer will not meet its contractual 
obligations on schedule.

Actual (or historical) versus risk-neutral default probabilities:

• Actual default probabilities do not include the default risk premium associated with 
uncertainty over the timing of possible default loss.

• The observed spread over the yield on a risk-free bond in practice also includes 
liquidity and tax considerations in addition to credit risk.

Credit valuation adjustm ent (CVA) is the value of the credit risk in present value terms.

Probability of Survival (POS) = (100%-Hazard rate)Numb“  of years 
Expected loss = LGD x POD
Value of default-free bond -  CVA = Fair value of risky bond

• The probability of default in credit risk models incorporates (1) the likely time of 
incidence of default events as well as (2) uncertainty over the timing of the events.

• Generally speaking, for a given price and credit spread, the assumed probability of 
default and the recovery rate are positively correlated.

Credit scores are a rating system used by lenders to evaluate the creditworthiness of retail 
borrowers (individuals and small businesses) and to establish terms of a lending contract.

• Factors considered in assigning credit scores include payment history, debt burden, 
length of credit history, types of credit used, and recent “hard” searches for credit.

• Race, color, national origin, sex, marital status, age, salary, occupation, employment 
history, home address, and child/family support obligations are not considered.

Credit ratings are used to evaluate bonds and asset-backed securities (ABS) issued by 
corporations and governments. Credit ratings reflect the probability of default and loss given 
default (via notching).

The ratings transition matrix is used to compute the expected change in the price of a bond.
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Change in bond price = -  Modified Duration x

(New Credit Rating Credit Spread -  Original Credit Rating Credit Spread)

Taking credit rating transitions into account typically reduces a bond’s expected return. This 
is because transition probabilities are skewed towards downgrades rather than upgrades and 
changes in credit spreads are much larger for lower ratings than higher ratings.

Structural M odels versus Reduced-Form M odels

Structural Models

A company defaults on its debt if the value of its assets falls below the amount of its liabilities 
and the probability of this event has the features of an option.

• Probability of default is endogenous. It increases with:
o Variance of the future asset value, 
o Greater time to maturity, 
o Greater financial leverage.

• Equity holders essentially hold a call option on company assets where the strike price 
is the face value of debt.

• Debt holders own company assets and have written a call option on those assets.
• The premium received for writing this call option can be viewed as the cost of 

attaining priority of claim on company assets in the event that their value falls below 
the face value of debt.

Advantages:

• Provide insight into the nature of credit risk.
• Can be used for internal risk management, for banks’ internal credit risk measures, 

and for publicly-available credit ratings.

Disadvantages:

• BSM assumes that the assets on which options are written are actively traded.
• Can be burdensome to implement.

Reduced-Form Models

• Do not focus on why default occurs but aim to explain statistically when it might 
occur.

• Default time can be modeled using a Poisson stochastic process.
• The key parameter here is default intensity, which represents the probability of default 

over the next time increment.

Advantages:

• Default is an exogenous variable that occurs randomly.
• Only require information that is generally available in financial markets.
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• Default intensity is estimated using regression analysis on company-specific variables 
and macroeconomic variables so the model can directly reflect the business cycle in 
the credit risk measure.

• Used to value risky debt securities and credit derivatives.

Disadvantages:

• Do not explain economic reasons for default.
• Assume that default comes as a surprise and can occur at any time.

Valuing Risky Bonds Using the Arbitrage-Free Valuation Fram ework

All other things remaining the same:

• Interest rate volatility has an impact on the values of (1) bonds with embedded options fi
and (2) bonds with credit risk.

• An increase in assumed interest rate volatility results in lower expected exposures to 
default loss, reducing loss given default and the credit valuation adjustment. The result 
is a slightly higher fair value for the bond.

• If the fair value of a floating-rate note is below par, the discount margin must be 
higher than the quoted margin.

• A lower recovery rate assumption would result in a higher credit spread

Components of a Corporate Bond Yield

• The benchmark yield accounts for expected inflation, expected real rate of return, and 
any compensation for uncertainty regarding inflation (macroeconomic factors).

• The spread over the benchmark yield accounts for liquidity, taxation, expected 
loss from default, and uncertainty associated with the expected loss from default 
(microeconomic factors).

Term Structure of Credit Spreads

The credit curve shows the spread over a benchmark security for an issuer for outstanding
fixed-income securities with shorter to longer maturities.

The term structure of credit spreads is driven by:

• Credit quality.
• Financial conditions.
• Market supply and demand conditions.
• Company-value model results.

o An increase in the implied default probability will tend to steepen the credit 
spread curve.

An upward-sloping credit curve implies that investors seek greater compensation for assuming
default risk over longer periods.
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• Positively sloped credit spread curves may arise when a high-quality issuer with a 
strong competitive position in a stable industry has low leverage, strong cash flow, and 
a high profit margin.

• High-yield issuers in cyclical industries sometimes face a downward-sloping credit 
term structure because of issuer- or industry-specific reasons.

• Bonds with a high likelihood of default tend to trade close to their recovery rate than 
on a spread to benchmark rates. In such cases, the credit curve is “distorted” in that 
it does not truly reflect the relative risk and rewards of long-term versus short-term 
bonds of the same issuer.

• If a portfolio manager disagrees with the market’s expectation of a high near-term 
default probability that declines over time, she could sell short-term protection in the 
credit default swap market and buy longer-term protection.

Credit Analysis for Securitized Debt

Important considerations:

Homogeneity versus Heterogeneity

• Hom ogeneity refers to individual debt obligations within the asset pool of a 
securitized instrument being similar in nature (i.e., common underwriting criteria for 
borrowers), which allows credit analysts to draw generalized conclusions about the 
nature of loans.

• Heterogeneity refers to underlying debt obligations having different underwriting 
criteria, thereby requiring scrutiny on a loan-by-loan basis.

• Granularity refers to the number of individual debt obligations within the asset pool 
of a securitized instrument.

o When an asset pool is highly granular, credit analysts will likely base their 
analysis on summary statistics versus looking at loans on an individual basis.

• Quality of origination and servicer. Because investors are exposed to operational 
and counterparty risk, they must rely on the originator/servicer to establish and 
enforce eligibility criteria, maintain documentation, facilitate repayments, and manage 
delinquencies.

• Structure of the transaction
o Investors need to endure the fact that the originator can separate itself from the 

risk of bankruptcy in the securitized instrument through a “true sale” of assets 
to the SPE.

o Credit enhancements
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CREDIT DEFAULT SWAPS
Cross-Reference to CFA Institute Assigned Reading #38

CREDIT DEFAULT SWAPS: BASIC DEFINITIONS AND CONCEPTS

A credit default swap (CDS) is a bilateral contract between two parties that transfers the 
credit risk embedded in a reference obligation from one party to another. It is essentially an 
insurance contract.

The reference obligation is the fixed-income security on which the protection is written (or 
whose credit risk is transferred). This is usually a bond, but can also be a loan in some cases.

The protection buyer makes a series of periodic payments (think of them as periodic insurance 
premium payments) to the protection seller during the term of the CDS. In return for this 
series of periodic premium payments (known as the CDS fee or CDS spread), the protection 
buyer obtains protection against default risk embedded in the reference obligation.

The protection seller earns the CDS spread over the term of the CDS in return for assuming 
the credit risk in the reference obligation. If a credit event occurs, the protection seller 
is obligated to compensate the protection buyer for credit losses by means of a specified 
settlement procedure.

CDS are somewhat similar to put options. Put options give the option holder the right to sell 
(put) the underlying to the put writer if the underlying performs poorly relative to the strike 
price. The option holder is therefore compensated for poor performance. Similarly, CDS give 
the protection buyer compensation if the underlying (loan, bond, or bond portfolio) performs 
poorly.

Types of CDS

The reference entity is the entity issuing the reference obligation in a single-nam e CDS 
(where the CDS is on one borrower). The reference obligation is a particular instrument 
issued by the reference entity that serves as the designated instrument covered by the CDS. 
The designated instrument is usually a senior unsecured obligation (which can be referred 
to as senior CDS), but this instrument is not the only instrument covered by the CDS. Any 
debt issued by the reference entity that is pari passu (i.e., ranked equivalently in the priority 
of claims), or higher relative to the reference obligation is covered by the CDS. The payoff 
to the CDS is determined by the cheapest-to-deliver obligation, which is the instrument that 
can be purchased and delivered at the lowest cost, but has the same seniority as the reference 
obligation.

An index CDS involves several reference entities (borrowers), which allows market 
participants to take positions on the credit of a portfolio of companies. Generally speaking, the 
higher (lower) the correlation of default among index constituents, the higher (lower) the cost 
of obtaining credit protection on the index CDS.

A tranche CDS also covers a portfolio of borrowers, but only to a pre-specified amount of 
losses (similar to how tranches of asset-backed securities only cover a particular amount of 
losses).
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Im portant Features of CDS M arkets and Instruments

• Like any swap contract, a CDS also specifies a notional principal, which represents 
the size of the contract.

• The periodic premium paid by the protection buyer in a CDS pays to the protection 
seller is known as the CDS spread. The CDS spread is a return over LIBOR required 
to protect against credit risk and is sometimes also referred to as the credit spread.

• In recent years, standard annual coupon rates (basically standard credit spreads) have 
been established on CDS contracts.

o Any discrepancy between the standard rate and the actual required credit 
spread is accounted for via an upfront premium.

■ If the standard rate is too low (to capture the credit risk), the protec-
tion buyer will pay the seller the upfront premium.

■ If the standard rate is too high, the protection seller will pay the buyer 
an upfront prem ium .

• Regardless of which party makes the upfront payment, the value or price of the CDS 
can change over the contract term due to changes in the credit quality of the reference 
obligation.

• In the CDS world, since the protection buyer promises to make a series of future 
payments, she is known as the short and the protection seller is known as the long.

o The protection buyer, or short, benefits when things go badly (i.e., if the credit 
quality of the underlying instrument declines and CDS spreads increase).

o The protection seller, or long, benefits when things go well (i.e., if the credit 
quality of the underlying instrument improves and CDS spreads decrease).

Credit and Succession Events

A credit event defines default by the reference entity. It is what triggers a payment from the 
protection seller on a CDS to the protection buyer. There are three types of credit events:

• Bankruptcy
• Failure to pay
• Restructuring

Determination of whether there has been a credit event is made by a 15-member 
Determinations Committee (DC) within the ISDA. A supermajority vote of 12 members is 
required to declare a credit event.

The DC also plays a role in determining whether a succession event has occurred. A 
succession event occurs when there is a change in the corporate structure of the reference 
entity (e.g., divesture, spinoff, or merger) such that the ultimate obligor of the reference 
obligation becomes unclear.

Settlem ent Protocols

• In a physical settlement, upon declaration of a credit event, the protection buyer 
delivers the underlying debt instrument to the protection seller. The par value of bonds 
delivered to the seller must equal the notional amount of the CDS. In return, the 
protection seller pays the buyer the par value of the debt (which is equal to the CDS 
notional amount).
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• In a cash settlement, the idea is that the protection seller should pay the protection 
buyer an amount of cash equal to the difference between the notional amount and the 
current value of the bonds. Determining this amount is not an easy task as opinions 
can vary about how much money has actually been lost (in a default, a portion of the 
par value is generally recovered).

o The percentage of the par value that is recovered is known as the recovery rate. 
This represents the percentage received by the protection buyer relative to the 
amount owed.

o The payout ratio (which determines the amount that the protection seller must 
pay the protection buyer) is an estimate of the expected credit loss. The payout 
amount equals the payout ratio multiplied by the notional amount.

Payout ratio = 1 -  Recovery rate 
Payout amount = Payout ratio x Notional

Note that actual recovery is a very long process, which can stretch way beyond the settlement 
date of the CDS. Therefore, to estimate an appropriate recovery rate, there is typically an 
auction for the defaulted bonds to determine their post-default market value. The protection 
seller then pays the protection buyer the difference between the par value (which is equal to 
the CDS notional amount) and the post-default market value of the bonds.

CDS Index Products

CDS indices allow participants to take a position on the credit risk of several companies 
simultaneously, just like equity indices allow investors to gain exposure to stocks of several 
companies at the same time. CDS indices are all equally weighted.

If an entity within an index defaults, it is removed from the index and settled as a single-name 
CDS (based on its pro-rata share in the index). The index continues to move forward with a 
smaller notional.

BASICS OF VALUATION AND PRICING  

Basic Pricing Concepts

When we talk about pricing CDS, we are interested in determining the CDS spread or in the 
case of standardized CDS (with 1% or 5% coupon rates) determining the upfront premium. •

Expected loss = Loss given default x Probability of default

• In the context of valuing CDS, we work with hazard rates that reflect the probability 
that default will occur given that it has not already occurred.

• The probability of default is calculated as 1 minus the probability of survival.
• The loss given default is computed based on expected recovery rates.
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The Protection Leg

The protection leg refers to the contingent payment that the protection seller may have to 
make to the protection buyer. In order to value the protection leg, we must compute the present 
value of the contingent obligation of the protection seller to the protection buyer. This is 
calculated as the difference between:

• The present value of the hypothetical value of the bond if it had no credit risk; and
• The present value of the expected payoff on the (risky) bond, after accounting for the 

probability, amount and timing of each payment. In order to compute this value:
o First we compute the expected payoff of each payment on the bond by 

multiplying the payment adjusted for the expected recovery rate by the 
probability of survival.

o Next, we discount the expected payoff of each payment at the appropriate 
discount rate.

o Then we sum all these amounts to come up with the expected payoff on the bond. 

The difference between these two figures represents credit exposure.

Value of protection leg = Credit risk = Value of risk-free bond -  Expected payoff on risky bond

The Premium Leg

The premium leg refers to the series of periodic payments that the protection buyer promises 
to make to the protection seller. When it comes to valuing the premium leg, things are 
complicated by the fact that once default occurs, regardless of exactly when it occurs during 
the term of the CDS, the protection buyer ceases to make payments to the protection seller. As 
a result, hazard rates must be applied.

The Upfront Payment

The difference in values of the protection leg and premium leg equals the amount of the 
upfront payment.

Upfront payment = Present value of protection leg -  Present value of premium leg

If this difference is positive (negative), the protection buyer (seller) makes the upfront 
payment to the protection seller (buyer). In order to understand this, note that:

• PV of protection leg represents the value of the contingent payment that the protection 
seller will make to the buyer.

• PV of premium leg represents the value of expected premium payments that the 
protection buyer will make to the seller.

• If the value of payments that the seller will make over the term of the CDS is greater, 
the seller will receive a premium upfront so that overall, both the positions hold equal 
value at CDS inception.

Upfront premium % = (Credit spread -  Fixed coupon) x Duration of CDS

Present value of credit spread = Upfront payment + Present value of fixed coupon

Price of CDS per 100 par = 100 -  Upfront premium %
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The Credit Curve

The credit curve presents credit spreads on a company’s debt for a range of maturities. The 
credit spread refers to the spread on top of LIBOR required by investors to hold the debt 
instrument. With the evolution and high degree of efficiency in the CDS market, the credit 
curve for a borrower is essentially determined by CDS rates on its obligations.

One of the factors that influences the credit curve is the hazard rate:

• A constant hazard rate will result in a relatively flat credit curve.
• Upward (downward) sloping credit curves imply a greater (lower) likelihood of 

default in later years.

Value Changes in CDS during Their Lives

Just like any other swap, the value of a CDS also fluctuates during its term. Some of the 
factors that cause changes in the value of a CDS are:

• Changes in the credit quality or perceived credit quality of the reference entity.
• Changes in duration of the CDS (duration shortens through time).
• Changes in the probability of default, expected loss given default and in the shape of 

the credit curve.

The change in value of a CDS for a given change in the credit spread can be approximated as:

Profit for protection buyer = Change in spread in bps x Duration x Notional

The percentage price change in the CDS can be computed as:

% Change in CDS price = Change in spread in bps x Duration

M onetizing Gains and Losses

• The first method is to enter into a new offsetting CDS.
• A second way to monetize a gain/loss on a CDS position is to exercise or settle the 

CDS upon default via a cash or physical settlement (discussed earlier).
• A third (least common) method occurs if there is no default. The parties simply 

hold their positions until maturity. By then, the seller has captured all the premium 
payments without having to make any payments to the protection buyer.

Applications of CDS

• Manage credit exposures i.e., take on or lay off credit risk in response to changing 
expectations; and/or

• Take advantage of valuation disparities i.e., differences in the pricing of credit risk in 
the CDS market relative to another market (e.g., that of the underlying bonds).
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M anaging Credit Exposures

A party takes a position on a naked credit default swap when it has no underlying exposure to 
the reference entity.

• In entering a naked CDS as the protection buyer, the investor is taking a position that 
the entity’s credit quality will deteriorate (credit spreads will increase).

• In entering a naked CDS as the protection seller, the investor is taking a position that 
the entity’s credit quality will improve (credit spreads will decline).

In a long/short trade, the party takes a long position in one CDS and a short position in another 
CDS, where the two swaps are based on different reference entities. Such a trade represents a 
bet that the credit quality of one entity will improve relative to that of the other. The investor 
would sell protection on the entity whose credit quality it expects to improve (go long on the 
CDS), and purchase protection on the entity whose credit quality it expects to deteriorate (go 
short on the CDS).

A curve trade is a type of long/short trade. It involves buying a CDS of one maturity and 
selling a CDS with a different maturity, where both the CDS are on the same reference entity.

With an upward-sloping credit curve, a steepening (flattening) of the curve means that long-
term credit risk has increased (decreased) relative to short-term credit risk.

• An investor who believes that long-term credit risk will increase relative to short-term 
credit risk (credit curve steepening) will purchase protection (or go short) on a long-
term CDS and sell protection (or go long) on a short-term CDS.

o A curve-steepening trade is bullish for the short run. It implies that the short-
term outlook for the reference entity is better than the long-term outlook, 

o An investor who is bearish about a company’s short term creditworthiness will 
enter into a curve-flattening trade.

The interpretation of the investor’s position is the opposite if the credit curve is currently 
downward-sloping (which is rarely the case and generally results from short-term stress in 
financial markets). In this case, a flattening (not steepening) of the curve suggests that long-
term credit-risk has increased relative to short-term credit risk.

Note that for a given (parallel) change in credit spreads across all maturities, longer-term CDS 
values will be more affected than shorter-term CDS values (due to their higher durations).

Valuation Differences and Basis Trading

A basis trade aims to profit from the difference in (1) the credit spread implied by the price/ 
yield on a bond, and (2) the credit spread on a CDS on the same reference obligation with the 
same term to maturity.

Basis trades work on the assumption that any mispricing of credit risk across the bond and 
CDS markets is likely to be temporary and that credit spreads should converge once the 
disconnect has been recognized by participants.
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In order to determine the profit potential of a basis trade, we must decompose the bond yield 
into the risk-free rate plus the funding spread plus the credit spread. The risk-free rate plus the 
funding spread equals LIBOR, so the credit spread equals the excess of the yield on the bond 
over LIBOR. This credit spread must then be compared to the credit spread on the CDS. If the 
credit spread on the bond is higher (lower) than in the CDS market, it is said to be a negative 
(positive) basis.
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DERIVATIVES

PRICING AND VALUATION OF FORWARD COMMITMENTS
Cross-Reference to CFA Institute Assigned Reading #39

Introductory Definitions

A forward commitment is a derivative instrument in the form of a contract that provides the 
ability to lock in a price or rate at which one can buy or sell the underlying instrument at a 
specified future date, or exchange an agreed-upon amount of money at a specified series of 
dates.

A forward is a contract between two parties, where one (the long position) has the obligation 
to buy, and the other (the short position) an obligation to sell the underlying asset at a specified 
price (established at the inception of the contract) at a specified future date (also established at 
inception of the contract).

Price versus Value

The price of a forward/futures contract is the fixed price or rate at which the underlying 
transaction will occur at contract expiration. The forward/futures price is agreed upon at 
initiation of the contract. Pricing a forward/futures contract means determining this forward/ 
futures price.

The value of a forward/futures contract is the amount that a counterparty would need to pay, 
or would expect to receive, to get out of, or terminate, an (already-assumed) forward/futures 
position.

Assumptions of Arbitrage

• Replicating instruments are identifiable and investable.
• Markets are frictionless.
• Short selling is allowed.
• Borrowing and lending are available at the risk-free rate.

Calculating the Forward Price Assuming No Carry Costs or Benefits

F0(T) = S0(l + r)T

• An increase in the risk-free rate will lead to an increase in the forward price, and 
a decrease in the risk-free rate will lead to a decrease in the forward price. This 
relationship will generally hold as long as changes in interest rates do not influence 
the value of the underlying asset.

• The forward price is not influenced by the expected future spot price.
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Valuing a Forward Contract at Initiation (t = 0) and Expiration (t = T)

Time Long Position Value Short Position Value

At initiation Zero, as the contract is priced Zero, as the contract is priced
to prevent arbitrage to prevent arbitrage

At expiration ST -  F0(T) F0(T) -  ST

• At expiration, both forward and futures contracts are equivalent to a spot transaction 
in the underlying asset. This is known as convergence, implying that at contract 
expiration, the forward/futures price will be the same as the spot price [i.e.,
Ft (T) = fxCD = ST].

Valuing a Forward Contract during Its Life (T = t)

V, (T) = St -  [F0(T)/(1 + r)T-t]

Vt (T) = PV of difference sin forward prices = PVt T[Ft (T )-F 0(T)]

where PVt T( ) means the present value at time t of an amount paid in T - 1 
years (or at time T).

Futures versus Forward Contracts

As a result of the mark-to-market adjustment, the value of a futures contract at any point in 
time during its term is simply the difference between the current futures price and the futures 
price that was applied to make the last mark-to-market adjustment.

• The market value of a long position in a futures contract before marking to market is 
vt(T) = ft(T) -  ft_(T).

• The market value of a short position in a futures contract before marking to market is 
vt(T) = ft_(T) -  ft(T).

• The subscript t_ represents the point in time when the last mark-to-market adjustment 
was performed.

Calculating the Forward Price When the Underlying Has Cash Flows

With continuous compounding, the forward price is calculated as:

F0(T) = S0e( r + e - Y c ) T )

Note that only carry costs and benefits incurred over the term of the forward contract are 
included in the preceding formulas. •

• Carry costs, like the rate of interest, increase the burden of carrying the underlying 
instrument through time. Therefore, these costs are added in the forward pricing equation.

• Carry benefits decrease the burden of carrying the underlying instrument through 
time, so these benefits are subtracted in the forward pricing equation.
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Valuing a Forward Contract When the Underlying Has Carry Benefits/Costs

Vt (T) = PV of differences in forward prices = PVt T [Ft (T) -  F0 (T)]

Carry benefits and costs are accounted for in this equation in the computation of the two 
forward prices.

• If a dividend payment is announced between the forward’s valuation and expiration 
dates, assuming that the news announcement does not change the price of the 
underlying, the value of the original forward will fall.

• The mark-to-market adjustment in futures markets results in the value of a futures 
contract after settlement equaling zero. Therefore, the values of otherwise identical 
forward and futures contracts will likely be different.

Interest Rate Forward and Futures Contracts

Forward Rate Agreements

A forward rate agreement (FRA) is a forward contract where the underlying is an interest 
rate on a deposit. It involves two counterparties: (1) the fixed payer/floating receiver (long 
position) and (2) the floating payer/fixed receiver (short position).

• A long FRA position can be replicated by holding a longer-term Eurodollar time 
deposit and at the same time shorting (or owing) on a shorter-term Eurodollar time 
deposit.

DR

Think of the long position in an FRA as the party that has committed to take a hypothetical 
loan, and the short as the party that has committed to give out a hypothetical loan, at the fixed 
FRA rate.

FRA Payoffs

• If LIBOR at FRA expiration is greater than the FRA rate, the long benefits.
Effectively, the long has access to a loan at lower-than-market interest rates, while the 
short is obligated to give out a loan at lower-than-market interest rates.

• Stated differently, the long benefits as the fixed payer and floating receiver.
• If LIBOR at FRA expiration is lower than the FRA rate, the short benefits. Effectively, 

the short position is able to invest her funds at higher-than-market interest rates, while 
the long is obligated to take a loan at higher-than-market interest rates.

• Stated differently, the short benefits as the fixed receiver and floating payer.

FRAs are settled on an advanced set, advanced settled basis. The interest rate effective on 
the underlying hypothetical loan is determined in advance (at the onset of the loan), and the 
contract is also settled in advance (at the onset of the loan).

FRA payoff = NP x [(Market LIBOR -  FRA rate) x No. of days in the loan term / 360]
1 + [Market LIBOR x (No. of days in the loan term / 360)]
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Pricing a Forward Rate Agreement

The price of an FRA (forward price) represents the fixed interest rate at which the long 
position has the obligation to borrow funds, or the short position has the obligation to lend 
funds, for a specified period (term of the underlying hypothetical loan) starting at FRA 
expiration. Essentially, pricing an FRA is a simple exercise of determining the forward rate 
consistent with two (given) spot rates.

Valuing an FRA Prior to Expiration

The value of an FRA during its term (before expiration) is computed as the present value of 
the difference in the interest savings based on (1) the new (current) FRA rate and (2) the old 
(original/initial) FRA rate. To value an FRA at any time prior to expiration, we need to follow 
four steps:

• Calculate the new implied forward rate based on current spot rates.
• Calculate the interest savings based on this new or updated market forward rate.
• Discount these interest savings for a number of days equal to the number of days 

remaining until FRA expiration plus the number of days in the term of the underlying 
hypothetical loan.

• Make sure you use the appropriate discount rate.

Fixed-Income Forward and Futures Contracts

There are three unique factors that we need to account for when applying the carry arbitrage 
model to fixed-income forwards:

1. Clean versus dirty prices
2. Conversion factor adjustments
3. Cheapest-to-deliver (CTD) bond

Markets Where Accrued Interest Is Included in the Bond Price Quote

F0(T) = Future value of underlying adjusted for carry cash flows

F0(T) = (S0 -  Yo + 0o)(l + r)T

Markets Where Accrued Interest Is Not Included in the Bond Price Quote

F0(T) = QF0(T) x CF(T) and QF0(T) = 1/CF(T) x F0(T)

F0(T) = [B0(T + Y) + AI0 -  PVCI0,T] x (1 + r)T -  AIT
QFo(T) = 1/CF(T) x [B0(T + Y) + AI0 -  PVCI0,T] x (1 + r)T -  AIT

Determining the Value of a Bond Forward Contract during Its Term

The value of a bond forward contract during its term is simply the present value of the 
difference in quoted forward/futures prices between (1) the original bond forward/futures 
contract and (2) an offsetting contract.

Vt (T) = Present value of difference in forward prices = PVt T [QFt (T) -  QF0 (T)]
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Currency Forward Contracts

Pricing a Currency Forward Contract

F o ,p c / b c 0 , P C / B C

(l + rpc)T 
(1 + rBC)

F o ,PC/BC -  S q ,PC/BC x  e ( r PC -  r B c) x  T

• If the forward rate is higher than the spot rate, it means that the price currency 
risk-free rate is higher than the base currency risk-free rate.

• If the forward rate is lower than the spot rate, it means that the price currency risk-free 
rate is lower than the base currency risk-free rate.

Valuing a Currency Forward Contract

Note that the price currency risk-free rate is used in the denominator.

Swap Contracts

Plain-Vanilla Interest Rate Swaps

Net fixed rate paymentt = [Swap fixed rate -  (LIBOR^ + Spread)] * (No. of days/360)
* Notional principal

• At the initiation of the swap, the swap fixed rate is set at a level at which the present 
value of the floating-rate payments (based on the current term structure of interest 
rates) equals the present value of fixed-rate payments so that there is zero value to 
either party. This swap fixed rate therefore represents the price of the swap.

• Over the term of the swap, as there are changes in the term structure of interest rates, 
the value of the swap will fluctuate.

• If interest rates increase after swap initiation, the present value of floating-rate 
payments (based on the new term structure) will exceed the present value of fixed-rate 
payments (based on the swap fixed rate).

• The swap will have a positive value for the fixed-rate payer (floating-rate receiver).
• The swap will be an asset to the fixed-rate payer and a liability for the floating-rate 

payer.
• If interest rates decrease after swap initiation, the present value of floating-rate 

payments will be lower than the present value of fixed-rate payments.
• The swap will have a positive value for the floating-rate payer (fixed-rate receiver).
• In this case, the swap will be an asset to the floating-rate payer and a liability for the 

fixed-rate payer.
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Plain-Vanilla Interest Rate Swaps as a Combination of Bonds

Taking a position as a fixed-rate payer (floating-rate receiver) on a plain-vanilla interest rate 
swap is equivalent to issuing a fixed-rate bond (on which fixed payments must be made) 
and using the proceeds to purchase a floating-rate bond (on which floating payments will be 
received). In other words, the fixed-rate payer can be viewed as being long on a floating-rate 
bond and short on a fixed-rate bond.

• If interest rates increase, the fixed-rate payer benefits, as there is a positive difference 
between her (floating-rate) receipts and (fixed-rate) payments.

• In terms of the positions on bonds, the value of the fixed-rate bond decreases as 
interest rates increase, but the value of the floating-rate bond remains at par. Since the 
fixed-rate payer is long on the floating-rate bond and short on the fixed-rate bond, she 
benefits from the increase in interest rates.

• If interest rates decrease, the fixed-rate payer loses out, as there is a negative 
difference between (floating-rate) receipts and (fixed-rate) payments.

• In terms of the positions on bonds, the value of the fixed-rate bond increases as 
interest rates decrease, but the value of the floating-rate bond remains at par. Since the 
fixed-rate payer is long on the floating-rate bond and short on the fixed-rate bond, she 
loses out as a result of the decrease in interest rates.

Pricing a Plain-Vanilla Interest Rate Swap: Determining the Swap Fixed Rate

Swap fixed rate = __________ l-B p(N )__________
B0 (1) + B0 (2) + B0 (3) + ... + B0 (N)

x 100

Valuing a Plain-Vanilla Interest Rate Swap

V = NA * (PSFR0 -  PSFRt) * Sum of PV factors of remaining coupon 
payments as of t = t

where PSFR is the periodic swap fixed rate.

Currency Swap Contracts

Pricing a Currency Swap

• The fixed rates on a currency swap are still the fixed rates on plain-vanilla interest rate 
swaps in the respective countries.

• However, we must adjust the notional principal in the foreign currency by dividing 
the notional principal in the domestic currency by the current spot rate (expressed as 
DC/FC).

For fixed-for-floating currency swaps:

• The rate on the fixed side is just the fixed rate on a plain-vanilla interest rate swap in 
the given currency.

• The payments on the floating side will have the same present value as the payments on 
the fixed side as long as the foreign notional principal is adjusted.

©2019 Wiley



DERIVATIVES

For floating-for-floating currency swaps:

• We do not need to determine the price (swap fixed rate), as both sides pay a floating rate.
• However, we do still need to adjust the foreign notional principal to ensure that the 

present values of payments on both sides of the swap are equal.

Valuing a Currency Swap

In order to value a currency swap, we need to account for fluctuations in exchange rates, 
which apply to (1) settlement payments during the tenor of the swap and (2) exchange of 
notional amounts at expiration of the swap.

V = NAPC * (PSFRpc * Sum of PV factors of remaining coupon paymentst 
+ PV factor for return of notional amountt)
- S t p c / b c  * NAbc * (PSFRbc * Sum of PV factors of remaining coupon paymentst 
+PV factor for return of notional amount t)

Equity Swap Contracts

Pricing Equity Swaps

• The price of a “pay a fixed rate and receive return on equity” swap refers to the fixed 
swap rate that will give the swap a zero value at inception.

• For a “pay a floating rate and receive return on equity” swap there is no fixed rate that 
we need to solve for. The market value of the swap at initiation equals zero.

• For a “pay the return on one equity instrument and receive the return on another 
equity instrument” swap there is no fixed rate that we need to solve for. The market 
value of the swap at initiation equals zero.

Valuing Equity Swaps

The value of a pay-fixed, receive-return-on-equity swap at any point in time is calculated as 
the difference between the value of the (hypothetical) equity portfolio and the present value of 
remaining fixed-rate payments:

[(1 + Return on equity) * Notional amount] -  PV of the remaining fixed -  Rate payments

The value of a pay-floating, receive-return-on-equity swap at any point in time is calculated 
as the difference between the value of the (hypothetical) equity portfolio and the par value of 
the bond (assuming that we are determining the value of the swap on a settlement date):

1 + Return on equity) * Notional amount -  PV (Next coupon payment + Parvalue)

The value of a pay-return-on-one-equity-instrument, receive-return-on-another-equity- 
instrument swap is calculated as the difference between the values of the two (hypothetical) 
equity portfolios:

[jl + Return on Index2) * Notional amount] -  [(l + Return on Index l) * Notional amount
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VALUATION OF CONTINGENT CLAIMS
Cross-Reference to CFA Institute Assigned Reading #40

A contingent claim is a derivative that gives the owner the right, but not the obligation to a 
payoff based on an underlying asset, rate, or other derivative.

The One-Period Binomial Model

Assumptions

• The underlying is the only uncertain factor that affects the price of the option.
• Time moves in discrete (not continuous) increments.
• Given the current price of the underlying asset, over the next period the price can 

move to one of two possible new prices.
• There are no costs or benefits from owning the underlying.

Hedge Ratio for Calls

Value of a Call Option

c =
7 t C  +  ( 1  -  7 t ) c

(1 + r)

where:

n =
(1 + r - d )  

(u -d )

Hedge Ratio for Puts

Value of a Put Option

7 t C +  +  ( 1  -  7 T ) C

(1 + r)
where:

(1 + r - d )  
(u -d )
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One-Period Binomial Arbitrage Opportunity

If the price of the option is greater than the value computed from the model, the option 
is overpriced. To exploit this opportunity we would sell the option and buy h units of the 
underlying stock for each option sold.

If the price of the option is lower than the value computed from the model, the option is 
underpriced. To exploit this opportunity we would buy the option and sell h units of the 
underlying stock for each option purchased.

No-Arbitrage Approach over One Period

Single-Period Call Valuation Equation

• Note that h is (mathematically) positive for call options.
• This means that in order to hedge a short position on a call, we must go long on the 

underlying stock, and vice versa.
• If the stock price increases, the stock position will benefit, but the short call position 

loses out, and vice versa.

Single-Period Put Valuation Equation

• The hedge ratio for puts is negative.
• This means that in order to hedge a long position on a put, we would actually go long 

on the underlying as well. If the price of the underlying falls, the put benefits, while 
the long underlying position loses out.

• Since h is negative for puts, a put is equivalent to a short position in the underlying 
and lending out the proceeds of the short sale. Specifically, a long position on a put 
can be interpreted as lending that has been partially financed with a short position in 
shares.

Writing Options

• A written call is equivalent to selling the stock short and investing the proceeds.
• A written put is equivalent to buying the stock with borrowed funds.

The Expectations Approach over One Period

c = PVr [E(c,)] 

p = PVr [E(p,)]

The price of a call or put option, under this approach, is calculated directly from expected 
terminal option payoffs.
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The no-arbitrage approach and the expectations approach can be used to value options 
in a single-period setting.

The Two-Period Binom ial M odel

The two-period binomial model makes use of a recombining two-period binomial tree. 
Option values are determined through backward induction.

Two important concepts related to the two-period binomial option valuation model are 
dynamic replication and self-financing. When applied to call options:

• Dynam ic replication means that the portfolio of stock and borrowing dynamically 
replicates the value of the call through the binomial lattice.

• Self-financing means that if additional funds are required to purchase more shares to 
maintain the hedge, the amount of borrowed funds will automatically increase.

The Expectations Approach in a Two-Period Setting

Very important: Under this approach, the value of the option is computed based solely on
possible terminal values.

Am erican-Style Options

American-Style Options and Early Exercise

• An American-style call option on non-dividend-paying stock will never be exercised 
early, because the minimum value of the option will exceed its exercise value.

• There may be cases where early exercise of an American-style call option on a 
dividend-paying stock is optimal.

• Early exercise of American-style put options on both dividend-paying and non-
dividend-paying stocks may be warranted in certain cases.

No-Arbitrage versus Expectations Approach in a M ulti-Period Setting

• Generally speaking, European-style options can be valued based on the expectations 
approach. Under this approach, option value is determined as the present value of the 
expected future option payouts, where the discount rate is the risk-free rate and the 
expectation is based on the risk-neutral probability measure.

• Both American-style options and European-style options can be valued based on the 
no-arbitrage approach, which provides clear interpretations of the component terms.

• Option value is determined by working backward through the binomial tree to arrive 
at the correct current value.

• For American-style options, early exercise may influence option values and hedge ratios 
as one works backward through the binomial tree. This is the case for American calls on 
dividend-paying stocks and American puts. Therefore, these options cannot be valued 
using the expectations approach. They can be valued using only the no-arbitrage approach.

• American calls on non-dividend-paying stock can be valued using the expectations 
approach because there is no reason to exercise them early.
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Interest Rate Options

In order to value interest rate options, we need to work with arbitrage-free interest rate trees.

• The arbitrage-free interest rate tree is given.
• The risk-neutral probability of an up/down move at each node is 50%.

The one-period forward rates used to discount the expected payoffs at each node in the
binomial lattice are different. This is because interest rates are allowed to vary in this model.

The underlying instrument for an interest rate option is the one-year spot rate.

• A call option would be in-the-money when the current spot rate is above the exercise 
rate.

• A put option would be in-the-money when the current spot rate is below the exercise rate.

The Black-Scholes-M erton (BSM) Option Valuation M odel

Key Assumptions

• The underlying follows a statistical process called geometric Brownian motion  
(GBM), which implies that returns follow the lognormal distribution. This basically 
means that the continuously compounded return is normally distributed.

• Prices are continuous, meaning that the price of the underlying instrument does not 
jump from one value to another, but moves smoothly from value to value.

• The underlying instrument is liquid, meaning that it can be easily bought and sold.
• Continuous trading is available, meaning that one can trade at every instant. d r

• Short selling of the underlying instrument with full use of the proceeds is permitted.
• Markets are frictionless, meaning that there are no transaction costs, regulatory 

constraints, or taxes.
• There are no arbitrage opportunities in the market.
• Options are European, so they cannot be exercised prior to expiration.
• The continuously compounded risk-free interest rate is known and constant. Further, 

borrowing and lending are allowed at the risk-free rate.
• The volatility of the return on the underlying is known and constant.
• If the underlying instrument pays a yield, it is expressed as a continuous, constant 

yield at an annualized rate.

The BSM  M odel for Non-Dividend-Paying Stock

c = S N (d ,)-e“rTXN(d2) 

p = e_rTXN(-d2) -  SN (-d,)

Interpreting the BSM Model: Approach 1

The BSM model can be described as the present value of the expected option payoff at expiration.
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• The discount factor in this context is simply e“rT.
• The expectation is based on risk-neutral probabilities (not actual probabilities), and 

the discount factor is based on the risk-free rate, not on the required rate of return 
(which includes a premium for risk).

Interpreting the BSM Model: Approach 2

The BSM model can be described as having two components: (1) a stock component and (2) a 
bond component.

• For call options, the stock component is SN(dt) and the bond component is 
e-rTXN(d2).

o The value of the call equals the stock component minus the bond component.
• For put options, the stock component is S ^ - d ^  and the bond component is e“rTXN(-d2).

o The value of the put equals the bond component minus the stock component.

Interpreting the BSM Model: Approach 3

Finally, the BSM model can be viewed as a dynamically managed portfolio of the stock and 
zero-coupon bonds.

In the analysis that follows, the cost of the replicating portfolio is expressed as nsS + nBB, 
where:

• ns denotes the number of shares of the underlying in the portfolio.
• nB denotes the number of zero-coupon bonds in the portfolio.
• S is the current price of the stock.
• e-rTX is the current price (the present value) of the bond.

For call options:

• ns equals N(dj), which is greater than 0. This means that we are buying the 
underlying.

• nB equals -N(d2), which is less than 0. This means that we are selling/shorting the 
bond, or borrowing.

• Effectively, in taking a position on a call option, we are simply buying stock with 
borrowed money. Therefore, a call option can be viewed as a leveraged position in the 
stock.

For put options:

• ns equals -N (-d L), which is less than 0. This means that we are shorting the stock.
• nB equals N(-d2), which is greater than 0. This means that we are buying the bond, or 

lending.
• Effectively, in taking a position on a put option, we are simply buying bonds with the 

proceeds of shorting the stock.

The positon of the writer of a put option can be viewed as an extremely leveraged position on 
the stock, where the amount borrowed actually exceeds the total cost of the underlying (hence 
the positive cash flow at position initiation).
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BSM and Binomial Option Valuation Model Comparison

Option Valuation 
M odel Terms

Call Option Put Option

Underlying Financing Underlying Financing

Binomial Model hS PV(-hS" + c ) hS PV(-hS" + p-)
BSM Model N(d,)s -N(d2)e-rTX -N (-d,)S N(-d2)e-rTX

• The hedge ratio in the binomial model, h, is comparable to N(dj) in the BSM model.
• For call options, -N(d2) implies borrowing money or short selling N(d2) shares of a 

zero-coupon bond trading at e“lTX.
• For put options, N(-d2) implies lending money or buying N(-d2) shares of a zero- 

coupon bond trading at e“lTX.
• If the value of the underlying, S, increases, then the value of N(dj) also increases.
• Therefore, the replicating strategy for calls requires continually buying shares in a 

rising market and selling shares in a falling market.
• Since market prices do not move continuously, hedges tend to be imperfect. Further, 

volatility cannot be known in advance. As a result, options are typically more 
expensive than predicted by the BSM model.

Also note that:

• N(d2) represents the risk-neutral probability that the call option expires in-the-money.
• 1 -  N(d2) = N(-d2) represents the risk-neutral probability that the put expires in-the- 

money.

BSM  M odel W hen the Underlying Offers Carry Benefits

Carry benefits include dividends for stock options, foreign interest rates for currency options,
and coupon payments for bond options.

c = S e ^ N fd ,)  - e _rTXN(d2) 

p = e-rTXN(-d2) -  Se_yr N (-d ,)

Interpreting the BSM Model with Carry Benefits: Approach 1

The carry-benefit-adjusted BSM model can be described as the present value of the expected 
option payoff at expiration.

• c = PVr[E(cx)] where E(cT) = S e ^ T N ^ )  -  XN(d2)
• p = PVr[E(px)] where E(px) = XN(-d2) -  Se^^NC-dO.
• The discount factor is e~rT.

Note that carry benefits basically lower the expected future value of the underlying.
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Interpreting the BSM Model with Carry Benefits: Approach 2

The carry-benefit-adjusted BSM model can also be described as having two components: (1) a
stock component and (2) a bond component.

• For call options, the stock component is Se^NXdj) and the bond component is 
e-rTXN(d2).

o The value of the call equals the stock component minus the bond component.
• For put options, the stock component is Se^NX-dj) and the bond component is 

e-rTXN(-d2).
o The value of the put equals the bond component minus the stock component.

• Note that d t and d2 are both also reduced by carry benefits. The reduction in d2, and 
hence N(d2), indicates a lower risk-neutral probability of the call being in-the-money.

• An increase in carry benefits will lower the value of a call option and increase the 
value of a put.

Interpreting the BSM Model with Carry Benefits: Approach 2

The dividend-yield-adjusted BSM model can be interpreted as a dynamically managed
portfolio of the stock and zero-coupon bonds.

• For call options ns = e^NCdj), which is greater than 0, while nB = -N(d2), which is 
less than 0.

• For put options, ns = -e _lTN(-dj), which is less than 0, while nB = N(-d2), which is 
greater than 0.

DR Dividends lower the values of and d2, and therefore of N(di) and N(d2).

• This means that dividends lower the number of shares that must be bought in the call 
replicating portfolio, and reduce the number of shares that must be sold short in the 
put replicating portfolio.

• Further, higher dividends lower the number of bonds to sell short in the call 
replicating portfolio, and the number of bonds to purchase in the put replicating 
portfolio.

Foreign Exchange Options

Note: We work with foreign exchange quotes expressed as DC/FC.

• For foreign exchange options, the carry benefit, y, is the continuously compounded 
foreign risk-free interest rate, rf.

• The underlying and the exercise price must be quoted in the same currency unit 
(DC/FC).

• Volatility here refers to the volatility of the log return of the spot exchange rate.
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The BSM model for currencies also has two components: a foreign exchange component and a 
bond component.

__| - t r F

• For call options, the foreign exchange component is Se N(d,) and the bond 
component is e“rTXN(d2), where r is the domestic risk-free rate.

o The value of a call option is simply the foreign exchange component minus the 
bond component.

___ fry
• For put options, the foreign exchange component is Se N (-dj) and the bond 

component is e_rTXN(-d2).
o The value of a put option is simply the bond component minus the foreign 

exchange component.

Black Option Valuation M odel

The Black model is applicable to options on underlying instruments that are costless to carry, 
such as options on futures (e.g., equity index futures) and forward contracts (e.g., interest-rate- 
based options, such as caps, floors, and swaptions).

European Options on Futures

Assumptions:

• The futures price follows geometric Brownian motion (GBM).
• Margin requirements and marking to market are ignored.

Under the Black model, European-style options on futures are valued as:

Interpreting the Black Model: Approach 1

The Black model has two components, a futures component and a bond component.

• For call options, the futures component is F0(T)e_rTN(d1) and the bond component is 
again e"rTXN(d2).

o The call price is simply the futures component minus the bond component.
• For put options, the futures component is F0(T)e_rTN (-d1) and the bond component is 

again e-rTXN(-d2).
o The put price is simply the bond component minus the futures component. 

Interpreting the Black Model: Approach 2

The Black model simply computes the present value of the difference between the futures 
price and the exercise price, where the futures price and exercise price are adjusted by the 
N(d) functions. •

• For call options, the futures price is adjusted by N(dj) and the exercise price is 
adjusted by -N(d2).

• For put options, the futures price is adjusted by -N (-dj) and the exercise price is 
adjusted by +N(-d2).
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Interest Rate Options

The underlying for an interest rate option is a forward rate agreement (FRA) that expires on 
the option expiration date. In turn, the underlying of the FRA is a term deposit.

For example, consider an interest rate call option on three-month Libor that expires in six 
months.

• The underlying on this option is an FRA on three-month Libor that expires in six 
months.

• The underlying of the FRA is a three-month Libor deposit that is made after six 
months and matures nine months from option initiation.

For interest rate options:

• Interest rates are typically set in advance, but interest payments are made in arrears 
(referred to as “advanced set, settled in arrears”).

• Interest rates are quoted on an annualized basis, so if the underlying implied deposit is 
for less than a year, they must be unannualized.

• An interest rate call option gives the call buyer the right to a certain cash payment 
when the underlying interest rate exceeds the exercise rate.

• An interest rate put option gives the put buyer the right to a certain cash payment 
when the underlying interest rate is below the exercise rate.

The interest rate option valuation model described next is known as the standard market
model.

Notation

• tj_j denotes the time to option expiration.
• tj_! also denotes the time to FRA expiration.
• The term of the deposit underlying the FRA is denoted by tm. This term starts at 

option/FRA expiration (tj_t) and lasts until tj (= tj_t + tm).
• Interest accrual on the underlying begins at the option expiration (tj_t).
• FRA(0,tj_btm) denotes the fixed rate on an FRA at t = 0 that expires at tj_b where 

the underlying deposit matures at time tj (= tj_j + tm), with all times expressed on an 
annual basis.

o For example, FRA(0,0.5,0.25) = 1.50% denotes the 1.5% fixed rate on a 
forward rate agreement that expires in six months with underlying deposit 
maturing nine months from today. This means that the settlement amount on 
the FRA will be paid nine months from today.

• We assume the FRA is 30/360 day count.
• Rx denotes the exercise rate on the option (expressed on an annual basis).
• o  denotes volatility of the interest rate.
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Under the standard market model, the prices of interest rate call and put options can be expressed as:

c = (AP) e‘ r(t'-'+,J [FRA(0,tH ,tm )N(d,) -  RxN(d2)] 

p = (AP) e-r“- + u [R xN (-d j)-F R A  (0,tH ,tm) N (-d ,)]

where:
AP = Accrual period in years

’lj-i Am)!  FRA(0,tj _ j , tm )RXRX J + (g  / g  22)t

d2 = d i - a V ^

Note the following:

• The formulas here give the value of the option for a notional amount of 1. We would 
have to multiply this cost of the option by the notional amount to obtain the full cost 
of the option.

• The FRA rate, F R A ^ t^ ,^ ) ,  and the strike rate, Rx, are both stated on an annual 
basis. The option premium that we obtain after applying the preceding formulas must 
be adjusted for the accrual period.

• Other (more subtle) differences between the standard market model and the Black 
model are:

o The discount factor, e_r tj'1+tm, does not apply to the option expiration, t ^ .  d r

Instead, it is applied to the maturity of the deposit underlying the FRA. This is 
because settlement occurs in arrears, 

o The underlying is not a futures price, but a forward interest rate, 
o The exercise price is also an interest rate, not a price.
o The time to the option expiration, tj_b is used in the calculation of dj and d2.

Analysis

The standard market model can be described as simply the present value of the expected 
option payoff at expiration.

• The standard market model for calls can be expressed as c = PV[E(ctj)] where E(ctj) =
(AP) [FRA(0,tj_! ,tm)N(d i) -  RxN(d2)].

• The standard market model for puts can be expressed as p = PV[E(ptj)], where E(ptj) = 
(AP)[RxN(-d2) -  FRA(0,tj_1,tm)N(-d1)].

a rt r (t j  ̂ \
• The present value term in this context is simply e_ j = e_ 1 H . Note that we discount 

from time tj, the time when the deposit underlying the FRA matures.

Using Interest Options to Create Other Derivative Instruments

• If the exercise rate equals the current FRA rate, then a long position on an interest rate 
call option combined with a short position on an interest rate put option is equivalent 
to a receive-floating, pay-fixed FRA; a short position on an interest rate call option 
combined with a long position on an interest rate put option is equivalent to a receive- 
fixed, pay-floating FRA.

©2019 Wiley 267



DERIVATIVES

• Floating-rate payments can be hedged with positions on interest rate caps. Floating- 
rate receipts can be hedged with positions on interest rate floors.

• Taking a long position on an interest rate cap and a short position on an interest rate floor 
with the same exercise rate is equal to a receive-floating, pay-fixed interest rate swap. 
Taking a long position on an interest rate floor and a short position on an interest rate cap 
with the same exercise rate is equal to a receive-fixed, pay-floating interest rate swap.

• If the exercise rate is set equal to the swap rate, then the value of the cap must be 
equal to the value of the floor.

Swaptions

A swaption gives the holder the right, but not the obligation, to enter a swap at the 
predetermined swap rate (the exercise rate). It basically is an option to enter a swap.

• A payer swaption is an option to enter a swap as the pay-fixed, receive-floating side.
• A receiver swaption is an option to enter a swap as the receive-fixed, pay-floating side.

The holder of a payer swaption hopes that the market swap fixed rate increases before 
expiration of the swaption, whereas the holder of a receiver swaption hopes that the market 
swap fixed rate decreases.

The Black model can be used to value swaptions:

Payer swaption = (AP)PVA[RFIXN(d1) - R xN(d2)]

Receiver swaption = (AP)PVA[RxN (-d2) - R FIXN (-d1)]

Note the following:

• Swap payments are advanced set, settled in arrears.
• The actual premium would need to be scaled by the notional amount.
• Compared to the traditional Black model, the swaption model just described requires 

adjustments for (1) the accrual period (AP) and (2) the present value of an annuity (PVA).
• Other, more subtle differences between the Black model and the swaption model are 

as follows:
o The payoff is not a single payment but a series of payments, and the PVA 

incorporates the option-related discount factor. There is no explicit discount 
factor in the formulas here.

o Rather than the underlying being a futures price, the underlying is the fixed 
rate on a forward interest rate swap, 

o The exercise price is expressed as an interest rate, 
o Both the forward swap rate and the exercise rate should be expressed in 

decimal form and not as percentages.

Interpreting the Black Model Applied to Swaptions: Approach 1

The swaption model can be described as simply the present value of the expected option 
payoff at expiration: •

• Payer swaption = PV[E(PAYs w n ,t )1 where E(PAYSWN x) = erTPAYSWN.
• Receiver swaption = PV[E(RECSWN x)] where E(RECSWN x) = erTRECSWN.
• The present value term in this context is simply e-rT.
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Interpreting the Black Model Applied to Swaptions: Approach 2

The swaption model can be described as having two components, a swap component and a
bond component.

• For payer swaptions, the swap component is (AP)PVA(RFIX)N(d1) and the bond 
component is (AP)PVA(Rx)N(d2).

o The value of a payer swaption is simply the swap component minus the bond 
component.

• For receiver swaptions, the swap component is (AP)PVA(RFIX)N (-d1) and the bond 
component is (AP)PVA(Rx)N(-d2).

o The value of a receiver swaption is simply the bond component minus the 
swap component.

Equivalence of Swaps to Other Derivative Instruments

• Being long an interest rate cap and short an interest rate floor with the same exercise 
rate is comparable to taking a receive-floating, pay-fixed position on an interest rate 
swap. Being short an interest rate cap and long an interest rate floor with the same 
exercise rate is comparable to taking a pay-floating, receive-fixed position on an 
interest rate swap.

o In terms of swaptions, the position is equal to being long a payer swaption and 
short a receiver swaption, or being long a receiver swaption and short a payer 
swaption, with the same exercise rate.

o Note that if the exercise rate is selected such that the receiver and payer
swaptions have the same value, then the exercise rate is equal to the at-market
forward swap rate. d r

• Being long a callable fixed-rate bond can be viewed as being long a straight fixed-rate 
bond and short a receiver swaption.

• The issuer of a callable bond can effectively convert its position into a straight bond 
by selling a receiver swaption.

Option Greeks and Implied Volatility

Delta

Option delta measures the change in the value of an option given a small change in the value
of the underlying stock, holding everything else constant.

• While it is a measure of the magnitude of change in the value of an option given a 
change in the underlying, delta does not measure the probability of the change in value.

• Delta equals the slope of the prior-to-expiration curve. •

Call option delta = e 5TN(dj) 

Put option delta = —e_5TN(—dj)

• Call option values and underlying prices are positively related, so for a call option, 
delta is always positive.

o It will increase toward 1.0 as the underlying price moves up, and decrease 
toward 0 as the underlying price moves down.
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• Put option values and underlying prices are negatively related, so for a put option, 
delta is always negative.

o It will decrease toward -1.0 as the underlying price moves down, and increase 
toward 0 as the underlying price moves up.

Option delta is also influenced by time to expiration.

• If the underlying price remains unchanged, as a call option moves toward expiration:
o Delta will move toward 1.0 if the call is in-the-money, 
o Delta will move toward 0 if the call is out-of-the-money.

• If the underlying price remains unchanged, as the put option moves toward expiration:
o Delta will move toward -1.0 if the put is in-the-money, 
o Delta will move toward 0 if the put is out-of-the-money.

Applications of Delta

Delta Hedging

The optimal number of hedging units:

Portfolio delta 
Delta H

Estimating the Value o f an Option

For calls: c -  c = Deltac (S- S)
A  A

For puts: p -  p = Delta (S- S)

• For very small changes in stock value, the delta-based approximation is quite accurate.
• However, for large changes in stock value, delta-based estimates understate actual call 

values. Importantly, this is the case for large increases and decreases in the price of 
the stock.

• The implication here is that delta-based estimation is not perfect, and it gets more and 
more inaccurate as the stock moves away from its initial value.

Gamma

Option gamma is defined as the change in an option’s delta given a small change in the 
value of the underlying stock, holding everything else constant. Option gamma measures the 
curvature in the option price-stock price relationship. •

• The gamma of a long or short position in one share of stock is zero. Delta stays at 
+ 1.0 for a long position on a stock, and at -1.0 for a short position.

• The gammas for call and put options are the same and can be expressed as:

o Gammac = Gammap =

• Gamma is always nonnegative.
• As the stock price changes and as time to expiration changes, gamma is also changing.
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Gamma measures how sensitive delta is to changes in the price of the underlying stock. Stated 
differently, gamma measures the nonlinearity risk or the risk that remains once the portfolio is 
delta neutral.

• When gamma is large, delta is very sensitive to changes in the value of the underlying 
stock and cannot provide a good approximation of how much the value of the option 
would change given a change in the price of the underlying stock.

• When gamma is small, delta is not as sensitive to changes in the value of the 
underlying stock and can provide a reasonably good approximation of how much the 
value of the option would change given a change in the price of the underlying stock.

• Gamma is largest when there is great uncertainty regarding whether the option will 
expire in-the-money or out-of-the-money.

o This implies that gamma will tend to be large when an option is at-the-money 
and close to expiration.

o This also means that a delta hedge would work poorly when an option is at- 
the-money and close to expiration. On the other hand, when an option is deep- 
in-the-money or deep-out-of-the-money, gamma approaches zero, as changes 
in the price of the underlying do not have a significant impact on delta.

Applications of Gamma

Gamma-Neutral Portfolios

A gamma-neutral portfolio implies that gamma is zero. If we want to alter the gamma and 
delta exposures of our portfolio, our first step would be to bring gamma to an acceptable level 
using options as the hedging instruments and then alter the overall portfolio’s delta by buying
or selling stock. d r

Estimating the Value of an Option •

A A Gamma _ A ?
For calls : c -  c *« Deltac(S-S) + ----------- (S -S )2

2
A A Gamma _ a .

For puts : p -  p -= Deltap(S-S) + P(S S)2
2

• For very small changes in the stock, the delta approximation and the delta-plus- 
gamma approximations for call values are fairly accurate.

• For large changes in the value of the stock, the delta-plus-gamma-based estimate is a 
more accurate approximation of the value of the call than the estimate based on delta 
alone. This is the case for large up and down moves in the stock.

• When the stock moves up by a large amount, the delta-plus-gamma-based estimate 
overestimates the price of the call. When the stock moves down by a large amount, the 
delta-plus-gamma-based estimate underestimates the price of the call.
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Theta

Option theta is defined as the change in the value of an option for a given small change in 
calendar time, holding everything else constant. Theta effectively measures the decline in an 
option’s time value as it approaches expiration (also known as time decay). At expiration, of 
course, an option is worth only its exercise value (time value = 0).

• Stocks do not have an expiration date, so stock theta is zero. Therefore, like gamma, 
portfolio theta cannot be adjusted by undertaking stock trades.

• Theta is fundamentally different from delta and gamma in the sense that the passage 
of time does not involve any uncertainty. Time decay will always occur for options.

• Theta is negative for both calls and puts. Further, the rate at which option values 
decline accelerates as time to expiration decreases.

Vega

Vega measures the sensitivity of the value of an option to changes in volatility of the 
underlying stock. Volatility refers to the standard deviation of the continuously compounded 
return on the underlying stock.

• The vega of a call option is the same as the vega of an otherwise identical put option.
• Vega is positive for both calls and puts.

o All other things remaining the same, an increase in volatility increases option 
values.

• Unlike other Greeks, vega is based on a parameter (future volatility) that is not 
observable in the market.

• Of all the Greeks, option values are most sensitive to volatility changes.
• Vega is highest when options are near-the-money or at-the-money and close to 

expiration.
• Volatility is typically hedged using other options. However, note that volatility itself 

tends to be quite volatile. As a result, it is sometimes treated as a separate asset class 
or separate risk factor.

• If volatility approaches 0, option values approach their lower bounds.

Rho

Rho measures the sensitivity of the price of an option to small changes in the risk-free rate, 
holding everything else constant.

Both call and put options on most assets are not very sensitive to changes in the risk-free rate. 
Generally speaking:

• The rho of call options is positive. Call option values increase in response to an 
increase in the risk-free rate.

• The rho of put options is negative. Put option values decrease in response to an 
increase in the risk-free rate.

Note that when interest rates are zero, call and put option values are the same for at-the-money 
options.
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Implied Volatility

Given option prices in the marketplace and values for all other inputs in the model (the value 
of the underlying, the exercise price, the expiration date, the risk-free rate, and dividends 
paid by the underlying), the BSM model is often inverted and used to infer future volatility. 
This inferred volatility is known as implied volatility (the volatility built into, or implied by, 
current market prices of options).

Implied volatility enables us to understand the collective opinions of investors on the volatility 
of the underlying and the demand for options. If the demand for options increases, options 
prices would rise, and so would implied volatility.

Note that:

• While the BSM model assumes that volatility is constant, in practice it is quite 
common to observe different implied volatilities for otherwise identical calls and puts.

• Implied volatility also varies across time to expiration as well as across exercise 
prices.

o The implied volatility with respect to time to expiration is known as the term 
structure of volatility.

o The implied volatility with respect to the exercise price is known as the 
volatility smile or volatility skew.

o A three-dimensional plot of the implied volatility with respect to both time to 
expiration and exercise price is known as the volatility surface.

■ If BSM assumptions were true, we would expect the volatility 
surface to be flat.

• Implied volatility is also not constant through calendar time. An increase in implied 
volatility indicates an increased market price of risk.

• For example, an increase in the implied volatility of a put indicates a higher cost of 
attaining downside protection, or that the market price of hedging is increasing.

Volatility indexes (e.g., the VIX) measure the collective opinions of investors on the volatility 
of the broader market. Investors can trade futures and options on these indexes in an effort to 
manage their vega exposures. •

• The CBOE Volatility Index (VIX) is quoted as a percentage and represents the 
approximate implied volatility of the S&P 500 over the next 30 days.

• It is often referred to as “the fear index” because it is a gauge of market uncertainty.
o An increase in the VIX indicates greater investor uncertainty.

• Historically, the VIX has spiked up in times of market crises, indicating great fear/ 
uncertainty in the equity market. Since implied volatility reflects (1) beliefs regarding 
future volatility and (2) demand for risk-mitigating products like options, a higher 
reading of the VIX during a crisis reflects both higher expected future volatility and 
higher demand for buying rather than writing options.
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In some markets, options are quoted in terms of volatility. Quoted volatility allows traders to 
make effective comparisons across options with different exercise prices and expiration dates 
in a common unit of measure.

For example, consider two call options on the same stock. Option A has a longer term to 
expiration, but a higher exercise price, whereas Option B has a lower exercise price but a 
shorter term to expiration. Based on this information alone, it is difficult to tell which option 
should be priced higher. But if Option A had a higher implied volatility, we would be able to 
conclude that, after taking into account the effects of exercise price and term to expiration, 
Option A is the more expensive one.
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DERIVATIVES STRATEGIES
Cross-Reference to CFA Institute Assigned Reading #41

Interest Rate Swaps versus Interest Rate Futures

Using Interest Rate Swaps and Interest Rate Futures to Manage a Fixed-Income Portfolio

Description
Interest Rate Futures

Interest Rate Swap (Underlying Is a Bond)

Increase overall portfolio 
duration (outlook: falling 
interest rates).
Decrease overall 
portfolio duration 
(outlook: rising interest 
rates).
Trade location and 
counterparty risk.

Receive fixed (pay LIBOR) 
with swap duration higher 
than portfolio duration.
Pay fixed (receive LIBOR) 
with swap duration lower 
than portfolio duration.

Private contract in the 
over-the-counter market. 
There is counterparty risk.

Buy contracts to add positive 
duration to the portfolio.

Sell contracts to add negative 
duration to the portfolio.

Exchange-traded and 
guaranteed by a clearinghouse. 
There is zero counterparty risk.

Currency Swaps and Currency Futures/Forwards

A currency swap is different from an interest rate swap in three ways: (1) The interest rates 
are associated with different currencies, (2) periodic settlement payments may not be netted, 
and (3) the notional amount may be exchanged at swap initiation and expiration. Currency 
swaps enable a company to effectively determine its preferred funding currency and preferred 
payment currency.

A company may also use currency futures or forward contracts to manage currency risk.

Number of currency futures contracts = Foreign currency required / Futures contract
size denominated in foreign currency

Note: You will need to round your answer up or down, as you cannot trade fractional contracts.

Equity Swaps and Equity Futures

• If the portfolio manager wants to increase equity exposure, she would choose to 
receive the total return on an equity index and pay another return, such as another 
equity index or LIBOR.

• If the portfolio manager wants to decrease equity exposure, she would choose to pay 
the total return on an equity index and receive another return, such as another equity 
index or LIBOR.

The portfolio manager could also use stock index futures to manage the risk of her portfolio.

Number of currency futures contracts = Size of equity portfolio to be hedged /
(Futures multiplier * Stock index value)
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If the existing portfolio has a beta less than 1.0, then fewer S&P 500 index futures contracts 
would be required to hedge the position. A portfolio with a beta greater than 1.0 would require 
more contracts.

Position Equivalencies

Synthetics Relating to Stock Options

• Synthetic long asset = Long call and short put
• Synthetic short asset = Long put and short call
• Synthetic put = Short stock and long call
• Synthetic call = Long stock and long put

Note that we assume that the exercise prices of the calls and puts are equal to the current 
underlying stock price.

Regarding options on currencies, always pay careful attention to the quoting convention 
used. Also note that given a set exercise price, the right to deliver euros in exchange for yen 
is exactly the same as the right to buy yen in exchange for euros. Stated differently, given the 
exercise price, a put option on one currency is equivalent to a call option on the other currency 
in the exchange rate quote.

Synthetics Relating to Futures Contracts

• Synthetic risk-free rate (synthetic cash) = Long stock and short futures
• Synthetic stock = Risk-free rate and long futures

Covered Calls

A covered call strategy occurs when an investor who already owns the underlying stock sells a 
call option on that stock.

Covered call = Long underlying stock + Sell (short) a call on the stock

Motivations for Writing a Covered Call

• Income generation
• Improving on the market
• Target price realization

Total premium income = Premium per option sold* Number of options per
contract * Number of contracts

The investor keeps this premium income no matter what happens to the underlying until the 
expiration date. Even if the stock declines to nearly zero, the loss is less with the covered call 
compared to holding the underlying asset alone, because the option writer always gets to keep 
the option premium. However, it is important to note that the investor gives up the upside 
potential of the underlying stock beyond the exercise price of the call option.
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• Maximum gain = (X -  S0) + c0
• Maximum loss = S0 -  c0
• Breakeven price = S0 -  c0
• Expiration value of option = Sx -  Max[(Sx -  X),0]
• Profit or loss at expiration = Sx -  Max[(Sx -  X),0] + c0 -  S0

Protective Puts

A protective put strategy occurs when an investor who already owns the underlying stock buys 
a put option on that stock.

Protective put = Long underlying stock + Buy (long) a put on the stock

The primary motivation for purchasing a protective put is to mitigate losses when the 
underlying stock falls in value, so that the downside of the return distribution is eliminated. 
Using a deep out-of-the-money put (one with a relatively low exercise price) reduces the cost 
of the downside protection.

The occasional purchase of a protective put to deal with a temporary situation can be a 
sensible risk-reducing activity. However, continually purchasing puts to protect against a 
possible stock price decline is an expensive strategy that would wipe out most of the long-term 
gain on an otherwise good investment.

• Maximum gain = Theoretically unlimited
• Maximum loss = (S0 -  X) + p0
• Breakeven point = S0 + p0
• Expiration value = Max(Sx, X)
• Profit at expiration = Max(Sx, X) -  S0 -  p0

Equivalence to Long Asset/Short Forward Position

Delta measures how the price of an option changes in response to changes in the price of the 
underlying. •

• Call deltas range from 0 to 1.0, and put deltas range from 0 to -1.0.
• At-the-money calls have a delta of approximately 0.5, whereas at-the-money puts have 

a delta of approximately -0.5.
• A long position in the underlying asset has a delta of 1.0, whereas a short position has 

a delta o f -1.0.
• Long positions in forwards/futures also have a delta of 1.0, whereas short positions in 

forwards/futures have a delta o f -1.0.

Cash-Secured Puts

• In a cash-secured put, instead of buying a put, an investor writes a put and 
simultaneously deposits an amount equal to the exercise price in an escrow (third- 
party) account.

• This position provides a guarantee to the option buyer that the put writer (seller) 
would be able to purchase the stock if the buyer chose to exercise.

• This strategy is appropriate for someone who is bullish on a stock or who wants to 
acquire shares at a particular price.

©2019 Wiley 277



DERIVATIVES

• The cash in a cash-secured put is similar to the stock part of a covered call. It covers/ 
secures the holder of the position in case the option holder exercises her option.

Collars

A collar (also known as fence or hedge wrapper, and as a risk reversal when it comes to 
foreign exchange transactions) combines an existing long position in the underlying stock with 
a long put (with an exercise price that is lower than the current stock price) and a short call 
(with an exercise price that is higher than the current stock price). The cost of the put is largely 
and often precisely offset by the income from writing the call.

Collar = Long underlying stock + Buy (long) a put + Sell (short) a call

A collar sacrifices the upside on the stock position in exchange for protection on the downside. 
The resulting narrow distribution of possible investment outcomes reduces risk, with the cost 
of limited return potential.

• Maximum gain = XH -  S0 -  p0 + c0
• Maximum loss = (S0 -  XL) + p0 -  c0
• Breakeven point = S0 + p0 -  c0

Note that when an existing long position on the stock is combined with a same-strike collar, 
the risk is completely eliminated.

Spreads

Bull Spread

A bull spread is the simultaneous purchase of a call (or put) with a lower strike price and the 
sale of a call (or put) with a higher strike price.

Bull spread = Long a call (orput)at a lower exercise price (XL) + Sell a call
(orput)with a higher exercise price(XH)

The motivation for entering a bull spread is to take advantage of an expected directional 
price increase in the underlying stock, with part of the upside profit potential given up in 
exchange for a lower cost of the position. Just like the collar, the bull spread removes the 
lower and upper tails of the return distribution, leaving only the price uncertainty between the 
exercise prices. The stock price must rise above the lower strike price for the bull spread to be 
profitable.

If a spread requires a net cash outflow, this is generally known as a debit spread with the 
result of a net long position. Conversely, if a spread generates a net cash inflow, this is 
generally known as a credit spread with the result of a net short position.

The following formulas apply to bull spreads that use call options:

• Net premium = cL -  cH
• Maximum gain = XH -  XL -  Net premium
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• Maximum loss = cL -  cH, where neither of the calls is in-the-money, so the loss is 
limited to the net premium paid.

• Breakeven point = Occurs in the region where the lower call is in-the-money.
The share price must rise enough above the lower exercise price to cover the net 
premium = XH + (cL -  cH).

Bear Spreads

A bear spread is the simultaneous purchase of a put (or call) with a higher strike price and the 
sale of a put (or call) with a lower strike price.

Bear spread = Long a call (or put) at a higher exercise price (XH) + Sell a call
(or put) with a lower exercise price (XL)

The motivation for entering a bear spread is to take advantage of an expected directional price 
decrease in the underlying stock, with part of the profit potential given up in exchange for a 
lower cost of the position. Just like the collar and bull spread, the bear spread removes the 
lower and upper tails of the return distribution, leaving only the price uncertainty between the 
exercise prices. The stock price must fall below the higher strike price for the bear spread to be 
profitable.

The following formulas apply to bear spreads that use put options:

• Net premium = Ph  -  Pl

• Maximum gain = XH -  XL -  Net premium
• Maximum loss = pH -  Pl , where neither of the puts is in-the-money, so the loss is 

limited to the net premium paid.
• Breakeven point = Occurs in the region where the higher put is in-the-money.

The share price must fall enough below the higher exercise price to cover the net 
premium = XL + (pH -  pL).

Note the following:

• Bull spreads can also be done with puts, and bear spreads can also be done with calls. 
If this is the case, the result is a credit spread with an initial cash inflow.

• While spread strategies are primarily a directional play on the underlying spot price, 
they can also be used to take advantage of changes in the level of volatility.

• Spreads are similar to collars in that the tails of the return distribution are taken out 
of play, leaving the investor exposed only to price uncertainty between the option 
exercise prices.

Calendar Spreads

Calendar Spread Positions

Stock Price Expected 
to Increase

Stock Price Expected 
to Decrease

Change in stock price is Short calendar spread Short calendar spread
imminent. using calls using puts
Change in stock price is Long calendar spread Long calendar spread
not imminent. using calls using puts
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Straddles

A straddle is called a combination strategy because it combines both a call and a put. A 
straddle involves the simultaneous purchase of a put and a call with the same strike price and 
expiration date.

The motivation for entering a long straddle is to take advantage of an expected increase 
in volatility of the underlying stock. The straddle is not a directional bet on the stock’s 
movement. When volatility of the underlying stock is expected to remain low or decrease, then 
the appropriate strategy would be to short the straddle by selling both the put and the call.

• Maximum gain = Theoretically unlimited as the share price increases and the call 
becomes deeper in-the-money

• Maximum loss = Net premium
• Breakeven points = There are two breakeven points because only one of the options 

can be in-the-money at any point in time.
• Higher breakeven point = X + Net premium
• Lower breakeven point = X -  Net premium

%change in underlying price required to break even = Net premium paid / S0 
a annuai = a daiiy * Square root (# trading days in the year / Days until option expires)

• If the breakeven volatility is lower than the historical volatility, engaging in the long 
straddle is expected to be profitable.

• If the breakeven volatility is higher than the historical volatility, engaging in the long 
straddle is not expected to be profitable.

Investment Objectives and Strategy Selection

Direction and Volatility with Options

Direction
Volatility Bearish Neutral/No Bias Bullish
High Buy puts Buy straddle Buy calls
Average Write calls 

and buy puts
Spreads Buy calls and 

write puts
Low Write calls Write straddle Write puts
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ALTERNATIVE INVESTMENTS

PRIVATE REAL ESTATE INVESTMENTS
Cross-Reference to CFA Institute Assigned Reading #42

Real Estate Investment: Basic Forms

Real estate investments can be classified into different forms on the basis of:

• Whether the investment is being made in the private or public market.
o Investments in private markets can be made either directly or indirectly, 
o Investments in public markets are usually made indirectly through ownership 

of securities that serve as claims on the underlying assets.
• Whether the investment is structured as equity or debt.

o An equity investor has an ownership interest in real estate or in securities of an 
entity that owns real estate.

o A debt investor is a lender who owns a mortgage loan or mortgage securities.

Table 1: Examples of the Basic Forms of Real Estate Investment

Equity Debt

Private Direct investments in real estate. 
This can be through sole ownership, 
joint venture, real estate limited 
partnerships, or other forms of 
commingled funds.

Mortgages

Publicly traded Shares of real estate operating Mortgage-backed securities
companies and shares of REITs. (Residential and commercial)

Each form of real estate investment has its own risks, expected returns, regulations, legal 
structures, and market structures: •

• Private real estate investments are indivisible and therefore, tend to involve larger 
amounts.

• Public real estate investments allow the ownership or claim on the property to be 
divided, which makes them more liquid than private real estate investments, and 
also allows investors to diversify by purchasing ownership interests across several 
properties.

• Private equity investment in real estate requires the owner to manage the property a i

herself or to hire a property manager. REOCs and REITs have professional teams
to manage their real estate investments, so investors in publicly traded real estate 
investments do not require real estate management expertise.

• Equity investors usually require a higher rate of return than debt investors as they take 
on greater risk. Their claim on the interim cash flows and proceeds from sale of real 
estate property is subordinate to that of debt holders. However, debt investors usually 
do not participate in any upside in the value of the underlying real estate.

• The return to equity investors in real estate has two components: an income stream 
(e.g., rental income) and a capital appreciation component.

©2019 Wiley 283



ALTERNATIVE INVESTMENTS

Real Estate Characteristics

• Heterogeneity and fixed location
• High unit value
• Management intensive
• High transaction costs
• Depreciation
• Need for debt capital
• Illiquidity
• Difficulties in price determination 

Real Estate Classifications

Real estate investments may be classified as residential or non-residential properties. Another 
potential classification is single-family residential, commercial, farmland, and timber.

Benefits of Real Estate Equity Investments

• Real estate investments can generate current income by letting, leasing, or renting the 
property.

• Real estate prices may increase over time, so capital appreciation can contribute to an 
investor’s total return.

• Real estate values usually rise in an inflationary environment, so real estate 
investments serve as an inflation hedge.

• Investments in real estate provide diversification benefits to investors.
• Investors in real estate may receive favorable tax treatment.

Risks Factors

• Business conditions: Changes in economic factors such as GDP growth, employment, 
household income, interest rates, and inflation rates affect both (1) real estate values 
and (2) rental income.

• Long lead time for new developments: Real estate projects take a long time to be 
completed and market conditions can change significantly during their development.

• Cost and availability of capital: Scarcity of capital and high financing costs lead to 
lower real estate values.

• Unexpected inflation: If the real estate market is relatively weak, high vacancy rates 
and low rents could mean that real estate values may not keep up with inflation.

• Demographics: The demand for real estate is also affected by factors such as the size 
and age distribution of the population in the local market, the distribution of 
socio-economic groups, and the rate of new household formation.

• Lack of liquidity: Real estate investments tend to have poor liquidity due to (1) the 
large outlays required and (2) the time taken and costs incurred to sell.

• Environmental: Poor environmental conditions (e.g., contaminants related to a prior 
owner or an adjacent property owner) can have an adverse impact on the value of a 
property.

• Availability of information: There is a risk of overpaying for a property if the owner 
makes the investment decision based on insufficient or inaccurate information.
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• Management: Management risk reflects the ability of both asset managers and 
property managers to make the right decisions regarding the operation of the property.

• Leverage: A small decrease in NOI can have a significant negative impact on the cash 
flow available to equity investors after meeting debt servicing obligations.

• Other risk factors: Other risk factors include unobserved physical defects in the 
property, natural disasters, and acts of terrorism.

Investment Characteristics of Commercial Property Types

Office

The demand for office buildings is influenced by employment growth, especially in industries 
that are heavy users of office space. Lease lengths are generally influenced by (1) the 
desirability of the property, (2) the financial strength of the tenant and (3) other terms in the 
lease such as future rent changes and whether there is an option to extend the lease.

An important consideration in office leases is whether it is the owner or the tenant who bears 
the risk of operating expenses (e.g., utilities) increasing in the future.

Industrial and Warehouse

The demand for industrial and warehouse properties is heavily influenced by the strength 
of the overall economy, prospects for growth, and import and export activity. Leases for 
industrial and warehouse properties may be structured as net leases, gross leases or leases with 
expense reimbursements.

Retail

The demand for retail space is primarily influenced by consumers’ willingness to spend, 
which in turn is influenced by the strength of the overall economy, job growth, population 
growth, and savings rates.

Lease terms for retail space are influenced by the quality of the property as well as by the size 
and importance of the tenant.

Multifamily

The demand for multifamily space depends on demographic factors such as population 
growth, relevant age segment for renters, and propensity to rent. Demand also depends on the 
cost of ownership relative to the cost of renting i.e., the ratio of home prices to rents. If home 
prices rise, people will lean towards renting, and vice versa. Home prices are also influenced 
by the level of interest rates. Higher mortgage rates make purchases more expensive to finance 
so people shift towards renting.

Appraisals and Value

Since real estate properties are traded relatively infrequently and are unique, appraisals 
(estimates of value) are important for performance measurement and evaluation. In most 
cases, appraisals aim to estimate the market value of a property, which can be defined as the 
amount a typical investor would be willing to pay for the property.
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Highest and Best Use

The highest and best use of a vacant site refers to the use that would result in the highest 
implied value for a property, irrespective of what it is currently being used for. Implied value 
equals the value of the property after construction less costs to construct the building.

• Value after construction refers to what the property would sell for once it is 
constructed and leased.

• The cost to construct the building includes profit to the developer for handling 
construction and getting the property leased.

The value of a piece of land should be based on its highest and best use even if there is an 
existing building on the site. If there is an existing building that is not the highest and best use, 
then the value of the building will be lower, not the value of the land.

THE INCOME APPROACH TO VALUATION

The direct capitalization method and discounted cash flow method are two income approaches 
used to estimate the value of commercial (income-producing) property. Both these methods focus 
on net operating income (NOI) as a measure of income and a proxy for cash flow.

Net Operating Income

Rental income at full occupancy 
+ Other income (such as parking)
= Potential gross income (PGI)
-  Vacancy and collection loss
= Effective gross income (EGI)
-  Operating expenses (OE)
= Net operating income (NOI)

• Operating expenses include items such as property taxes, insurance, maintenance, 
utilities, repairs, and insurance.

• NOI is a before-tax unleveraged measure of income. It is calculated before deducting 
financing costs and federal income taxes on income generated from the property.

• Sometimes leases may be structured such that tenants are responsible for paying 
operating expenses. In such cases, those operating expenses are not deducted from 
income when calculating NOI. In case they have been deducted, the additional income 
received from the tenants as expense reimbursements would be included in the 
calculation of NOI.

The Direct Capitalization Method

Under this method, the value of a property is estimated by capitalizing its current NOI at a rate 
referred to as the capitalization rate (or cap rate).

The cap rate is applied to first-year NOI, while the discount rate is applied to current and 
future NOI. Generally, when income and value are growing constantly at the same rate,
the relationship between the cap rate and discount rate can be expressed as:

Cap rate = Discount rate -  Growth rate
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The term going-in cap rate is sometimes used to clarify that the cap rate is based on the first 
year of ownership.

Value =
NOI) 

Cap rate

An estimate of the appropriate cap rate for a property can be obtained from the selling price of 
similar or comparable properties.

Cap rate =
___________ NOT,___________
Sale price of comparable property

Other Forms of the Income Approach: Gross Income Multiplier

„  . . . . .  Selling priceGross income multiplier = --------—------
Gross income

Value of subject property = Gross income multiplier x Gross income of subject property

A drawback of this approach is that it does not explicitly consider vacancy rates and operating 
expenses.

The Discounted Cash Flow Method (DCF)

Under this method, the value of a property is estimated by projecting income beyond the first 
year and then discounting the income stream (using an appropriate discount rate).

The investor’s total return (discount rate) comes from (1) the return on first-year income (cap 
rate) and (2) growth in income and value over time (growth rate). If NOI for the property is 
expected to grow at a constant rate, then the value of the property can be calculated as:

V alue =
NOI,
( r - g )

If NOI is expected to remain constant (growth rate = 0) like a perpetuity, then the cap rate and 
discount rate will be the same.

The Terminal Capitalization Rate

If the growth rate in NOI is not expected to remain constant, investors forecast (1) NOI for 
each year during a specific holding period and (2) a terminal value (estimated sale price) at 
the end of the holding period (instead of projecting NOI into infinity). The sum of the present 
values of these amounts (discounted at the required rate of return) is used as an estimate of the 
value of the property.

The direct capitalization method is used to estimate terminal value at the end of the holding 
period.
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Terminal value =
NOI for the first year of ownership for the next investor

Terminal cap rate

The terminal cap rate (also called residual cap rate) is selected at the time of valuation and 
refers to the cap rate that is applied to expected income for the first year after the anticipated 
sale of the property.

• The terminal cap rate is usually higher than the going-in cap rate as it is applied to 
an income stream that is more uncertain. Other reasons for a higher terminal cap rate 
include higher expected future interest rates (discount rates) or lower growth in NOI.

• The terminal cap rate can be lower than the going-in cap rate if investors expect 
interest rates to be lower and/or growth in NOI to be higher in the future.

Adopting to Different Lease Structures

• The term and reversion approach splits total value into two components (1) term rent 
and (2) reversion. The value of each component is appraised separately by applying 
different capitalization rates.

• The layer method assumes that one component of income is the current contract rent, 
which will continue indefinitely (like a perpetuity), and then adds a second component 
which comes from the value of the incremental rent expected to be received after the 
rent review.

General Steps to a DCF Analysis

• Project income from existing leases
• Make assumptions about lease renewals
• Make assumptions about operating expenses
• Make assumptions about capital expenditures
• Make assumptions about absorption of any vacant space
• Estimate resale value (reversion)
• Select discount rate to find PV of cash flows

Direct Capitalization Method versus Discounted Cash Flow Method

• Under the direct capitalization approach, a capitalization rate or income multiplier is 
applied to first-year NOI. Any growth in NOI is implicit in the capitalization rate. The 
higher the expected growth, the lower the capitalization rate, and the higher the value 
of the property.

• Under the DCF approach, the future income pattern, including the effects of growth, 
is explicitly considered. Further, DCF valuation can incorporate other cash flows that 
might occur in the future and are not reflected in NOI, such as capital expenditures.

Advantages and Disadvantages of the Income Approach

• The advantage of using income approach, such as DCF analysis, is that it considers all 
the cash flows that investors are concerned with. Further, it is not dependent on current 
transactions from comparable sales as long as an appropriate discount rate is selected.
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• The disadvantage of the income approach is that it requires detailed information and 
assumptions regarding the growth rate of NOI, and detailed lease-by-lease analysis. 
Further, selecting an appropriate discount rate and terminal cap rate is critical to the 
valuation because slight changes in these assumptions have a significant impact on the 
property’s estimated value.

THE COST APPROACH

The cost approach is based on the view that a buyer would not pay more for a property than 
it would cost to purchase the land and construct a comparable building on it. This approach 
is generally used to value unique properties or those with a specialized use for which it is 
relatively difficult to obtain market comparables. Under the cost approach, the value of a 
property is estimated as the sum of:

• The value of the land, which is usually determined using the sales comparison 
approach; and

• The value of the building, which is based on adjusted replacement cost.

Replacement cost refers to the cost of constructing the building today using current 
construction costs and standards. This replacement cost is then adjusted for different types of 
depreciation (loss in value) to arrive at adjusted or depreciated replacement cost.

The different types of depreciation include:

• Physical deterioration: This refers to the physical wear and tear of the property as it 
ages over time.

o Curable physical deterioration refers to a problem whose fixing/repairing will 
add at least as much to the value of the building as it costs to repair. The cost 
of fixing curable items is deducted from replacement cost.

o Incurable physical deterioration refers to a problem whose cost of repair would 
exceed the increase in value resulting from the repair, making it unfeasible to 
fix the problem. Since the costs of repairing such deterioration are not actually 
borne (since the problem is not repaired) analysts account for the affect of the 
property’s age on its value through a depreciation charge. This depreciation 
charge is based on the effective age of the property relative to its economic 
life. The loss from incurable physical deterioration (depreciation) is estimated 
by applying this ratio to replacement cost after deducting the cost of curable 
physical deterioration.

• Functional obsolescence: This refers to the loss in the value of a building because its 
current design is not ideally suited for its intended use.

• External obsolescence: This refers to the loss in the value of a building due to external 
factors, such as the location of the property or economic conditions.

o Locational obsolescence occurs when the location of the building is no longer 
optimal for its intended use.

o Economic obsolescence occurs when it is not feasible to construct a new
building under current economic conditions. This can happen when rent levels 
are not high enough to generate a value for a newly constructed property that is 
at least equal to development costs (including profit to the developer).
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Advantages and Disadvantages of the Cost Approach

• The cost approach can be used to determine the upper limit on the value of a property 
as an investor would never pay more for a property than it costs to purchase the land 
and construct a comparable building.

• The main disadvantage of this approach is that it is difficult to estimate depreciation 
for a property that is older and/or has much obsolescence. Therefore, the cost 
approach is most appropriate for newer properties that have a relatively modern design 
in a stable market.

THE SALES COMPARISON APPROACH

The sales comparison approach is based on the view that the value of a property depends on 
what investors are paying for similar properties in the current market. Since it is impossible to 
find a comparable property that (1) is exactly the same as the subject property in all respects 
and (2) is sold on the same date as the date of appraisal of the subject property, adjustments 
must be made for differences between the subject property and comparable properties relating 
to size, age, location, property condition and market conditions at the time of sale. The idea 
is to determine what comparable properties would have sold for if they were like the subject 
property.

The quality of the value estimate from the sales comparison approach depends on the number 
of recent transactions involving comparable properties. Application of this approach is 
relatively easy when the market is active, but difficult when the market is weak. Even in an 
active market, it might be difficult to find comparable sales for some properties (e.g., regional 
malls and special purpose properties).

Further, the sales comparison approach assumes that purchasers behave rationally (i.e., the 
prices they pay reflect current market values). However, this may not always be the case as the 
investment value of a property to a particular investor may exceed its market value. Further, in 
times of exuberance when real estate markets are in a “bubble,” the sales comparison approach 
can lead to inflated valuations, especially when considered in light of values in more “normal” 
market conditions.

The sales comparison approach is generally used to value single-family homes for which 
income is not relevant and there is availability of sales data for reasonable comparisons.

Due Diligence in Private Equity Real Estate Investment

Due diligence usually includes the following:

• Review of the lease and history of rental payments.
• Review of operating expenses by obtaining copies of bills (e.g., utility bills).
• Review of cash flow statements of the previous owner.
• An environmental inspection to ensure that there are no contaminant materials on the 

site.
• A physical/engineering inspection to ensure that there are no structural issues with the 

property and to check the condition of the building systems, structures, foundation, 
and adequacy of utilities.
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• Review of ownership history to ensure that there are no issues related to the seller’s 
ability to transfer free and clear title that is not subject to any previously unidentified 
liens.

• Review of service and maintenance agreements.
• A property survey to ensure that any physical improvements are within boundary lines 

and to identify any easements that may affect value.
• Verification that the property is compliant with zoning, environmental regulations, 

parking ratios, etc.
• Verification of payment of property taxes, insurance, special assessments, etc.

While due diligence can be costly, it lowers the risk of unidentified legal and physical 
problems.

PRIVATE EQUITY REAL ESTATE INVESTMENT INDICES 

Appraisal-Based Indices

These indices rely on appraisals of value (rather than prices from actual transactions) to 
estimate changes in the value because real estate transactions involving a specific property 
occur relatively infrequently. Appraisal-based indices combine valuation information from 
individual properties to provide a measure of market movements.

The return for all the properties is calculated as: •

_ NOI -  Capital expenditures + (Ending market value -  Beginning market value)
Return = -------------------------------------------------------------------------------------------------

Beginning market value

• Beginning and ending market values are based on appraisals of the properties.
• The return computed from the formula is the holding period return or the 

single-period IRR.

The returns on all the properties in the index are then value-weighted to get the index return.

Appraisal-based indices allow investors to compare the performance of real estate relative 
to other asset classes such as stocks and bonds. Further, the quarterly returns can be used 
to measure risk (standard deviation). Investors may also use appraisal-based indices to 
benchmark returns on their real estate portfolios.

Al

One of the disadvantages associated with appraisal-based indices is the appraisal lag as 
appraised values tend to lag transaction prices when there are sudden shifts in the market.

Transaction-Based Indices

These indices are based on actual transactions rather than appraised values.

• A repeat sales index relies on the repeat sales of the same property. The idea is that 
if a specific property is sold twice in a given period, its change in value between the 
two sale dates indicates how market conditions have changed over time. Regression 
analysis is then used to allocate the change in value to each quarter.
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• A hedonic index requires only one sale (instead of repeat sales of the same property). 
In order to account for the fact that different properties are being sold each quarter, 
it includes (independent) variables in the regression that control for differences in 
the characteristics of each property, such as size, age, quality of construction, and 
location. The unexplained variation in the regression reflects the impact of changes in 
overall market conditions on values.

Transaction-based indices are considered better than appraisal-based indices. However, the 
need to use statistical techniques to estimate the index can lead to random elements in the 
observations (noise).

Private Market Real Estate Debt

The amount of debt an investor can obtain to finance the purchase of commercial real estate is 
usually limited by (1) the loan-to-value-ratio (LTV ratio) or (2) the debt service coverage ratio 
(DSCR), depending on which measure results in a lower loan amount.

____ — . Loan amount
LTV ratio = --------------------

Appraised value

DSCR =
NOI

Debt service

Debt service (also referred to as the loan payment) includes both interest payments and 
principal payments (if required).

When investors use debt to finance the purchase of a property, they often calculate the equity 
dividend rate to measure how much cash flow they are getting as a percentage of their equity 
investment. This is also referred to as the cash-on-cash return.

_ . . . . .  . First year cash flow
Equity dividend rate = ------------------------

Equity investment
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PUBLICLY TRADED REAL ESTATE SECURITIES
Cross-Reference to CFA Institute Assigned Reading #43

Investment Characteristics of REITs

Exemption from income taxes: REITs are typically exempt from income taxes at the 
corporate/trust level if (1) a specified majority of their income and assets relate to income- 
producing property and (2) they distribute all their potentially taxable income to shareholders.

High income distributions: Due to the fact that REITs must distribute virtually all their income 
to shareholders in order to qualify for income tax exemption, they typically offer higher 
dividend yields than most publicly traded equities.

Relatively low volatility of reported income: Due to the fact that they must generate most 
of the earnings from income-producing property (rental income) to qualify for income tax 
exemption, REITs typically use conservative, rental-property focused business models, which 
result in relatively stable revenue streams (except in the case of hotel REITs).

More frequent secondary equity offerings compared with industrial companies: Due to the 
distribution requirement, REITs are not able to retain earnings to finance growth. Therefore, 
they rely on new equity issues to finance property acquisitions.

Advantages of Publicly Traded Equity Real Estate Securities

• Greater liquidity • Active professional management
• Lower investment requirements • Diversification
• Limited liability • Protection
• Access to superior quality properties 

and a range of properties

Advantages of Investing in REITs as Opposed to Publicly Traded REOCs

• Exemption from taxes
• Earnings predictability
• High income payout ratios and yields

Advantage of Investing in REOCs as Opposed to REITs

• Operating flexibility

Disadvantages of Publicly Traded Equity Real Estate Securities

Taxation
Control
Costs
Stock market determined pricing

Structural conflicts 
Moderate income growth potential 
Potential for forced equity issuance at 
disadvantaged pricing

Considerations in Analysis and Due Diligence of Equity REITs

• Remaining lease term
• Inflation protection
• Market rent analysis
• Cost of re-leasing space

Tenant concentration
Availability of new competitive supply
Balance sheet/leverage analysis
Management

Al
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Characteristics of REIT Property Subtypes

REIT Type Economic Value Determinants Investment Characteristics

Retail • Growth in national GDP
• Retail sales growth
• Job creation

• Stable revenue stream over the 
medium term

Office • Growth in national GDP
• Job creation

• Long lease terms
• Stable year-to-year income

Residential • Growth in national GDP
• Population growth
• Job creation

• Short term one-year leases
• Relatively stable demand
• Typically structured as gross 

leases

Health care • Growth in national GDP
• Population growth

• REITs lease facilities to health 
care providers.
Typically structured as net 
leases

Industrial • Growth in national GDP • Less cyclical than some other
• Retail sales growth REIT types
• Population growth • Typically structured as long-

term net leases
• Can be preleased

Hotel • Growth in national GDP • REITs lease facilities to taxable
• Job creation subsidiaries
• New space supply relative to • Volatile income

demand.

Storage • Growth in national GDP • Space is leased under gross
• Population growth leases and on a monthly basis
• Job creation
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Principal Risks Due Diligence Considerations

• Trends in consumer spending • Rental rates and sales per square foot

• Changes in office market vacancy • New space under construction
and rental rates • Quality of office space

• Dislocations between supply and • Site location and access to public
demand transport

• Office industry cycle • Business conditions

• Competition • Demographics and income trends
• Tenant inducements • Age and competitive appeal
• Regional economic strength and • Cost and availability

weakness • Rent controls
• Effects of inflation on operating • Fuel and energy costs

costs
• Taxes and maintenance cost

• Demographics • Operating trends
• Government funding • Government funding trends
• Construction cycles • Litigation settlements
• Financial conditions of operators • Insurance costs
• Tenant litigation
• Dislocations between supply and

• Development of competing facilities

demand

• Shifts in the composition of local • Tenants’ requirements
and national industrial bases and • Obsolescence of existing space
trade. •

•
•

Need for new types of space 
Access to transportation links 
Trends in local supply and demand

• Changes in business and leisure • Occupancy, room rates, and profit
travel margins relative to industry averages

• Dislocations between supply and • Revenue per available room (RevPAR)
demand •

•
•
•

Trends in forward bookings 
Maintenance expenditures 
New construction in local markets 
Financial leverage

• Ease of entry can lead to • Construction of competing facilities
overbuilding •

•
•
•

Trends in housing sales 
Local demographic trends 
Business start-up activity 
Seasonal trends in demand for storage 
facilities
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Economic Value Determinants of REITs

Table 1: Importance of Factors Affecting Economic Value for Various Property Types1

National
GDP

Growth
Job

Creation

Retail
Sales

Growth
Population

Growth

New Space 
Supply vs. 
Demand

Retail 1 3 2 4 4
Office 1 2 5 4 3
Industrial 1 5 2 3 4
Multifamily 1 2 5 2 4
Storage 1 3 5 2 4
Health care 1 4 5 2 3
Hotels 1 2 5 4 3
Note 1: = most important, 5 = least important 
Source: Based on data from the authors’ research

The largest driver of economic value for all REIT types is growth in the overall economy or 
national GDR Economic growth leads to the creation of more jobs, which leads to higher 
demand for office space. Economic growth also leads to more disposable income and higher 
demand for multifamily accommodation, hotel rooms, storage space, and retail space.

Principal Risks

Risks tend to be highest for REITs that concentrate on properties (1) where demand for rental 
space can fluctuate widely in the short term (especially hotels), and (2) in which dislocations 
between demand and supply are likely to happen (especially offices, hotels, and healthcare). 
Further, a REIT’s risk profile is also determined by the quality and location of the properties it 
holds, and its leasing and financing status.

VALUATION: NET ASSET VALUE APPROACH

Analysts generally use net asset value per share (NAVPS) for valuing REITs and REOCs. 
NAVPS is the amount (on a per share basis) by which the current market value of a company’s 
assets exceeds the current market value of its liabilities.

In cases where reliable appraisals are not available, analysts estimate the value of operating 
real estate by capitalizing net operating income (NOI). The cap rate is estimated based on 
recent comparable transactions.

_ . NOI of a comparable property
Capitahzaton rate = -------------------------------------------

Total value of comparable property
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In order to compute expected NOI for the coming year, the following adjustments must be 
performed on current year actual NOI:

• Non-cash rents should be deducted from current period NOI.
• Current-year NOI must also be increased to reflect a full year’s rent for properties 

acquired during the year.
• An expected growth rate may then be applied to estimate NOI for the coming year.

Once next year’s expected NOI is capitalized at the appropriate cap rate to compute the value 
of the REIT’s operating real estate, the value of other tangible assets (e.g., prepaid expenses, 
cash, accounts receivable, land for future development, etc.) is added, and the value of 
liabilities subtracted, to compute the REITs total net asset value. This total net asset value is 
then divided by the total number of shares outstanding to calculate NAVPS.

Important Considerations in a NAV-Based Approach to Valuing REITS

• NAV reflects the value of the REIT’s assets to a private market buyer, which is usually 
different from the value that public equity investors ascribe to the business.

• NAV implicitly treats a company as an individual asset or as a static pool of assets. 
This treatment is not consistent with the going-concem assumption.

• NAV estimates can be quite subjective in times when property markets are illiquid 
and/or there are few comparable transactions.

VALUATION: RELATIVE VALUATION (PRICE MULTIPLE) APPROACH

Analysts commonly use (1) the price to funds from operations ratio, (2) the price to adjusted 
funds from operations ratio and (3) enterprise value to EBITDA ratio to value shares of REITs 
and REOCs.

Funds from operations (FFO) is calculated as:

Accounting net earnings
Add: Depreciation charges on real estate
Add: Deferred tax charges
Add (Less): Losses (gains) from sale of property and debt restructuring 
Funds from operations

Adjusted funds from operations (AFFO) (also referred to as funds available for 
distribution or cash available for distribution) is considered a more accurate measure of 
current economic income. It is calculated as:

Funds from operations 
Less: Non-cash rent
Less: Maintenance-type capital expenditures and leasing costs 
Adjusted funds from operations

AFFO is preferred over FFO as it takes into account the capital expenditures necessary to 
maintain the economic income of a property portfolio. Practically however, FFO is more 
commonly used because AFFO is subject to more variation and error in estimation.
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For a REIT, EBITDA can be computed as NOI minus general and administrative (G&A)
expenses.

Factors Affecting Valuation Multiples

• Expectations for growth in FFO/AFFO
• Risk associated with the underlying real estate
• Risk associated with the company’s capital structures and access to capital

P/FFO and P/AFFO Multiples: Advantages and Drawbacks

Advantages:

• Earnings multiples are widely accepted in evaluating shares across global stock 
markets and industries.

• They enable portfolio managers to put the valuation of REITs and REOCs into context 
with other investment alternatives.

• Estimates for FFO are readily available through market data providers.
• They can be used in conjunction with expected growth and leverage levels to deepen 

the relative analysis among REITs and REOCs.

Drawbacks:

• They may not capture the intrinsic value of all real estate assets (e.g., land parcels and 
empty buildings that are currently not producing any income) held by the REIT or 
REOC.

• P/FFO does not adjust for the impact of recurring capital expenditures needed to keep 
properties operating smoothly.

• New revenue recognition rules and increased levels of one-time gains and accounting 
charges in recent times have made P/FFO and P/AFFO more difficult to calculate and 
compare across companies.

VALUATION: DISCOUNTED CASH FLOW APPROACH

REITs and REOCs return a significant portion of their income to their investors in the form of
dividends, which makes dividend discount models appropriate for valuing their shares.

Considerations when Forecasting Long-Term Growth Rates

• Internal growth potential resulting from rent increases over time.
• Impact of investment activities (e.g., acquisitions and new development) on the long-

term growth rate.
• Impact of changes in capital structure on growth.
• Contribution of retaining and reinvesting a portion of free cash flow on the growth 

rate.
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PRIVATE EQUITY VALUATION
Cross-Reference to CFA Institute Assigned Reading #44

Valuation Methodologies1

Valuation Technique Brief Description

Income approach: Value is obtained by discounting
Discounted cash flows expected future cash at an 
(DCF) appropriate cost of capital.

Relative values: 
Earnings multiples

Real option

Application of an earnings 
multiple to the earnings of a 
portfolio company. The earnings 
multiple is frequently obtained 
from the average of a group 
of public companies operating 
in a similar business and of a 
comparable size.

Commonly used multiples 
include:Price/Earnings (P/E), 
Enterprise Value/EBITDA, 
Enterprise Value/Sales.

The right to undertake a 
business decision (call or put 
option). Requires judgmental 
assumptions about key 
operational parameters.

Replacement cost Estimated cost to recreate the
business as it stands as of the 
valuation date.

Application

Generally applies across the broad spectrum of 
company stages.

Given the emphasis on expected cash flows, this 
methodology provides the most relevant results 
when applied to companies with a sufficient 
operating history. Therefore, most applicable to 
companies operating from the expansion up to 
the maturity phase.

Generally applies to companies with a 
significant operating history and predictable 
stream of cash flows.

May also apply with caution to companies 
operating at the expansion stage. Rarely applies 
to early stage or start-up companies.

Generally applies to situations in which the 
management or shareholders have significant 
flexibility in making radically different strategic 
decisions (i.e., option to undertake or abandon 
a high-risk, high-return project). Therefore, 
generally applies to some companies operating 
at the seed or start-up phase.

Generally applies to early (seed and start-up) 
stage companies or companies operating at the 
development stage and generating negative cash 
flows.

Rarely applies to mature companies as it is 
difficult to estimate the cost to recreate a 
company with a long operating history. For 
example, it would be difficult to recreate a long 
established brand like Coca-Cola, whereas the 
replacement cost methodology may be used to 
estimate the brand value for a recently launched 
beverage (R&D expenses, marketing costs, etc.).

1  -  E x h i b i t  2 ,  p g  1 3 8 ,  V o l  6 ,  C F A  P r o g r a m  C u r r i c u l u m  2 0 1 8
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Important Considerations in Private Equity Valuation

• How the PE firm can improve the business’s financing, operations, management, and 
marketing.

• Exogenous factors and drivers of business value.
• Valuation of control premium.
• Determination of discounts for lack of liquidity and marketability.
• Evaluation of country risk.

Value Creation in Private Equity

• PE companies have the expertise to re-engineer and reorganize investee companies.
• They are more capable of raising higher levels of debt as they have a reputation for 

having raised and successfully repaid high levels of debt in past transactions.
• They are better at aligning interest of management with their own and incentivizing 

management to focus more on long-term performance.

Aligning Management Interests with Those of the PE Firm

Private equity firms retain control over the management of investee companies through the
following control mechanisms:

• Results-driven management pay packages.
• Contractual provisions (e.g., tag-along, drag-along rights) that enable management to 

participate in the upside in value from a successful exit from the portfolio company.
• Provisions that ensure that the PE firm attains control through board representation if 

the company experiences a major corporate event (e.g., takeover, restructuring, IPO, 
bankruptcy, or liquidation).

• Non-compete clauses that restrict founders of portfolio companies from launching 
competing companies for a predefined period of time.

• Clauses that entitle the PE firm to preference dividends, and guarantee the PE firm a 
multiple of its original investment in the company before other shareholders receive 
any returns.

• Clauses that make certain important matters (e.g., changes in business plan, 
acquisitions and divestures) subject to approval or veto by the PE firm.

• Mechanisms (known as earn-outs) that link the acquisition price paid by the PE firm 
to the portfolio company’s future financial performance.
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Contrasting Valuation in Venture Capital and Buyout Settings• 2

Buyout Investments

• Steady and predictable cash flows

• Excellent market position (can be a niche 
player)

• Significant asset base (may serve as basis 
for collateral lending)

• Strong and experienced management team

• Extensive use of leverage consisting 
of a large proportion of senior debt 
and significant layer of junior and/or 
mezzanine debt

• Risk is measurable (mature businesses, 
long operating history)

• Predictable exit (secondary buyout, sale to 
a strategic buyer, IPO)

• Established products

• Potential for restructuring and cost 
reduction

• Low working capital requirement

• Buyout firm typically conducts full blown 
due diligence approach before investing 
in the target firm (financial, strategic, 
commercial, legal, tax, environmental)

• Buyout firm monitors cash flow 
management, strategic, and business 
planning

Venture Capital Investments

• Low cash flow predictability, cash flow 
projections may not be realistic

• Lack of market history, new market and 
possibly unproven future market (early stage 
venture)

• Weak asset base

• Newly formed management team 
with strong individual track record as 
entrepreneurs

• Primarily equity funded. Use of leverage is 
rare and very limited

• Assessment of risk is difficult because of 
new technologies, new markets, lack of 
operating history

• Exit difficult to anticipate (IPO, trade sale, 
secondary venture sale)

• Technological breakthrough but route to 
market yet to be proven

• Significant cash burn rate required to ensure 
company development and commercial 
viability

• Expanding capital requirement if in the 
growth phase

• Venture capital firm tends to conduct 
primarily a technology and commercial due 
diligence before investing; financial due 
diligence is limited as portfolio companies 
have no or very little operating history.

• Venture capital firm monitors achievement 
of milestones defined in business plan and 
growth management

(Table continued on next page...)

2  -  E x h i b i t  3 ,  p g  1 4 9 ,  V o l  5 ,  C F A  P r o g r a m  C u r r i c u l u m  2 0 1 8
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Buyout Investments Venture Capital Investments

• Returns of investment portfolios are 
generally characterized by lower 
variance across returns from underlying 
investments; bankruptcies are rare events

• Large buyout firms are generally 
significant players in capital markets

• Most transactions are auctions, involving 
multiple potential acquirers

• Strong performing buyout firms tend to 
have a better ability to raise larger funds 
after they have successfully raised their 
first funds

• Variable revenue to the general partner 
(GP) at buyout firms generally comprise 
the following three sources: carried 
interest, transaction fees, and monitoring 
fees.

• Returns of investment portfolios are 
generally characterized by very high returns 
from a limited number of highly successful 
investments and a significant number of 
write-offs from low performing investments 
or failures

• Venture capital firms tend to be much less 
active in capital markets

• Many transactions are “proprietary,” being 
the result of relationships between venture 
capitalists and entrepreneurs

• Venture capital firms tend to be less scalable 
relative to buyout firms; the increase in 
size of subsequent funds tend to be less 
significant

• Carried interest (participation in profits) 
is generally the main source of variable 
revenue to the general partner at venture 
capital firms; transaction and monitoring 
fees are rare in practice

Private Equity Valuation Techniques

There are six techniques that are generally used to value private equity portfolio companies.

• The income approach (discounted cash flows) is generally applied to companies with 
sufficient operating history (typically expansion to mature stage companies).

• Relative valuation (using earnings multiples) is generally applied to companies with 
significant operating history and a predictable stream of cash flows.

• Real option valuation is applied in situations where management/shareholders have 
significant flexibility in decision-making. It is generally applied to companies in the 
seed or start-up phase.

• Replacement cost is applied to early-stage companies that are in the development stage 
and are currently generating negative cash flow. It rarely applies to mature companies.

• The venture capital method and the leveraged buyout model are discussed later in this 
reading.

Using Market Data in Private Company Valuation

• Valuation ratios (e.g., EV/EBITDA) for publicly traded comparable firms are used to 
value private companies.

• The WACC for public companies is used to estimate the discount rate when valuing 
private companies (in DCF approaches).

• The beta of public comparable companies is adjusted for financial and operating 
leverage to estimate beta for private companies.

• The terminal value of an investment in a private company is determined based on 
trading multiples in public markets.
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Challenges in Private Equity Valuation

• Forecasting the company’s future profitability and cash flows based on expectations of 
exogenous factors (e.g., interest rates, exchange rates, etc.) and value drivers for the 
business (sales margins, etc.).

• Incorporating ways through which the PE firm can enhance financing, operations, 
management and marketing of the portfolio company into those forecasts.

• Determining the appropriate (1) premium for control, (2) lack of liquidity discount (as 
investments in portfolio companies are typically not readily convertible into cash), and
(3) lack of marketability discount (as investors usually face restrictions on the sale of 
shares).

• Estimating the country risk premium (when valuing companies in emerging markets). 

Valuation Issues in Buyout Transactions

The LBO Model

In LBO transactions buyers use a significant amount of debt to finance their purchase of the 
target company. The LBO model is used to determine the impact of capital structure, purchase 
price, and various other factors on expected return for the private equity firm from the 
transaction. It has three main inputs:

• Forecasted cash flows of the target company.
• Expected returns for providers of various types of capital.
• The amount of financing available for the transaction.

Value creation comes from:

• Earnings growth from operational improvements.
• Multiple expansion depending on potential exit.
• Optimal financial leverage and debt repayment with operating cash flow before exit. 

Exit value = Initial cost + Earnings growth + Multiple expansion + Debt reduction 

Venture Capital Transactions

• Pre-money valuation (PRE) refers to the agreed value of the company prior to a round 
of financing.

• Post-money valuation (POST) refers to the value of the company after the round of 
financing.

POST = PRE + I

The proportionate ownership of the VC investor is calculated as: I / POST
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Importance of Exit Routes

• Because private equity investments are not very liquid, it is extremely important for 
private equity investors to consider exit strategies before making an investment.

• The timing of exit also has an impact on firm value and therefore, is an important 
consideration.

Types of Exit

Initial Public Offerings (IPO)

An IPO is an appropriate exit route for large companies with excellent growth prospects. 

Advantages:

• Generally results in highest valuation for the company.
• Increases liquidity of company shares.
• Gives the company access to large amounts of capital.
• Enables the company to attract higher-caliber managers.

Disadvantages:

• The process of taking the company public can be quite cumbersome.
• The company is left with less flexibility.
• It entails significant costs.

Secondary Market Sale

This involves a private sale of an ownership stake in the company to other financial or strategic 
investors.

Advantages:

• Typically results in highest valuation for the company outside of an IPO.
• Specialized PE firms can create additional value for the company.

Management Buyout (MBO)

This involves the purchase of the company by its management. Although this method results in 
the best alignment of interests, the company suffers from reduced flexibility due to significant 
financial leverage.

Liquidation

This involves an outright sale of the company’s assets and results in the lowest value for the 
company.

Private Equity Fund Structures

One of the most common forms of private equity structures is the limited partnership.

• Limited partners (LPs) are the providers of funds that are invested in target companies. 
They are only liable for losses up to the amount of funds invested by them.

• General partners (GPs) manage the fund and are liable for all of the firm’s debt.
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Private Equity Fund Terms

Economic Terms

• Management fees
• Transaction fees
• Carried interest
• Ratchet
• Hurdle rate
• Target fund size
• Vintage year
• Term of the fund

Corporate Governance Terms

• Key man clause
• Disclosure and confidentiality
• Clawback provision
• Distribution waterfall
• Tag-along, drag-along rights
• No-fault divorce clause
• Removal for “cause”
• Investment restrictions
• Co-investment

Due Diligence Investigations by Potential Investors

Prior to investing in a private equity fund, prospective investors should conduct a thorough due 
diligence of the fund because: •

• Their investments are locked in for the long term.
• Returns of the funds tend to persist over time.
• The difference in returns between well-performing funds and poor-performing funds 

is significant.

Determining a Private Equity Fund’s Value

A fund’s NAV can be determined in the following ways:

• At cost with significant adjustments for subsequent financing events or deterioration.
• At lower of cost or market value.
• By revaluing a portfolio company whenever a new financing round involving new 

investors takes place.
• At cost with no interim adjustment until exit.
• With a discount for restricted securities.
• Marked to market by reference to a peer group of public comparables and applying 

illiquidity discounts.
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Issues in Calculating a PE Fund’s NAV

• If value is only adjusted when a new round of financing occurs, the NAV will be 
outdated if there is an extended period with no financing round.

• The value of investments in target companies cannot be calculated with certainty 
before exit as there is no market for them.

• Undrawn LP commitments represent liabilities of the LP, but they are not accounted 
for in the calculation of NAV.

• Market multiples that are used to value portfolio companies may be inflated during 
bubbles.

• Valuations are usually performed by GPs.

Differences between Private and Public firms

• Unlike public firms, whose shares are available for purchase to the general public, 
private equity investments are often only available to qualified investors.

• In public firms, the capital acquired from the sale of shares is almost immediately 
invested in the business. On the other hand, the capital committed by investors to 
private equity firms is drawn down in stages as it is invested in target companies.

• Private equity firms typically experience the J-curve effect in their earnings. This 
refers to the low or negative earnings in the early years of the private equity fund, 
followed by increased earnings in the later years.

Risks and Costs of Investing in Private Equity

Risks

• Illiquidity of investments
• Unquoted investments
• Competition for attractive investment opportunities
• Reliance on the management of investee companies (agency risk) Loss of capital
• Adverse impact of government regulations
• Taxation risk
• Valuation of investments
• Lack of investment capital
• Lack of diversification
• Market risk, i.e., adverse impact of changes in general market conditions (interest rate, 

currency exchange rates, etc.).

Costs

• Transaction fees
• Investment vehicle fund setup costs
• Administrative costs
• Audit costs
• Management and performance fees
• Dilution
• Placement fees
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Evaluating Fund Performance

Internal Rate of Return (IRR)

• Gross IRR reflects cash flows between the private equity fund and its portfolio 
companies and is thus a relevant measure for evaluating the investment management 
team’s performance.

• Net IRR reflects cash flows between the private equity fund and LPs and is thus a 
relevant measure for return to investors.

IRR should be interpreted with caution because investments in private equity are quite illiquid, 
while IRR assumes that interim cash flows are reinvested at the IRR.

Multiples

• PIC (Paid-in capital): Ratio of invested capital to committed capital.
• DPI (Distributed to paid-in): Ratio of cumulative distributions paid to LPs to 

cumulative invested capital.
• RVPI (Residual value to paid-in): Ratio of LPs’ holdings held with the fund to 

cumulative invested capital.
• TVPI (Total value to paid-in): Sum of DPI and RVPI.

Qualitative Measures

• Analysis of investments realized since inception, evaluating all successes and failures.
• Analysis of unrealized investments, highlighting red flags and expected times to exit 

each investment.
• Cash flow forecasts at the portfolio company level as well as for the entire portfolio.
• Analysis of portfolio valuation, NAV, and audited financial statements.

The Basic Venture Capital Method (in Terms of NPV)

Step 1: Determine the post-money valuation.

Post-money value = Exit value
(1 + Required rate of retum)Nuraber of yeal5,0 exists

Step 2: Determine the pre-money valuation.

Pre-money value = Post-money value -  Investment 

Step 3: Calculate the ownership percentage of the VC investor.

Ownership proportion of VC investor = Investment
Post-money value

Step 4: Calculate the number of shares to be issued to the VC investor.

Proportion of venture capitalist investment x Shares held
by company founders

Shares to be issued = -----------------------------------------------------------------------
Proportion of investment of company founders
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Step 5: Calculate the price of shares.

. , Amount of venture capital investmentPrice per share = -------------------------------------i-----------------------------
Number of shares issued to venture capital investment 

Venture Capital Method (in Terms of the IRR)

The venture capital method can also be explained in terms of the IRR. Whether based on NPV 
or IRR, the venture capital method gives exactly the same answer. The IRR method involves 
the following steps.

Step 1: Calculate the future wealth required by the VC investor to achieve its desired IRR.

Required wealth = Investment x (1 + IRR)Number of years t0 exit

Step 2: Calculate the ownership percentage of venture capital investor.

Ownership proportion = Required wealth / Exit value

Step 3: Calculate the number of shares to be issued to the venture capital investor.

Proportion of venture capitalist investment x Shares held
by company founders

Shares to be issued =-------------------------------------------------------------------------
Proportion of investment of company founders

Step 4\ Calculate the price of shares.

. , Amount of venture capital investmentPrice per share = ----------------------------------- £---------------------------
Number of shares issued to venture capital investors

Step 5: Determine the post-money valuation.

Post-money value = Investment / VC’s ownership proportion 

Step 6: Determine the pre-money valuation.

Pre-money valuation = Post-money valuation -  Investment 

Venture Capital Method with Multiple Rounds of Financing

When there are 2 rounds of financing, the venture capital method requires the following steps: 

Step 1\ Define appropriate compound interest rates between each financing round.

Step 2: Determine the post-money valuation after the second round.

Step 3: Determine the pre-money valuation after the second round.

Step 4\ Determine the post-money valuation after the first round.
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Step 5: Determine the pre-money valuation after the first round.

Step 6: Determine the required ownership percentage for second round investors.

Step 7: Determine the required ownership percentage for first round investors. Note that this is 
not their final ownership percentage as their equity interest will be diluted in the second round.

Step 8: Determine the number of shares that must be issued to first round investors for them to 
attain their desired ownership percentage.

Step 9: Determine price per share in the first round.

Step 10: Determine the number of shares at the time of the second round.

Step 11: Determine the number of shares that must be issued to second round investors for 
them to attain their desired ownership percentage.

Step 12: Determine price per share in the second round

Accounting for Risks

Venture capitalists typically apply very high discount rates when evaluating target companies 
for the following reasons:

• VC firms must be compensated for the significant non-diversifiable risk inherent in 
portfolio companies.

• Estimates of terminal value do not necessarily reflect expected earnings. They reflect 
future earnings in some kind of success scenario.

These risks may be accounted for in the following two ways:

• By adjusting the discount rate.

. t. , 1 + Unadjusted discount rate 1
Adiusted discount rate = ------------------------------------ 1

1 -  Probability of failure •

• By adjusting the terminal value using scenario analysis.
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COMMODITIES AND COMMODITY DERIVATIVES: AN
INTRODUCTION

Cross-Reference to CFA Institute Assigned Reading #45

Studies have shown that commodities as an asset class have historically had:

• A low average return correlation with stocks and bonds
• Inflation-hedging qualities

COMMODITY SECTORS

Energy

Crude Oil

• Crude oil has natural storage space under the ground and will be extracted only if the 
marginal cost of extraction is less than the marginal benefit of selling it.

• It has limited use by itself. It must be extracted, transported, and refined into useful 
products.

• Weather has only a temporary impact on crude oil supply.
• Economic growth is an important factor that drives crude oil demand.
• Technology affects oil usage in three forms: the level of technology for extraction, the 

level of technology and efficiency in which oil is transformed into useful products, 
and the efficiency with which these products are used by the engines that burn them.

• Political instability can cause significant reductions in the supply of oil for two 
reasons: Oil cannot be extracted during these conflicts, and transportation routes 
become unreliable.

Natural Gas

• Transportation and storage costs tend to be higher for natural gas than for other 
commodities.

• Its supply is not directly driven by the demand for gas, but rather by oil demand.
• Key determinants of supply and demand include the weather, the technology in 

the electrical generation process, greenhouse gas emission concerns, and general 
economic conditions.

• Natural gas can be consumed soon after extraction from the ground.

Refined Products (e.g., Gasoline and Heating Oil)

• The supply of and demand for refined products depend on the weather, in terms of 
both major events like hurricanes and also extreme heat or cold that will increase 
demand.

• Supply conditions depend on technology to extract, store, and transport these 
products, while greenhouse gas emission concerns can lessen demand.

• The life cycle of refined products has a number of potential processing steps 
depending on the quality of crude oil input and the relative demand for the various 
products.
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Energy Life Cycle

• Extraction takes between 50 and 100 days.
• Transportation takes between 1 and 10 days. Trains, ships, planes, trucks, and pipes 

are used to transport both crude oil and natural gas.
• Storage occurs over a few days to months. Oil and natural gas can be stored almost 

anywhere in the world.
• Trading occurs only with natural gas at this point because it is ready to be consumed 

at this stage.
• Refining takes between three and five days as crude oil is converted to gasoline, 

propane, and heating oil.
• Additional transportation and trading take between 5 and 20 days to move the refined 

products to their ultimate consumption destination.
• Refineries and pipelines are extremely expensive to build, but they are still not as 

expensive as the costs of oil exploration.

Grains (e.g., Corn, Wheat, and Soya Beans)

• Grains are global commodities.
• The supply of and demand for grains depend on weather, disease, pests, and 

technology and politics (genetic modification, biofuel substitution).
• Grain life cycles typically involve the following steps:

o Planting 
o Growth
o Pod, head, or ear formation 
o Harvest

Industrial (Base) Metals (e.g., Copper, Nickel, Lead, and Zinc)

• These commodities are used in industrial production.
• Their demand is directly affected by gross domestic product (GDP) growth.
• Most can be stored for several years, so supply is not generally influenced by weather.
• Demand, however, can be influenced by weather and seasonal factors.
• Other influences on price include politics, development decisions, and environmental 

concerns.

Precious Metals (e.g., Gold, Silver, and Platinum)

• Investors tend to buy precious metals as hedges against inflation.
• Precious metals also tend to perform well in times of national government deficits.
• Precious metals can be stored almost indefinitely. Demand mostly depends on 

inflation expectations, fund flows, and commercial production.
• Technology is very important on the demand side, especially for platinum as it used in 

a variety of production processes.
• While total supply of these metals is fixed, available supply depends on the 

willingness of mining firms to extract them.

Life Cycle for Industrial and Precious Metals

• Extraction
• Grinding
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• Concentrating
• Roasting
• Smelting
• Converting
• Electro refining
• Storage and logistics

Note that:

• The life cycle of both precious and industrial metals is very flexible, as the ore, as well 
as the finished products, can be stored for long periods of time if stored properly.

• Realizing economies of scale is very important for smelter and processing plants to be 
viable in the long run.

• Firms in this industry will perform better during economic expansions because the 
increased demand helps cover their huge costs. During recessions, however, these 
firms are particularly susceptible to losses in cash flow because it is not easy for them 
to reduce or shut down operations.

Livestock (e.g., Cattle, Poultry, and Hogs)

• Both supply and demand depend on grain market activity and GDP. Expanding economies 
with significant grain production tend to have large livestock supplies. Livestock storage 
costs depend on grain prices necessary to keep the animals healthy and growing.

• Livestock prices may fall over the short term when grain prices are high, and may rise 
when grain prices are low.

• Weather and disease affect the health of any herd or flock and can significantly change 
prices.

• The time to maturity for livestock depends on the type of animal.
• Once slaughtered, there is high concern for spoilage, even as firms have developed 

efficient freezing systems.
• Improvements in technology have allowed the transportation of frozen meat globally, 

which has increased the global demand for the final product.

Cash Crops (e.g., Coffee and Sugar)

• Storage costs can be high because cash crops lose value as their freshness fades.
• Global economic growth influences demand and supply, as do weather, disease, and 

the popularity of consumption.
• The following steps are relevant for the coffee life cycle:

o Planting 
o Harvesting
o Removal of husk and fruit 
o Bagging
o Transportation to buyers 
o Delivery to retailers

COMMODITY VALUATION AND MARKETS

• Commodity ownership is quite different from debt or equity ownership in that there 
are no cash flow promises made. Further, commodity ownership entails storage and 
transportation costs.

• Spot pricing is a function of macroeconomic and microeconomic variables.
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• Different commodities have different inherent values depending on their economic use.
• Forward/futures pricing depends on (1) spot value, (2) expected supply and demand 

conditions, (3) price volatility, and (4) storage and transportation costs.
• While the spot price is typically greater than the forward/futures price (due to storage 

and transportation costs), this relationship may not hold in certain market conditions.

Commodity Market Participants

• Hedgers have natural spot positions in the commodity and use futures contracts to 
remove price uncertainty from a future trade.

• Speculators are investors who have strong opinions on future commodity prices. 
Speculators often take the opposite position from hedgers and can be long or short, 
depending on their expectations.

• Commodity traders and investors are typically grouped as informed investors, 
liquidity providers, or arbitrageurs.

o Informed investors are hedgers or speculators who believe they possess 
superior knowledge about commodity prices.

o Liquidity providers charge a premium for providing capital to the futures 
market and do so whenever producers or consumers experience a rush to buy 
or to sell.

o Arbitrageurs generally have access to physical storage or transportation 
systems and are able to manage inventory to generate an arbitrage profit.

• Commodity futures exchanges provide financial services to international businesses 
and offer the support system to enable futures trading to operate efficiently. They 
provide clearinghouses to improve the integrity of the market, and they furnish an 
outlet for commodity price discovery.

• Commodity market analysts provide a valuable service to all investors by using 
fundamental and technical analysis on price information, volatility, and supply and 
demand conditions in futures markets.

• Regulators are government bodies that attempt to improve the quality of markets 
through development of rules and regulations.

Spot and Futures Pricing

• The spot price of a commodity is simply its market value designated for current 
delivery. Spot prices of commodities vary across regions, reflecting logistical 
constraints and supply and demand imbalances that prevent the movement of 
materials.

• The futures price of a commodity is the market value designated for future delivery. 
Futures prices tend to be more global and are used by producers, consumers, and 
governments in decision making.

• The basis of a commodity is the difference between the spot price and the futures price.
o Contango occurs when the futures price exceeds the spot price.
o Backwardation occurs when the spot price exceeds the futures price.

• Backwardation and contango are also used to describe the relationship between two 
futures contracts of the same commodity.

o When the near-term futures price is higher than the longer-term futures price, 
the futures market is in backwardation.

o When the near-term futures price is lower than the longer-term futures price, 
the futures market is in contango.

o The price difference (whether in backwardation or in contango) is called the 
calendar spread.
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FUTURES RETURNS

Insurance Theory (Theory of Normal Backwardation)

• Producers use commodity futures markets for insurance by locking in prices and 
thus making their revenues more predictable. Due to persistent selling by producers, 
which pushes prices down in the future, the futures market will be in backwardation 
normally.

• Another way to think about this is that the futures price must be lower than the current 
spot price to compensate the counterparty that takes on the price risk and provides 
price insurance to the commodity seller. As the futures contract nears maturity, the 
futures price will converge to the higher spot price (assuming no change in front 
prices) providing positive excess returns, or a risk premium, to the futures contract 
buyer.

• Academic and professional research does not typically offer support for this theory, 
however, as several studies show that backwardation in markets does not lead to 
statistically significant positive returns or that contango leads to negative returns.

Hedging Pressure Hypothesis

• Futures prices are determined by the quantity of hedgers on both the short side and the 
long side of futures contracts.

o If consumers have greater demand for hedging than producers, the market will 
be in contango.

o If producers have greater demand for hedging than consumers, the market will 
be in backwardation.

• One issue with this theory is that producers generally have greater exposure to 
commodity price risk than consumers do.

• A second issue is that both producers and consumers speculate on commodity prices, 
whether the speculation is intended or unintended, and measuring any asymmetry in 
hedging pressure between buyers and sellers of a commodity is very difficult.

Theory of Storage

• A commodity that is regularly stored should have a higher price in the future (i.e., 
contango) to account for those storage costs.

• A commodity that is consumed along a value chain and entails minimal storage 
should have a lower price in the future (i.e., backwardation).

• An available supply of a commodity offers a buffer to potential supply disruption.
This convenience yield is inversely related to inventory size and general availability of 
the commodity.

• Therefore, futures prices can be written as:
o Futures price = Spot price of the physical commodity + Direct storage costs 

(such as rent and insurance) -  Convenience yield
• Limitations of this theory include the following:

o Storage costs are not always easily available.
o The convenience yield can be very volatile.
o Defining inventory for certain commodities can be tricky.
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COMPONENTS OF FUTURES RETURNS

The price return is the change in commodity futures prices, generally the front month contract.

Price return = (Current price -  Previous price) / Previous price

The roll return is effectively the accounting difference (in percentage terms) between the near- 
term commodity futures contract price and the farther-term commodity futures contract price.

Roll return = [(Near-term futures contract closing price
-  Farther-term futures contract closing price) /
Near-term futures contract closing price] 
x Percentage of the position in the futures contract being rolled

• Hedgers holding long positions in contango markets will sell the maturing contract for 
a lower price than what they will be paying for the new longer-term contract. Their 
roll return will be negative.

• Hedgers holding long positions in backwardation markets will sell the maturing 
contract for a higher price than what they will be paying for the new longer-term 
contract. Their roll return will be positive.

The collateral return is the yield (e.g., interest rate) for the bonds or cash used to maintain
the investor’s futures position(s). Note that for return calculations on indexed investments:

• The amount of cash considered in the calculation equals the notional value of the 
contracts.

• The yield on a risk-free government bond of similar term is used as the expected 
return.

Studies have shown that:

• Periods of either backwardation or contango do not persist indefinitely.
• Positive price returns are associated with negative roll returns as well as positive roll 

returns.
• Industrial metals, agriculture, livestock, precious metals, and soft commodities have 

statistically strong negative mean roll returns.
• Only energy has a reasonable statistical possibility of a positive mean roll return.
• Roll return can have an important impact on any single period return but overall has 

been relatively modest compared with price return.
• Roll return is very sector dependent.

COMMODITY SWAPS

Advantages of using commodity swaps instead of futures contracts:

• The daily settlement process can be avoided, as managing a significant number of 
futures contracts can be cumbersome.

• Swaps provide the opportunity for both a transfer of risk as well as additional ways to 
manage risk.
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• Swaps can be tailored to meet almost any investor need.
• Swaps offer greater flexibility because they are typically cash settled.

Types of Commodity Swaps

• In an excess return swap, two parties agree to exchange payments above a reference 
rate or price. An oil company might agree to exchange a constant premium for a 
payment equal to the difference between the current market price of oil and a specified 
price (fixed).

• A total return swap is an exchange of the return on a commodity index for a money 
market return plus a spread. This swap is typically used by institutional investors as a 
means to gain exposure to the commodity asset class.

• A basis swap is one in which the return on two commodities that are not highly 
correlated is exchanged. The basis swap typically involves commodities of two 
different liquidity levels, and the basis can be defined in almost any way as the 
difference between two commodity prices.

• A variance swap is similar to a fixed-for-floating interest rate swap, but the variance 
of a commodity is used as the reference point instead of an interest rate. Variance 
swaps are volatility bets in which one party believes the variance in one commodity 
will exceed the variance of the other one.

• A volatility swap is one in which actual volatility is swapped for expected volatility 
of one specific commodity.

COMMODITY INDEXES

Benefits of Commodity Indexes

Commodities indexes provide:

• A benchmark to evaluate diversified or concentrated commodity investments
• Inputs to make macroeconomic forecasts
• A reference value or return to price derivative securities

Key Characteristics of Commodity Indexes

• Breadth of coverage refers to the number of different commodities and sectors 
represented.

• Each index must have relative weightings assigned to each commodity or component 
of the index.

• The methodology for rolling the contracts as they mature will have an impact on 
returns.

• Rebalancing techniques and frequency of rebalancing may provide an opportunity to 
earn extra returns if there are strong positive or negative correlations between index 
components and the likelihood of the components to exhibit mean reversion.

• Rules-based indexes and selection-based indexes govern the manner in which the key 
characteristics are implemented.

Summary of Important Index Characteristics

• Value weighting tends to place more emphasis on energy companies’ returns because 
they tend to have higher prices.
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• The rolling method selected for each index is critical in that some indexes specifically 
choose commodities that trade in backwardation, which will give the appearance of 
higher returns because of the positive roll yield.

o In fact, some indexes pursue a policy to maximize weights of commodities in 
backwardation and minimize weights of commodities in contango.

o Many indexes try to avoid any weights in commodities trading in contango.
o Some indexes include near-term contracts with only the highest liquidity to 

avoid any drag on returns.
• The rebalancing method will influence returns on an index mostly when frequent 

rebalancing hurts performance, especially when markets are trading with momentum 
or significant trends. Rebalancing influences index returns more significantly when 
prices are mean reverting. Timing is critical, as reversion to the mean creates more 
opportunities for the index to generate more return when commodities with rising 
prices are sold and when commodities with falling prices are purchased. If the 
rebalancing date matches the mean reversion, rebalancing can add significant returns 
to the index. Frequent rebalancing, however, can lead to opportunity costs as upward- 
trending commodities are sold before they reach their peaks and downward-trending 
commodities are bought before they reach their bottoms.

o For indexes that rebalance monthly, returns will be higher when mean 
reversion occurs more frequently.

o For indexes that rebalance annually, returns will be higher when mean 
reversion occurs less frequently or not at all.
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PORTFOLIO MANAGEMENT

THE PORTFOLIO MANAGEMENT PROCESS AND THE
INVESTMENT POLICY STATEMENT

Cross-Reference to CFA Institute Assigned Reading #46

IMPORTANCE OF THE PORTFOLIO PERSPECTIVE

Risk can either be systematic (non-diversifiable) or unsystematic (diversifiable). Most equity 
pricing models assume that investors hold diversified portfolios and are only compensated 
for systematic risk. Therefore, instead of evaluating each investment in isolation, investment 
managers should take a portfolio perspective when evaluating an investment.

THE PORTFOLIO MANAGEMENT PROCESS 

Planning

1. Identifying and Specifying the Investor’s Objectives and Constraints
• Risk Objectives

o Risk may be measured in absolute or relative terms, 
o Risk measures include variance, standard deviation and value at risk 

(VAR).
o Risk tolerance is a function of the investor’s ability and willingness 

to take risk.
o Generally speaking, a client with a longer time horizon, high expected 

income, and greater net worth has a greater ability to bear risk. A 
client’s willingness to bear risk is based on more subjective factors 
including her psychological makeup, and level of understanding of
financial markets.

• Return Objectives
o Return objectives may also be stated in absolute or relative terms, 
o The return an investor wishes to achieve is called her desired return, 

while the minimum level of return she needs to achieve is called her 
required return.

o A portfolio manager should take the total return perspective, 
o The portfolio manager needs to ensure that the client’s return objec-

tives are realistic in light of her tolerance for risk.
• Investment Constraints

o Liquidity 
o Time 
o Tax concerns 
o Legal and regulatory factors 
o Unique circumstances

2. Creating the Investment Policy Statement 
An IPS includes the following: •

• An introduction that describes the client.
• A statement of purpose.

PM
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• A statement of duties and responsibilities of all the parties involved.
• A statement of investment goals, objectives, and constraints.
• A schedule for review of investment performance as well as the IPS itself.
• Performance measures and benchmarks to be used in performance evaluation.
• Any considerations to be taken into account in developing the strategic asset 

allocation.
• Investment strategies and investment style.
• Guidelines for rebalancing the portfolio based on feedback.

An IPS serves the following purposes:

• It helps the investor decide on realistic investment goals after learning about 
financial markets and associated risks.

• It creates a standard according to which the portfolio manager’s performance 
can be judged.

• It guides the actions of portfolio managers, who should refer to it from time 
to time to assess the suitability of particular investments for their clients’ 
portfolios.

3. Forming Capital Market Expectations
In this step, the portfolio manager develops long-run risk-return forecasts for various 
asset classes.

4. Creating the Strategic Asset Allocation
Strategic asset allocation (SAA) refers to the allocation of funds across different asset 
classes. A portfolio’s SAA is important because it is a portfolio’s allocation across 
various asset classes (not its allocation across securities within those asset classes) that 
is the primary determinant of portfolio returns.

Execution

The execution of the strategy is as important as the planning as it also has a significant impact 
on portfolio returns. Poorly executed strategies can increase transaction costs hence reducing 
investment returns. Transaction costs can be both explicit (e.g., commissions, fees, taxes, etc.) 
and implicit (e.g., missed trade opportunity costs, market price impacts of large trades, etc.).

Feedback

• Monitoring and rebalancing: A portfolio manager must monitor changes in the capital 
market expectations and investor needs, and rebalance the portfolio accordingly.

• Performance evaluation: Investors should periodically evaluate the performance of the 
portfolio in light of their investment objectives.

ETHICAL RESPONSIBILITIES OF PORTFOLIO MANAGERS

Portfolio managers generally have more knowledge regarding capital markets compared to 
their clients. Their conduct affects the well-being of their clients and many other people. In 
order to maintain the trust of their clients, portfolio managers should hold themselves to the 
highest standards of competence and standards of conduct.
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AN INTRODUCTION TO MULTIFACTOR MODELS
Cross-Reference to CFA Institute Assigned Reading #47

Multifactor models assert that there is more than just the one factor that can explain differences 
in expected returns across assets (i.e., they incorporate multiple sources of systematic risk).

ARBITRAGE PRICING THEORY

Arbitrage pricing theory (APT) describes the expected return of an asset (or portfolio) as a 
linear function of the risk of the asset (or portfolio) with respect to a set of factors that capture 
systematic risk. APT is an equilibrium pricing model that does not indicate the identity or even 
the number of risk factors.

Assumptions

1. Asset returns are described by a factor model.
2. There are many assets so investors can form well-diversified portfolios that have zero 

asset-specific risk.
3. No arbitrage opportunities exist among well-diversified portfolios.

APT Equation

E(RP) = Rp + Aipp i +... + AKpp K

E(Rp) = Expected return to portfolio p 
RF = Risk-free rate
Aj = Expected reward for bearing the risk of factor j 
Ppj = Sensitivity of the portfolio to factor j 
K = Number of factors

• The factor risk premium (or factor price ), Aj, represents the expected reward for 
bearing the risk of a portfolio with a sensitivity of 1 to factor j, and a sensitivity of 0 
to all other factors. Such a portfolio is called a pure factor portfolio (or more simply, 
the factor portfolio for factor j .

• The sensitivity of the portfolio’s return to factor j, (3pj, represents the increase in portfolio 
return in response to a one-unit increase in factor j , holding all other factors constant.

• The intercept term in the model is the risk-free rate. It represents the rate of return if 
the portfolio has 0 sensitivity to all risk factors (or 0 systematic risk).

The Carhart Model

The Carhart four-factor model (also known as the four-factor model and the Carhart 
model) is a commonly used multifactor model. It asserts that the excess return on a portfolio 
is a function of:

1. Its sensitivity to the market index (RMRF) that represents exposure to the market.
2. A market capitalization factor (SMB) that represents exposure to size.
3. A book-value-to-price factor (HML) that represents exposure to a value orientation.
4. A momentum factor (WML).
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TYPES OF MULTIFACTOR MODELS

• Macroeconomic factor models use surprises in macroeconomic variables that 
significantly explain returns as factors.

• Fundamental factor models use company- or stock-specific fundamentals (e.g., P/B 
ratio, P/E ratio, market capitalization, etc.) that explain cross-sectional differences in 
stock prices as factors.

• Statistical factor models apply statistical methods on historical returns of a group of 
securities to extract factors that explain observed returns.

MACROECONOMIC FACTOR MODELS

Macroeconomic factor models assume that return on each asset is correlated with surprises 
in certain factors related to the broader economy.

• A surprise refers to the difference between the actual value and expected value of a 
variable.

• A factor’s surprise refers to the component of the factor’s return that was unexpected, 
and factor surprises serve as explanatory or independent variables in the model.

Assuming that a stock’s returns can be explained by (1) surprises in inflation rates and 
(2) surprises in GDP growth rates, the equation for a macroeconomic factor model would be 
expressed as:

Rj -  aj + bnFINFL + bi2FGDP + 8j

Rj = the return to stock i 
^  = the expected return to stock i 
Fin f l  = the surprise in inflation rates 
FGd p = the surprise in GDP growth
bn = the sensitivity of the return on stock i to surprises in inflation 
bi2 = the sensitivity of the return on stock i to surprises in GDP growth 
8j = an error term with a zero mean that represents the portion of the return to 
stock i that is not explained by the factor model

Assumptions

• The two factors in the model, the surprise in inflation rates and the surprise in GDP 
growth are uncorrelated.

• Inflation rates and GDP growth rates are both priced risks.

The intercept term (aj) reflects the effects of the predicted values of inflation and GDP 
growth on the expected return on stock i.

The slope coefficients in the model (bn and bi2) are known as factor sensitivities, factor 
betas, or factor loadings. A factor sensitivity measures the change in the dependent variable 
to a one-unit change in the factor, holding all other factors constant.
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The error term reflects the portion of the return on stock i that is unexplained by the systematic 
factors included in the model. If the model incorporates all systematic factors (i.e., all sources 
of common risk), then 8j represents stock- or company-specific risk.
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FUNDAMENTAL FACTOR MODELS

Assuming that a stock’s returns can be explained by its (1) dividend yield and (2) P-E ratio, 
the equation for a fundamental factor model would be expressed as:

Ri — ai + bjjFQY + bi2FPE + £j

Rj = the return to stock i 
a j = intercept
Fd y  = return associated with the dividend yield factor 
Fpe = return associated with the P-E factor
bn = the sensitivity of the return on stock i to the dividend yield factor 
bi2 = the sensitivity of the return on stock i to the P-E factor 
£j = an error term

In fundamental factor models:

• The factors (FDY and FPE) are stated as returns rather than return surprises in relation 
to predicted values (as is the case with macroeconomic factor models). Therefore, the 
factors do not usually have an expected value of zero.

• The factor sensitivities can be attributes of the security (dividend yield and P-E ratio 
in our example) or of the issuing company (e.g., industry membership). Further, the 
factor sensitivities in these models are typically standardized.

o Sometimes however, fundamental models also incorporate factors, such as 
industry membership, that are represented as binary dummy variables.

• The intercept is not interpreted as expected return (as was the case in the 
macroeconomic factor model). The intercept has no economic interpretation when 
the factor sensitivities are standardized (which is typically the case). If the factor 
sensitivities are not standardized, the intercept term could be interpreted as the risk-
free rate.

• Generally speaking, the factors used to model returns for equities can be placed into 
three broad groups: (1) company fundamental factors, (2) company share-related 
factors, and (3) macroeconomic factors.
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MULTIFACTOR MODELS: SELECTED APPLICATIONS 

Factor Models in Return Attribution

Active return = Rp -  RB

Active return can be broken down into:

• The return from the portfolio manager’s factor tilts: This refers to over- or 
underweights relative to the benchmark factor sensitivities. The return from factor tilts 
is calculated as the product of the portfolio manager’s active factor sensitivities (factor 
tilts) and the factor returns.

• The return from individual asset selection or security selection: This reflects 
the manager’s skill in individual asset selection, i.e., ability to overweight securities 
that outperform the benchmark or underweight securities that underperform the 
benchmark.

K
Active return = ^[(Portfolio sensitivity)k -  (Benchmark sensitivity)k]

k=l
x (Factor retum)k + Asset selection

Factor Models in Risk Attribution

Active risk (also known as tracking error, TE, or tracking risk) is the standard deviation of 
active returns.

Active risk squared is the variance of active return.

Active risk squared = s (RP- R B)

Active risk squared = Active factor risk + Active specific risk

• Active specific risk or asset selection risk is the contribution to active risk squared of 
placing different-than-benchmark weights on individual assets after accounting for the 
differences in factor sensitivities between the portfolio and the benchmark.

n

Active specific risk = X Wi
i=l

PM

• Active factor risk is the contribution to active risk squared of taking different-from 
benchmark exposures relative to factors specified in the risk model (factor tilts), 

o Active factor risk can be computed as the difference between active risk 
squared and active specific risk.
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The Information Ratio

The information ratio (IR) is used to evaluate mean active return per unit of active risk.

s(Rp -  Rb)

The higher the information ratio, the better the risk-adjusted performance of the portfolio. 

Factor Models in Portfolio Construction

• Passive management. If a portfolio manager wants a fund to track the performance 
of a particular index that consists of many securities, she may need to choose a 
representative sample of securities from the index for her fund. Multifactor models 
can be used to align the fund’s factor exposures with those of the index.

• Active management. Multifactor models are used to predict alpha (excess risk- 
adjusted returns) and relative return under various active investment strategies. They 
are also used to establish desired risk profiles when constructing portfolios.

• Rules-based active management (alternative indices). These strategies routinely tilt 
toward factors such as size, value, quality, or momentum when constructing portfolios. 
Multifactor models are used in these strategies to tilt the portfolio’s factor sensitivities 
and style biases relative to capitalization-weighted indices.

Factor Portfolios

A factor portfolio is constructed to have a sensitivity of 1 to a specific factor and a sensitivity 
of 0 to all other factors in the model. Therefore, it has exposure to only one risk factor and 
exactly represents the risk of that factor. Factor portfolios are of interest to managers who 
want to (1) hedge against a particular risk or (2) speculate on a particular outcome.
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MEASURING AND MANAGING MARKET RISK
Cross-Reference to CFA Institute Assigned Reading #48

VALUE AT RISK (VAR)

Value at risk (VaR) describes a minimum loss to which a portfolio or portfolios of assets 
might be subject over a particular time period with a certain degree of probability.

The parametric method generates a VaR estimate based on return and standard deviation, 
typically from a normal distribution.

E(RP) = X wiRi
i=l

^w^Gj"  +  w [ O j  +  2wjOjWjOjPj  j

Unannualized GP = Annual GP / No. of days0'5

PM

Note that:

• The parametric method using the normal distribution is easy to use and employs 
historical values that can be adjusted for reasonableness in any environment.

• However, it does not reflect the nonparametric losses that result from unexercised 
options in a portfolio that expire worthless.

• Further, the distribution changes as time value diminishes and the option value 
approaches the underlying security value at maturity.

• Finally, sensitivity to correlation changes between portfolio assets adds instability to 
the estimate.

The historical simulation method uses current portfolio weights for each asset multiplied 
by its percentage return for each period. All available returns representing expected reality 
would be used. Returns for the repriced portfolio are ranked lowest to highest, and VaR is then 
determined for the required confidence interval.

Note that:

• The historical simulation method can be adjusted by overweighting more current or 
more realistic returns while underweighting older or less realistic outcomes.

• Additionally, historical simulation can accommodate options in a portfolio because it 
uses outcomes that actually occurred.

• On the other hand, the historical simulation method suffers from the disadvantage of 
representing only historical reality rather than extreme outcomes that can occur. As
a result, historical simulation is recommended only when the future appears likely to 
reflect past results.
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Monte Carlo simulation employs user-developed assumptions to generate a distribution of 
random outcomes. This method overcomes the problem of potential outcomes outside past 
results as in a historical simulation, while avoiding complexity inherent in correlations among 
a wide variety of assets as in the parametric method.

• The challenge lies in the trade-off between greater reliability of many simulation runs 
versus the time and cost of many runs.

• Further, the distribution resulting from a Monte Carlo simulation will tend to resemble 
the distribution from which it is drawn.

Advantages of VaR

• Simple concept.
• Easy to communicate.
• Provides a basis for risk comparison.
• Facilitates capital allocation decisions.
• Can be used for performance evaluation.
• Reliability can be verified.
• Widely accepted by regulators.

Limitations of VaR

• Subjectivity.
• Underestimating the frequency of extreme events.
• Failure to account for liquidity.
• Sensitivity to correlation risk.
• Vulnerability to trending or volatility regimes.
• Misunderstanding the meaning of VaR.
• Oversimplification.
• Disregard of right-tail events.

Extensions of VaR

• Conditional VaR, also known as expected shortfall or expected tail loss, describes 
the average loss expected outside confidence limits.

o Conditional VaR is not technically a VaR measure.
o Conditional VaR will most likely be developed using historical or Monte Carlo 

approaches.
• Incremental VaR (IVaR) examines how the minimum loss will change if a position 

within the portfolio changes. Marginal VaR (MVaR) is a related concept that uses 
calculus to identify the change to minimum loss from some marginal change in 
portfolio positions.

• Relative VaR, also known as ex ante tracking error, describes the minimum loss at a 
given level of confidence of the manager’s bets relative to a benchmark.

OTHER RISK MEASURES 

Sensitivity Risk Measures

Sensitivity measures quantify how a security or portfolio will react if a single risk factor 
changes. Note that they do not indicate which portfolio has greater loss potential.
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Beta is the most widely used equity exposure measure. It measures the sensitivity of the 
security’s expected return to the equity risk premium. Beta is calculated as the covariance of 
the asset return with the market return divided by the variance of the market return.

Duration and convexity are the most widely used fixed-income exposure measures.

• Duration measures the change in the price of a bond in response to a change in 
yields.

• Convexity describes the sensitivity of a bond’s duration to changes in interest rates. 
Convexity becomes more important as yield changes become larger and holding 
periods become longer.

AB
B

(Ay)2
(i + y)2

When it comes to options, delta, gamma, and vega are used to measure risk.

Delta measures the responsiveness of the value of an option to a change in the price of the 
underlying.

Ac
Delta = —

AS

Gamma measures the change in option delta in response to changes in the price of the 
underlying.

_  _ ADelta
1 = Gamma = --------

AS

Vega measures the change in the value of an option in response to changes in the volatility of 
the underlying.

Scenario Risk Measures

Scenario measures, including stress tests, are risk models that evaluate how a portfolio will 
perform under certain high-stress market conditions.
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Historical scenarios are scenarios that measure the portfolio return that would result 
from a repeat of a particular period of financial market history.

©2019 Wiley



PORTFOLIO MANAGEMENT

• Hypothetical scenarios model the impact of extreme movements and co-movements 
in different markets that have not previously occurred.

o Reverse stress testing is the process of stressing the portfolio’s most 
significant exposures.

Advantages of Sensitivity and Scenario Risk Measures

Sensitivity and scenario risk measures can complement VaR in the following ways:

• Sensitivity measures address some of the shortcomings of position size measures.
• Sensitivity measures do not rely on history.
• Scenarios can be designed to overcome any assumption of normal distributions.
• Scenarios can be tailored to expose a portfolio’s most concentrated positions to even 

worse movement than its other exposures, allowing liquidity to be taken into account.

Limitations

• Sensitivity measures do not generally distinguish between assets based on volatility. 
However, one way around this is to measure sensitivity to a one standard deviation 
movement in an asset’s price or yield.

• History does not always repeat itself.
• Hypothetical scenarios may incorrectly specify how assets will co-move, they may get 

the magnitude of movements wrong, and they may inaccurately adjust for the effects 
of liquidity and concentration.

• Hypothetical scenarios can be very difficult to create and maintain.
• It is very difficult to know how to establish the appropriate limits on a scenario 

analysis or stress test.

APPLICATIONS OF RISK MEASURES

Factors That Influence the Type of Risk Measures Used by Market Participants

• The degree to which the market participant is leveraged.
• The mix of risk factors to which their business is exposed.
• The accounting or regulatory requirements that govern their reporting.

Risk Measures Used by Financial Institutions

• Banks use risk tools to assess the extent of any liquidity and asset/liability mismatch, 
the probability of losses in their investment portfolios, their overall leverage ratio, 
interest rate sensitivities, and the risk to economic capital.

• Asset managers’ use of risk tools focuses primarily on volatility, probability of loss, or 
the probability of underperforming a benchmark.

• Pension funds use risk measures to evaluate asset/liability mismatch and surplus at risk.
• Property and casualty insurers use sensitivity and exposure measures to ensure that 

exposures remain within defined asset allocation ranges, economic capital and VaR 
measures to estimate the impairment in the event of a catastrophic loss, and scenario 
analysis to stress the market risks and insurance risks simultaneously.

• Life insurers use risk measures to assess the exposures of the investment portfolio and 
the annuity liability, the extent of any asset/liability mismatch, and the potential stress 
losses based on the differences between the assets in which they have invested and the 
liabilities resulting from the insurance contracts they have written.
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USING CONSTRAINTS IN MARKET RISK MANAGEMENT

• Risk budgeting occurs when the firm chooses a desired maximum risk and then 
budgets this out to business units or individual portfolios. The risk will generally be 
based on ex ante tracking error or VaR.

• Position limits can be formulated to avoid event risk and overconcentration, but 
should not be so constraining that they prevent outperforming a benchmark.

• Scenario limits address potential correlation changes and results from a non-normal 
distribution as with VaR. Scenario limits can be used to trigger asset manager actions 
to help protect the portfolio.

• Stop-loss limits require reduction in position or portfolio size, or even complete 
liquidation, when positions exceed their limits over a specified period.

Capital allocation aligns risk and reward by putting limits on capital assigned to each of the 
firm’s activities. This prevents an unproven strategy from potentially siphoning away all risk 
capital from other potentially lucrative strategies.
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ECONOMICS AND INVESTMENT MARKETS
Cross-Reference to CFA Institute Assigned Reading #49

FUNDAMENTAL PRESENT VALUE FORMULA

N  Et 
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Components of the Discount Rate

• Real risk-free rate (lt s).
• Compensation for inflation (0r v).
• Compensation for uncertainty about the asset’s future cash flows (pM).

o The risk premium on risky assets for uncertainty increases during recessions, 
o Can also include compensation for other types of risk (e.g., liquidity risk).

Expectations and Asset Values

Current information/expectations are reflected in market prices. New information that changes 
expectations affects asset values and realized returns. Prices can fall (rise) despite good (bad) 
news if the market expected better (worse) news.

THE DISCOUNT RATE ON REAL DEFAULT-FREE BONDS

Note: Statements/assertions laid down in this section are based on the assumption that 
there is no default-risk and no inflation.

The decision to purchase a risk-free inflation-indexed bond is determined by the investor’s 
willingness to substitute consumption today for consumption in the future. The inter-temporal 
rate of substitution (ITRS) is the ratio of the marginal utility of consumptions 5 periods in the 
future (MUF) to the marginal utility from consumption today or current consumption (MUC).

Generally speaking:

• The greater the amount of consumption the lower the marginal utility of consumption.
• The greater the investor’s wealth, the lower the marginal utility of consumption.

In bad (good) economic times, the ITRS tends to be higher (lower), which leads to a higher 
(lower) price for a risk-free asset. Basically, the ITRS is inversely related to real GDP growth. •

• If the price of a risk-free bond is less than her expected ITRS, then the investor 
would purchase more of the bond. This increase in investment leads to (1) a decline 
in current consumption, which brings about an increase in MUC, and (2) an increase 
in expected future consumption which decreases MUF. Consequently, the ITRS falls 
until it equals the price of the bond.

• If there are enough investors in the market who believe that the current price of the 
bond is lower than their expected ITRS, then there would also be an impact on the 
price of the bond. The higher demand for the bond will lead to an increase in its price 
and this would happen at the same time that investor’s ITRSs are falling.
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• If the price of the bond is greater than her expected ITRS, then the investor would sell 
the bond. This decrease in investment leads to (1) an increase in current consumption, 
decreasing MUC, and (2) a decrease in expected future consumption, increasing MUF. 
Consequently, the ITRS rises until it equals the price of the bond.

• If there are enough investors in the market who believe that the current price of the 
bond is higher than their expected ITRS, then their selling the bond would result in 
a decrease in its price. This would happen at the same time that investor’s ITRS are 
rising.

The one-period real risk-free rate is inversely related to the ITRS. The higher the return 
the investor can earn, the more important current consumption becomes relative to future 
consumptions, and lower is the willingness to substitute current consumption from future 
consumption.

Uncertainty and Risk Premiums

• The expected marginal utility from a given expected payoff is negatively related to 
the uncertainty of the payoff. The higher the uncertainty of the payoff, the lower its 
marginal utility, the greater the required risk premium and the higher the required 
return.

• An investor’s absolute risk aversion falls as her income/wealth increases. For a 
given risk, the risk premium required is lower for wealthier individuals. As a result, 
wealthier investors are willing to buy more risky assets than poorer investors, and they 
are only willing to buy safer investments at a lower price.

Risk Premiums on Risky Assets

The value of a risky asset can be broken down into two components:

• A risk-neutral present value, which is its expected future price discounted at the 
risk-free rate.

• The covariance between an investor’s ITRS and the expected future price of the 
investment based on information available today.

o This covariance term is the discount for risk.
o With investors being risk-averse, for most risky assets, the covariance term is 

negative.
■ This is because when the expected future price of the asset is high, 

MUF will be low (due to higher expected future consumption), result-
ing in a lower ITRS.

o The negative covariance term results in a lower price for most risky assets, 
which implies a positive risk premium.

Takeaways:

• All other things remaining the same, the larger the magnitude of the (negative) 
covariance term, the lower the market price of the asset, and the higher the risk 
premium and required rate of return for the asset.

• Even the discount rate applied to a zero-coupon, risk-free, inflation-indexed bond will 
include a premium for risk because there is uncertainty regarding its market price 
before maturity.
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• An asset that offers high returns in bad economic times (when MUC is high because 
consumption levels are low) would be a type of hedge against recessions. Such an 
asset would have a positive covariance term, higher price, lower required return and 
negative risk premium.

Default-Free Interest Rates and Economic Growth

Real default-free interest rates are:

• Positively related to the rate of GDP growth.
• Positively related to the expected volatility of GDP growth.

THE YIELD CURVE AND THE BUSINESS CYCLE

Note: Statements/assertions laid down in this section are based on the assumption that
there is no default-risk, but there is inflation.

Pricing Equation for Nominal Coupon-Paying Government Bond

Short-Term Nominal Rates and the Business Cycle

Over the short term, there is minimal uncertainty over inflation so we ignore nts 

Pricing Equation for Short-Term Government Bonds

Short-term default-free nominal interest rates are:

• Positively related to short-term expected inflation (0M).
• Influenced by the central bank’s policy rate.

o When inflation is above (below) the targeted level, the policy rate should be 
above (below) the neutral rate.

• Positively related with the short-term real interest rate/neutral rate (lt s), which in turn 
is positively related to (1) GDP growth rates and (2) the volatility of GDP growth.

o Note that the neutral rate may also change if the central bank’s inflation target 
changes.
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Conventional Government Bonds

For T-Bills, since they are short-term investments, there is minimal uncertainty regarding 
the real value of the payoff. Therefore, these instruments are a good hedge against bad 
consumption outcomes, which means that the risk premium required to invest in them is close 
to zero.

For longer-term default-free bonds, even though the cash flow at maturity is certain, there 
is greater uncertainty regarding the real value of the payoff (due to the low predictability of 
inflation over the long run). Therefore, investors require a premium (nt s) for this uncertainty.

The break-even inflation (BEI) rate is the difference between the yield on a zero-coupon 
default-free nominal bond and the yield on a zero-coupon default-free real bond. It includes:

• Expected inflation over the investment horizon (0r v).
• A risk premium to compensate for the uncertainty about future inflation (nttS).

When there is a significant shift in the yield curve, it is useful to break down the shift into its 
real and inflationary components.

• A decline in the inflationary components reflects lower levels of expected future 
inflation.

• A decline in the real component reflects a lower level of expected future economic 
growth.

Level, Slope, and Curvature of the Yield Curve

• The level of the yield curve is influenced by:
o Level of economic activity, 
o Views of future inflation.

• The slope of the yield curve is influenced by:
o Magnitude of the risk premium.
o Current phase of business cycle. Monetary policy has more of an impact on 

short-term rates than on longer-term rates.
■ The slope of the yield curve tends to increase during recessions.

• The curvature of the yield curve may increase as the economy moves out of a 
recession.

The Term Spread

• The term spread is the slope of the yield curve. It is calculated as the difference 
between the yield on a long-term government bond and the yield on an equivalent 
one-year bond.

• A steep slope (high term spread) implies that the market expects a sharp increase in 
interest rates.

• A steeply inverted curve (negative term spread) implies that the market expects 
sharply falling inflation and future interest rates.

• A recession is often preceded by a flattening, or even inversion, of the yield curve.
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Risk premiums for government bonds tend to fall in times of economic uncertainty as 
investors place a greater value on their consumption hedging properties (higher demand —> 
higher price —> lower yield —> lower risk premium). Risk premiums on these bonds tend to 
rise when the economy is doing well.

The slope and yield of the yield curve is influenced by the following factors:

• Expected future interest rates.
• Expected future inflation and economic growth rates.
• Maturity risk premiums.
• Supply and demand factors.
• Regulatory factors.

CREDIT PREMIUMS AND THE BUSINESS CYCLE

Note: Statements/assertions laid down in this section are based on the assumption that 
there is default-risk, and there is inflation.

Pricing Equation for Credit-Risky Bonds
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The credit premium (yts) reflects the risk of uncertainty associated with the amount and timing 
of cash flows on a credit risky bond.

Credit Spreads and the Credit Risk Premium

The credit spread is the difference between the yield on the corporate bond and the yield on 
a default-free bond with the same currency denomination and maturity. While both risk-free 
and credit risky bonds are subject to interest rate risk, it is the credit risk component of the 
risky bond and the evolution of credit spreads over time that cause returns on government and 
corporate bonds to differ.

Generally speaking:

• Credit spreads on investment grade bonds are narrower than those on high-risk bonds.
• Leading up to and during recessions, credit spreads tend to widen across the board.

As a result of their poor ability to hedge against bad consumption outcomes, investors 
demand a risk premium to invest in credit-risky bonds.

• Credit spreads tend to narrow as the economy comes out of a recession.
• When spreads are narrowing (during expansions) low-rated corporate bonds tend to 

outperform higher-rated bonds.
• When spreads are widening (during recessions) higher-rated bonds tend to perform 

better.
• During recessions:

o Spreads for consumer cyclicals rise more than spreads for consumer non- 
cyclicals.

o Recovery rates tend to be higher for secured as opposed to unsecured bonds. pm
o Recovery rates tend to be lower than when the economy is expanding.
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The credit spread on sovereign bonds issued by emerging market governments is calculated 
as the difference between the yields on those bonds and yields on comparable U.S. Treasuries.

Sovereign spreads tend to rise in an uncertain global economic environment.

EQUITIES AND THE EQUITY RISK PREMIUM

Pricing Equation for Equities

Kt s is the additional return investors demand for investing in equities over and above the return 
required for investing in credit-risky bonds.

The equity risk premium (ERP) is the return demanded on top of the return on a default-free 
bond denominated in the same currency.

PM

Generally speaking:

• Recessions have been associated with sharp falls in equity values. Because equities 
tend to be a poor hedge for bad consumption outcomes, the equity premium is 
positive.

• Corporate earnings tend to fall dramatically in a recession. However, corporate profits 
can also lead an economy out of a recession if companies invest aggressively in 
response to any resurgence in aggregate demand. This is why corporate profitability is 
considered a leading indicator of economic growth.

• Demand for products made by non-cyclical, defensive companies (staple or less- 
discretionary consumer goods) tends to remain fairly stable through the business 
cycle.

• Demand for products made by cyclical companies (discretionary goods) tends to 
fluctuate during the business cycle. A rise in earnings of cyclical companies after a 
period of decline is a leading indicator of wider economic growth.

• Durable goods consumption is more volatile than consumption of non-durable goods.

Factors That Can Result in a Higher P/E

• An increase in expected future real earnings growth.
• Falling interest rates.
• Falling inflation expectations.
• A decline in uncertainty regarding future inflation.
• A fall in the equity risk premium.

An alternative valuation multiple is the real cyclically adjusted P/E (CAPE). It uses the real 
(inflation-adjusted) price of the equity market and a 10-year moving average of the market’s 
real earnings. Periods where the market has traded at a high (low) CAPE have historically 
been followed by low (high) returns.
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Investment Strategy

• Value stocks tend to outperform growth stocks in the period following a recession.
• Growth stocks tend to outperform value stocks when the economy is expanding.
• Small stocks tend to underperform large stocks in bad times.

COMMERCIAL REAL ESTATE

• Commercial real estate can be viewed as a part bond, part equity investment.
o The rental income received from commercial real estate is analogous to the 

coupon derived from a bond. The credit quality of a portfolio of commercial 
real estate depends on the credit quality of the tenants. Generally speaking, the 
lower the credit quality of the tenants, the less likely that they will pay their 
rent (if at all).

o Upon expiration of the lease of a commercial property, the investor can 
re-rent it, sell it or redevelop it for a future sale. This raises the possibility 
of a profit or loss on the capital invested, which adds an equity-like dimension 
to a commercial real estate investment.

• Commercial real estate investments are relatively illiquid and entail high transaction 
costs.

Pricing Formula for Commercial Real Estate

N  E ,  
D > _ V ' 1 

1
3) + Cn 1__

1

*=1 (* + l t,s +  + K t,s +  Y/,5 +  K , s  +  <Pm  )

Note that:

• Expected cash flows are uncertain.
• The credit risk (yt s) comes from the uncertainty regarding rental income receipts.
• Kt s is the additional return required to compensate for the uncertainty regarding the 

value of the property at the end of the investment horizon.
• cpr v reflects compensation for liquidity risk.

The relative sizes of the different risk premiums depend on the length of the lease, the quality 
of the tenant and the location of the property.

Studies have shown that historically:

• Growth in rental income on commercial real estate has been fairly stable in nominal 
terms.

• However, commercial property capital values have been much more sensitive to the 
business cycle. They tend to fall (rise) during recessions (expansions).

• This pro-cyclical nature of commercial property prices leads to investors demanding 
a high risk premium (it is a poor hedge against bad consumption outcomes). The risk 
premium on commercial real estate is closer to the premium demanded on equities 
than to the premium on risk-free government bonds.
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ANALYSIS OF ACTIVE PORTFOLIO MANAGEMENT
Cross-Reference to CFA Institute Assigned Reading #50

Value Added

Decomposition of Value Added

• Value added from asset allocation. This refers to the value added by changing the 
weights of various asset classes in the managed portfolio relative to the benchmark.

• Value added from security selection. This refers to the value added by changing 
the composition of various individual securities within an asset class relative to the 
benchmark.

Ra = Value added from security selection + Value added from active allocation

—  (w p  stocks^A, Stocks ^ P, Bonds ̂ A ,  Bonds') (Awstocks ̂ B , Stocks “E Bonds ̂ B , Bonds )

For more than two asset classes:
M M

Value added = RA + 2 J ^ p j Ra j  + ^ A Wj RBj  where M  = Number of asset classes
j=  i j=  i

COMPARING RISK AND RETURN 

The Sharpe Ratio

The Sharpe ratio measures a portfolio’s excess return per unit of risk, where risk is measured 
by the standard deviation of the portfolio return (also known as total risk or volatility). •

• When comparing two funds based on historical Sharpe ratios, we must ensure that 
they are computed from the same measurement period.

• The Sharpe ratio is unaffected by the addition of cash or leverage to a portfolio.
• The two fund separation theorem asserts that all investors would hold some 

combination of the risk-free asset and the risky asset portfolio with the highest Sharpe 
ratio. If the investor wants to increase her portfolio’s expected return she could add 
leverage to her portfolio, and if she wants to reduce her expected risk she would hold 
more cash and less of the risky asset portfolio.
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The Information Ratio

The information ratio measures the active return from a portfolio relative to a benchmark 
per unit of active risk (which is the volatility of the active return, and also known as 
benchmark tracking risk). The information ratio is used to evaluate the consistency of active 
return.

T r- . . / tt^x Active return RAInformation ratio (IR) = ---------------- = — -— = —  -------—
Active risk o(RA) a(RP -  RB)

• Since active management is a zero-sum game, the realized information ratio across all 
funds with the same benchmark should be close to zero.

• If an investor does not expect a positive ex ante information ratio, she should just 
invest in the benchmark.

• Rankings based on active risk (standard deviation of active return) can be different 
from rankings based on total risk (standard deviation of returns).

• Unlike the Sharpe ratio, the information ratio is affected by the addition of cash or 
leverage to a portfolio. If cash is added to a portfolio, the information ratio of the 
combined portfolio will fall.

• The information ratio is not affected by the magnitude of active weights.
o Note that an outside investor cannot change the active risk of a managed 

portfolio by changing its individual asset active weights. However, she can 
effectively change her active risk exposure by taking appropriate positions on 
the benchmark.

CONSTRUCTING THE OPTIMAL PORTFOLIO

SRp = S R | + IR2

All other things remaining the same, an investor should choose the investment manager with 
the highest level of skill (as measured by her information ratio) because investing with her will 
produce the highest Sharpe ratio for her own portfolio.

Determining the Optimal Amount of Active Risk

The optimal level of active risk is the level of active risk that yields the highest Sharpe ratio 
for the investor.

For unconstrained portfolios, the optimal level of active risk (also known as the optimal 
amount of aggressiveness) is computed as:
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THE FUNDAMENTAL LAW OF ACTIVE MANAGEMENT 

The Correlation Triangle

The Correlation Triangle

F o r e c a s t e d  

A c t i v e  R e t u r n s

M-y

• The correlation between active weights and realized active returns (the base of the 
triangle) reflects realized value added through active portfolio management.

• The correlation between forecasted active returns and realized active returns (right 
vertical leg of the triangle) represents signal quality, which is commonly referred to 
as the information coefficient (IC).

• The correlation between forecasted active returns and active weights (left vertical leg 
of the triangle) represents the extent to which the investor’s forecasts are translated 
into active weights in her portfolio. It is commonly referred to as the transfer 
coefficient (TC).

Assuming that active returns on individual securities are uncorrelated, the mean-variance- 
optimal active security weights, subject to a limit on active portfolio risk are given by:

o f  i c Vb r
where p, = IC * o,- * St

• The information coefficient (IC) is the ex ante, or anticipated correlation between 
active return forecasts and realized active returns.

• Breadth (BR) represents the number of independent active decisions made by the 
investor per year in constructing the portfolio.

Remember that:

• The larger the forecasted active return for a security (p7), the larger its desired active 
weight (AW*).

• The greater the forecasted volatility of active return for a security (a,), the lower its 
desired active weight (AW/).

• The greater the desired active portfolio risk (aA), the larger the individual active 
weights (AW*).
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The Basic Fundamental Law

E(RA)* = IcV BRaA

= Information ratio(IR ) = ICVBR
o (Ra)

The Full Fundamental Law

E(RA) = TC IcVBRaA

Note that there is no with the expected active return here because the portfolio is constructed 
with constrained active security weights.

-  = Information ratio(IR) = TC * IC * VBR
a(R A)

Optimal Amount of Active Risk for a Constrained Portfolio

o(RA) = TC g (RB)

Maximum Value of the Constrained Portfolio’s Sharpe Ratio

Ex Post Performance Measurement

The realized information coefficient (ICR), which reflects how actual active returns correlate 
with realized active returns, allows us to determine what realized return to expect given the 
transfer coefficient.

Expected value added conditional on the realized information coefficient, ICR, is calculated as:

E(RAIICR) = (TC)(ICR)VBR aA

The realized value added from an actively managed portfolio can be broken down into two 
parts:

• The expected value added given the realized skill of the investor for the period, E(RA I
I C r ) .

• Any noise that results from constraints that prevent the portfolio constructed from 
being optimal.

RA = E(RA I ICR) + Noise
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Ex post or realized active return variance can also be broken down into two parts:

• Variation due to the realized information coefficient.
o Studies have shown that the proportion of realized variance that can be 

attributed to this part equals TC2.
• Variation due to noise induced by constraints on the portfolio.

o Studies have shown that the proportion of realized variance that can be 
attributed to this part equals 1 -  TC2.

• This implies that if an investor’s TC is low, there is a high probability that when his 
forecasts are accurate, his actual performance is poor, and when his forecasts are 
inaccurate, his performance is actually good.

APPLICATIONS OF THE FUNDAMENTAL LAW

• Given the number of individual assets being considered (AO, if the correlations 
between different assets does not equals zero, the value of breadth will be different 
from the number of assets.

• The more ambitious the forecasts, the greater the value of the information coefficient 
(IC) in the fundamental law.

o For example, consider Assets X and Y, whose active returns are believed to 
be positively correlated. If an investment manager forecasts that the active 
returns on these two assets will actually go in different directions (a relatively 
ambitious forecast), the IC used in fundamental law accounting will increase.

• If constraints are placed in portfolio construction, there will be reduction in the 
transfer of active return forecasts into active weights (i.e., the transfer coefficient, TC 
will be lower). This reduction in the TC will lead to a decrease in the expected active 
return and in the information ratio.

• For an unconstrained portfolio, an increase in allowed active risk leads to a 
proportionate increase in active return, leaving the information ration unchanged. 
However, for a constrained portfolio, the information ratio decreases with the level of 
aggressiveness of the strategy. Specifically, it decreases at an increasing rate due to an 
increasingly lower transfer coefficient.

PRACTICAL LIMITATIONS 

Ex Ante Measurement of Skill

Studies have shown that realized active portfolio risk is a function of (1) benchmark tracking 
risk predicted by the risk model and (2) the uncertainty of the information coefficient.

The greater the uncertainty regarding forecasting ability, the lower the expected value added.
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Independence of Investment Decisions

BR does not equal N  when (1) the active returns between individual assets are correlated, or 
(2) forecasts are not independent from period to period. BR can then be estimated as:

• For hedging strategies that make use of derivatives and other form of arbitrage, BR 
will be much higher than the number of securities.

• For arbitrage strategies, the information ratio will be quite high even for relatively 
modest values of IC.

In the fixed-income arena, almost all bonds are, at least to a certain extent, driven by interest
rate risk and credit risk, resulting in some correlation between returns.

When it comes to market-timing active management strategies:

• More frequent rebalancing can increase the information ratio, but only to the extent 
that forecasts are independent form one period to the next.

• Generally speaking, there are such few opportunities to make active decisions that in 
order to achieve a high expected active return or a high information ratio, the portfolio 
manager must have a higher information coefficient.

Other practical limitations of the fundamental law include:

• Transaction costs and taxes are ignored.
• The limitations of mean-variance optimization also apply here.
• The problems associated with estimation and use of risk models (e.g., identifying the 

right set of risk factors, non-linearities, and non-stationary returns).
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ALGORITHMIC TRADING AND HIGH-FREQUENCY TRADING
Cross-Reference to CFA Institute Assigned Reading #51

Algorithmic trading uses a computer to find opportunities, place orders, and manage their 
execution in a series of programmed steps called an algorithm.

EXECUTION ALGORITHMS VERSUS HIGH-FREQUENCY TRADING ALGORITHMS

Execution algorithms automate decisions on how to place trades into markets. They attempt 
to minimize trading impacts of large trades by breaking them down into smaller trades that 
can be introduced into the market over time. This reduces visibility of the trading strategy to 
other traders and algorithms, and better matches supply with demand for the asset. Approaches 
to breaking up the large order include volume-weighted average price (VWAP), market 
participation, and implementation shortfall.

High-frequency trading (HFT) algorithms focus on when to trade or what to trade. They 
aim to find and execute opportunistic trades, often small in size but designed to be profitable 
on volume.

• Event-driven algorithms systematically analyze whether events confirm or could 
potentially change asset values. Types of HFT-relevant events include quote events, 
trade events, and news events.

• Statistical arbitrage algorithms monitor instruments that are known to be 
statistically correlated with the goal of detecting breaks in the correlation that indicate 
trading opportunities. Examples include:

o Pairs trading: Correlation changes between assets (e.g., options and the 
underlying).

o Index arbitrage: Correlation changes between individual instruments and an index, 
o Basket trading: Correlation changes within a basket of securities included in an 

index (includes aspects of pairs trading and index arbitrage), 
o Spread trading: Spread changes between two instruments, particularly popular 

in commodities markets and usually involving a long position and a short 
position. Some examples include:

■ Intramarket spread—Spread changes for instruments representing 
the same commodity but different delivery dates (e.g., between July 
and March wheat).

■ Intermarket spread— Spread changes for instruments representing 
different commodities of the same delivery date (e.g., July gold and 
silver).

■ Interexchange spread— Spread between the same commodity in dif-
ferent exchanges (e.g., corn in Kansas City vs. Chicago market).

■ Crack spread— Spread between crude oil and petroleum products.
■ Spark spread— Spread between input costs (including operating) and 

output price for units of electricity (i.e., operating margin).
■ Crush spread— Spread between commodity and output prices (e.g., 

soybeans and soybean oil).
o Mean reversion: Purchasing oversold or selling overbought instruments to 

capture profit when the asset returns to its average price, 
o Delta neutrality: Neutralizing option delta to profit from volatility or time 

decay without regard to price moves of the underlying.
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Low latency is very important in HFT strategies. Latency refers to the amount of time taken 
for market data to be received, a pattern to be identified, a decision to be made, and trades to 
be placed. A low latency value chain has the following components:

• Quick access to market data
• Complex event processing (CEP) technologies
• Quick order execution
• Physical connection to market data
• Co-location with trading venues

High-frequency algorithmic techniques are also used in:

• Liquidity aggregation and smart order routing
• Real-time pricing of instruments
• Trading on news
• Genetic tuning, which allows survival of the fittest algorithm while dropping less 

profitable algorithms

The life cycle of an algorithm includes:

• Alpha discovery to find new patterns
• Algorithm implementation
• Back-testing
• Production
• Tuning

Approaches to Developing Algorithms

• A black-box approach denies users access to knowledge of the programmed steps 
and may allow limited or no flexibility in setting up or operating the algorithm. 
Black-box algorithms often provide the least costly option, but make earning a profit 
more difficult because other traders compete for profits from the same strategy.

• A white-box approach provides additional flexibility over black-box applications by 
allowing users to integrate with market feeds, control entry and exit points, combine 
with other algorithms, and view the strategy’s progress. White-box strategies cost 
more, but provide the benefits of some customization and less competition if the user 
specifies unique parameters.

• Bespoke algorithms (i.e., custom algorithms) are very expensive but offer the best 
profit opportunities because the firm has few competitors in exploiting a strategy.

Key Drivers to the Evolution of Algorithmic Trading and HFT

• Market fragmentation (i.e., the same instrument traded in multiple markets) has 
increased as new markets develop in response to competitive opportunities and new 
technology. In response to increased fragmentation, traders developed liquidity 
aggregation that creates a "super book" of quote and depth across many markets. 
Companies use methods such as smart order routing to introduce orders in markets 
that offer the best prices and most favorable market impact.

• New asset classes: Although equity and futures markets were initial targets of 
algorithmic trading, bond markets, foreign exchange, and even energy trading have 
become algo-friendly markets.

• Cross-asset trading: Arbitrageurs have begun trading across correlated asset classes.
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• Cross-border trading: Differences in trading platforms and venues have also opened 
opportunities for cross-border arbitrage in which firms buy low in one country’s 
market and sell higher in another country’s market.

• New geographic areas: Although available initially only in the United States and 
United Kingdom, algorithmic trading has spread across the world’s larger markets, 
most recently in Brazil.

KEY TECHNOLOGIES INTEGRAL TO ALGORITHMIC TRADING

• Execution management systems (EMS): Front-end trading systems that allow access 
to broker algorithms as well as custom algorithms integrated with the EMS.

• Tick database: Records all transactions across all markets for use with the 
appropriate algorithms. It may also be used for back-testing strategies.

• Complex event processing (CEP): Uses instantaneous information to adjust existing 
algorithms or develop new ones with little human involvement.

USES OF ALGORITHMIC TECHNIQUES AS A SAFETY NET

Risk Management Uses of Trading Algorithms

• Real-time pre-trade risk firewall: Real-time pre-trade risk assessment can block trades 
from going to market if they violate previously established risk guidelines.

• Back-testing and market simulation: Traders can model trades using actual historical 
situations and even potential but highly unlikely events to assess risk before placing a 
trade, although this typically increases latency.

Regulatory Oversight: Real-Time Market Monitoring and Surveillance

Regulators can use modern technologies (e.g., tick databases, CEP) for enhanced surveillance
and detection across markets and exchanges, or even prevent abuses before they occur.
Examples of potential abuses detectable via regulatory algorithms include fictitious trades,
front running, wash trading, painting the tape, and collusion.

IMPACT OF ALGORITHMIC TRADING AND HFT ON THE SECURITIES MARKETS

Advantages

• Minimized market impact of large trades
• Lower costs of execution
• Improved efficiency in certain markets
• More open and competitive trading markets
• Improved and more efficient trading venues

Issues and Concerns

• Fear of an unfair advantage
• Acceleration and accentuation of market movements
• Gaming the market
• Increased risk profile
• Algorithms going wild
• Potential for market "denial of service" style attacks
• Additional load on trading volumes
• Increased difficulty in policing the market
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